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 Variations of Hardy ' s Inequality

 51. Introduction. Let ? and q be real numbers and

 u(x), v (x) non-negative extended real valued functions

 defined on (o,®) . In this paper, we are concerned with

 inequalities and their reverses of the form

 f'°° c i 1/q f r o 1 1/? (1.1) / CTf (x) u (x) ] c dx ' s ci Cf (x) v (x) > o dx V ,

 where C is a constant independent of f, and T is one of the

 ave racing ocerators ? , Q given bv
 n n

 This research was undertaken in part while the author
 attended- the Special Year in Harmonic Analysis at the
 University of Maryland, College Park. The financial
 support by the University of Maryland and NRC of
 Canada, Grant No. A4337 is gratefully acknowledged.

 5 1



 (X /-00

 (1.2) (P^f) (x) = x~n j f(t)dt; (Q^f) (x) = x~r' f(t)dt ,
 o x

 n real, x € (o,°°) .

 fp if r>lļ
 For T = / ' Hardy C 4 , Theorems 330, 34 7] has

 'qo if r<lj
 shown that (1.1) holds if p = q>l and (u,v) = (x~r//^, x^~r//°) .

 And if in addition 0<p = q<l the reverse inequality of (1.1)

 holds with the same u and v. Using techniques involving

 the Euler-Lagrange differential equations, 3eesack £21

 established inequalities of the form (1.1) and their reverses

 for this T with p = q , -<=°<p<<» , p * 0,1 and certain general

 pairs of weight functions (u,v) . Artola, Talenti [7],

 Tomaselli [3] and Muckenhoupt [5] characterized the weights

 (u,v) for which (1.1) holds with p=q , psl. Recently,

 Bradley C 3 ] solved this problem if l<p<q<'». ļt follows

 trivially from Bradley's result that the following holds:

 Theorem A. If T = P , n real and l<p<q<=°, then (1.1) holds,

 if and only if

 U/q r il/o1
 f°°iu(x)1q U/q Íír r -o' ' Í

 (1.3) A= suo ļ- ■ - -j ax ļ| v(x) ' dx
 n

 r>° [r { n ¡ J lo-

 is finite. Here and throughout p and p' are related by

 1/p+l/p' = 1.
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 For the operator the result holds, if and only if

 f > i/q " f M ļ 1/? '
 f r f u ( ì ^ " f M -o'

 3 = SUD I f u ( ì j dx j f v(x) -o' - dx
 r>¿ ļļ . * J J >

 is finite.

 In fact with a iittia mora effort ona can show that

 4? T = ? , nžo then
 n

 1 1/c c > 1/? ' i C 00 -r 1 ; c If- _0 1 r
 (1.4) A, = sua r"n il uCx/'Mx -r ij v(x) _0 * dxļ

 1 r r >ñ ° I J '1 . i r r ° I ir * J ' . J ě v. * J ' ě

 finite is both necessary and sufficient for (1.15 with

 l<psq<®. If n < 0 , a strong type estimate (1.1) is noc avail-

 able. However, Andersen and Muckenhount CI' proved that (1.4)

 is necessary and sufficient for the weak type inequality

 d'. 5) f j u(x)^dx V" á C y ^fi üf(x)"j(x) ^dx"' "
 Víx:P„f (X) >y}J Io J

 ' I

 to hold.
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 It is the purpose of this paper to establish the appro-

 priate results when p<l, q<l, p*0, q*0. As in [3] the main

 tool is the following well-known (see e.g. [6, Lemma 2.11)

 result .

 Lemma 1 C6]. Let f(x), g(x), Z(x) be non-negative functions

 defined on (o,50) , where Z(x) is increasing. If ksl,

 then

 r „ , , k /• -- 00 -» l/k N k ,'=° r fZ „ (x) , , I /• r -- ' 00 -» I N I
 (1.6) ¡ f(x) j g(y)dy dx g(y) f(x)dx dvi

 o __o Ļo Í Cv) J

 and

 V 1 /V '< r- rf« y V (<<» frïCy} ļ-/ 1 /V Y
 (1.7) j f(x) j g ( y ) dy dx <) g(y) j f(x)dx dyl

 o _Z(x) l»° ° J

 where ç is the inverse function of Z.

 Throughout, the function f is assumed non-negative.

