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 D Derivation Basis and the

 Lebesgue-Stie It jes Integral

 This paper answers a question posed by Thansen [7, p. 377]
 It

 on .the relation between the D derivation basis and the

 Lebe sgue-Stie 1 t je s integral. The question is stated as
 It

 follows: "The basis D can be used to characterize the

 Lebesgue integral. The corresponding Stieltjes integral

 D*-/f OOdgCx) seems not to have been investigated, apart

 from several remarks in McShane." The remark in McShane,

 •f
 while vague, asserts that if the D Stieltjes integral exists

 for continuous functions f with respect to a function g, then

 g must be of bounded variation [ 2, p . 40 ]• It will be

 shown that the D -J*f(x)dg(x) is the Lebesgue-Stielt jes

 integral fox functions g of bounded variation.

 The folLowing definitions and notation wilJ. be needed.

 They are taken ftom Thomson [ 7, pp.87, 92, 101, 108, 116,

 1 17, 125, 137, 157, 165 ].

 Definition 1.1. The'sharp' derivation basis. For a

 positive function 5 on R,
 U

 pģ » {(I,x): I is an interval in R, x € R, and

 I c (x-õ(x), x+ô(x))} and
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 ļf If

 D = {ß5: 5 is a positive function on R}.

 Definition 1.2. The D° derivation basis. For a positive

 function 5 on R,

 ß° = {(I,x): I is an interval in R, x € R and

 X (I c (x-õ(x), x+5(x))> and

 D° ■ {ß°: ô is a positive function on R}.

 Definition 1.3. The D derivation basis. For a positive

 function Ô on R,

 ß5 ■ I is an interval in R, x € R, x is a left or right hand
 endpoint of I and I c (x-5(x), x+õ(x))} and

 D s {ßg: 6 is a positive function on R>.

 Def ini tion 1.4. A partition £ of an interval [ a,b] is a set

 TT » {(Iļ,x^): Iļ is an interval in R, x^€ R, i»l,...,n>

 such that Iļ» Ij are non-overlapping intervals for distinct
 i and j and the union of is [ a » b ] •

 Definition 1.5. Let tt be .a partition of [a,b]. Let g be a

 monotone increasing function where if I^= [a^,b^], then

 g ( I . ) ■ g(b.) ■- g(a ^). Then for an arbitrary set E c [a,b],

 m(tr,E) = .2^=1 igCIļ): € n, x^ E>.

 #
 Definition 1.6. For the D derivation basis, the D

 derivation basis, and the D° derivation basis, let
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 Ą [X] y{(I,x) i ßg : X a}
 ßj [X] - KI,x) € ß° : x Ç X}

 ß5 [X] - {(I,x) € ß6 : X € X} and
 D* [X] = {ß* [X]: ß* € D#>

 D° [X] = {ß° [X]: ß1 € D0}

 D [X] = {ß5 [X]: ßg € D}.

 Definición .1.7, For an arbitrary set Ec [a,b] and a

 monotone increasing function g,

 V(g, ß* [E]) = sup {mO,E), tí c ßj}

 V(g,D#[E]) - inf {VCg,ßJ[E]D: ßj € D#}

 and when the variation is viewed as a measure, we write this

 measure [E] and g^# [E] - VCg,D#[E]).

 Definition 1.8. For an arbitrary set E c [a,b] and a

 monotone increasing function g,

 VCg,ßg[E]) = sup {m(n,E) , tt c ßg}

 V(g,D[E]) = inf {V(g, ßg [E]) : ßg € D>

 and write gg[E] *V(g,D[E]).

 Definition 1.9. For an arbitrary set E c [a,b] and a

 monotone increasing function g,

 V(g,ßg[E]) = sup {m(ir,E): tt c ß°}

 VCg,D°[E]) = inf {V(g, ß® [E] : ß° € D°}

 and write gD» [E] = V(g,D° [E]) .

