
 ReaZ kmJbjkÁA Exchange. Vol. 11 (1986-87)
 Josef Tkadlec,  MFF UK, Sokolovská 83, 186 75 Praha 8,
 Czechoslovakia

 Construction of a finite Borei measure with <r-porous
 sets as null sets

 It is well-known and easy to see that each finite Borei measure on the

 read line whose null sets contain all sets that are of "Lebesgue measure zero

 as well as of the first category is necessarily absolutely continuous with

 respect to Lebesgue measure. We show that in this statement one cannot

 replace the notion of the first cate gro y sets by the more restrictive notion of

 »-porous sets (introduced by Dolženko [1]). Namely, we construct a finite

 Borei measure m on the real line such that each »-porous set is a a»- null

 set and m is not absolutely continuous with respect to Lebesgue measure.

 In the construction we use a special case of a general construction of perfect,

 non-o'-porous sets given in [2], where also other differences between the class

 of »-porous sets and the class of sets of the first category and of Lebesgue

 measure zero are presented.

 For every bounded, open (closed) interval I and for every positive real

 number c we denote by c*I the open (closed) interval with the same

 center as I and with length |c*I| = c. |I|.

 Łaaa 1. Let S be a <r- porous subset of the real line and let c > 1.

 Then there is a sequence {Sn)n_ļ of porous sets such that S = Sn with
 the following property for every positive integer n. For every x e Sn and

 for every t > 0 there exists an open interval Ic(x-t, x+ t)'Sn such

 that x € c*I.

 Proof. It easily follows from [3], theorem 4.5.

 Lemma 2. Let m be a finite Borei measure on a subset S of the real

 line and let the following conditions hold.

 (1) There is d > 1 such that Zp(d*I) < ®; the summation being

 over the set of all bounded intervals I contiguous to S.
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 (2) There are c > 1, C > 0 and ô > 0 such that a»(c*I) * Ca»(I)

 for every interval I with |I| < <5 and with center in S.

 (3) Countable sets are <r-null sets.

 Then m(P) = 0 for every «r-porous set P.

 Proof. By induction we obtain from condition (2) that p(cn*I) * CnA»(I)

 for every positive integer n and for every interval I with |I| < <5*c~n+1

 and with center in S. Hence we may suppose c * ^ 2 ^*d - 1 ' We nay a^so
 suppose P c S c (0,1). According to lemma 1 we need only prove that m(P) = 0

 for every porous set P such that for every x e P and for every t > 0

 there is an open interval Ic(x-t, x+t)'P with x e d t ^»1. Denote by
 1 ™ 2 " -

 {I } ({I } ) the sequence of all components of (0,1)'P for which
 n n=i n n=i

 ^ 2d^*^m n ^ *S empty • T^en
 ® <9

 P c 1 imsup (^-5-^*1 1 ) u limsup( - 5 - *1*) n u u bdry I1 n u u bdry I* • n-*» n n-*» n n=l n n=l

 For every interval 1^ except at most two there is a bounded interval In
 continguous to S such that 1^ c ú M(d#In). Hence,
 according to condition (1),

 p(limsup(d t = 0 •
 n-H. ¿ n

 For every interval I2 except at most a finite number there is an interval
 n d - 1 a

 Jn c I* with center in S and satisfying - - 2d""'*n' a * 'Jn' * 6' Hence

 *n C - l*^n according to condition (2), 2 *
 M(3d 2 I'd - l*Jn^ * Cm( Jq) • Because the intervals Jn are pairwise disjoint
 and m is a finite measure,

 M(limsup(d * = 0 •
 n-H. ¿ n

 From condition (3) we obtain m(P) = 0.

 Construct ion . Let
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 (a) {kn)n_ļ be the nondecreasing sequence of positive integers
 containing each positive integer m exactly 2m times, and

 (b) Pn(R) be the set of points, which decompose the interval R
 li n "ł* 2 into 2 n closed subintervals of equal length (card Pn(R) =

 = 2 n - 1) for every bounded closed interval R and for every

 positive integer n. We denote by Rn(R) the system of all such

 subintervals except those containing the center of the interval R.

 By induction we define systems (Rn of closed intervals such that = {[0,1]}

 and <Rn = u{Rn(®)> ® € ®n-i) f°r every positive" integer n. We let
 09 00

 S = il u{R; R e Rn} and by induction define the mapping t' : U Rn [0,1]
 n=0 n=0

 such that t([0,1]) = 1 and such that for every positive integer n and for

 every interval R € 02n and for R' € Rn-i with R c R'

 2~akn~łT(R') , R c 2"kn*R' ,

 t(R) = 3-2~kn"k~aT(R') , Int R c 2~k+1*R''2~k*R' ,

 k € {1, . . . ,k ' } ' nJ

 Since I t(R) = t(R') for every R' e ®n-i > there is a Borei
 {R6«n;RcR'}

 measure p such that supp p = S and m(I) = T(I) for every I € U 02n .
 n=0

 Retar k. According to a proposition in [2] the set S is non-<r-porous .
 «1# m ļ

 (The corresponding system £n(R) .= Pn(R) u {2 n ļ *R} fulfils both conditions
 (CI) and (C2) for every positive integer n and for every closed interval R

 because condition (C2) holds whenever 0n(R) contains at most one nondegen-
 erated interval . )

 Theorem. There exists a finite Borei measure on the real line that is zero

 on every ^-porous set and that is not absolutely continuous with respect to

 Lebesgue measure.
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 Proof. We constructed the finite Borei measure p and a set S such

 that m(S) = 1, supp m - S and such that countable sets are p-null sets.

 The Lebesgue measure of the set S,

 » , _
 j s I = n (1-2 Kn _ l)

 n=l

 0» ®

 is zero because I 2~ n 1 = I 2^*2 1,1-1 = ®. We need only to prove that
 n=l m=l

 conditions (1) and (2) of lenona 2 hold. Note that

 Ī ï M(2*(2"kn_1*Int R)) = Z I 2~2Si(R) =
 n=l ReR n=l Re 02

 n-i n-i

 = I 2~*kn = I 2Jn-2"am = 1 < » .
 n=l m=l

 Suppose J is an interval with center x « S such that |J| < 2. Let n be
 the smallest positive integer such that there are intervals R' € Rn, R € Rn-i

 kn+1 _k_
 such that x e R' c J n R. Let Q = J n u bdry 2 *R. We distinguish

 k=0
 two cases.

 1) card Q < 1. Then J n 2 n #R = 0. The interval J contains K
 intervals from and the set S o 2#J is contained in the union

 of 2K + 5 .intervals from (Rn whose ^-measure is at most twice
 that of S n 2* J. Hence

 m(2*J) , 2(2K * 6)
 f(J) K

 2) card Q * 2. Then let k be the smallest positive integer in
 {l,...,kn + 1} such that J n bdry 2~k+1*R f 0. Hence

 M(J) * i m ( 2~k+ 1 #R'2~k#R )
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 Since 2*J <= 2k+3 R,

 M 2*J) * /i(2"k+3*R'2"k+%R) + M(2"k+%R'2~k+ł*R) +

 + p(2~k+l*R'2~k*R) + M(2~k#R) *

 * (4-4 + 2-2 + 1 + l)/i(2"k+1**r'2~k*R)

 Hence

 ¿íí^ííl m(J) i 44 m(J)

 I would like to express my thanks to Professor David Preiss for the

 formulation of lemma 2 which led to a simplification of the proof.
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