P. Isaza, Department of Mathematics, Syracuse University,
Syracuse, New York 13210

A SPACE OF REGULATED FUNCTIONS WHOSE FOURIER
SERIES ARE EVERYWHERE CONVERGENT

l. Let f be a regulated function (i.e. f(x) =—;‘-(f(x+0)+f(x-0)))
on the unit circle T= [0,2n), and Il"“'IZn a cyclically
ordered collection of contiguous intervals of length m/n,
forming a partition of T. If I;= [ai'bi] we write
f(Ii) =f(bi)-f(ai). Let Vn(f) be the supremum of the sums
Zlf(Ii) |/i over such collections [Ii], and let V(f) =suan(f).
Let x€T, §>0. For a given n and O<t<n/n, ;.let
Iz(t) =[x+t+n/n, x+t+ (i+l)n/n] and I;(t) = [x-t-(i+1l)n/n,x~-t-in/n],

i=1,2,...,N, where N= [n§/n)] . Define

V_(£,%,8) =V_(x,8) |
N-j j:l
= sup{max| ) 1£(z%,;(£))1/5, ) 1£(xd , ;e 1/4,
i=1 i=1
3 j+1
£(15,; (D) 1/, ). If(13+2_i(t))l/i]:
1 i=1

N-1
o

i=
0<j<N, 0_<_'t<n/nj

and V(f,x,6)=V(x,6)=Llim supvn(f,x,é) .
n
We will consider the space of functions f for which

V(f,x,6)20 as §-20 for all x. Clearly, if f satisfies
this condition, then V(f) <o, and it is easily seen that
this space is a Banach space under the norm ||f]| =suplf(x)|+ V(f) .
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2. A function f 1is said to be of ordered harmonic bounded
variation (OHBV) on [a,b], if there is an M such that the sums
Zlf(Ii) I/i<M for all finite collections [Ii] of nonoverlapping
intervals Iic [a,b] ordered from left to right or from right
to left. Let V(f,[a,b]) be the supremum of such sums. For
(a,b] let V(f,(a,b])= 1limV (£, [y,b]) . Similarly
y»at
V(f,[a,b)) = lim V(£, [a,y]) .
y-b~

- We will show that the space Y= (f €OHBV: V(f, (x,x+6])=0

and V(f, [x-6,x))=>0 as §-20 for all x} is properly contained

in the space X={flV(x,6)=20 as 6-0 for all x}. It is clear

that YcX.

3. Definition. Let [a,b] < (¢,d)c (0,27), d-b, a-c >b-a, and
let ¢ be a function defined on (c,d) such that for some K,
lo(I)| <KIIl for all intervals Ic (c,d), and ¢(x) =0 if

X € (c,d)-(a,b). Let Q be a partition of T into intervals of

length r<b-a, and I I, those intervals of @ which

l'o-ol M
intersect [a,b] ordered from left to right. Let AL (o, [a,b])

be the supremum of the sums
M- j+1
y /i and ) lo(I )1/i
lo(1y,4) 173 and ) Ho(ly,
i=1 i=1

over all 0<j<M and all partitions Q. Let A(ep,[a,b]) =

sup Ar (9, [a,b]) . BAr is defined for all r and Ar-»0 as r-0;
r

Ar (wo, [a,b]) = IwlAr (9, [a,b]) and if y (x) =vx+v, v #0, then

Ar (o, [a,b]) =A(x/v) (e ¥, [(a=v) /v, (b=v)/v]).
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4. We now construct a function f €X which does not belong
to Y. Let ¢(x)=0 if x€ [-1,0] U [1,2], o(x)=2x if

x € [0,1/2] and ¢(x)=-2(x-1) if x € [1/2,1] . Choose m; >2
and define f(x)=0 if x € [n/2ml,3n/4ml] U [n/ml,Zn); and

f(x) =cp(4ml(x-3n/4ml)/n)/log2 if x€ (3n/4ml,ﬂ/ml) . There is
M; such that [£(I)I <M, Il for Ic (n/2ml,2n) .

If m2,...,mk_l have been chosen such that f is defined
in [n/ka_l,Zﬂ) and there is M, ; satisfying If(I)I<Mk_lIIl
for Ic (n/2mk_l,2n) , then we can choose mk>4mk-l such that
Ar (£, [3n/4m _,,m/2]) <1/k for r<n/m_, and define f in
[n/ka,n/ka_l] by f(x)=0 for x¢€ [.11/2rnk,3n/4mk] U [n/mk,n/mk_l] )
and f(x) =g (4m_(x-31/d4m )/m)/log (k+1) if x € [3n/4m_, n/4m ] .
Then there is Mk such that £(I)I <MkIII for (11/2mk,2n).
Setting f£(0)=0, f is defined in [0,2m).