 When g ( X ) - x, write g^o [E] as m^o [E] .
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 Definition 1.10. For a non-negative point function f and a

 monotone increasing function g, let fg be the interval-

 point function f (x)g( I) . Let

 V(£g,ßg) a sup {2îtf(xi)gdi): rr c ß*}

 V(fg,D#) = inf {V(fg,ß*) : ß* € D#}

 and write gD#(f) 3 V(fg,D'#}.

 It can be noted here that if f is non-negative, the

 D integral with respect to g can be viewed as the

 variation gg#(f). This will be shown later.

 Definition 1.11. Local Character. A derivation basis B is

 said to have local character if for each ßx^ B, x € R,
 /

 there is a 0 € B such that ß[{x}] c ßx[{x}].

 Definition 1.12. giocai Character. A derivation basis B

 is said to have o-local character if, for every sequence of

 disjoint sets {Xn> ia R *Qd ßn* B there is a ß ś B
 such that ß[Xn] c ßn[Xtl].

 Definition 1.13. A derivation basis B is filtering down if

 when ßp ß£^ B, then there exists a ß^€ B such that
 ?3C

 Definition 1.14. Ignores a point. A derivation basis B is

 said to ignore a point x if there is an element ß € B

 for which there is no pair (I,x) ś ß for any I.
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 Definición 1.15« Lec B be a. derivación basis. Lec Jļ
 *

 be á collection of intervals in R. . A subset ß of JixR

 is said to be B-f lne if for every ß 6 B and every x € R
 *

 eicher ß[{x}] a <ř or else ß flß[{x}] * <P.

 The colleccion of all B-fine elements of eixR is denoced as
 *

 B and called che dual of B.

 Def lnlclon 1.16. An interval-point function h(x,I) is

 B-lnCegrable on Che incerval [a,b ] if chere exists a

 number c such chac for any e > 0 chere exists a p ( B

 such chac Is^hCx,!) - c| < e for any it C ß °f the incerval [a,b].

 Noce also Che following observaCions chac will be

 needed later.

 ft * £
 . Obs erva Cion 1.1. LeC D0 he Che dual of D °> Chen ßo ç j)o

 *

 if and only if ß0 is a collection of pairs (I,x) and for
 *

 each X and e > 0 there is an (I,x) £ ß„ and

 X € I c (x-e,x+e).

 #
 Observación. 1.2. The D derivación basis and Che if

 derivación basis are filtering down and have a- local

 character.

 ļ
 Proof. Filtering down clearly holds for both D and D °.

 To. see that both have 'u- local character, let

 # #
 be a sequence of disjoint subsets of R and let {ß_. } c D

 n
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 or {ß° c D°.
 n

 Define ô(x) = õn(x) for x € õ(x) = 1. otherwise.
 Ił Ił

 Then ß5[Xn]cßs sutá similarly ßJDycß» for each n.
 'n n

 If

 Observation 1.3. Note that the D derivation basis has local
 Ił Ił

 character. This is because for each x€R and ß- € D ,
 x

 if ö(x) = 5x(x) then ßgc Ux^Rß5 [{x}].

 Ił

 Observation 1.4. Since D derivation basis and D° derivation
 # *

 basis are filtering down and ignore no point, D cD^ and

 D°cDo [7, p. 160]. Thus, gD*[E] < gD#[H] and

 ~ SD° ^ *

 Observation 1.5. If f is a non-negative point function
 ä

 which is D integrable with respect to g, then f is

 D.° integrable with respect to g.
 _ _+

 Proof. Let e > 0 be given. Then, there exists 6:R-m.

 such that for all partitions n c ^

 |D#-/fdg - ^fCx/lgCl^l < e.
 Ił

 In particular, for all partitions nCßg with X^ €

 |D*-/fdg - Z^x^gCI^ I < £•
 ļf

 Therefore, f is D° integrable and D°-/fdg = D -/ fdg.

