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 APPROXIMATE SMOOTHNESS OF CONTINUOUS FUNCTIONS

 In the literature there are numerous constructions of

 continuous nowhere differenti able real valued functions on the

 real line R. One which holds particular interest for the

 present author is the function f:R -*■ R constructed by L.

 Filipczak [3] having the property that it has a symmetric

 derivative nowhere; i.e., at no point does

 lim Jf(x+h) - f(x-h)]/2h
 h + 0

 exist. More specifically, at each x e R this function satisfies

 both

 (1) lim sup[f(x + h) - f(x-h)]/2h = +®
 h -*-0

 and

 (2) lim . inf[f(x+ h) - f(x-h)]/2h =
 h+0

 P. Kostyrko [4] subsequently showed that the class of all

 functions satisfying both (1) and (2) at each x e [0,1] is

 residual in the metric space C( [0 , 1 J ) of continuous functions on

 [0,1] with the supremum metric. The present author then noted

 [1] that the methods of Filipczak and Kostyrko could be used to
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 show that the class of functions in C([0,1]) satisfying every-

 where the two conditions

 (1*) ap lim sup[f(x + h) - f(x - h)]/2h = +»
 h -»-0

 and

 (2*) ap lim inf[f(x + h) - f (x - h) ]/2h = -®
 h- 0

 is also residual, where ap lim sup (inf) denotes the approximate

 limit superior (inferior).

 An alternate, or in a certain sense a complementary,

 symmetry criterion for a function at a point x is that of

 approximate smoothness, where f is said to be approximately

 smooth at x if

 ap lim [f(x + h) + f(x - h) - 2f(x)]/h = 0.
 h+0

 It is clear that a function possesses a finite approximate

 derivative at a point x if and only if it is both approximately

 smooth at x and possesses a finite approximate symmetric derivative

 at x. It therefore seems of some interest to inquire whether a

 continuous function can fail to satisfy either of these symmetry

 criteria at each point of an interval.

 The purpose of the talk having the title above, which was

 given at the St. Olaf Symposium, was to announce that such
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 functions do exist and, not surprisingly, are residual in

 C([0,1]). More precisely, the collection of functions which

 satisfy (1*), (2*), and

 (3 ) ap lim sup|f(x + h) + f(x - h) - 2f(x) |/h = +»
 h + 0

 at each point is residual in C([0,1]). The proof is carried

 out in [2].
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