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 Introduction :

 Let C^ļ(x) denote the ultraspherical (C-egenbauer )

 polynomial of degree n and (aa}^_o be^a sequence
 of complex numbers such that lim ļa^ļ ñ < i. The

 n-M»

 following facts can be easily shown (see [1], [4]):

 i) The set (C^ļ (x)}^=0 Łs ortiloSQnal and complete
 over (-1,1) with respect to the measure

 (l-x2)ll"^dx, with / L ( 1 -X2 )u ~ ^ ( x ) Cļjļ ( x ) dx = h^ômn

 l-2u
 where h J'1 = 2 rrr ( n-í-2u ) o *

 n n! (u+nj ir(u;l

 ii) (x) satisfies the ordinary differential equation

 (1-x2) y"-(2u + l)xy» + n (n+2w)y = 0.
 n

 iii) The function f(x,y) = f a " (x2+y2)^ cļļ -l ( - / ; ; 2 ) n=0 " -l (x"+y ) 2

 is a solution for the singular partial differential

 equation

 ô2f + òff + 2y. òf = 0.
 òx" òy y òy
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 It is also well Known that if Tim |a I" <1,
 n-*»
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 than the series f(zi = r a c" i' z) converges to a holomorohic
 n=0 " _ ^

 function in some neighborhood of [-1,1]. _ ^ But if Iim|aoln = 1.
 n-»œ

 then the series may diverge everywhere (in the classical

 sense). However, we have shown in a recent worx [5]

 that the series converges to' a hyperfunction on

 [-1,1], A hype rf 'onction on[-l,l] is a continuous

 linear functional on the space of analytic functions

 on [-1,1] provided with a certain topology [2]. If

 the growth rate of the sequence [an}^=o rsstri-ct3d>

 e.g. a^ = O(n^) for some integer p, then we show that
 the series converges to a generalized function (Schwartz

 distribution) on (-1,1) which is a continuous linear

 functional on -tne space of C^-functions with support

 in(-l,l). Since generalized functions and continuous

 functions are closely related e.g. every generalized

 function f with compact support is the Sth distribu-

 tional derivative of some continuous function F(x),

 we will be able to study the b.ehavior of the 'series

 f (x) = ? a Cl*(x) n via F(x). Instead of looting at n=0 n

 the global properties of f(x) as it is usually done

 we shall examine the local behavior of F(x) in some

 neighborhood of x^s(-l,l) and try to interpret it
 'U

 in terms of f(x). To be more specific, we shall

 show that if the normalized '^th Peano derivative of
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 F(x) at x0 exists j and is equal to say y, then the

 series ? a C u(x,^) is Abel sumniable to y . 'Jader a
 n=0 a a ^

 slightly stronger condition it can be shown that the

 associated power series a(z) = S a hlizn, which con-
 n=0 a n

 verges for |z| <1, approaches its boundary value

 0(3) as 2 -► 3 radially where ļ 0 | =1 and xQ = i(3+|>) .

 2. Definitions and Notations :

 Let I denote the interval (-1,1) and Cq(I)

 denote the space of C -functions with support

 in I. A generalized function (g.f) f on I is

 a continuous linear functional on the topological

 linear space Cq (I). The action of f on 0(x)sCq(I)
 is denoted by ^f(x),0(x)^. The g.f f('x + xQ)

 X - X

 is defined by ^f('x + Xq), 0(x)^ = <^f(x), b c^0» X - X

 We say that f(x) has a value at xQ if liai^('x+x0),<j (xj)

 exists for all 0 s cj(l). It has been shown

 [3] that f has the value X at Xq if and only if

 there exists an integer se s 0 and a continuous

 function F(x) such that F^^ = f and

 liai F(x) . = y. Clear ly, this is equivalent
 *-*0 (x xoJ ^

 to saying that the normalized kth Peano derivative

 of F(x) at Xq exists and is equal to y.
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 3 . Summability theorems:

 The results of this section along with the details

 of the proofs will be published elsewhere.

 Prooosition Let fa_}™ ^ be a sequence of corno lax

 numbers such that an=0(n^) for some integer p.

 Then there exists a generalized function f

 such that 'the series 2 a Cu converges in I to f .
 n=0 n n

 • Proof: Consider the function F(x) =

 g f-ifrq cu,.:)y -(i)
 a (n+u) cu,.:)y *T

 where 2k a 2u+ p + 1. F(x) is continuous on

 [-1,1] since max !C^ (x)l = n2^ . Using the
 xet-1,1]

 p

 facts that L Cl^(x) = -(n-Hi )~<ļļ(x) where

 L= " (2u+1)xix " u~ and thafc L is a continuous

 operator on the space of generalized functions

 we can apply L to eq.(l) and this finishes

 the proof.

 Theorem 1.

