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Variations of Hardv's Inequality

jl. Introduction. Let p and g be real numbers and

[a

u(x), v(x) non-negative extended real <~alued ZIunctions
defined on (o,=). 1In this paper, we are concerned with

inequalities and cheir rsverses of the Zorm

e q l/q (® o 1/
(1.1) ITE(x)u(x) 1dx s C } fE(x)v(x).7éx ,

J
Q : o

where C is a constant independent of £, and T is one ci the
averaging operators ?1, Qr given bv

. ¥
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X ©
(1.2) (P_F)(x) = x " J £(t)dt; (an)(X) =x J f(g)ae ,
(o] X

n real, x (o,=).

m

Po if >l
For T Hardy (4, Theorems 330, 347] hnas
Qo if r<l

shown that (l.1) holds if p = q>1 and (u,v) = (x °/P, x17E/®),

And if in addition 0<p = g<l the reverse inequality of (l.1l)
holds with the same u and v. Using techniques involving
the Euler-Lagrange differential equations, Beesack {2:
established inegualities of the form (l1.l) and their reverses

th p = q, -w<p<w, p # 0,1 and certain general

'.‘.

for this T w
pairs of weight functions (u,v). Artola, Talenti {71,

Tomaselli {8 and Muckenhoupt [3] charactarized the weights

(u,v) for which (1.1) nolds with p=gq, p2l. Recently,

+

£ follows

-

i <p<g<™,

’.J.

Bradley [3] solved this problem

trivially from Bradley's result that the following holds:

Theorem A. If T =P , n real anéd 1lspsg<», then (1.1) holds,

o]
if and only if
, !
(@ )7 (e MF
(1.3) AZ sup || | q i dx éJ v(x) © dxl
> \ ' i H
£>0 lr LX) J io J
is finite. Here and throughout 2 and p' are related bv

1/0+1/p" = 1.
62



Tor the ogerator Q_ the rasult holds, ii ancg only if

In fact with a litzle more effcrt ona can show that

if T =92, n20 then

1
{ V1/q (= 1/
' X . , i o - ] H
(1.4) A, f sup 1 i[ u(x)‘dx} ii v(x)? dx |
i) J 1
e |z J e j

finite is Both necessarv and suliicisnt for {(l.l; with

lspsge<=, I n<0, 2 strong type =2stimatas 1) is not avail-

T - P 5 ’ Kl
1. growved zhat {l.4)

able. However, Ancdersen and Muckenhoupt

s necessarv and sufficient Zor the weak tvve ine

)=

e [ a -
(1.5) | wx) Tax scvyt
J

x:2_Z(x)>v;
0

£o hold.

[$)]
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It is the purpose cf this paper to establish the appro-
priate results when p<l, g<l, p#0, g%0. As in {3] the main
tool is the following well-known {(see e.g. [6, Lemma 2.1])

result.

Lemma 1 (6]. Let £(x), g(x), Z(x) be non-negative functions

defined on (o,»), where Z(x) 1s increasing. IZf k21,

then
(® r2(x) k (“ oo 1/% K
(1.6) L Ex) | | gly)dy| dx s{ | g(v) J £(x)dx| dv
) J J
o o) o 3 {y)
and
(@ ,0 S @ [;(y) 1/% S
(1L.7) j £(x) | g(v)dy| dx < I g(v) j £ix)dx dy
o ' ) o

whera § 1s the inverse ZIfunction of 2Z.

Throughout, the Zfunction £ is assumed non-negative.

32. Main Results. In the theorems below our weight £functions

satisiy certain conditions akin to A, B, and A,. et n

be r=al andé lsat

W
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I A N T A
(2.1) X (e} = ¢ 1 u(g)idg v T gty .
H [ : : .
{0 J \0 j
Assume that inf X_(r) = K. > 0.
n 1
r>0
Similarly write
[(= |+e Ilf:' , e
- G. - L
(2.2) 3. () == n IJ u(t)%de IS it | ,
! i
\z J \E j

and assume that inf J_(r) = J_>7.
r>a 1

Theorem 1. Lat psgs0,

i) If n20 and (u,v) satisfias (2.1) with Kq(:) non-
decrsasing, then

~
Y

(2.3) | CE)v(e) P s O e D) (0 ux) P
o}

ra

ii) g ns0 ané (u,v) satisfiss {2.2) witn Jﬁ(:) non-

increasing, then (2.3) holds with ? replaced by Q_ .
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F. 1) Let