 The D integral, D-ffdx [7] is known to be the Perron
 ft #

 integral as the D integral, D - ffdx [7] is known to be the

 Lebesgue integral. Both derivation bases give rise to the
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 Lebesgue measure. However, not all derivation bases give

 rise to an outer measure. For example, the derivation

 basis that gives rise to the Riemann integral is not

 subadditive as an "outer content." [7 ]. When a derivation

 basis does give rise to a measure, the integral may not be

 the same as noted above.

 Theorem 6.2 [ 7, p. 158 ] of Thomson asserts that for

 a derivation basis B which is filtering down and has

 a- local character then V(g,B[X]) gives rise to a true

 outer measure. This is an outer measure that is defined on

 all subsets of [a,b] and must be (1) monotone on sets,

 (2) countably sub-additive, and (3) equal to 0 on the empty

 set. ( cf. Royden [5, p. 53]). By Observation 1.2, the

 D derivation basis and the D° derivation basis give rise to

 true outer measures on [ a,b ].
 #

 For each monotone function g, the D derivation basis

 and the D° derivation basis also generate an outer measure

 that satisfies the Carathèodory criterion [5, p. 79 ]

 which states that if A, B c [a,b] and dist(A,B) > 0 then
 *

 the outer measure adds on A and B (i.e. m (AUB) =

 * * ✓ m (A) + m (B)). To see that the Carathèodory ✓ criterion is

 satisfied, let õ(x). » ( 1/ 3 ) dis t ( A, B) for all x € [a,b] .

 Then the intervals in a partition tt of [a,bj which belong
 # If

 to ßg[A] do n°t meet those which belong to ßg[B].
 Therefore V.(g, ß* [AUB]) = V(g,ß*[A]) + V(g,ßJ[B])

 and gp# [AUB] = gD# [A] + gD#[B]. By replacing ß* with ß°
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 in Che above, ic can be shown that D° satisfies che

 Ca ra-Cheodo ry cricerion. Therefore che and g^0
 measurable sees Include che Borei s'ecs.

 The sCandard Lebesg ue- S c i el c j e s outer measure

 associated wich Che monocone increasing funecion g is defined

 by mg[E} = inf [gfbp - gO^)]: E c u"=ļ(ai,bi) >.
 If

 Now Che equalicy of Che D measure wich Che Lebesgue-

 Stieltjes measure will be escablished.

 Theorem 1.1. Lec I » [a,b] and le c E be any subsec of I.

 Suppose ChaC g is concinuous from ehe left ac a and continuous
 *

 from che r igh c a_C_ J) , Chen =
 *

 proof . Firsc we show chac g^# [E] <nig[E].
 LeC £ >0 be given. Then, chere exist an open, sec G with

 componenc incervals {Caļ,b^)}T_^ such that E c G

 and zJ^CgCb-J-gCa.)] <-mg[E] + e.
 Lec õCx)=l if X € GC and let õ(x)=dist(x,GC) if x €G.

 Then, if x € ETI(a^,b^) for i»l,2,...

 (x-ô(x),x+õ(x)) .c (a^,b^) .
 ł

 Then, for any partición n of I, ir c ßg, if is ili »[E]
 there is sane i«l,2, , . . such. that I.c (x.-5(x.) ,x.+6(x.)) c (a.,b.;

 J 3 J J J ii»

 which implies chac m(Tr,E) < 2¿«i -gCai) ] .

 Therefore VCg,ßg[E]) < Z^CgCb^-gCa-)] .

 This implies chac V(g,D [E]) 2

 Z^tgO^-gCa^] < mg[E] + e.
 * * r

 Hence gD# [E] < m S r [E] . S 272



 *

 Finally, we show that m [E] < g^#[E].
 O

 Let e > 0 be given. Let õ:R-*R be such that

 VCg,ßJ(ED < gD#[E] + & .

 Then, Uxçj;Cx-õ(x)/2,X+õ(x)/2) is an open set.
 Therefore, since g has at most countably many discontinuities,

 there exists half open intervals {ïn}^_p In= £an»bn), nÄn'
 where the endpoints of I are not discontinuities of g,

 and Ux€£(x-ö(x)/2,x+ö(x)/2) = U^iln.