To prove that V(£,x,6)=0 as §-20 for all x, we first
notice that f is of bounded variation in a neighborhood of
each x#O , and therefore it is enough to show that V(0,6) -0
as §-0.

Let ¢ >0 and s so large that (4+A(0[0,1]))/logs+ 1/(s-1) <e .
For & <1-r/ms_l , choose n such that n/n<s§, and let
I';'.(t),...,I;(t) be as in §1. Let k be the smallest i such
that n/m; <n/n, then n/n<m/m _;. Only I"]:(O) can intersect
[O,n/mk]; and if it does, since mk>4mk-l .

II(O) n [3n/4mk_l,ﬂ/mk_l] =¢. Let Lys...,L_ be the intervals

I'*.l'(t) intersecting [3ﬂ/4mk_l,n/mk_1]. If n/n> n/4mk_l, then

t<3. 1If n/n<ﬂ/4mk__l ., then all the Li's are contained in
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(n/2mk_l,5n/4mk_l). Also we have that L, n [3ﬂ/4mk_2,6) =g .

Finally, let Ml""'M be the intervals I';(t) intersecting

4
[3ﬁ/4mk_2,6). Thus we have the estimate
4

N-j t
) |f(1’3f+i(t)_)|/151/1og(k+1)+ Y LE(@) /it ) IEM) /i
i=1 i=1 i=1

< 1/log(k+1) + 3/log k + A (£, [3n/4mk_l,n/mk_l] ) +1/(k-1)
< (4+2(9,[0,1]))/logs+1/(s-1) <¢ .
j+1
. N + .
The same estimate holds for Z If(Ij+2_i(t)) |/i. Hence

i=1
v(0,6) =20 as 6-0. However f ¢OHBV.

5. We have mentioned that if V(f,x,8) -0 as &6§-0 for all x,
then V(f) <« . However, the converse is not true.

Consider the sequence UTATYEER defined by cpl(x) =¢(x),
¢(x) as in §4 and cpi(x) =0 if x€ [-1,0] U[1,2], and
cpi(x) =¢(ix-j) if j/i<x< (j+1)/i, j=0,1,...,(i-1). Let

A(cpl, [0,1]) =A. We can easily see that

2k

) 1/i<h(e) <Alo,_;)+A, k=2,3,....
i=1

-

Then there is a subsequence [cpk } such that jAgA(cpk . [0,1]) < (j+1)A.
J J

Let wi=<pki . For each k there is a rational rk=Pk/qk<l

and contiguous intervals Il""'Im of length ry in (-1,2)

such that

(*) W (T 1/i>a (4. [0,1]) /2.

1

=
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We define now f following the inductive procedure of §4,
choosing m . as before, but also a multiple of p, + say

m =P, 4, and defining f(x) = vk(4mk(x—3n/4mk)/n)/k if

x € [311/4mk,n/mk]. We can see as in §4 that V(f) <e. However,
for 6 >0, if we let s be so large that n/ms< 6/2, by (*)

there are continguous intervals Jl,...,Jm of length

(n/4am ) (P /a.) ="/4q_L_, in (n/ZmS,Sn/4ms) c (0,6), such that

M M
Z lf(Ji)l/i=% 2 Wy (I)1/i>n(y,)/2s 2sr/2s=2/2.
i=1 i=1

Therefore for n=4q_4_, an appropriate value of 0<t<m/n

and some j we will have that

N-j M
o + . .
L VET e 1/i 2 Y 1E@)1/i > a/2,
i=1 i=1
and thus V4a 2 (0,8) >A/2 . Since we can take s, and therefore
“s”s

mg arbitrarily large, and n=4qs£sz4ps£s=4ms , it follows
that for arbitrarily large values of n, Vn(0,6) >A/2. Hence

lim suan(O,b)ZA/2 for all s .
n

6. Theorem. If V(f,x,6)—20 as 6-0 for all x, then the

nEll partial sum of the Fourier series of f at x, sn(f,x) - f(x)
for all x. If f is continuous on a closed interval I, the
convergence is uniform on each interval J contained in the
interior of 1I.

Proof. For h(t)=h(x,t) = f(x+t) + £(x~-t) -2f(x) and &§ >0,
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6 .
sp(£x)=£x) =5 { n(e) E2REae 40 (1)
0

(N-1)/2
=;S"/nh(t) sin nt dt+;g“/n T [h(t+2in/n) _h(t+(2i-1)n/n)
mJg t g .L.l t+2in/n t+(2i-1)n/n
i= :

5 .
sin nt dt +S h(t)—s—ythdt=I+ II+ III, where N is
N

the largest odd integer less than n§/m.
I and III are easily seen to be o(1l).