 â2. Main Results. In the theorems below our weight functions

 satisfy certain conditions akin to A, 3, and A.,. Let r,

 be real and let

 5



 -, ffr 0 ll/« ífr _0. ì1""
 (2.1) :< (r) = r i i u(t) *dt i i ļ v(t) • dt;

 "• ; J : ; i i
 Io i Io i

 Assume that Inf S (r) » K„ > 0.
 n n

 r>o

 Similarly write

 f,- ,1/q 'r - ? ■ i1/5' (2.2) J„(-) = r~n i u(t)°dt i v(t) - ? dt ! , n J j i
 JI* J

 and assume that inf J-Cr) = J >Q .
 r>o

 Theorem 1. Let psqsO.

 i) If n^O and (u,v) satisfies (2.1) with X (r) non-
 n

 decreasing, then

 (2.3) ^ Cf (t)v(t) :?dt| ( ?r,f) (X) U(X)

 ii) If nsO and (u,v) satisfies (2.2) with J (r) non-
 n

 increasing, then (2,3) holds with P reoiaced bv Q .
 n " i
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 Proof. i) Let

 t ( 1/ (pp ' )
 h(t)= v (s) p ds

 o

 Then by Holder's inequality ([4, Thm. 189])

 O ļq/?
 (P f) (x)q 2 x"nq H(x)q [ f ( t) v ( t) h (t) ]pdt ,
 n J

 o

 where

 r -il/?'
 r* ,

 H (x) = j [ v (t) h (t) J - dt
 _o

 Mow, multiplying by u(x)^ and integrating we obtain by

 (1.6) with k = c/p

 f 00 ,00 r _ Q Q / O

 I = j f 00 C (?nf ) (x) u(x) jqdx s j ,00 p r " _ ^X)J Q ļļ [ f (t) v (t) h ( t)] ?dt^ Q O dx

 ,ļļ"Cf(t)v(t)h(t)3P P/qdtjq/? .
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 By (2.1)

 fr* pfc - 1 "L/? YJ?'
 H(:<)h = Jj v(t}~? ļ xj (s) - ? ds dt'

 f í'- -i 1/0' x|q/p' r , -1 C/ (?'?')
 = /p' i v(s) ° ds / = (p')q^° j v(s) °ds
 [o J oj Lo

 = (?' )q/?,Kn(x)q/?'xnq/?' jXu(5)qds

 so that bv the assumption K (:<) is ncn-decreasina and
 n

 X (x) ž Xň > 0 , n n

 {r o ! r" C f (t) y (t) h (t) J w 't j - U(x) * / nq v cr„ ( -X ■ - V? Cx) , .a/o',' ' *' )

 r" U(x) / v -X Cx) , *' k ļ ,'X ^ r - * - ļ •

 {r ! C f (t) y (t) h (t) J w j - nq ( ■ - V? ' ) o 't * ¡ó j 'J I

 M t ■:< ) 1/9 : ?/q
 < ř5 ■ . ) <?/? y j - f ( t) v (t) -n (t) ] ?_ ( t) ?/? o ¡ i u(s)qds! ! dt)

 ř5 ■ . ) <?/? y V j - f ( t) v (t) -n (t) ] ?_ ( t) U o ¡ i u(s)qds! i -J ! dt) ]

 ht , I-!/?' V
 s (-o) J ! C f ( t) v (t) h ( t) j?t V(t)?/? X n (t)t'ļļv(s) i ? , ds| i dt' / V ■! n i j i / V 1° l° '' J

 (r 'i q/?
 < (?' )q/p" (-?)xqJ j Cf (t)v(t) i?dt'

 which is the resuit with C = 1/ (p1)^^ (-p)~/qKnJ .
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 (ii) The proof is similar to that of part (i) except now we

 cœ ~U/(pp')
 define h(t) = ! v(s) 1 ds . vWe omit the details.

 1 1

 Corollary 1. If psq<0 , n^O , a<0 and ß = ct-n , then

 r.« } 9/P
 (2.4) (P^fKxlV^dx s C (f (t) t)?t3p"1dt '

 where

 C = I P I / aq ! ! S I q/p 'J .

