Real Analysis Exchange Vol. 10 (19§4-§5)

van Rivne, Department of Mathematics

California State University, San Bernardino, CA 92407

On Typical Bounded Functions in the Zahorski Classes IT

In [5], thié author investigated properties of typical
functions in terms of derived numbers. Here, we continue and
extend our investigation to include typical properties statad in
terms of intersections of graphs with straight lines.

All functions will be real valued with domain i=[0,l].
Zahorski, in [6], defined a nested hierarchy of classes of functions,
Mlzx..:MS, and showed that Ml is the class of Darboux Baire 1

functions (DBl) and M. is the class of approximately continuous

5
functions. For i=1,...,5, the class of bounded Mi functions (bMi)
is @ complete metric space under the sup‘norm, so by a typical
function we mean one belonging to a residual subset of bMi'

The associated sets of a function, f, are sets of the form
{x] £(x)>a} and {xlf(x)<a} for a real. We let DLf(x) and DRf(x)
denote the set of derived numbers of f at x on the left and right
respectively. The Lebesgue measure of a set A will be A(A), and
R (resp. R*) will mean the set of real (resp. extended real) uumbers.
Py C—(f,x) and C+(f,x) we mean the left and right cluster sets of
f at x. Let te (resp. bf) be the supremum (resp. infimum) of the
set C_(f,x))C+(f,x).

In [5], we showed that the typical bHi function has every
extended real number as a derived number at every point. That is,
DLf(x)JDRE(x)=R* for every x in I, the obvious meodifications made
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at the endpoints 0 and 1. In Theorem 2 of this paper, we show
that DLf(x)=DRf(x)=R* for all x in some residual subset of I.
Theorem 6 is an answer to part of Query 137 (RAE Vol. 8 No. 1)

arising from Bruckner and Petruska [1].

Lemma 1 For each i, the class of all f in bMi such that tf

and b, are nowhere monotonic is a residual G, set in bMi.

8

Proof: Fix i. We show that E={f in bMiltf is nondecreasing
on some subinterval} is a first category F0 set, the other cases
having similar arguments. Let ﬂn} be the closed subintervals of
I with rational endpoints and En={f]tf is nondecreasing on In}.

o

+f uniformly, then

Then E=U En' It is easy to see that, if fk

n=1
te ote uniformly. If each fk is in a fixed En’ then each tf is

fk k

nondecreasing on In, implying te is nondeéreasing on In' Thus,
each En is closed and E is an Fo set.

Pick f in En and €>0. We can pick an interval [a,B8] in In SO
that o and B are continuity points of f and the oscillation of f on
[a¢,8] is less than e€/2. Thus, the restriction of f to [a,B],
fl[a,B], is contained in the closed reptanglg,;s,_formed by the
vertical lines x=a and x=f8 and the horizontal lines y=f(a)+e/2
and y=f(a)-e/2. Ve define g in bMi so that g=f on I-(a,B) and
g,[a,B] is a sawtooth function contained in S. |

Then || f-g|| <e and g is decreasing on a subinterval of (a,B).
Since tg=g on (a,B8), g is not in En. We then have En nowhere dense
and E of first category. This completes the proof of the

lemma.
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Theorem | Let f be a Darboux function such that t_ and bf are

f
nowhere monotonic. Then zero is a left and right derived number on

a residual subset of I.

Proof: Suppose f is Darboux and t_. and b_ are nowhere monotonic.

f f
It suffices to show that the set, A, of x in [0,1) for which the
lower right Dini derivative is positive, is first category in I.
We let Ank={x|(f(z)-f(x))/(z—x)ZI/k for x<z<x+1/n and z in I}.
Then A is the countable union of all such Ank'

Fix n and k and suppose G=int(cl(Ank))#¢. Pick [a,B]cG so
that g-a<l/n. We claim that bf would then be nondecreasing on (a,B).
If bf is not nondecreasing, we can pick x<y in (a,B) with bf(x)=
bf(y)+r for some r>0. Since Ank is dense in G and f is Darboux,

we can then pick z in An and w so that x<z<w<gB, f(z)>bf(x)-r/2,

k
and f(w)<bf(y)+r/2. Then z<w<z+l/n and (f(z)-f(w))/(z-w)<0,
contradicting our choice of z. Thus bf is nondecreasing on (a,RB),
which contradicts our choice of f. We therefore have G=¢. Thus

each Ank is nowhere dense and A is first category. This finishes

the proof of the theorem.