 Let f be a generalized function with support in

 I given by f(x) x = f a„ (x). v ' If f has a value x „ - n n v ' „ n=o

 Y at xn 'J s I j then f a n C^(xn) a J is Abel summable to y 'J n=0 n a J
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 S '¿.a te h. of che proof: By th s hypo the s is there

 exist a non-negative integer ¡c and a continuous

 function F(x) such that F'^x) = f(x), and

 u„ T|i|ifc - Vj. • Therefore,

 nto Vit*,)'11 •

 - ¿ (-i)V'ci¿(x0)^(E,.á^ t(i-x2)u"i<ļ;(x))
 n=0 dx

 - Ofc(*o.».r)«x »"ere
 -1 (x-xo)

 Gï(x0,x,r). ļi£.(l-x2)U-^(x)' (2)

 We show that G (xQ,x.,r) is a quasi -pos i tive '¡cernei
 and then we use the theory of singular integrals

 [5] to show that the limit of ea.(2) when

 r - 1" is y •

 15 5



 The crea 2

 Lat f be given as in Theorem 1. Suppose that

 che [¡jj-th distributional derivative of f has a value

 Y at x0cl.

 Then ¿(z) = E a h uzn - <ý ( 3 ) as z -* 3 radially where
 n=0 n a

 xo " + j)

 S '¿etch of the proof: We show that 0(z) can be given by

 «(z) - (t, ' (^2)u;f ) ' ' (l-2xz+z-)W '

 - (.i)s /F ¿L (l-x2)u"^ '
 ' 'dx^ (l-2xz-t-z~)w '

 Using an argument similar td the one given in Theorem 1

 yields the result.

 156



 References :

 1. R. ?. Gilbert, "Function Theoretic Methods La
 Partial Differential equations." Academic Press,
 New Ycr's, 1969-

 2. G. Kò'the, "Topological Vector Spaces I," Springer-
 Verlag , New Yorfc, 1969 •

 3. S. Lojas iewicz, "Sur la Valeur et la Limit d'une
 distribution dans un ooint," Studia Math., Vol. j6
 (1957), pp. 1-36.

 4. G. Szegci, "Orthogonal Polynomials "Amer. Math.
 Soc. Collog. pubi., Vol. 23, Amer. Math. Soc.,
 Providence, R.I., 1959 •

 5. A. Zygmund, "Trigonometrie Series," Cambridge
 Univ. Press, London and New Yor's, 1959.

 6. A.I. Zayed, "Hyperfunctions as boundary values
 of generalized axìally symmetric potentials,"
 submitted.

 157


	Contents
	p. 151
	p. 152
	p. 153
	p. 154
	p. 155
	p. 156
	p. 157

	Issue Table of Contents
	Real Analysis Exchange, Vol. 5, No. 1 (1979-80) pp. 1-190
	Front Matter
	EDITORIAL MESSAGES [pp. 3-3]
	PURDUE UNIVERSITY CONFERENCE IN ANALYSIS [pp. 5-6]
	SUMMER SYMPOSIUM IN REAL ANALYSIS [pp. 7-8]
	TOPICAL SURVEY
	CURRENT TRENDS IN DIFFERENTIATION THEORY [pp. 9-60]

	RESEARCH ARTICLES
	Variations of Hardy's Inequality [pp. 61-81]
	A Generalization of Absolute Continuity [pp. 82-91]
	Maximoff's Theorem [pp. 92-104]

	INROADS
	CLASSICAL PARABOLIC CAPACITY AND QUASILINEAR PARABOLIC EQUATIONS [pp. 105-112]
	RECENT DEVELOPMENTS IN APPROXIMATE DIFFERENTIATION [pp. 113-118]
	How Small is a Curve? [pp. 119-123]
	SOME NEW INEQUALITIES IN COMPLEX ANALYSIS (AND WHAT THEY DO) [pp. 124-127]
	SOME EXTENSIONS OF THE GAMMA AND BETA FUNCTIONS [pp. 128-131]
	SOME PARTIAL DIFFERENTIAL EQUATIONS IN BANACH SPACES [pp. 132-135]
	A SURVEY OF MY JOINT WORK WITH CASPER GOFFMAN [pp. 136-139]
	Changes of Variable which Preserve Almost Everywhere Approximate Differentiability [pp. 140-142]
	Derivative Measures [pp. 143-144]
	NOWHERE MONOTONE FUNCTIONS AND A PROBLEM OF K. GARG [pp. 145-147]
	Generalized bounded variation - recent results and open questions [pp. 148-150]
	DISTRIBUTIONAL DERIVATIVES AND ABEL SUMMABILITY OF ULTRASPHERICAL EXPANSIONS [pp. 151-157]
	Having Small Selectors [pp. 158-163]
	CHARACTERIZING CLUSTER SETS OF REAL FUNCTIONS [pp. 164-179]
	A generalization of the total differential and of the Lipschitz condition [pp. 180-187]

	QUERIES
	QUERIES FROM THE TEXT [pp. 189-189]

	SUMMER SYMPOSIUM [pp. 190-190]