 If n*0 and aiO , (2.4) holds with ? reolaced bv Q .
 n n

 Proof. Let u(t) = , v(t) =■ . Then by (2.1)

 (respectively (2.2))

 xn = 1/ |aq|1/q(p')1/?,isi1/?ļ - Jn

 and the result follows with C = (o')q/° (-o)K'"1 ( respective!-/
 n

 c = (?' )q/?" (-p) Jq) .

 f' o I ' "1 If n=0 and r = 1-ao , then the constant C = j o » I ' . .
 'J r-1; . .

 is best possible as was shown by 3eesac!< [2].
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 Corollary 2. Supposa p<q<û and (u, m) satisfies
 X

 r -r }1^- f,- >1/?'
 !*,äiSl.>«i* -r i v(K)-»'íxí - st > o
 } x ! iJ !
 o J 1° i

 for ali r > 0 . If f is non-decreasing then

 (r - W? rr „ v/q J Cv Cxi f lx) )ydxl - sci: (uCx)f (X) Pdxl

 'J> Cv Cxi lx) J 1° i
 Observe that (? f) (x) s xf (x) and hence the result

 O

 follows from Theorem 1 .

 '-fe now wish to consider certain weak type estimates for

 ? with nsO and for Q with n>0 . First note that if
 n n

 f Q

 T is an (linear) operator and u(E) = ju(x) *dx , ¿=(o,=°) ,

 c<0 , then a simple chance of variable shows that for '>0

 if, , a ļ i/q fr<" ( ( , . - V' Ì 1/q
 /j ļ Tf (x) a (x) i , a -dx V = H U ' '>X: , ^ . - > J ' 'j

 = ļļ u [^x : i Tf ( x) ļ < y1/qļjdyļ

 'l;1 ' ļ]"}17,
 * ^



 r f00 ^ ì "i i//q
 s / -a j t -""""U i/ X : I Tf (x) j < t'|dt'

 C ( a V/q
 ¿ ' J u(x)q a dx I

 '{x: I Tf (x) I <X}J

 Theorem 1 yields therefore the weak type inequality

 ir o ļ1/? ( ( u(x)q q V/q I / ļ C f (t) v (t) J'- o dt ' < CÀ / u(x)q q dx I

 ' '{x : I Tf (x) ļ <'}J

 where T is ? (n^O) , resoectivelv, Q , (n^O) .
 n in

 Corresponding to the weak type results of [1] we prove

 the following Theorem.

 Theorem 2 . a) If n<0 , and (u,v) satisfies (2.1), then

 for p< 0 , q<0

 (r V/P
 (2.5) j u ( x ) q dx < A q/ j If (t)v(t) ]Pdt'

 ix : ? f ( x ) < À } v J
 n

 b) If -, >0 and (u,v) satisfies (2.2), then for

 p<q<0

 n r'



 ! ~ ~ -f- i'79
 juíx)*4 ! ~ dx s ~ À I C f (t) v (t ) I^dt I
 ix :Qp f (:<) < ' } v3 J

 Proof (a). Since n<0 , P f(x) is non-decreasing, so that

 ' ix: (.P f ) (x) >'} = (o,r) , where r is the smallest number

 satisfying

 f T-

 r"n f (x) dx = ' .
 i

 o

 Therefore by (2.1) and Solder's inequality

 f ( -

 u(x)qdx 3 u(x)qdx

 ' (x: (?,f) (x) <X} °
 ' i

 ; ļ -q/? '
 = X " (r)q r"q j I v(x)~?'dx!
 " I ! I

 1° J

 = X^CrJ^^v"" ļ f(x)dx^ v(x)~? dxļ

 (ce ^q/?
 s X„(r)q '~q / (ce j C f (x) v (x) ]~dxl

 from which the first oart of the theorem fellows.
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 To prove b) note that (Q f) (x) = CP g) (i) , n>Q
 • i n x

 where g(t) = t ^f(l/t) , Now as in part a)

 ix: (Of ) (x) <A } = (x: CP _g)Cl/x)<X} = {t Ł:(P „g)ít)<A;
 n -n >i

 = (r"^,°°) , where r is the smallest

 number satisfying

 ( E f 00

 rn ( t~2f (1/t) dt = rn J f f(x)dx = X (x = |) .
 o 1/r

 Therefore ,

 C r CO

 j u ( x ) ^dx = u ( x ) ^dx
 {x: (Qn f ) (x) </'} ' 1/r

 f f ì-1/P'lq
 = J n (l/r)r~n j v(t)"P'dti n J I U/r J I J

 í r - f r ° , ^~q/?'
 < Ja- ' Q- ļ f ( x ) dx j v ( x ) ° dx n J J

 1/r l-/r

 ,» )q/p
 2 ' ^ ! C v (x) f (x) ]^cx I

 ¿ !
 I 72 I



 by Holder's inequality.