 Since ^SCljļ) < "» there exists M > 0 such that

 Zn»Mł-lgiV < e*

 Now ^l1!! C Ux€E(x-6(x),x+6(x)).
 Because g is continuous at b the intervals I' can be

 n n

 chosen such that I' » [a ,c 1, ' c<b and n n n ' n n

 £i«<v « ♦ ••
 Therefore, <= ux€eCx-õ(x) ,x+5(x)) .
 Since lřL-,1' is compact, there exists {x, , . . . ,X }cE

 i n JL , p

 such that c U?=1Cxi-6Cxi),xi+õCxi)).
 £

 For the given 6(x), let rr be a partition in

 such that n[E] = { (yr,rp ^

 where {y^ . ,ys> c {x^ . . . ,3^.}- '
 and. c which is Dossible since

 c (Xj^-ôCx^) jX^õCx^)) for some 0=1,...,?.

 Then, î^gCy < * 2e ł 2î
 which implies that m* [E] < 2^gClp+3e <

 V(g,ßJ[E]D + 3e < gD#[E] + 4e.

 Hence, mg[E] < gD»[E].

 Thus, m* [H] - gDł[E]. 273



 We now show thac for continuous, monotone increasing

 functions g, the Lebesgue-Stieltjes measure is also equal to

 the measure generated by the dual of 0

 Theorem 1.2. For a mono tone increasing function g and for
 *

 each set E, gjj*[E] » if and only if g is continuous.
 Proof. Assume g is continuous on [ a,b ]. By a theorem in

 Saks [6, p. 100 ], when g is -continuous m [E] » |g[E]|.
 g

 Thomson shows [ 7, p. 162]' that |g[E] [ = mn*[g[E]]'. U  U o

 where |g[E] | is the Lebesgue measure of the set g [Eļ

 and m^ufgCE]] is the measure of g[E] with respect to the .
 dual of the D0 derivation basis.

 So it remains to show that mD*[g[E]] ■ gD* [E] -

 f0r ß* *€ D*, it follows from Observation 1.1 and the

 continuity of g that
 a ^

 (Cx.lu.v]): (gM,tgCu),g(v)] « ß } is an element of Do

 and that
 * c n"

 ((g(x),[g(u),g(v)]): Cx,[u,v]) iß} is an element, of c n" D..

 H. »ill 4ěnóc. Che. by g'Vß*) and gCH respectively.
 Let e > 0 be given and ß i D0 such that

 (*) V(l,ß*[g[E] ] < mj*[g[El] + e.

 Therefore by the definition of V(l,ß [g[E] ]) ,

 {2^1 [g(bi)~g(ai> ] : (gCxp.tgCa^.gCbpi) € ß*, g(x¿) € g[E]>
 < V(l,ß*[g[E]]).
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 Hence,

 (**) supUtgCb^-gCa^]: (xv [ai,bi]) 6 g"1^*), x¿€ E} » VCg.g'1^*)^])
 - va.ß^tgtE]]).

 Since the supremum is greater Chan or equal to gjj*[E],

 go* CE] - mD* [S (E] ] + £ by (*) and (**)

 and hence S^fE] 2m^*[g[E]].
 We now prove the reverse inequality.

 Let ß*€ such that V(g,ß*[E]) < gD*[E] + .e.

 *

 By definition of ß , for each x and e > 0, there exists an I

 such that |I| < s with x ś I and (I,x) € ß*. Therefore
 * *

 there is going to be a gCß-jj € D0 such that for each 5^0,
 *

 there- exists (I,x) € ß such that g[I] < 5
 by the continuity of g.

 *

 Since g[ß^] « ß' may not include all CgOO,g[I])
 such that (I,x) € ß , there will be fewer finite suas, so

 VCL.ß'tstE]]) íVCg.ME]) < gD* [E] ♦ t.

