Michael J. Evans, Department of Mathematics, North Carolina

State University, Box 8205, Raleigh, NC 27695-8205
APPROXIMATE SMOOTHNESS OF CONTINUOUS FUNCTIONS

In the literature there are numerous constructions of
continuous nowhere differentiable real valued functions on the
real line R. One which holds particular interest for the
present author is the function f:R + R constructed by L.
Filipczak [3] having the property that it has a symmetric
derivative nowhere; i.e., at no point does

h’m_l[f(x+ h) - f(x-h)]/2h
h=+0

exist. More specifically, at each x € R this function satisfies

both

(1) h]i"(]f sup[f(x+h) - f(x-h)]/2h = +»

and

(2) ]im*_inf[f(xi-h) - f(x-h)])/2h = -w,
h-0

P. Kostyrko [4] subsequently showed that the class of all
functions satisfying both (1) and (2) at each x € [0,1] is
residual in the metric space C([0,1]) of continuous functions on
[0,1] with the supremum metric. The present author then noted

[1] that the methods of Filipczak and Kostyrko could be used to
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show that the class of functions in C([0,1]) satisfying every-

where the two conditions

(1*) ap ]im*;sup[f(x +h) - f(x - h)]/2h = 4+
h=+0

and

(2*) ap ]im_+inf[f(x+-h) - f(x-h)]/2h = -=
h-10
is also residual, where ap 1im sup (inf) denotes the approximate

1imit superior (inferior).

An alternate, or in a certain sense a complementary,
symmetry criterion for a function at a point x is that of
approximate smoothness, where f is said to be approximately
smooth at x if

ap lim [f(x+h) + f(x-h)-2f(x)]/h = 0.
h=+0

It is clear that a function possesses a finite approximate
derivative at a point x if and only if it is both approximately
smooth at x and possesses a finite approximate symmetric derivative
at x. It therefore seems of some interest to inquire whether a
continuous function can fail to satisfy either of these symmetry

criteria at each point of an interval.

The purpose of the talk having the title above, which was

given at the St. Olaf Symposium, was to announce that such
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functions do exist and, not surprisingly, are residual in
C([0,1]). More precisely, the collection of functions which

satisfy (]*), (2*), and

*
(3) ap Tlim_sup|f(x+h)+f(x-h) - 2f(x)|/h = +=
h-0

at each point is residual in C([0,1]). The proof is carried

out in [2].

References

1. M. J. Evans, On continuous functions and the approximate
symmetric derivative, ColToq. Math.31(1974), pp . 129-136

2. M. J. Evans, Approximate smoothness of continuous functions

(submitted).

3. L. Filipczak, Exemple d'une fonction continue privée de
dérivee symetrique partout, Colloq. Math. 205]9695,
pp. 249-253.

4, P. Kostyrko, On the symmetric derijvative, Colloq. Math.
25(1972), pBT'26512%7.

44



	Contents
	p. 42
	p. 43
	p. 44

	Issue Table of Contents
	Real Analysis Exchange, Vol. 10, No. 1 (1984-85) pp. 1-235
	Front Matter
	THE NINTH SUMMER REAL ANALYSIS SYMPOSIUM June 12-15, 1985 The University of Louisville, Louisville, Kentucky [pp. 5-9]
	Geometric properties of fractals [pp. 10-16]
	The Second Peano Derivative as a Composite Derivative [pp. 17-20]
	α-variation and transformation into Cn functions [pp. 21-24]
	Intersections of Continuous Functions with Families of Smooth Functions [pp. 25-30]
	Products of Blackwell spaces and regular conditional probabilities [pp. 31-41]
	APPROXIMATE SMOOTHNESS OF CONTINUOUS FUNCTIONS [pp. 42-44]
	NON-AVERAGING SETS, DIMENSION AND POROSITY [pp. 45-45]
	ON THE BOUNDARY VALUE OF BESOV-BERGMAN SPACES [pp. 46-49]
	Uncountable-order sets for radial-limit functions [pp. 50-53]
	DERIVATIVES OF VARIATION FUNCTIONS AND OF MUTUTLLY SINGULAR AND RELATIVELY ABSOLUTELY CONTINUOUS FUNCTIONS [pp. 54-57]
	The packing measure of rectifiable sets [pp. 58-67]
	Measures for Which σ-Porous Sets are Null [pp. 68-70]
	A SPACE OF REGULATED FUNCTIONS WHOSE FOURIER SERIES ARE EVERYWHERE CONVERGENT [pp. 71-77]
	SINGULAR SETS AND BAIRE ORDER [pp. 78-84]
	Denjoy's Index and Porosity [pp. 85-144]
	RESEARCH ARTICLES
	Solution of a Problem Concerning Functions of Harmonic Bounded Variation [pp. 145-148]
	An Extension of the Ordinary Variation [pp. 149-154]
	On Typical Bounded Functions in the Zahorski Classes II [pp. 155-162]
	BLACKWELL SPACES AND GENERALISED LUSIN SETS [pp. 163-179]
	Topologically Equivalent Measures in the Cantor Space II [pp. 180-187]
	ON THE STRUCTURE OF SOME FUNCTION SPACE [pp. 188-193]
	A STUDY OF FORAN'S CONDITIONS A(N) AND B(N) AND HIS CLASS F [pp. 194-211]

	INROADS
	A NEW PROOF OF FLEISSNER'S THEOREM ON PRODUCTS OF DERIVATIVES [pp. 212-213]
	Measurability of Real Functions Having Symmetric Derivatives Everywhere [pp. 214-219]
	Variational equivalence and generalized absolute continuity [pp. 220-229]

	QUERIES
	Editor's Comments [pp. 230-230]
	SECOND CATEGORY E WITH EACH PROJ(RR²\E²) DENSE [pp. 231-232]
	ON CATEGORY PROJECTIONS OF CARTESIAN PRODUCT A×A [pp. 233-235]