 Mote that unlike Theorem 1 no monotonicity assumption

 for Xn(r) or J (r) is required in this result. It is ' > n

 therefore possible to give a converse of Theorem 2, part a)

 i

 if 0 < v(t) ^ dt < ® and in case of part b) if
 o

 r -o*
 0 < v ( t ) - dt < » .

 i.

 Theorem 3. If p<0 , q< 0 and n<0 , then (2.5) (with

 replaced by C ) implies (2.1) and •

 Proof . Since Cx: (?„f) (x) < ' } = (0,r) where r is the

 ^ i -

 smallest number satisfying r '' j f(x)dx = À , then with
 o

 - O '
 f(x) = '>(x) - on (0,r] and zero for x>r in (2.5) yields

 ira(x)«dx s e^{Slv(t)>-^,Àq/9 i s U J

 ' = c=-f--n !%c=.-^dtj"q1jr,u.-^d=jq/î

 •c,'"(f'"rîT^
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 Hence

 f r y/q f r _ , y/?1
 r n / u(x)^dx' / v(t) _ ^ dt' ž C

 and the result follows.

 A corresponding result holds for Q^f .

 33. The Case 0<qśp<l .

 Theorem 4. Suppose 0<qsp<l .

 a) If n*0 and (u,v) satisfies (2.2) with J„(r) non-

 increasing, then

 f'00 i1/? (r i1/q
 (3.1) / Cf(t)v(t)]?dt' sC / j C ( ? n f ) ( x ) u ( x ) ] *Mx '

 where C = 1/C (-? ' ) 1/? ' p1/q Jn ] .

 b) If nsO and (u,v) satisfies (2.1) with X (r) non-
 n

 decreasing, then (3.1) holds with replaced by Q and

 J by K in the constant C .
 n n

 ir ... i1/<p,p)
 Proof. a). Let h ( t ) = j j v (s ) - ds ' . Then by

 it ;
 7U.



 Holder's inequality

 f.'X lq/?
 (P„f) (x)q 2 x nq H(x)q ! C f ( t) v ( t) h Í t) j?dt ,
 • i J

 o

 where

 Ox , H(x)q = / ! [v(t)h(t)]~? , dtl
 U J

 Multiplying by u(x) - and integrating we obtain by (1.7) with

 !< = b/q

 r-f u(x*h(x) lq f,x I0-79
 1= ļ Cu (X) (? ' ' f ) (x) ]qdx 2 I u(x*h(x) ļ Cf (tł-j(t)h(t) ]?dt dx v ' ' 'V '

 ° v ° 'V L J 1° '

 r r r a n p/c x a/ o

 ž /j r cf (t) vít)h(t) r I r U(X!,H(XŽ a dx n p/c dt' x

 3ut by (2.2)

 fr* . p ,fr* ? ^"1/? iq/?'
 H ( x) 4 = / ! v ( t ) . p ! j v ( s ) ? ¿s dt ' U u ) J

 f .ir i x> (s) -3. - ds !1/?'|:<Y^' = < -? i x> (s) - ds i ļ )

 < l -? li i x> (s) i i ļ '"J )
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 f .a» ļ q/ Cp ! p ' }
 > (-p ' ) v (s) P ds

 X

 C œ ļ-i/p'
 = (J (x)xr|)q//P (-p')^^ u(s)qds
 n J

 and substituting we obtain-

 a/„,0 r,» a(x)qj (x)i/p' r,« -!/p' 1P/q >>q/s
 I s (-p ' ) / j C f Í t) u { t) h (t) ] j nq ' (ļ.-1/p- " > ju<s>qds âx dt> U j * nq ' " > lx , J J

 if" - /..O i'" l-vp'ļp/a
 > (-pi ) q/PV j C f < -) "J ( Ł ) h (t' - nJn(t)P P j u (X) S j u{s)°ds dx dt' 1° l* J J J

 Integrating the inner integral and applying again (2.2) we obtain

 (<*> , i'« i1/q ^q/P

 I > (-?')q/? ?/j [f (t)v(t)h(t) ]?t"nJn(t)P"1| , ļ u ( s ) qds i dt|

 ir ìq/p
 = (-?')q/?,pJj Cf ct) y(tlh(t) ]?Jn(t)?h(.t)"?dt'
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 fr- ļq/P
 > ? Jn < j C f U) V (.ti *~Ćt '

 from which a) follows.

