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 Iterated Derivatives

 If a function f has a k-th derivative in the usual

 sense at x# then according to the classical Taylor

 Theorem,

 f (x + t) - f (x) - tf'(x) _ . . . - (ťVk I ) f ^ (x) = o (t^)

 as t tends to 0. When such a formula holds (which is

 (k)
 possible without f (x) existing) f is said to have

 a k-th Peano derivative. More specifically f has a

 k-th Peeino derivative at x if there are k-numbers,

 f ļ (x) , • • ♦ , fķ (x) such that

 f (x + t) - f (x) - t f Ł (x)

 as t tends to 0. Interpret this condition as saying

 that the supremum of the left hand side over t between

 O and h; that is, the L™ - norm of the left hand side

 on the interval between O and h, is o (h ) as h

 tends to 0. It is natural to replace - norm by

 L^-norm, but it must be normalized so that the function

 identically 1 has L^-norm 1. When this is done we have

 the definition of the k-th derivative in L^. Precisely,

 f is said to have a k-th derivative in L^, O < p < 00 ,

 at x if there are numbers f , (x) , • • • , f , (x) such that
 p , J. p , K
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 h

 fÏÏ Í lf(x+t)-f(x)-tfp#1(x)

 as h tends to 0. Clearly if f has a k-th Peano deriva-

 tive at X, then f has a k-th derivative in L for
 P

 any O < p < «, an¿ f (x) = f . (x) for all i = 1, • • • ,k .
 p, i i

 So for consistancy of notation we denote the Peano deriva-

 tives by fw i (x) . that is, f J. (X) = fœ œ JL (X) for # i J. œ / JL

 i = l/***#k. Now if f has a k-th derivative in Ip at

 x for some 0 < p, then it can be shown that there is a

 set E having density 1 at O such that

 f (x+t)-f(x)-t f JL .(x) p# JL p / rL

 as t € E tends to 0. Consequently, we say that f has

 a k-th approximate Peano derivative at x if there are

 numbers fQ ^(x),**', fQ k(x) and a set E having density
 1 at o such that

 f (x+t)-f (x)-t f0#1(x)

 as t € E tends to 0. This gives us a k-th differentia-

 tion method for each O <Ç p < ® which is stronger as p
 increases .

 As indicated by the title we deal with iterated
 derivatives, and determined when a j-th derivative in

 of a k-th derivative in īP is a k + j-th derivative and
 of what scale.
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 Theorem: Suppose that f has a k-th derivative, f_ ,
 - - - p , K

 in L^ , O < p , on a neighborhood of x and that

 (f .) . (x) exists 1 < q < ® . Then f has a k + j-th
 P# K Hi D

 Peano derivative at x and

 f«,k+j(x) = (fP/^) q# j (x) *

 There are two examples which demonstrate just how crucial

 the condition q > 1 is in the theorem. First there is a

 function f such that for each q < 1, the strongest

 ■=- possible iterated derivative exists, namely -1 (f " ,) , (0) =0 ■=- -1 cd,1 q,i ,

 but the weakest 2-nd derivative does not; that is, f_ - (0)
 U / Z

 does not exist. Second there is a function f such that

 for each q < l*(f„ ■.)_ (0) and f n (0) both exist but

 they are not equal. So the condition q > 1 is needed not

 only to insure the existence of the noniterated derivative

 but also to be assured of the equality of the iterated and

 noniterated derivatives. The examples are similar.

 We define f (x) for x > 0, and extend f by

 f (-x) = f (x) . Let ífan'^n^ a se<ïuence pairwise
 disjoint closed intervals decreasing to O as n tends

 to and let fcn3 ke a sequence of positive numbers
 decreasing to 0 as n tends to ®. For each n, let

 f be constant, c , between b and a , . (Let n n n-l ,

 art = + ® .) On [a.,b 1 let f increase in a differentiable
 o n n
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 fashion fron c ,, to c . Let f(0) = O. For the n+ ,, 1 n
 ***n - J.

 first example let aß = 2~ ***n , bR = aß (1 + n~ - J. ) , and
 c = 4~n . For the second let a = n~^ , b = a (1 + n"*"*") ,
 n n n n

 .3
 and c = (n + 1)

 n
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