Now

(N=-1) /2
/n z / Ih(t+2in/n)~h (t+(2i-1)n/n) |
t+2in/n

m
III|_<_;]1"S dt
0

i=1

.n/n (N-&)/Z

t

lh (t+(2i-1)7n/n) |

m .2
S S | n t

dt

2

SR

1 < .
< Vn(f,x,6)+; suplh (t) | L 1/i

T<t<2[/nln/n i=1

+Zsupih(e)l ) 1/i
EET i=p/m]

2

2
=5V (£,x,8) +0o(1) .

Thus Isn(f,x)-f(x) | 5%Vn(f,x,6) +0(l) and so
mlsn(x)-f(x) | 5%V(x,6) . Since & can be taken arbitrarily
small, we have that mlsn(x)-f(x) l=0.

If f is continuous in a closed interval I, the above

estimates are o(l) uniformly in x € Jc int I. Also, by an
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argument of compactness we can see that V(x,6) 2?0, uniformly

in x, as 6§-20.

REFERENCES

1. D. Waterman, A-bounded variation: recent results and
unsolved problems, Real Analysis Exchange 4(1978-1979),
69-75.

2. D. Waterman, Fourier series of functions of A-bounded

variation, Proc. Amer. Math. Soc. 74(1979), 119-123.

77



	Contents
	p. 71
	p. 72
	p. 73
	p. 74
	p. 75
	p. 76
	p. 77

	Issue Table of Contents
	Real Analysis Exchange, Vol. 10, No. 1 (1984-85) pp. 1-235
	Front Matter
	THE NINTH SUMMER REAL ANALYSIS SYMPOSIUM June 12-15, 1985 The University of Louisville, Louisville, Kentucky [pp. 5-9]
	Geometric properties of fractals [pp. 10-16]
	The Second Peano Derivative as a Composite Derivative [pp. 17-20]
	α-variation and transformation into Cn functions [pp. 21-24]
	Intersections of Continuous Functions with Families of Smooth Functions [pp. 25-30]
	Products of Blackwell spaces and regular conditional probabilities [pp. 31-41]
	APPROXIMATE SMOOTHNESS OF CONTINUOUS FUNCTIONS [pp. 42-44]
	NON-AVERAGING SETS, DIMENSION AND POROSITY [pp. 45-45]
	ON THE BOUNDARY VALUE OF BESOV-BERGMAN SPACES [pp. 46-49]
	Uncountable-order sets for radial-limit functions [pp. 50-53]
	DERIVATIVES OF VARIATION FUNCTIONS AND OF MUTUTLLY SINGULAR AND RELATIVELY ABSOLUTELY CONTINUOUS FUNCTIONS [pp. 54-57]
	The packing measure of rectifiable sets [pp. 58-67]
	Measures for Which σ-Porous Sets are Null [pp. 68-70]
	A SPACE OF REGULATED FUNCTIONS WHOSE FOURIER SERIES ARE EVERYWHERE CONVERGENT [pp. 71-77]
	SINGULAR SETS AND BAIRE ORDER [pp. 78-84]
	Denjoy's Index and Porosity [pp. 85-144]
	RESEARCH ARTICLES
	Solution of a Problem Concerning Functions of Harmonic Bounded Variation [pp. 145-148]
	An Extension of the Ordinary Variation [pp. 149-154]
	On Typical Bounded Functions in the Zahorski Classes II [pp. 155-162]
	BLACKWELL SPACES AND GENERALISED LUSIN SETS [pp. 163-179]
	Topologically Equivalent Measures in the Cantor Space II [pp. 180-187]
	ON THE STRUCTURE OF SOME FUNCTION SPACE [pp. 188-193]
	A STUDY OF FORAN'S CONDITIONS A(N) AND B(N) AND HIS CLASS F [pp. 194-211]

	INROADS
	A NEW PROOF OF FLEISSNER'S THEOREM ON PRODUCTS OF DERIVATIVES [pp. 212-213]
	Measurability of Real Functions Having Symmetric Derivatives Everywhere [pp. 214-219]
	Variational equivalence and generalized absolute continuity [pp. 220-229]

	QUERIES
	Editor's Comments [pp. 230-230]
	SECOND CATEGORY E WITH EACH PROJ(RR²\E²) DENSE [pp. 231-232]
	ON CATEGORY PROJECTIONS OF CARTESIAN PRODUCT A×A [pp. 233-235]