An immediate result of Theorem 1 and Lemma 1 is the following.
Corollary 1 For each i, the class of all f in bMi such that
zero is a left and right derived number on a residual subset of I,

is a residual subset in bMi'

Let g be a continuous function on I. Observe that the map
¢:bMi+bMi defined by ¢(f)=f+g is then a homeomorphism on bMi' This

useful observation gives us our next theorem.
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Theorem 2 For each i, the class of all f in bﬂi such that

DIf(x)=DRf(x)=R* on some residual subset of I, is a residual set

in bM,.

i

Proof: Fix i. Let S0 be the set of f in bHi wvith 0 in
DLf(x)nDRf(x) for all x in V(f,0), a residual subset of I. Then
S, is residual in bMi by Corollary 1. For each integer n, let

Sn={f(x)+nx|f in SO}. By our observation above, each Sn is residual

in bMi, and thus so is S= N Sn. For g in Sn’ g(x)=f(x)+nx for
n:—m

some f in SO’ so n is in DLg(x)nDRg(x) on V(g,n)=V(£,0). Thus,

if £ is in S, every integer is a left and right derived number

=]

on n V(f,an), a residual subset of I. Since f is Darboux, every
=00

extended real number is a left and right derived number on a

residual subset of I. This finishes the proof of the theorem.

The remainder of this paper deals with functions in bMi
related to the graphs of straight lines, rather than questions

concerning derived numbers.

Our next two theorems follow immediately from results of Garg
(Corollary 3.3 and Theorem 6 of [3]) and the fact that the typical
bMi function has a dense set of discontinuities (Lemma 2 of [5]).

Theorem 3 For each i, the class of all £ in bMi so that f(x)+rx
is nowhere monotonic for all r in R is a residual GG set in bMi'

Theorem 4 For each i, the class of all f in bMi so that, for
every countable set HcR, there is a residual set KcR so that the
line y=mx+d intersects the graph of f in a dense in itself set for

all m in H and d in K, is a residual set in bMi'
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Ceder and Pearson [2] observed that the two previous results

hold for le.

Theorem 5 Let f be in le such that f has every extended real
number as a derived number at every x in I. Then the set of all
(m,d) such that the line y=mx+d fails to intersect the graph of f
in a dense in itself set is a null first category set in Rz.

Proof: We consider the empty set to be demnse in itself.
Suppose f is in le,_DLf(x)UDRf(x)=R* for all x in I, and gnf
has an isolated point, where g(x)=mx+d. Observe that, since £
is in le, f>g or f<g near the isolated point of gnf.

It suffices to show that the set of all (m,d) such that there
is a z and a §>0 so that f(x)>g(x)=mx+d on (z-§,z+8)-{z} and
g(2)=f(z), is a null first category set in Rz.

We let W be the possibly larger set of all (m,d) sﬁch that

there is an x and a §>0 so that f(x)>g(x)=mx+d on (xm

m,d “Sox, 4t

,d

and g(xm d)=f(xm d). We show that W is a null first category set.

Let wn be the set of (m,d) in W for which the corresponding § is
(=]
greater than or equal to 1/n. Then W= u Wn.
A n=1
Lemma 2 Each Wn is closed.

Proof: Suppose (mj,dj)+(m,d) where each (mj’dj) is in a fixed

wn. Let xj=xm.,d . We can then assume that (xj,bf(xj))+(x

3773
Since bf is lower semicontinuous, bf(xo)gyo. For any 0<e<l/n,

O’YO)'

pick k so that ka—xol,lmk—ml, and ldk—dl are each less than e.
Then, for any x in (xo—l/n+e,x0+l/n-e), l(mkx+dk)—(mx+d)l525.
Thus, f(x)2mx+d-2¢ on (xo—l/n+e,x0+l/n—e), so f(x)2mx+d on
(xo—l/n,x0+1/n). Since we also have bf(xo)syo, bf(x0)=yO and
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it is easy to see that y0=mx0+d. Thus, (m,d) is in Nn and wn
is closed. This finishes the proof of the lemma.

