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 Directional Cluster Sets

 Let f be a function from the open upper half plane

 H into the Riemann sphere W, and let x be a point on the

 real line R. The cluster set C(f,x) of f at x and the

 essential cluster set Ce(f,x) of? f at x are defined as

 follows: the point weW is in C(f,x) [resp., Ce(f,x)] if

 x is a point of accumulation [resp. a point of positive

 upper density] of f"^" (U) for every open neighborhood U

 of w. The cluster set C(f,x,0) and the essential cluster

 set Ce(f,x,0) of f at x in the direction 0(O<0<7r) are

 defined analogously in the obvious manner. We set

 0(x) = {0: C(f,x) = C (f ,x, 0) }

 and

 0*(x) = {0: Ce(f,x) c Ce(f,x,0)}.

 E. F. Collingwood established the following result

 [6, Theorems 2 and 3] .

 Theorem C. If f: H-»-W i£ continuous , then 9 (x) is

 residual at each point x of a residual subset S of R.

 Concerning this result, A. M. Bruckner and Casper

 Goffman [5] have raised the question: Can the residual

 set 0(x) be taken to be the same for every xeS? We hai'*«
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 answered this question in the negative by establishing

 the following result [4] .

 Theorem 1. There exists a continuous f: H-»-W such

 that ^0(x) i£ a first category set of directions for
 xeS

 each residual subset S of R.

 The construction of this function used certain sets

 of J. -P. Kahane [8] as building blocks.

 Casper Goffman and W. T. Sledd established the

 following result [7, Theorem 2] .

 Theorem GS . If f : H->-W is measurable and 0 is a direc-

 tion , then

 Ce (f , x) Ce (f ,x, 0) f

 except for a set of measure zero; furthermore , if f is

 continuous , then

 Ce(f,x) ¿n Ce(f,x, 0) ,

 except for a set of the first category.

 To supplement this, we have established the following

 result [3] .

 Theorem 2. Let f: H+W. If f is measurable, then

 1 0* (x) I = ir for almost every and nearly every xeR ;

 furthermore , if f i_s continuous, then 0*(x) is residual

 for almost every and nearly every xeR.

 Again, a natural question to ask is whether or . not.,
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 for a given function f, there exists a "large" set of

 directions 0* such that 0* cz 0* (x) for a "large" set of

 points xcR. As a partial answer, we have proved the follow-

 ing result [4].

 Theorem 3. There exists a continuous f: H-»-W such

 that the intersection f) 0* (x) is (a) of the first category
 xeS

 if S C R i£ residual, and (b) of measure zero if S CR i¡3

 of full measure .

 By consolidating results of F. Bagemihl, G. Piranian,

 and G. S. Young [2, Theorem 6] and Bagemihl [1, Theorem 11],

 we obtain

 Theorem BPY. Let f: H-»W be holomorphic. Then to

 almost every and nearly every xeR, there corresponds a

 set A = A(x) of directions whose complement contains at

 most one direction and for which C(f,x,6) ^ 0.
 8eA

 This theorem is not true for continuous functions.

 However, by combining Theorem C with a result of P. Lappan

 [9, Theorem 1] , we arrive at the following analogue of

 Theorem BPY for continuous functions.

 Theorem CL. Let f: H+W be continuous . Then for

 almost every and nearly every xeR, there corresponds a

 set B = B (x) of directions whose complement is of the first

 category and for which C(f,x,8) 0.
 6eB

 We note that this theorem is also a direct consequence

 of Theorem 2; furthermore, Theorem 2 yields the following

 result which supplements both of the theorems cited above.
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 Theorem 3. Let f; H-t-W be measurable. Then to almost

 every and nearly every xeR, there corresponds a^ set C = C(x)

 of directions whose complement is of measure zero and for

 which f~' C(f,x,0) 0.
 8eC

 Bibliography

 1« F. Bagemihl, Some results and problems concerning
 chorda! principal cluster sets. Nagoya Math* J.
 29(1967) , 7-18.

 2.

 of cluster sets. Bui. Inst. Politehn. Iasi (N.S.)
 5(1959), 29-34.

 3. C. L. Belna, M. J. Evans, and P. D. Hurake, Most
 directional cluster sets have common values .
 (to appear) .

 4.

 5. A. M. Bruckner and C. Goffman, The boundary behavior
 of real functions in the upper half plane . Rev.
 Roumaine Pures Appl., XI (1966), 507-518.

 6. E. F. Collingv/ood, Cluster sets and prime ends. Ann.
 Acad. Sei. Fenn. Ser. AI, no. 250/6 (1958) , 12 pp.

 7. C. Goffman and W. T. Sledd, Essential cluster sets.
 J. London Math. Soc. (2), 1(1969), 295-302.

 8. J. -P. Kahane, Trois notes sur les ensembles parfait
 lineares , Enseignement Math. 15(1969), 185-192.

 9. P. Lappan, A property of angular cluster sets . J.
 London Math. Soc. 19 (1968) , 1060-1062 .

 Received February 23 j 19 76

 30


	Contents
	p. 27
	p. 28
	p. 29
	p. 30

	Issue Table of Contents
	Real Analysis Exchange, Vol. 1, No. 1 (1976) pp. 1-63
	Front Matter
	EDITORIAL MESSAGES [pp. 3-4]
	TOPICAL SURVEY
	CLUSTER SETS OF ARBITRARY REAL FUNCTIONS: A PARTIAL SURVEY [pp. 7-20]

	INROADS
	Some Uniform Pathology for Borel Measures [pp. 21-23]
	A Problem of Marcus [pp. 24-26]
	Directional Cluster Sets [pp. 27-30]
	Products of Approximate Derivatives [pp. 31-37]
	Symmetric Functions [pp. 38-40]
	ON THE SPACE BSVm[a,b] [pp. 41-43]
	Nowhere Monotone Functions [pp. 44-49]
	Selective Derivates [pp. 50-51]
	Monotonicity Theorems for Approximate Peano Derivatives and Integrals [pp. 52-62]

	QUERIES [pp. 63-63]