 Hence i"D*[g[E]] « g[)*[E] + e.

 Therefor. >"Q*fe[E]] <

 Thus mļj*[g[E]] ■ gjj*[E],

 Therefore, when g is continuous, gD*[E] = [Ej .
 Assume g is monotone on [a,b] and not continuous.

 Without loss of generality, assume g is discontinuous from
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 che left ac xö . Lee e< [g(x0) -g(x0-) ] •

 Let E be a set with x0ś E. Let be a sequence

 of open intervals such that

 E C í-l!n < mg[E) * e-
 *

 Let ß be the dual such that if x € I and x * x0,
 *

 (I,x) iß if and only if I c 1^ and Xo^I,
 *

 and for Xo, let (I,Xo) € ß if and only if

 I is contained in the, I to which x0 belongs and x0

 is a left hand endpoint of I.

 Let ß*[E].

 Then Z^gCJj) + [g(Xo) -g(xo-) ] < 2¡¡.]g(In) .

 Therefore V(g,ß [E]) + [g(x0) -g(x0-) ] 2 2n»lS^V*

 Hence gD* [E] + [g(x0) -g(xo-) ] 5 mg[E] + s.

 So ®Do [E] < m [E] by the choice of e.
 O

 *

 Since the dual derivation basis Do does not have the
 *

 partitioning property, Do does not give rise to an
 #

 integral. However, the D derivation basis and the

 D° derivation basis 'do.
 It

 By Observation 1.5, if f is D integrable, it is

 D ° in t egr ab le . It is known [ 1 ] that if f is D° integrable,

 then f is Perron-Stielt j es integrable. Therefore, if f is
 K

 D integrable, it is measurable with respect to the

 Lebesgue-Stielt j es measure.

 Also, by Corollary 6.6 of McSharne [2, . p. 16],

 if f is D integrable, it is absolutely integrable.
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 Therefore, ic suffices co show equivalence of the

 g
 D S'tielcjes integral with the Lebesgue-Stielt jes integral

 for non-negative functions f.

 The .following lemmas are needed to establish that

 whenever a non-negative function f is Lebesgue-Stielt jes
 If

 integrable with respect to a monotone g, it is D integrable

 with respect to g and the integrals agree.

 Lemma 1.1. Let E be any Lebesgue-Stielt jes measurable set.

 Then the characteristic function of E, X^Cx) , is
 i

 D int egrab le wi th respect to g and

 D#-ApOO<ig(x) = m [E].
 c g

 Proof . Let the interval-point function h(x,I) be defined

 as XE(x)g,(I). Then Z^Cx^gCI^ = m[n ,E] .
 Let e>0 be given. Then, there exists a closed set F

 such that F c E and m [E] < m [F] + e.
 S s

 Let Ô:R-+R be such chac

 (x-õ(x),x+õ(x)) c [a,b]'F if x € [a,b]'F

 and V(g,ßg[E]) < [E] + e. Let rr c be 'a partition of [a,b].

 Then, ir[F] » îj.p where F c uj.ļlļ.
 So, mg[E] < mg[F]+e < Zn [F]XFCx)g(I)+£ < 2ff [E]XE(x)gCl) + e -

 m[ir,EI+e-< V(g,ßJ[E])+e < gD#[E] + It = m [E] + 2e.
 o

 Therefore |2 X Cx)g(I)-m [E] | < e for all rr c *ß'.
 ,o *0

 Hence X£ is D integrable and D#-/XE(x)dgCx) = ma [E] .
 ©

 Lercina 1.2. Le t s(x) be any Lebesgue-S t iel t j es - s im ple
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 function wich respect to g. That is, s(x) is measurable

 with respect to m and takes on a finite number of values.

 I
 Then s(x) is D integrable.

 Proof. Since s(x) = zíü_iC Xc (x) where *p

 is the characteristic function of a Lebe sgue-S t i e 1 1 j e s

 If

 measurable set and the D Stieltjes integral is finitely
 jf

 additive on functions [ 2 ], s(x) is D integrable.

