ON ONE- AND TWO-DIMENSIONAL I-DENSITIES
AND RELATED KINDS OF CONTINUITY

Marek Balcerzak, Ewa Lazarow and Wladyslaw Wilezyhshi

Abstract. Connections between strong I-density (for plane-
sets) and one-dimensional I-density-are studied. Other results
deal with separately I-approximately continuous functions. A to-
pology associated with separately " I-approximately continuous
functions, similar to O°’Malley’s one is introduced and investi-
gated. Among others it is shown that strong I-approximate con-
tinuity implies separate I-approximate continuity and that a sep-
arately I-approximately continuouc function is Baire 2 and need
not be Baire 1. Finally, some properties of functions with I-ap-

proximately continuous sections are studied.

0. Introduction. In [16] a category analogue of a density
point (called an I-density point) has been introduced. From that
time several articles exbloring this notion were published, main-
ly inspired by known results on metric'density; gpproximate con-
tinuity and approximate differeﬁtiability. Our paper 1is a next
one of that series.

Throughout the paper N denétes the set of all positive
integers. The symmetric difference of sets A and B is denoted

2

by AAB., For AGQR or ACR (where R 1is the real line and
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2
R~ - the plane) the interior and the closure of A in the natu-

ral topology aredesignated by int A and A, respectively.
If AC R2 and if f : R2 - R 1is an arbitrary function,

then +$he sections of A and f are defined in the following

way:
A, =y €R: (x,y) €A}, A = (x €R : (x,y) € A},

£ (y) = £lx,y), £9(x) = £(x,y)  for X,y € R.

If (p) denotes a property of a real function of one
variable, we say that a real function of two variables has pro-
perty (p) separately if all sections fx and £ have this
property.

Now let us recall basic facts about I-density (ef..[16],
(10], [15]; for the wider survey see [17]). Other necessary in-
formations will bé given successively in the sequel. Let (X,9S)
be a measurable space and let I € S be a proper o-ideal of
sets. We say that‘some property holds I-almost everywhere (in
abbr. I-a.e.) 1if the set of points which have not this proper-
ty belongs to 1. We say that a sequence {fn}nEN of S-mea-
surable real functions defined on X converges with respect to

I to some S-measurable real function f defined on X ifeach

subsequence of {fn} contains a subsequence

{fnm}meN neN

{f }

n pEN which converges 1I-a.e. to f; we use then the de-

Mo

notation fn —> f.

In this paper I, (resp. Iz) will denote the o-idecal

of sets of the first category in R (resp. R2) and S, (resp.
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82) will denote the o-algebra of all subsets of R (resp. RY)

having the Baire property.
Since we shall define below both linear and plane I-dens-

ity, we shall use the denotations I,- and Iz-density to dis-

tinguish these notions.
We say that 0 1is an Il-density point of a set A € S}
if the sequence of characteristic functions
q {x(n'A)n[-i,ll}neN
(where_ n+*A = {nx : x € A}) converges to X[-1,1] with respect
3
to 1,. Next, X, € R 'is called an I,-density point of A € s,

if 0 1is an I’-density point of the set A - x ={x-xo:x € A).

C

We say that x_ is an I,-dispersion point of A € §; if it is

an I]-density point of R \ A. Similarly, we define rigﬁt- _and
left-hand I]-density and Il-dispersion points. The family of all
sets A€ S; such that each point of A is its T,-density point
(these sets will be named I,-open) forms a topology (essentially
stronger than the natural topology) called the I]-density topo-

logy. Real functions continuous with respect to that topology are-
called I]-approximately continuous.