1/(ep")

ate) = || vis) P as

O —

Then by HOlder's inequality ({4, Thm. 1891])

x q/?
(Pnf)(x)q < x " g(x) 2 | CE(t)v(t)h(t) 1Pate .
o
where
1/0!
« R L
H(x) = J| fv(t)h(g)l % &t
o
u(x)?  and integrating we obtain by

Now, multiplying by

(1.6) with k = g/2

fEHMHquEﬂpruuhwy
n ) V=73

0
Iz | C(p £)(x)ulx)1%x < j .
5 o X
- - L ag 1 P/e NP
FOISIUNMOLIDE Eiﬁ%jéﬁﬂ]’dx at
o t )

o
o)



(8}

3v (2.1)
) -1/2 g/
[ ' ¢ C - /' /2
(k)= =/ vw(g) l vw(s) © és dt
J J
o o)
. /o' x| a/v' " 'S/ (3'p")
, ( -o0'. I -7:- 30 )
=/p | v(s) 7 ds | = (p")*¥F J' v(s) “ds
/ 1
Q ‘o) o
—fx _l/pl
c/o' g/2' ne/2' | <
= (3P PV s Fas ,
' )
o
‘=
so that by the assumption K_](:c) is nen-decreasing and
Kn(X) z X > 0,
- o u(x)Ix ()21« y-l/9' q9/q9 |a/s
s Y rrnvinni® | —— lags)%as. g de
=3 0 ERACIRA AR AO N — Pia(s) *ds: x
; \ - ; an(.'."l/?') s ' Q
o o (o J
(= . yI/2:99/3 |e/?
a/p')!~- . o -0, ,_.9/2'"| ii° i ;
< -’.._3')‘/‘ jlE(e)v(s)a(e) I X277 % 4ot uls das| ﬁ dt
° b f .
io J '
</3' (@ n o/n" [, = o \-l/P’ c/
G/ \ - = - =n. A . T N P
< () Y? (-9 J{x_:(t)\)(t)h(t),’?t R (2)%P g qe)e’ v(s) 77 ds] ax
: i
<) Lo i
/o (= _ e
s ()T (=p)KH ! [Z(e)wir)iTdt ‘
1Y)
o
: 1 “ L) ~ ! i/
which 1s the result with C = 1/ [(o')l/o (-p)‘/qK_‘] .



(1i) The proof is similar to that of part (i) except now we
1/ (pp")

= { v(s) P as

define h(t) = We omit the details.
t

If psqg<0, n20 , <0 and 8 = a=-n, then

Corollary 1.

© ) 1 Q/p
(2.4) J (qu)(x)qxaq-ldx s C (f(t)t)?tsp- dt '
o o
where
1
c = lol/[ieal 51%/°'] .
(2.4) holds with Pn replaced by Q_

and the result follows with

c= Y (-p3d) .

If n=0 and r = l-op,
is best possible as was shown by Beesack [2:.

)
[¢ 8]

then the constant C = [T::77



Corollazv 2. Suppose psc<0 and (u,v) satcisiies

Zor all ¢ > 0. If £ is non-decresasing then
;2 1l/o .o l/c
! Ve 2 - - 204y Tay -
Pk E{x))7dx s C/ 1 (u(x)Z(x)) *Ex
J i
o o]

Cbhserve rthat (2 2)(x) s x2{x) ané hence the rasul:

Q

Zfollows Zrom Theorem 1.

We now wisn <0 ceonsider certain weak tyde estimates for
D vith n<0 and for Qj with n20. First note that if
n ;
, . ( c
T 4is an (linear) overatcr and u(Z) = ju(x) *dx, =< {90,?) ,
)

¢<0 , +then 2 simpls chance of wvariable shews that Zor
= a. /9 = ¢ - Yo L/e
- H LI
j [TE(x)u(x) | *dx = {1 u;{%:fo(x);‘ >*}idy
g
2 [e) L ) J
r l/q

"
|
Q
N ——
cr
o]
|
b—d
[
o -~
<o
®
3
rn
~<
N
of
-
0,
cr

A>0



(T aq-1 ' 1/a

< —qJ t= ug{x:ITf(x)E < t}}dt
i i

A ¢ ’

1/q
< A ju(x)q dx )

{x:|T£(x) | <A}

Theorem 1 yields therefore the weak type ineguality

1/o

[E(e)v(t) 1Pde

'( l/q
}
o -

(
CA lu(x)q dx .

n

{x:|TE(x) ]| <A}

wherse T is Pj(nzO) , respectively, Qn, (n<0) .