 Part b) follows analogously, only now. one defines

 ~rt ,
 h ( t ) = j' y ( s ) ds

 J

 JD

 and uses (1.6). The details are omitted.

 C ? if r > 1
 Corollare/ 3 [4, Thm. 347]. If T = < ^° . „ _ , and

 ' ļ°o ir „ r _ 1 ,
 0<?<1 , then

 f « , yp , CO
 i X 'Tf(x)?dx s I . . j ' X r(xf(x))?dx . J X . |r_i' . >
 O *• ' O

 The constant in question is best possible.

 ™" *" / O

 This Corollary follows from Theorem 4 with u(t) = t -

 and v(t) = t^ , q = ? .
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 In the final theorem we assume that (u,v) satisfies
 X

 ( «. >l/q ( il/p1
 (3.2) inf r n u(x)^dx v(x) dx = A- > 0 .

 r >o '
 T O
 V / ' /

 Theorem 5 . Suppose 0<qsp<l and r,sO . Then

 ] f< ' - q qdx 11/q /q/ O Ì1/P
 ] ļ Z (P^ f ) (x) ] - InC (?nf ) (x) ]u (x) q qdx ' ž A^q /q/ j [ f (x) v (x) j" O dx '
 Ux:P f (X) >1} J ^ i

 n

 Proof . Since P^í is increasing and continuous

 f r* rC° r 20
 ! C ( P „ f ) ( x } u ( x ) ] r* ^dx = ! [(? f ) ( x ) u ( x ) ] ^dx > C(P f ) ( r ) ] ^ ! u(x) ^dx ,
 i „ n j n n . ;

 {x: (P f ) (X) >'} r r
 n

 where r is the largest number satisfying

 -n rr
 (P f) (r) = r " ļ ¿(x)dx = ' .

 o
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 Mow by (3.2) and Holder's inequality

 r "ļ -cr/p '
 ~ _ i

 C (? f) (x) u (x) ]qdx > Aq C?_f)(r)]H ~ rnq v(x) _ p dx
 j n 2 n
 ix: (? f ) (x) >' } L°

 n

 z- -i G r- -c/o 1
 f " JT r V

 = A? 2 C (?„i) (r)]q X~q f " f ( x ) dx :"v(x)"?'dx 2 n J j
 ° J L°

 - Pr lq/?
 ž a| 2 C (? í) (r) j"1 X~q - I C f (x) v (x) ]?dx 2 n j

 O
 W

 r,r V7?
 2 a| ''ą / ļ C (?.í) (x) f (*)v(x) ]pix'

 since ? f is lacreas ina. Sut since i? f) ^(X) = r,
 n' n

 we obtain on multiplying by V 1 and integrating

 k (P f) (X) ]q InC Í P _ f ) (x) ]u(x)qdx = Í X"1 i ! [ (?„f) (x)u(x) ]qdxldX
 ; n _ n j j n

 ix: (?pf ) (x) >1; ^ Jx : { P n f ) (x) >X ;

 f® _ q _! " CX) "Ç/?
 - ¿ I X _ q _! ; C ( ? f ) (x ) f f x ) j ( x ) ] ?dx dX ¿ j ¡ n

 i L°
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 f'00 f e00 _ _ /_ n'3/P
 ~ À2 ' j £(Pnf)(x)fCx)v(x)]p f i e00 <' C- ~d' _ _ ' /_ 'dxl

 Jpnf) (x) - ^

 air ■ f
 ■ A2< C<V>(*)f(x>v(x):P - J-5

 f 00 ^ S/P
 = A I q ^ / j [f (x) V (x) ]^dx'

 where we used inequality (1.7).

 A corresponding result for negative p and q can be

 obtained from Theorem 2.

 Acknowledgement : The author wishes to thank the referee for
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