Now let us pay some attention to 171,-density (cf.[2]). For

2
m,n €EN and AC R2 -we denote (m,n)-A ={(mx,ny) :(x,y) €A}. We

say that (0,0) is a strong Iz-density point of a set A € 32

if for any increasing sequences (k') N,{k"} of positive in-

n’'ne n’neN

tegers the sequence ({x 2)neN converges to
((kﬁ,k;)fA)n[-l,ll

5 with respect to I,. Next, (xo,yo) € R2

2 is called

X
[-1,1]

a strong Iz-density point of A € $2 if (0,0) is a strong I,-

2

-density point of A - (xo,yo) = {(x - X5¥ = V) ¢+ (X,y) €A}, We
say that (xo,yo) is a strong Iz-dispersion point of AES2 if
it is a strong I,-density point of R \ A. The family of all
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sets A € 32 such that each point of A is its strong Iz-density
s

point forms a topology which will be denoted by TI . Real functions
2

continuous with respect to that topology are called strongly 1I,-

2
ﬂaxntmimately continuous (compare [2], where also ordinary IZ_
-density points involving only sets of the form (n,n)-A are

studied).
Observe that the above definition of a strong Iz-density

point .reads as follows: (0,0) is a strong Iz-density point of

A€ SQ if and only if for any increasing sequences {ké}

nénN’
{kg}neN of positive integers and for any increasing sequence

{nm}meN of positive integers there exists a subsequence ﬁﬁ%jpEN

such that the sequence ({x 2} eN converges
(k2 k% )-A)n(-1,1]°°P

m

Mp My

to - Iz-almost everywhere. As we shall see one of sub-

X
[-1,1]°
sequences can be eliminated.

THEOREM 0.1. (0,0) is a strong Iz-density point of AGESZ

if and only if for any increasing sequences {kﬁ}nEN’{k"}

n-nenN of

positive integers there exists an increasing sequence of

{np}pGN
positive integers such that the sequence ({x 42}pGN
: ((kﬁ ,k; )+A)n[-1,1]
P D
converges to x

5 Iz-almost everywhere.
[-1,1]
Proof. Suppose that (0,0) is a strong I,-density
point of A € S,. Taking {n }neN as {nm}mEN we obtain the

thesis.

Suppose now that the last condition is fulfilled. Since it

holds for any {kﬂ},{kg}, then it also holds for (k' } and

n_‘meN
m
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(kg }meN which means that (0,0) is a strong 12-density point

of A.

THEOREM 0.2. (0,0) 1is a strong Iz—density point of AGS2

if and only if for any increasing sequences {t'} N,{t"} of

n’'ne n 'ncénN
real numbers tending to infinity there exists an increasing se-

quence {np}peN of positive integers such that the sequence
X o) converges to x 1,-almost
(627,87 )-A)n[-1,1]° PEN -1,112 ¢
P P
everywhere.

Proof. It follows immediately from Lemma 1 in [2].

In the sequel we shall make use of the above facts.We shall
also need the following characterization of a right-hand I]-dens-

ity point for closed sets (see [11]):

LEMMA 0.1. A point X, is a right-hand I,-density point
of a closed set FC R if and only if for each n €N there
exist 'k €e N and 6 > 0 such that for any h € (0,6) and

ie {(1,...,n} there exists j € {1,...,k} such that

1. In this section we continue investigations of (2] con-
cerning plane E{density points and related kinds of continuity.
We shall study, among others, thé interrelations between so-cal-
led special and deep strong Iz-density points. The notions of
special (deep) I,- and 12~density points were considered in [15]
and [2], respectively. They play an essential role in the char-

acterization of coarsest topologies for. I,- and Iz-approximate-
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ly continuous functions. The coarsest topology for strongly IZ-
-zpproximately continuous functions has not been yet characterized.

Let us start with some definitions. A point (xo,yo) is
called a special strong Iz-density point of A € SZ if there
exists an open set B C R2 such that B :>R2 \ A and (xo,yo)
is a strong Iz-dispersion point of B. A point (xo,yo) is' cal-
led a deep strong Iz-density point of A € 32 if there exists
an open set B C R2 such that B D R2 \ A and (xo,yo) is a
strong Iz-dispersion-point of B. Obviously, if (xo,yo) is
a deep strong Iz-density'point of A € 32, then it is a special
strong Iz-density point pf A. Let T%z = {GUP:G 1is open,

P 1is nowhere dense and each point of G u P 1is its strong 1,-

2
-density point}. Obviously, P is a part of the frontier of G.
It is easily observed that T§S forms a topology and that T%S
2 2
S ¢
C TIZ.

