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Clifford E. Weil, Department of Mathematics, Michigan
State University, East Lansing, Michigan hason

The Space of Bounded Derivatives

Let R denote the real line and let
D = (f:R » R: £ is bounded and there is a function

F such that f(x) = F“(x) for all x € R}.

For each f,g € D set

d(f,g) = sup |f(x) -g(x)].
X€ER

Then d is a metric on D and convergence in d is uniform
convergence. So a standard theorem of advanced calculus says
that D is complete. Furthermore, D 1is a vector space if
addition of-functiomsand multiplication of functions by real
numbers are defined in the usual way.

As a follow-up to papers on nowhere monotone, differentiabl
functions by Goffman and by Katznelson and Strombefg, existence
of such functions was established by applying the Baire Category
Theorem to'an appropriate subspace of D - (see [3]). "  The
results hére also expand on a paper by Goffman [2] in which he
gives a short construction of a bounded derivative which is nof
Riemann integrable. Another construction can be found on
page 26 of the excel’lent expository article by Bruckner and
Leonard [1]. From Theorem 1 it follows, using the Baire
Category Theorem, that there are bounded derivatives that are
not Riemann integrable on any subinterval of R. Theorem 2
proves even more; namely, that there are bounded derivatives
which are discontinuous almost everywhere.
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Theorem 1. TLet

E = (f € D: there is an interval I such that
f is Riemann intégrable on 1IJ.
Then E 1is of the first category in D.:
Proof: Let [In];;l be an ordering of the collection
of all closed intervals having rational endpoints. For each

n=1,2,3,..., 1let

E_ = {f € D: f is Riemann integrable on In}.

Clearly E = G E_, and that each E is a vector subspace
of D. So ton;iove that E) is nowhere dense it sufficéé to
show that E is closed and E # D.
Suppose [fk] is a sequence of elements of En converging

in d; that is, uniformly, to f. Since the uniform limit

of a sequence of Riemann integrable functions is Riemann inte-
grable, f 1is Riemann integrable on In’ and hence f£ G-Eﬁ;

By using either the construction of Bruckner and Leonard or

of Goffman mentioned above it follows that E_ # D. This

completes the proof.

In [1] (page 27) it is shown that E is the set of
discontinuities of a derivative if ‘and only if E is an F
first category set. It follows that there are derivatives
which are discontinuous almost everywhere. . The important con-
clusion of Theorem 2 (and also Theorem 1) is that such deriva-

tives are typical. In what follows m denotes Lebesgue

measure.
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Theorem 2. Let
E= (f € D: m(({x: £ is continuous at x}) > 0}..
Then E 1is of the first category in D.

Proof: For each n=1,2,3,... let

E = (f €D: m({x € [-n,n]: £ is continuous at x})
> 1/n}.
-]
Then E = U En; so it suffices to show that each En is
n=1 :

closed and contains no sphere. To accomplish the first objective
let {fk} be a sequence in E ~converging in d to £. For
each k let

H = {x: f, is continuous at x},

and let

o ®
°e LEH .k:u £

Since for each k m(Hk N [-n,n]) > 1/n it follows that
m(E 0 [-n,n]) > 1/n. That £ is continuous at each x € H
is a standard ¢/3 argument. Consequently, £ € E -

To show that E contains no sphere let f € D and
let ¢ > 0. There is an h €D with |h(x)| < ¢ for all x
and m({x:h is continuous at x}) < 1/n. Such a function can
be constructed by using the method in [1] or that in [2].
Now for each 0 < 2 < 1 let ge % £+ 6h_ and let Be =
[nge is continuous at x but h is not}. It is easily
seen fhat B9 is measurable and Bel n B62 =g if el,#_ez.

It follows that there are at most countably many 8's such

that m(Bé) > 0. Let 8 Dbe such that m(Be) = 0. Then
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m([x:ge is continuous at x})
= m([x:ge and h are continuous at x})

< m({x:h is continuous at x}) < 1/n.

Thus ge £ En' but clearly d(f,ge) < ¢. Consequently E

contains no sphere and the proof is complete.
References

1. A Bruckner, J.L. Leonard, Derivatives, Amer. Math. Monthly,
73 (1966) Part II, 24-56.

2. Casper Goffman, A bounded derivative which is not Riemann
integrable, Amer. Math. Monthly, 84 (1977), 205-206.

3. Clifford E. Weil, On nowhere monotone functions, Proc.

Received October 6, 1977

43



	Contents
	p. 38
	p. 39
	p. 40
	p. 41

	Issue Table of Contents
	Real Analysis Exchange, Vol. 3, No. 1 (1977-78) pp. 1-53
	Front Matter
	EDITORIAL MESSAGES [pp. 3-4]
	CONFERENCE ANNOUNCEMENT [pp. 5-5]
	TOPICAL SURVEY
	Lebesgue Equivalence [pp. 7-23]

	INROADS
	On Cluster Sets And Essential Cluster Sets [pp. 25-33]
	Differentiation and Lusin's Condition (N) [pp. 34-37]
	The Space of Bounded Derivatives [pp. 38-41]
	Generalizations of L'Hospital's Rule [pp. 42-44]
	Symmetric and Ordinary Differentiation [pp. 45-48]
	Summability of Approximate Derivatives [pp. 49-51]

	QUERIES [pp. 53-53]



