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 Lus in Type Theorems for Functions of Bounded Variation

 Our purpose is to give a simple proof of the one

 dimensional version of a deep approximation theorem of

 J. H. Michael [2], Let Q be the unit cube in n space.

 The theorem, in a form given in [1], asserts that if

 f :Q -> R is of bounded variation in the sense of

 Cesari then, for each e > 0, there is a g:Q -* R, of

 class c' such that f(x) = g(x) except on a set of

 measure less than e, and |af(Q) - a (Q) | < e *

 where a^íQ) í-s the area of the surface given by a
 measurable real function h defined on Q.

 Let I = [0,1], and let X be Lebesgue measure.

 For each f:I R, of bounded variation, we consider

 a measure a^. on the Borei sets in I, called the length

 measure. To define a^., first choose the right continuous
 version of f. (This member of the Lebesgue equivalence

 class of f minimizes 'the variation measure which then
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 agrees with the measure which is the derivative of f in

 the distribution sense.) Let ļj^. be this variation
 measure. For each Borei set Eel, let

 a 1 (E) = sup £ üuf(E.)]2 1 L + UtE.)]2}1/2, 1 1 i=l 1 L 1

 where the supremum is taken over all partitions of E

 into finitely many pairwise disjoint Borei sets. The

 measure a-ļ. may also be obtained as follows. For each.
 X g I, let J be the interval whose end points are the

 A

 right and left limits of f(ç) as ç -» x. Jx is a single
 point except for a countable set of values of x. For

 each Borei set E, a^(E) is the one dimensional Hausdorff

 measure of the planar set u J x . For the case where xçE x
 f is absolutely continuous 3 we also have

 af(E) = I [1 + [f ' (x) ]2} 1/2 dx.

 We need a special case of a result of Whitney

 [3] ) which we state as a lemma.

 Lemma 1 . If f:I -» R is dif ferentiable almost

 everywhere j then for each e > 0 there is a g:I -» Rj

 of class such that f(x) = g(x) except on a set

 of measure less than e .

 We also need the following simple fact which we

 state without proof.
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 Lemma 2. Given two points (a3c) and (b,d), with

 a < b, let L be the distance between (a,c) and (b,d),

 and let a and ß be real numbers. For each e > 0,

 there is an f:[a,b] -» R which is of class c' with
 left derivative at a equal to a and right derivative at

 b equal to ß, such that a.j.([a,b]) < L + e.

 Theorem 1. A function f:I -» R which is of bounded

 variation is equivalent to an absolutely continuous

 function if and only if, for each e > 0, there is a

 g € C'*" such that, if G = [x:f(x) ¿ g(x)] then

 af(G) < e and a (G) < e.
 O

 Proof . For the sufficiency, suppose f satisfies

 the stated condition. Since f is of bounded variation,

 jjji- + [ f ' (x) ]2 ' dx < °° . Let e > 0, and let g 6 C'1" be

 such that if G = [x:f(x) ¿ g(x)] then a^.(G) < e and
 aCT(G) < e . Now,

 o

 af(I) = af(G) + af(I'G) = af(G) + ag(l'G)

 á J J 1 + [f r(x) ]2 ' dx + e
 I'G

 since f = g' at almost every point of the set where

 f = g. It follows that

 af(I) * ffl + tí" (x)]2}1/2 dx
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 so that f is absolutely continuous.

 For the converse, suppose f is absolutely con-

 tinuous. Let e > 0. There is a ô > 0 such that for

 every Borei set E, with '(E) < 6, we have

 af(E) = I [1 + [f ' (x)]2}1/2 dx < e/3 •

 By Lemma 1, there is a function h € such that f(x) = h(x),

 except on a set E with '(E) <6. We take E, as we may by

 adding a countable set, so that A = I'E is perfect. Then

 E is the union of pairwise disjoint, nonabutting open

 intervals 1^, . . . . Since h € c' the series

 2 x ) converges. Choose m so that „ , h x n
 n=i „ ,

 E ah(In) <e/3. Now af(E) < e/3, but cl^(E) may
 n=m+l

 be too big. We modify h on the finite set of intervals

 11,...,^ to obtain an appropriate g of class C1 . By
 Lemma 2} we may define g on these intervals so that

 m m

 E oLo-C^n) n < E af^n^ 1 n + e//3 £ ccf(E) 1 + e/3 • n=l ° n n=l 1 n 1

 Then

 m

 aa(E) = Ê a.h(In) n n + E a^^n) n < e/3 + af(E) 1 + e/3 < e. n=m+l n n n=l ° n 1
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 Theorem 2. If f :I -» R is of bounded variation then,

 for each e > 0, there is a g:I R of class such

 that f(x) = g(x) except on a set of measure less than

 e and |ttf(I) - ag(I)| < e-
 Proof. Suppose f:I -* R is of bounded variation

 and right continuous. By Lemma 1, there is a function

 u ç C1 such that f(x) = u(x) except for a set E of
 Lebesgue measure less than e. We choose E, as 'we may,

 so that A = I'E is perfect and f is continuous at every

 point of A. The set E is the union of pairwise dis-

 joint nonabutting open intervals I^, Ig,.... As

 before, there is an m such that g a„(lJ<c/2. n n=m+l u n

 By Lemma 2, we may modify u on the intervals I,,..., I ,
 1 m . m .

 to obtain v ç C such that £ av(In) . < £ af(In)+e/2 •
 n=l n=l

 Now, f(x) = v(x), except on a set E of measure less than

 e and ay(I) < af(I) + e- Finally, we modify v on 1^ to
 obtain a longer g ç c' but only long enough to have

 cc.£v(l) - e < otg(l) < 0,^.(1) + g
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