THEOREM 1.1. Each strongly Iz-approximately»continuous
1is

function f : R2 - R 1is continuous with respect to TI .
2

Proof. The proof is analogous as in the one-dimensicn-

al case (see page 172 in [16], part of the proof of Th. 8).

THEOREM 1.2. If f : R° - R is strongly I,-approximate-

ly continuous, then for every interval (zl,zz) each point of

the set f-l((zl,z2)) is its special strong Iz—density,point.
Proof. See [2], Theorem 9.

Now we proceed to detailed study of special(deep)strong

Iz~density points.
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LEMMA 1.2. If A ¢ Tls, then R2 \ A = 02 U P2, where
"2

62 is open and P2 is nowhere dense.

Proof. Observe that if A = G1 v P1, then the sets
G2 ="int(R2 \ A) and P2 = (R2 \ A)\ 02 fulfil all requirements,
moreover, P1 and P2 are complementary parts of the <frontier

of Gy (see also {2], Lemma 3).

REMARK 1.1. 1In the denotation of the above lemma, the de-

finitions of special or deep strong Iz-density points for -sets
1s

in TI cah be stated in the following form: A point (xo,yo)
2
is a special (deep) strong Iz-density point of A € T%s if there
2

exists an open set B such that B D P, (BDP,, respectively)

and (xo,yo) is a strong Iz-dispersion point of B.

LEMMA 1.2. If (0,0) 4is a special (deep) strong 1 ,-dens-

2
ity point of A € T%S, then (in the denotation of the previcus
2

4 1PN 3 3
lemma) for each pair. {kﬁ}neN’{kn}nEN of increasing sequences of
positive integers there exists an increasing sequence {np}peN
of positive integers such that for each rectangle (a',b')x(a",b")
c [-1,1]2 there exists a rectangle (c',d') x{(c",da") < (a',b")

x (a",b") and a natural number r such that

n 3

U (o ok 0p0 0 (er,an x (emyam)) = 6.
p=r p P

Proof. Suppose that this condition does not hold. So

there exist two increasing sequences €kn)n€N’

integers such that for each increasing sequence {np}pEN there

(k;‘1 )nEN of positive

exists a rectangle (a',b') x(a",b") C»[-l,l]2 such that for each
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rectangle (ct',dt) x (e¢",d") C (a',b') x (a",b") and for cach reN
we have L) ((kﬁ ,kg )+P5) n ((cr,dr) x (c",d")) # 0. Obviously,
p=r P P

we can suppose that the rectangle ‘a',b') x (a",b") is included
in one quarter of the plane. Assume, for definiteness, that a' >0
and a" > 0. It follows that for each 1r € N the set
L) ((kﬁ ,k; )-P2) is dense in (a',b') x (a",b") for all se-
p=r P P

quences {np}peN' If B is any open set such that B DP

2
(B DP,, resp. then it is easy to see that for every positive
2

©o

integer r the set LJ (kﬁ ,k; )-B is dense inithis rectangle.
p=r P p

Hence 1lim sup ((kﬁ ,kg )+B) n [-1,1]2 is residual 1in (a',b')
P P D

x (a",bp") and, by virtue of Remark 1.1, (0,0) 1is not aspecial

(deep, resp.) strong Iz-density point of A.

In the sequel we shall need the following fact for linear

sets:

LEMMA 1.3. If X, is not an I,-dispersion point of an

open set A C R, then there exists an interval set DC A (it

is a set of the form LJ (a.,b_), where intervals (a_,b_) are
n=1 n’'n n’’n

pairwise disjoint, and a sequence {a_)}

.0 -
ntneN 1s monotone and con

verges to X, ) such that X, is not a dispersion point of D.

