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The Uniform Continuity of Certain Translation Semigroups

" Let L?(R¥;K) be the Lebesgue space of square summable
functions £ on the positive reals with vaiues in a
separable Hilbert space K. That is, f satisfiles

i. <f(x),k> is measurable, a.e.(x), for each k ¢ K,

ii. 'fallf(x)llzdx < O | where ||[f(xj|| aenutes

thg norm of f(x) in K.
The inner product is given by _J:ezf(x),g(x)>dx, where
<f(x),g(x)> is the inmer product in K. For each h > 0,
we define the tramslation operator Sh by

. §f(x) = £(x + k).

{Sh} is a strongly continuous semigroup of operators,
i. e. for each f, llshf - f|| converges to O as h -+ ot.
However, it falls to be uniformly continuous; that is,
||sh - I|| does not converge to zero as h - 0", For

example, {;1/VE' for 0 <x<hpo

fn(x) = 0 elsewherse.

satisfies |[f |f =1, Spfp = 0, so that [[S,f - full = 1.
Hence HSh -I || 21 for all h > 0. But if S, is
-X

restricted to multiples of el(x) = e ~, then since S,e, =

e'hel, we have [[Sh -Il| = le'b -1 - 0ash-0".
Therefore, one may ask the following question: If L is

a closed linear subspace of LQ(R+;K) satisfying sh(L) CL
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for all h > 0, tnen is Sg, the restriction of Sh to L,
a uniformly continuous semigroup?
Define the infinitesimal generator of Sﬁ as follows:

(DLf)(x) = 1lim f(x + h) - f(x) for those f € L for which
h—-0+ h

at which the limit exists a. e. The set of such f is
dense in L. 1In fact, Sg will be uniformly continuous
iff DL is a bounded operator defined on all of L.

Let Hz(U;K) be the Hardy space of functions analytic
in the unit i%?k U with values in K satisfying:

sup ||f(reig)]|?d9 < o0 .

0<r<1l-o
By an extension of Fatou's Theorem to K-valued functions,

ig) = lim f(relg) exist,

the boundary value functions f(e
r—l-

and the inner product can be given by:

2T . .
<f,g> = _1 ‘}r <f(elg),8(elg)> de.
2T fa)

Choose a basis gnkm’ n=0,l,....;p. m=1l,..... Where
{km} is a fixed orthorormal basis for K and g, is the

Laguerre function of order n given by

Sn(x) = ex/adngxe-x).

dx
Then J: LA(R*;K) + H®(U;K) is defined by J(g k )(z) = z"k
on the basis and is extended continuously to a unitary
operator onm L=.
The backward shift T on H®(U;K) is defined by:

Tr(z) = f(z) - £(0) for |z]| < 1.
z
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LEMMA: As unbounded operators om J(L),
ot = e+ 1T - 1)k

Hence, DL is bounded as an operator on L iff T - I has
an inverse on J(L). J. W. Moeller has determined the
spectrum of restrictions of T to invariant subspaces in
the case of scalar-valued functions. [l]
LEMMA: J(L) is invariant under T.

This can be done by faétoring J through _apother
Hardy space H*(P;K) where P is the open upper half plene.
A function £:P ~ K is in E*(B;K) 1ff £ is analytic in P and

sup |]£(s + 1t)||%3ds < o0 .
£>0 ¥,

Again the boundary value functions f(s) = 1lim f(s + it)
t-+0+

exist, a.e., and the inner product is given by:
>

<f,g> = -Q<f(s),g(s)> ds. "

The Fourier integral transform F(f)(u) =f eiuxf(x)d.x
o .

can be defined on L?(R*;K) and maps LZ? isometrically
onto H3*(P;K).

Now W: H?(P;K) - H?(U;K) can be defined using a
conformal mapping of P onto U in this manner:

Wg(z) = V2. gl_z +1 lz] < 1.

: z —1} \2i(z - 1) ’

Then J = WF. Now let N denote the orthogonal compleme’nt
of F(L) in H?(P;K). Then N is invariant under multipli-

ihu

cation by exponentials of the form e for h > 0. Using

approximation by trigoncmetric polynomials of such expo-



nentials, N can be shown to be invariant under multi-
slication by (2u + 1)(2u - 1)7Y, so that W(N) is
invariant under T*T(z) = zf(z), the adjoint of T. But
W(N) = WR(L)L = "J(L)L, so J(L) is invariant under T.
REPRESENTATION THEOREM: If M is a closed linear subpace

of H*(U;K) which is invariant under T, then there exists
an analytic function GM defined on U satisfying

H*(U3K) = M @ GH?(T;K)
where:‘i. if dim K = 1, then GM is a complex-valued
inner function, i. e., IGM(Z)I <1 for z € U and ]GM(eig)l
is 1 a. e. GM is unique up to multiplication by a number
of unit modulus. [1]

ii. if dim K = n, then there exists H, a Hilbert
space of dimension < dim K.such that Gy(z): H~ X is an
0perator with [lGM(z)ll <1 and GM(eig) is an isometry a. e.
Gy, 1s unique up to multiplicati&n on the right by a

M

unitary matrix. GM is called ipner if dim H = dim K so

that GM(eig) is unitary a. e. [3]

iii. 1f dim K = o0 , then GM(z):K - K is an opserator
with [[Gy(z)[|] = 1 and GM(eig) is a partial isometry a. e.
with a common initial space. That is, GM(sig) is 'an
isometry on the initial space and zero on its orthogonal
complement. GM is unique up to multiplication on the
right by a partial iscmetry corresponding to a different
19)

choice of initial spacse. G& is called inner if GM(e

is unitary a. e. [2]
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SPECTRAL THEORmM: Let GL be the function given by the

representation theorem for the subspace J(L) and R(T,L)"-

will denote the resolvent set for T restricted to J(L).
i. if z ¢ U, then z & R(T,L) iff GL(z*j is

invertible. That is, it is nonzero if dim K = 1 and is
invertible as an operator on the appropriate Hilbert
spaces otherwlise.

1i. 1f |u| =1, then u € R(T,L) 1ff G (2z) can be
analyfically continued across an arc of the unit circle
containing u¥,

MAIN THEOREM: The restricted semigroup Sg is uniformly

continuous iff the function G, is an inner function and

can be analytically continued across an arc of the unit
circle containing z = 1.

Comment: Using H23(P;K) = F(L) @ QLH?(P;K) where Q; deflned
on P has similar properties to G,, the analytic continuation
at z = 1 can be replaced by the condition of being

analytic at infinity.
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