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 Uncountable-order sets for radial-1 imi t f unct ions

 The content of this lecture is contained in the paper with the same

 title co-authored by Robert Berman, Togo Nishiura and George Piranian [2].

 We begin with some notation.

 Let A = <z £ C| I z I < 1} and C = {z G |[| |z| =1>, where C is the

 _ v

 set of complex numbers. The closure of A is then A = A U C. We let C =

 c u <oo) denote the extended complex plane. For a function f : A -> C we

 * v

 define the radial limit function f : C -> C by

 *

 f (fl) = lim f(r 7?) , 7} £ C,
 r-*l

 whenever the limit exists. An inner function is a bounded analytic

 *

 function such that |f C 7? ) I = 1 for almost all 7? € C. An example of an

 inner function is a Blaschke product

 ā t z-a v

 B(z) = zm n -2- Í t - z-a -] v >
 n |an|

 an € A , E (1-1 an | ) <00.
 n

 By a point of uncountable order of a function g : X -» Y, we mean a

 point y of Y such that g *(y) is an uncountable set. The set of points of

 uncountable order of g will be denoted by U(g).

 In their paper [3], MacLane and Ryan proved the following theorem on

 Blaschke products by means of Riemann surface arguments.
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 Theorem (3). Corresponding to each closed set W on the unit circle C there

 * *

 exists a Blaschke product B such that U(B ) = W and B (/}) has modulus 1

 whenever it exists.

 MacLane and Ryan asked whether it is feasible to prove the theorem by

 describing suitable Blaschke products in terms of their zeros.

 The above question is resolved in the affirmative. We first construct

 a continuous function g : P -> C, where P is a suitably constructed perfect

 subset of C, such that U(g) = W and then describe the zeros of a Blaschke

 A

 product so that U(B ) = U(g). In other words, the question is in reality a

 Real Analysis problem. Our methods establish the following theorems.

 Theorem. If W is an analytic subset of C, there exists a Blaschke product

 * *

 B such that U(B ) = W and |B (7j)| = 1 for each 7} £ C. Moreover, if B is a

 *

 Blaschke product then U(B ) is an analytic set.

 Theorem. Every uncountable analytic subset of C contains a perfect set P

 such that if a subset H of P is of the type then some Blaschke product

 has a radial limit at each point of C'H and at no point of H.

 These two theorems are consequences of two elementary principles about

 Blaschke products which will be stated next.

 Moderation Lemma . (Berman and Piranian). If z G A and B(z) =

 ā f z-a s
 H - - f I

 n I 'n' a I M-ā Ts n 'n' n

 1 ~ I an I
 M £

 n lan"zl
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 Angular Adjustment Lemma . (Berman and Piranian). Let T' £ C and 1(72) an<*

 J(tj) be subarcs of C with center ņ and lengths 5 and tf. Denote by C(I (jj))

 the part of the circle orthogonal to C at the end-points of I(^) which is

 interior to A- Also, denote by d(J (tj)) the part of the disk interior to

 C(J(fl)) and A- Let b(a,z) = -JL. I z a ļ . Then there is a universal
 I a I M -āz J

 constant K such that, for a £ C(I (tj)) and z £ d(J (/?)),

 I b(a , z) - expj^2i arg j | < K |

 when 0 < 2Ï < 8 < 5.

 Finally, with the aid of complex analysis results of Rudin [5]

 concerning the Banach algebra of continuous functions on A which are

 analytic on A and the Arakeljan Approximation Theorem [1], we are able to

 prove by our Real Analysis methods the following theorems.

 *

 Theorem. A set W of the extended complex plane is the set U(f ) for some

 (bounded) analytic function f on A if and only if it is a (bounded)

 analytic set.

 Theorem. If H is a nowhere-dense set of the type on C, there exists an

 analytic function f on A such that H is the set of points 7} on C for which

 *

 f ( j }) does not exist.