Proof. For simplicity assume that Xo = 0 and that 0
is not a right I,-dispersion point of A. So there exists an

increasing sequence {(n_}

m) meN of positive integers such that for

oach subsequence {nm }peN the set 1im sup «nm «A) n [0,1]) i&

P P P

not of the first category.
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- = —— =¥ 23 J C
Let A AN ( for each n. Choose a set B A

which is a finite union of open intervals and has the property

that for each x € An there exists x' € Bn such that

X - x'1 < J%. Put D = LJ Bn' Obviously D is an interval
n=1

n

set. We shall show that 0 is not an I,-dispersion point of

D. Let {nm }peN be an arbitrary subsequence of the above men-

1%

tioned .sequence ({(n_} ... Because 1lim sup «nm ‘A) n [0,1]) has

P p

the Baire property and is not of the first category, there exists
a subinterval [a,b] < (0,1] in which this set is residual. We

chall show that also lim sup((nm D) n [0,1]) is residual in
p p

(a,b]. Indeed, observe that for each r € N the open set

L} (nm ‘A) is dense in [a,b]. Now we shall show that also
p=r p

L} (nm .D) 1is dense in [a,b] for each r € N, which is enough
pP=r P

because the last set is also open. First observe that for each

point x € (nm A) n [0,1] = n. (A n [O,El—]) the distance
p P m
P
from x to (nm DYy n [0,1] 4is less than El— (from the de-
D m

p

finition of D). Let r €é N and let X € [a,b] be an arbitr-

ary number. We can find a sequence {xk}keN tending to X and

-

such that X, € L} ‘(n_ +A) n [0,1]. Let n >n be
- m m m
p=r+k p Py r
such positive integer that X, €ng +A. Obviously n, = -
Py Py
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For each k € N there exists a number X' € nm D such that
Py

1%, - XM < . Hence x! also converges to §, 30 L) (n_ +D)
k k nm k per mp

is dense in [a,b].

LEMMA 1.4. Under the assumption of Lemma 1.3 there exists

nL=}1 [an,bn]) such that

"

also a "closed" interval set D C A (D

X, is-not an Ij-disper'sion point of D.

Proof. Essentially the same proof works.

LEMMA 1.5. 1If (xo,yo) is a deep strong Iz-density point

of A € 32, then Xy is a deep Il—density point of the linear

set Ayo and Yo is a deep I]-density point of Ax
0

Proof. We shall prove the first part for (xo,yQ')\:(O,O).

Suppose that if it is not the case. Let B D R2 N A be an open

set such that (0,0) 1is a strong Iz-dispersion point of B.
Suppose that 0 1is not a deep Il-density point . of A° (Ayo for
Yo = 0). Then 0 is not an Il-dispersion point of Bo, say,

from the right. Using Lemma 1.4 we can construct a "closed" "in-

©o

terval set D = U [aJ.,bJ.] c B° Then there exists a sequence
j=1

{(h of positive numbers such that U'([aj’b-j] x [-hJ.,hJ.])C B.

).
J JEN J:j_

From the fact that 0 is not a right Il-dispersion point

of D it follows that there exists an increasing sequence {k'}

n’ neN

of positive integers such that for each subsequence {'klf1 }p€N the
P

set lim sup (kr'1 +D) 1is not of the first category. Now take k'l'

p p
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sufficiently big to assure that hj -kg 21 for all j such that
that kj 'bj 2 271, Next take kg 2 k; sufficiently big to as-
2

sure that hj k3 21 for all j such that k3 - bj z 2°°.

Generally, put kg 2 kg-i sufficiently big to assure that
hj okg 21 for all j such that kﬁ -bj z 21 (only finite:
nuhhcr of Jj’s [fulfils this inequality). Now it is not difficult
to obcerve that for each subsequence {np}pGN we have

lim sup ((k! ,k" )-B) n [-1,1]° 3
n n
P p p

n [-1,11° = (Lim sup (k! +D)) x [-1,1]
p p

and the last set is not of the first category as a plane set - a

contradiction with the choice of B.

THEOREM 1.3. If A € 32’ (0,0) 1is a strong Iz-density

point of A, O is a deep I,-density point of A° and A

o’
and, moreover, for each pair of increasing sequences {kﬁ}neN’
{k;}nEN of positive integers there exists an increasing se-

quence {np}pEN of positive integers such.that for each rectangle
(a',b') x (a",p") C [-1,1]2 there exists a rectangle (cr,dr)

x (e",d") € (a',b') x (a",b") and a positive integer r  such.

<o

that U ((k! ,k" )+P,) n ((c',d') x (¢",d")) =B  (where P
t n n 2 2

p=r p P
is the set associated with A as described in Lemma 1.1), then

(0,0) is a deep strong I,-density,point of A.