We now have W an F0 set in Rz.

Lemma 3 (i) For each n and d, the set of all m such that (m,d)
is in wn is finite.

(ii) For each n and m, the set of all d such that (m,d)

is in Nn is finite.

Proof: We prove part (i), a similar argument applying to
part (ii). Fix n and d. 1If (i) is false, then P={xm,dl(m,d) is in wn}
is infinite. We can then pick r<s with x | and x in Pn(0,1)

r,d s,d

so that lxr’d—xs’dl<l/n. Then bf(xr,d)<sxr gtd, contradicting the

bl
definition of Xg g- Thus P is finite. This finishes the proof of
>
the lemma.
[e-]
Since W=y Un, by Lemma 3 we have each d-section and m-section
n=1
of W countable. Since W is measurable and each section has measure
zero, A(W)=0. Since W is an F0 set and int(W)=@, W is first

category. This finishes the proof of the theorem.

From Theorem 5 and the fact that the typical bMi function has
every extended real number as a derived number at every x in I
(see [5]), we immediately have the following.

Corollary 2 For each i and all f in a residual subset of bMi’
the set of all (m,d) such that thé line y=mx+d fails to intersect
the graph of f in a dense in itself set is avnull first category

set in RZ.
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Bruckner and Petruska [1] showed that the typical function
in le (also bM5 and the class of bounded derivatives bA) has f_l(y)
novhere dense and of Lebesgue measure zero for all y. Mustafa [4]
has announced that this is also the case for bMi where i=2,3,4. It
turns out that the measure analogue for cl(f_l(y)) fails in a

strong way, as our next result shows.

Theorem 6 For each i, the class of all f in bMi such that
A(cl(f—l(y)))>0 for all y in some open set is a residual set in bMi.

Proof: Fix i. Let Z be the set of functions in bMi such
that x(cl(f—l(y)))>0 for all y in some open interyal. We show
that Z contains a dense open set and is thus residual. Pick g
in bMi and ¢>0. Let o<B be two continuity points of g so that the
oscillation of g on [a,B8] is less than e/4.

Define g to be equal to g on I-[a,B], g(a) on [a,(a+B)/2],
and linear on [(a+B)/2,8] so that g1 is continuous on [o,B]-
Then g, is in bM, and ||g-g1H <e/4. Let u be an upper semicon-
tinuous function in bM5 such that O<u<e/4 on I, u=0 on I-(a,B),
u=0 on a dense subset of I, and A(T)>0 where T={x[u(x)=€/4}, a
perfect set. Zahorski [6] constructed such bM5 functions. Then
g,=8,Fur is in bMivand we have ||g-g2” <e/2. Observe that both
cl(gzl(g(a))) and cl(g;l(g(a)+e/4)) contain T. Since 8, is
Darboux, cl(g;l(y)) contains T for any g(a)<y<g(a)+e/4. This
follows from the fact that b82=g(a)<g(a)+e/4=tgz on T.

Now suppose f is in bMi and within €/16 of g, Then
be<g(a)+e/lb<g(a)+3e/16st; on T. If g(a)+e/l6<y<g(a)+3e/16 and

T¢cl(f_l(y)) then there is a relative subinterval, T', of T,
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where T'=Tn(y,8) and cl(f-l(y))nT'=¢. By our observations on

b andtf on T, we would then have f_l(—m,y)n(Y,G)#é and

£
f—l(y,w)n(y,é)#¢, violating the Darboux property of f. Thus,
chl(f_l(y)) for all g(a)+e/l6<y<g(a)+3c/16. This gives an
e/16-neighborhood, N, of g2 such that NcZ and N is contained in

the e-neighborhood of g. Thus, Z contains a dense open set in

bMi. This completes the proof of the theorem.

Following the proof of Lemma 2 in [5], it is easy to show
that the typical bounded derivative has a dense set of discon;
tinuities. With this, it is easy to see that our results in
Theorems 1-6 hold with bMi replaced by bA. The proofs of the

necessary lemmas and the theorems remain unaltered.