Corresponding to the weak type results of [l] we drove

the following Theorem.

Theorem 2. a) If n<0, and (u,v) satisfies (2.1), then

or <0, g<0

Lal

a/p
(2.5) juto® ax < &30 T5(e)v(e) 1Pat

{x:qu(x)<A}

U
[an}
I
3
v
o
v
jo ]
o}

(u,v) satisfiss (2.2), then for



q/o

[ g . g .-a) .. .
ju(x)* éx s J: e ;:(t)v(t);pdt .
. o

I3 =
J(.Qn'.(.() <A g

Proof (a). Since n<Q, Pnf(x) is non-decreasing, so that

x:(P_f)(x)>\} = (o,r), where =r is the smallest numker

Therefors bv (2.1) and Holder's inequality

[ u(x)qu =

'(x:(Prf)(x)<A}

S
by J £(x)dx
o

from which the first par:t of the theorem Zcllows.



To orove b) note that (qu)(x) = (P_qg)(é) , n>Q

-2
where g(t) =t "£(1/t) , ©Now as in part a)

[}

-1
{t ((P__g){t)<)}

'(x:(an)(x)<k} '{x:(prg)(l/x)<A}

= (r"l,m) , where r 1is the smallest
number satisfying
r (-]
" [ £7%8(1/8)dt = " { £(x)dx = A (x = %)
o) l/r
Therefore,
u(x)qu = [ u(x)qu
fe: (Q2) (x)<d} " 17/x
[ = ]-l/p' q
-n | ! -D' i
= Jn(l/r)r I j v(t) © dti
|1/ )
. (o 4 . y=q/2'
a ,-q ( oo -p'.
< Jﬁ A j £(x)dx; | j v(x) ¥ éx
/z J {l/r J
[rm 13/p
< I3 AVTE Do £ 1Pax|
P |
{ 72 )



by H8ller's inequality,

Nota that unlike Theorem 1 no monotenicizv assumption

15

(4]

-
-

for X (r) or J_(r) <is required in this result.

thereicre possible to give a converse of Theorsm 2, part a)

o
v(t) P 4t < = and in case of part b) if

Theorem 3. IZ <0, g<0 and ~n<0, then {2.3) {(with K_
. A\

replaced by C) implies (2.1) and CsKn.

- -o! - . - ..
£(x) = vix) * on (0,r and zerc for x>r in {2.3) vial

r (v g/
du ~ —~ . 7 e
~S. —C ! D=0
[ 1(x)3dx s C=A * Pu(e)T FF de
’ J
Q o
=< g/
o1 -n {: -D' - ;'r - ' -/-
= Ci(z | vz T dt Pu(e)T® ac
J J
c o
r -q/2'
oy
o ngc [ —Ol .
= c% "¢ joule) T e :
o)
73



dence
-n {r e d +e r -p' /e
r | u(x) *dx J v(t)  dt C
o o

1\

and the result follows.

A corresponding result holds for qu.

Q
n

'o
A
—

33. The Case 0«

Theorem 4. Suppose 0<gsp<l.

a) If ns<0 and (u,v) satistfies (2.2) with J_(r) non-

increasing, then

—
N
‘o
[
.
Q

)(x)u(x)Squ

(Bl
—
'y
[ )

(3.1)

0O ~—-—

p) If n20 and (u,v) satisfies (2.1) with Kq(r) non-

11

t

decreasing, then (3.1) holds with ? replaced by Q. and

J by X in the constant C.

vis) ¥ ds! . Then by




361der's ineguality

’

g/2
lfx -/ -
(e 8% 2«7 HE)T | TE(v(naie) Pat ,
i ) .
Q
‘Wwhere
]
g (* .=2' /P
H(x)=® = {1 fv(g)h(t)l ¥ 4t .
)
Qo