Proof. We shall construct an open set B 2 R2\A such

that (0,0) is a strong I,-dispersion point of B.
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) o
Let B(x)’B(y) be open sets such that B(x)'j R \ A7,
B(y):b R\ AO and 0 is an I]-dlsper51on point of B(x) and

Put B, = B x R, B, =R x B

B .
(y) 1 (x) 2
to see that (0,0) 1is a strong Iz-dispersion point of both B

. It is not difficult
(y)

1

and B2.

Now let us represent R2 \ A in the form G vu P2, using

Lemma 1.1, Put P = P2 \ {(x,y) : x.y = 0}. Let

2
B3 = L) (x - |x|2,x + lxl2) x (y - lyl2,y + lyt).
(x,¥ )€EP

We shall show that (0,0) is a strong Iz-dispersion point of By
" v . . --
Let {kﬁ}neN’{kn}neN be arbitrary increasing sequences of posi
tive integers. From the assumption it follows that there exists
an increasing sequence {np}pGN of positive integers.such that

for each rectangle (a',b') x (a",b") C:[-l,l]2 there exists a

rectangle (c',d') x (c¢",d") € (a',b') x (a",b") and a posi-

o

tive integer r such that U ((k1 ,k!' ).P)n((cr,d') x (c",a"))
pr P p

=9 . (since PC P,). Observe that for each, (x,y) € (c1,dr)

x (e¢",d") there exists r (depending on (X,¥)) such  that

(x,y) ¢ g} (k) ’k;.)'BB‘ It means that ((cr,dr) x (c",d"™))
p=r P p

n lim sup ((k! ,k! )«B;) = 0, hence 1lim sup ((k!' ,k" ) « B,)
p np hpt ) p "o "p >

n [-1,1]2 is nowhere dense. Observe also that (0,0) is a
strong Iz-dispersion point of G, since G C R2 \ A.

Finally, put B = B1 U B2 U B3 u G. ' We.have obviously
B2 R2 \' A and (0,0) is a strong I,-dispersion point of B,

Z
as required.
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THEOREM 1.4. Suppose that f : R°

- R 1is strongly 12-
-approximately continuous. Then f 1is separately Il-approxi-

mately continuous.

Proof. We shall prove I,-approximate continuity of

f° at x

0 (for remaining points the proof is the same). Sup-
pose that £% is not I,-approximately continuous at 0. It

means that there exists €y > 0 such that 0 is not an Ilédis-

persion point of the set C = {x : 1f(x,0) - £(0,0) z:o}. Since
f is Baire 1 (see [2], th. 8'), C has the Baire property, so
C=GAP, where G 1is open and P 1is of the first category.

Obviously 0 is not an I,-dispersion point of G. Using Lem-

ma 1.3 we construct an interval set B = U (an’bn) C G such
n=1

that 0 is not an I,-dispersion point of B (assume from ‘the
right).
It means that there exists an increasing sequence {qn%EN

of positive integers such that for each subsequence. {nm }peN the
P

set 1lim sup ((nm ‘B) n [0,1]) 4is not of the first category.
P p
If for each n €N {x1 xln) C (a_,b ) isian increas-
n,t.t’ n n’ n N ~
1 1 1
ing sequence of numbers such that X, -oag < geans n n
1 xl-l 1 1l

1, _ 1 ,'
<5y and X n < 5°ap for 1 € (2,...,ln}, Bnc (an,bn)

is any neighbourhood of xi for ne€N and 1 € {1,...,ln} and
1

D =

.Bl, then for each r € N
= 1 n

ns1 1=

(U oo, 5y U 01y 010,11
p=r p p=r p
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Theorem J implies easily the following

Corollary 3., For a.a. fE€C the following holds :
If for x¢€(0,1) both [D7 f(x), 'ﬁ;pf(x)_] ¥ R and

[l);pf(x), szf(le # R , then each y€&R is a derived number

of f at x with an upper one-sided density d = 1/4 .

Theorem 4, (iii) shows that a typical f&C has at some
points no finite derived number with a positive upper density,
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