 Theorem 1.3. If f > 0 is. Lebe sgue"Sc le 1 c j es integrable

 with respect to g, then f is_ D ' Integrable with respect to_ g.
 Proof. Since f is Lebe sgue-St i e 1 1 j es integrable with

 respect to g, L-S/fdg < .

 Also, there exists a sequence of simple functions {sn>

 such that' sn(x) < sn+1Cx) for all n

 and sn(x) h. £C'x) as n -► ».

 By Theorem 7.6 of McShane [2, p. 20] and the well-known
 monotone convergence theorem for Lebe sgue-S t ie 1 tj es

 integrals [ 5], f is D * integrable
 and D*-/fdg = L-S/fdg.

 By Lemma 1.2, Theorem 7.6 of McShane [ 2, p. 20 ],

 and the fact that if f is D# integrable with respect to g,

 it is measurable with respect to the Lebesgue-Stielt j es

 measure m , f is therefore the limit of simple functions
 S

 and hence Lebesgue-Stielt j es integrable.
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 tf

 Theorem 1.4. If f > 0 an<* D integrable, and [a,b]

 Is any interval where g(a) = g( a-) and g(b) » g(b+),

 then D#-/fdg = gD#(f) on [a,b].
 Proof . Let e >0 be given. Let [a,b] be any interval

 where g(a) - g(a-) and g(b) » g(b+).

 Then, gD#[a,b] = mg[a,b] = g(b)-g(a).

 Then, there exists a 5^ such that

 |D'-/fdg - ī^ļgCIļ) I < c
 jf

 for all partitions tt c ß of [a,b].
 1 § a

 There exists a Ô7 such that V(fg,ß_ ) < V(fg,D ) + e.
 2

 Let 5(x) = miníõ^^Cx) ,õ2Cx) }.

 Then, VCfg,ßg) < V(fg,D#) + e.
 ■ #

 Therefore, there exists a partition rr of [a,b] in ß^

 such that -e+V(fg,D#) < -e+V(fg,ßg) < Z^f (x^)g(I^) <

 V(fg,ßg) < VCfgV) + e.

 Hence |D#-/fdg - V(fg,D#) | <

 iD^/fdg-Z/Cx^gCIi) M V^i^Ip-VCfg'D*) < 2s-
 Thus, for any non-negative point function f on an interval

 [ a,b ] where g(a) » g(a-) and g(b) » g(b+),

 D*-/fdg = gc»Cf).

 Because a function of bounded variation can be

 expressed as the difference of two monotone increasing

 functions, in order to have equality of the integrals for

 functions g of bounded variation it suffices to show

 equality of the • integrals for monotone functions g.
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 This is what was jusc done.

 The Lebesgue-S c i el t j e s measure of an interval [a,b]

 wich respect to monotone increasing g is g(b+)-g(a-) and

 thus the measure and the integral are affected by points
 ¡f

 outside of [a,b]. On the other hand, the D Stieltjes

 integral on [a,b ] is not affected by points outside

 of [ a , b ] . Howeve r ,

 L-Sa/bfdg - f (a) [g(a)-g(a-j ] - f Çb) [gO) -g(b) ]

 whëre the right hand side is a modification of the Lebesgue-

 Stieltjes integral indicated by Saks [ 6, p. 208].

 This integral is additive on intervals and is equal to the

 D ''integral on [a,b ].
 Similar proofs to the above can be used to show that

 the weak Kurzweil base of Definition 2.2.1 and the weak

 Kempisty q-base of Definition 2.2.4 in K.M. Ostaszewski • s

 Ph.D. Dissertation [ 4-] give rise to Stieltjes integrals

 that are the Lebesgue-Stielt j e s integral in the plane [3].

 These definitions and proofs can be generalized to R1*.

 This material is part of my dissertation [ 3 ] which

 was prepared under the direction of Professor J'. Foran.
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