 * -

 Question . It is known that some inner function f has U(f ) « A [ 4 ] . Can

 one show that for any analytic set W of A there is an inner function f such
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 that U(f*) = W?

 References

 1. N.U. Arakeljan, Uniform and Tangential approximation with analytic
 functions, Izv. Akad. Nauk. Armjan. SSR Ser. Mat. 3(1968), no. 45, 273-286
 (Russian) •

 2. R. Berman, T. Nishiura and G. Piranian, Uncountable-order sets for
 radial-limit functions (in preparation).

 3. G.R. Mac Lane and F.B. Ryan, On the radial limits of Blaschke products,
 Pacific J. Math. 12(1962), 993-998.

 4. M. Ohtsuka, A note on functions bounded and analytic in the unit circle,
 Proc. AMS, 5(1954), 533-535.

 5. W. Rudin, Boundary values of continuous analytic functions, Proc. AMS,
 7(1956), 808-811.

 53


	Contents
	p. 50
	p. 51
	p. 52
	p. 53

	Issue Table of Contents
	Real Analysis Exchange, Vol. 10, No. 1 (1984-85) pp. 1-235
	Front Matter
	THE NINTH SUMMER REAL ANALYSIS SYMPOSIUM June 12-15, 1985 The University of Louisville, Louisville, Kentucky [pp. 5-9]
	Geometric properties of fractals [pp. 10-16]
	The Second Peano Derivative as a Composite Derivative [pp. 17-20]
	α-variation and transformation into Cn functions [pp. 21-24]
	Intersections of Continuous Functions with Families of Smooth Functions [pp. 25-30]
	Products of Blackwell spaces and regular conditional probabilities [pp. 31-41]
	APPROXIMATE SMOOTHNESS OF CONTINUOUS FUNCTIONS [pp. 42-44]
	NON-AVERAGING SETS, DIMENSION AND POROSITY [pp. 45-45]
	ON THE BOUNDARY VALUE OF BESOV-BERGMAN SPACES [pp. 46-49]
	Uncountable-order sets for radial-limit functions [pp. 50-53]
	DERIVATIVES OF VARIATION FUNCTIONS AND OF MUTUTLLY SINGULAR AND RELATIVELY ABSOLUTELY CONTINUOUS FUNCTIONS [pp. 54-57]
	The packing measure of rectifiable sets [pp. 58-67]
	Measures for Which σ-Porous Sets are Null [pp. 68-70]
	A SPACE OF REGULATED FUNCTIONS WHOSE FOURIER SERIES ARE EVERYWHERE CONVERGENT [pp. 71-77]
	SINGULAR SETS AND BAIRE ORDER [pp. 78-84]
	Denjoy's Index and Porosity [pp. 85-144]
	RESEARCH ARTICLES
	Solution of a Problem Concerning Functions of Harmonic Bounded Variation [pp. 145-148]
	An Extension of the Ordinary Variation [pp. 149-154]
	On Typical Bounded Functions in the Zahorski Classes II [pp. 155-162]
	BLACKWELL SPACES AND GENERALISED LUSIN SETS [pp. 163-179]
	Topologically Equivalent Measures in the Cantor Space II [pp. 180-187]
	ON THE STRUCTURE OF SOME FUNCTION SPACE [pp. 188-193]
	A STUDY OF FORAN'S CONDITIONS A(N) AND B(N) AND HIS CLASS F [pp. 194-211]

	INROADS
	A NEW PROOF OF FLEISSNER'S THEOREM ON PRODUCTS OF DERIVATIVES [pp. 212-213]
	Measurability of Real Functions Having Symmetric Derivatives Everywhere [pp. 214-219]
	Variational equivalence and generalized absolute continuity [pp. 220-229]

	QUERIES
	Editor's Comments [pp. 230-230]
	SECOND CATEGORY E WITH EACH PROJ(RR²\E²) DENSE [pp. 231-232]
	ON CATEGORY PROJECTIONS OF CARTESIAN PRODUCT A×A [pp. 233-235]