BIBLIOGRAPHY

[1] Bruckner, A.M. and Petruska, G., Some typical results on
bounded Bezire 1 functions, Acta Math. Acad. Sci. Hung., to
appear.

[2] Ceder, J.G. and Pearson, T.L., A Survey of Darboux Baire 1
Functions, Real Analysis Exchange, 9, (1983-1984), 179-194.

[3] Garg, K.M., Monotonicity,continuity and levels of Darboux
funetions, Colloq. Math., 28, (1973), 91-103.

[4] Mustafa, I., On Residual Subsets of Darboux Baire Class 1
Functions, Real Analysis Exchange, 9, (1983-1984), 394-395.

[5] Rinne, D., On typical bounded functions in the Zahorski
classes, Real Analysis Exchange, 9, (1983-1984), 483-494.

[6] Zahorski, Z., Sur la premidre dérivée, Trans. Amer. Math.
Soc., 69, (1950), 1-54.

Received Apnil 12, 1984

162



	Contents
	p. 155
	p. 156
	p. 157
	p. 158
	p. 159
	p. 160
	p. 161
	p. 162

	Issue Table of Contents
	Real Analysis Exchange, Vol. 10, No. 1 (1984-85) pp. 1-235
	Front Matter
	THE NINTH SUMMER REAL ANALYSIS SYMPOSIUM June 12-15, 1985 The University of Louisville, Louisville, Kentucky [pp. 5-9]
	Geometric properties of fractals [pp. 10-16]
	The Second Peano Derivative as a Composite Derivative [pp. 17-20]
	α-variation and transformation into Cn functions [pp. 21-24]
	Intersections of Continuous Functions with Families of Smooth Functions [pp. 25-30]
	Products of Blackwell spaces and regular conditional probabilities [pp. 31-41]
	APPROXIMATE SMOOTHNESS OF CONTINUOUS FUNCTIONS [pp. 42-44]
	NON-AVERAGING SETS, DIMENSION AND POROSITY [pp. 45-45]
	ON THE BOUNDARY VALUE OF BESOV-BERGMAN SPACES [pp. 46-49]
	Uncountable-order sets for radial-limit functions [pp. 50-53]
	DERIVATIVES OF VARIATION FUNCTIONS AND OF MUTUTLLY SINGULAR AND RELATIVELY ABSOLUTELY CONTINUOUS FUNCTIONS [pp. 54-57]
	The packing measure of rectifiable sets [pp. 58-67]
	Measures for Which σ-Porous Sets are Null [pp. 68-70]
	A SPACE OF REGULATED FUNCTIONS WHOSE FOURIER SERIES ARE EVERYWHERE CONVERGENT [pp. 71-77]
	SINGULAR SETS AND BAIRE ORDER [pp. 78-84]
	Denjoy's Index and Porosity [pp. 85-144]
	RESEARCH ARTICLES
	Solution of a Problem Concerning Functions of Harmonic Bounded Variation [pp. 145-148]
	An Extension of the Ordinary Variation [pp. 149-154]
	On Typical Bounded Functions in the Zahorski Classes II [pp. 155-162]
	BLACKWELL SPACES AND GENERALISED LUSIN SETS [pp. 163-179]
	Topologically Equivalent Measures in the Cantor Space II [pp. 180-187]
	ON THE STRUCTURE OF SOME FUNCTION SPACE [pp. 188-193]
	A STUDY OF FORAN'S CONDITIONS A(N) AND B(N) AND HIS CLASS F [pp. 194-211]

	INROADS
	A NEW PROOF OF FLEISSNER'S THEOREM ON PRODUCTS OF DERIVATIVES [pp. 212-213]
	Measurability of Real Functions Having Symmetric Derivatives Everywhere [pp. 214-219]
	Variational equivalence and generalized absolute continuity [pp. 220-229]

	QUERIES
	Editor's Comments [pp. 230-230]
	SECOND CATEGORY E WITH EACH PROJ(RR²\E²) DENSE [pp. 231-232]
	ON CATEGORY PROJECTIONS OF CARTESIAN PRODUCT A×A [pp. 233-235]