Multiplying by u(x)* and intsgrating we obtain

Xk = 2/q

(= q (T lu(x)5(x) (% P
Is | fu(x) {P_£)(x)i=céx 2 i ___;:;;_ j TEeYyu(e)nn(e) I¥ae
o o) X o
(= < p/c 2/3
.= P .2 ] u{x)i(x . .
2 (0 DE(e)yvig)n(e) ™ | ()5 5y is .
J J 7
le] t )
3ut by (2.2)
-1/ z/0'
- X _o,(/x ) 17z /%
H(x)® = é v(g) * %J v(s) ° 4s at
/
o e
(o IR S
Y -n! i P
={-0 |} v(s) T ds) |
1) i '
Lt J



' [ -1/p'
= (Jn(x)xn)q/p (-p1)3/P {[ u(s)%ds
\X

and substituting we obtain

a g/o' \
@ ® u(x) = J_(x) = | (o
1372 [ 2/, S i 1 (I q
I 2 (-p') J_,.\..)u(t)h(t)_ J an(l-l/p‘) !Ju(s) ds{ éx at
o t tx )
" - [ y =1/2' 9p/a N</:
- ! | i
s (-pn)¥/® {Ef(t)v(t)h(t)lpt "Jn<t)9/? ju(x)q!}u(s)qu% ax| 4t
o £ 1 X J

[ (o )1/a /e
I: (-p)¥Pp | Cf(t)v(t)h(t)Zpt-an(t)p-l}i a(s)*dsi 4t
o ¥
- a/o
' i . -
= (-p1) P, | TE(E) v (e1n () 10 (61 Phae) Pac
(@]
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%
—
|
o]

O -~

rem which a) follows.

follcws analogously, only now one defines

'g
fu
3
ot
o

a(e)

and uses (l.6). The details are omitted.

P if = > 1L
Corollary 3 £4, Thm. 347.. If T = ° .. and
Q iz r© <1
o
Q<p<l , then
- - r 0
( ~“Tma= 2. . }pé =C o ziuvy D4
j x "TE(x)7dx 2 TEeIT! X T{xf{x))7céx .
- Vo
o] t b5
The constant in guestion is best possible.
-/
This Corosllary follows from Theoram ¢ with u{t) = ¢ =3
l-r/o
and v (t) = ¢ /", > = D,



In the final theorem we assume that (u,v) satisfies

~

© y1/q
nif q ; [ r -p'
' J u(x) *dx J v (X) dx = a, >0
r o

(3.2) inf r
r>0

Theorem 5. Suppose' 0<gsp<l and ns0. Then

1/p

1l/qg
(x)v(x)}pdx

E(Pnf)(x)lq ln[(?nf)(x)lu(x)qu

\Ux:P_£(x)>1}
n
is increasing and continuous

T(P_f)(z)I* 1 ou(x)idx,

n

(=

Py See—s

<
.q
Fex =

(R E) (x)ulx) ] E(Pnf)(x)u(x)]qu >

’
!
i

i
i
/

'{x:(qu)(X)>X}

N S—m—s

where r 1s the largest number satisiving

78



.

-
-

Mow oy (3.2) ané Hdlder's inequality
’
( q a a g | () 0 E
T(P_8)(x)ulx)i=dx 2 A3 (P2 &) (x)i* '~ || v(x) ° dx
) n 2 n )
o

'(x:(Pnf)(x)>R}

q -g/?'

r o
q . .q .- ) ( -z’
= A 0(@ (I * A = ( £(x)dx Pov(x) T odx
2 n J j
o o
. a/?
c - \G . =G T
2 A% (2 (1T a7 ] fErovix) 1Pdx
2 n J
o
. 1/?
q.q9)( 5 - . 1P
2 A5 AN P L@ D) (%) (%) (x) I7dx ’
J '
o
-1
since ?1: is incresasing. 3ut since (?qf) “(A) = =z,
s . : -1
we obtain on multislyiag by A and intesgrating
’ «
‘. RTINS - . . (. -1 - = L
;L(qu)\x):' ln;(?n:)(x)-u(x)qcx =14 }L\?qz)(x)u(x): éx|é
. ' H
x: (P _Z)(x)>L: - (P ) (x) >R}
-]
Y- (D :) “,'f\) C;/.D
g [ ,-g=1]| "+ =~- R _ . ) .
2 Af EoA ¢ ; (P _L) (x)2fx)wix) 7dx dr
J ) 1
1 o]



2 a3} tp 5 E)v(x) 3P [yelas o/a.
2 J n j
° (P £) (x)
® ) (P_£) (x)‘q p/q a/?

= a3 J [P, 6) () E(x)v(x) 1P |~ | ax

o

® a/?

B Ag a { C£(x) v (x) 1Pdx

where we used inequality (1.7).

A corresgonding result for negative p and g can bde

obtained from Theoram 2.

rh
o
A

Acknowledgement: The author wishes to thank the referee

his comments which l2d to an improvement of this paper.

30



@ «©n [ an )

han )

[}

e ]

3iblicgraphny

L1 XK.F. Andersen ané 3. Muckenhoupt; Weightad weak tyce
inequalities with applications to Hilbert
transforms and Maximal Functions (Preprinc).

(2] ©P.R. Beesack; Hardy's Inequality and its extensions;
Pac. J. Math. 11 (1961), 39-5l.

3] J.S. Bradlev; Hardy Ineguali

ty with mixed norms.
Canad. Match. 3ull. 21 (4)

, {1978) 405-407.
41 G.H#. Zardy, J.Z. Littlewooé, G. Pdlva; Inegualities
Cambridge Univ. 2rsss 195

37 3. Muckenhoupt; Hardy's Inequality with weights,
Studia Math. 44 (1972) 31-33.

~ " —~ : -(p,/\) - s - -3

8. G. Stampacchia; L -Spaces ané Interpolation;
Comm. Pure Apolied Math. 17, (1L964), 293-305.

71 G. Talasnti; Osservazioni soora una classe di disuagua-
lianze; Rend. Sem. Mat. & Fis. Milano 39
(1969) 171-13S.

8] G. Tomaselli; A class of i:

Teal. 21 (1969) 6

. s e e ;. .. P ta0a
Rzceived July II, 13739 and +n revisec jorm Jczoogr 3, 1373.

w
1-



	Contents
	p. 61
	p. 62
	p. 63
	p. 64
	p. 65
	p. 66
	p. 67
	p. 68
	p. 69
	p. 70
	p. 71
	p. 72
	p. 73
	p. 74
	p. 75
	p. 76
	p. 77
	p. 78
	p. 79
	p. 80
	p. 81

	Issue Table of Contents
	Real Analysis Exchange, Vol. 5, No. 1 (1979-80) pp. 1-190
	Front Matter
	EDITORIAL MESSAGES [pp. 3-3]
	PURDUE UNIVERSITY CONFERENCE IN ANALYSIS [pp. 5-6]
	SUMMER SYMPOSIUM IN REAL ANALYSIS [pp. 7-8]
	TOPICAL SURVEY
	CURRENT TRENDS IN DIFFERENTIATION THEORY [pp. 9-60]

	RESEARCH ARTICLES
	Variations of Hardy's Inequality [pp. 61-81]
	A Generalization of Absolute Continuity [pp. 82-91]
	Maximoff's Theorem [pp. 92-104]

	INROADS
	CLASSICAL PARABOLIC CAPACITY AND QUASILINEAR PARABOLIC EQUATIONS [pp. 105-112]
	RECENT DEVELOPMENTS IN APPROXIMATE DIFFERENTIATION [pp. 113-118]
	How Small is a Curve? [pp. 119-123]
	SOME NEW INEQUALITIES IN COMPLEX ANALYSIS (AND WHAT THEY DO) [pp. 124-127]
	SOME EXTENSIONS OF THE GAMMA AND BETA FUNCTIONS [pp. 128-131]
	SOME PARTIAL DIFFERENTIAL EQUATIONS IN BANACH SPACES [pp. 132-135]
	A SURVEY OF MY JOINT WORK WITH CASPER GOFFMAN [pp. 136-139]
	Changes of Variable which Preserve Almost Everywhere Approximate Differentiability [pp. 140-142]
	Derivative Measures [pp. 143-144]
	NOWHERE MONOTONE FUNCTIONS AND A PROBLEM OF K. GARG [pp. 145-147]
	Generalized bounded variation - recent results and open questions [pp. 148-150]
	DISTRIBUTIONAL DERIVATIVES AND ABEL SUMMABILITY OF ULTRASPHERICAL EXPANSIONS [pp. 151-157]
	Having Small Selectors [pp. 158-163]
	CHARACTERIZING CLUSTER SETS OF REAL FUNCTIONS [pp. 164-179]
	A generalization of the total differential and of the Lipschitz condition [pp. 180-187]

	QUERIES
	QUERIES FROM THE TEXT [pp. 189-189]

	SUMMER SYMPOSIUM [pp. 190-190]



