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 A Note on Real Cliquish Functions

 In [9] it is proved that every cliquish function / : Mm - * R is the sum of six
 quasicontinuous functions. By [5] every cliquish function / : R - ► R is the sum
 of four quasicontinuous functions. In this paper we show that every cliquish
 function / : Mm - ► R is the sum of two simply continuous functions each of
 which is the sum of two quasicontinuous functions.

 In what follows X denote a topological space. For a subset A of a topological
 space denote C I A and Int A the closure and the interior of Ai respectively.
 The letters N,Q and R stand for the set of natural, rational and real numbers,
 respectively.

 We recall that a function / : X - ► R is cliquish at a point x G X (see [6])
 if for each e > 0 and each neighborhood U of x there is a nonempty open set
 G C U such that 'f(y) - f(z) ' < e for each y,z G G. A function / : X - ► R is
 said to be cliquish if it is cliquish at each point x G X.

 A function / : X - ► R is simply continuous (see [1]) if for each open set V
 in R, the set f~x(V) is the union of an open set and a nowhere dense set in X.

 A function f : X -> R is quasicontinuous at a point x G X (see [6]) if for
 each neighborhood U of x and each neighborhood V of f(x) there is a nonempty
 open set G d U such that f(G) C V. Denote by Qj the set of all points at
 which / is quasicontinuous. If Qj = X, then / is said to be quasicontinuous.

 It is easy to see that every quasicontinuous function is simply continuous
 and cliquish. In [7] it is shown that if X is a Baire space, then every simply
 continuous function / : X - ► R is cliquish. Example 1 in [3] shows that the
 assumption "X is a Baire space" cannot be omitted.

 If / : X - ► R is cliquish, then X ' Cj (where Cj is the set of all continuity
 points of /) is of the first category in X (see [6]). If X is a Baire space, then
 / : X - ► R is cliquish if and only if C/ is dense in X (see [4]).

 We recall that a 7r-base for X is a family A of open subsets of X such that
 every nonempty open subset of X contains some nonempty A £ A (see [8]).
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 Lemma 1 Let X be a topological space such that the family of all open connected
 sets is a ir -base for X. Let h : X - ► M be a cliquish function such that h~1( 0)
 is dense in X. Let g : X - ► M be a continuous function which is constant on no
 nonempty open subset of X. Then f = g + h is simply continuous.

 Proof. Let and e > 0 be such that u + e < v - e. Put

 Au, v, e = {x € g~l{{u + e, V - e)) : f(x) g ( u , t;)}.

 Then Au¡ViC = {x 6 AUìV> e : h(x) > 0} U {ar 6 AUì v,e • Hx) < 0} C G
 flf-1((-oo, v - e)) : g(x) + |/i(a;)| >v}U{i£ <7-1((u + °°)) : 9ÌX) ~ <
 u} C {x E X : 'h(x)' > e]. Hence AUfV)e is nowhere dense in X.

 Let V C M be an open set. We shall show that

 g-'V)cCantrl(V). (1)

 Let x 6 g~l(y). Let u, v G M and e > 0 be such that g(x) G (u- '- e,v - e) C
 (w, v) C V . Let U be a neighborhood of x such that g(U) C (u + e, v - e). Since
 AU}v,e is nowhere dense in X , there is a nonempty open set G C U such that
 GC'ÁUíV}£ = 0. Since G C /_1((w, v)) C /-1(V), we have G C Int/~1(V). Thus
 x G cňntf-l(V).

 Put W = f~l{V) ' Int/"1(V). We shall show that W is nowhere dense in
 X. Let J C X be a nonempty open connected set. Put H = J fi g~l(V). We
 distinguish two cases.

 a) Suppose that H ^ 0. By (1) we obtain W fi g~~l{V) C C^Int/-1(V) -
 Int/-1 {V). Hence there is a nonempty open set E C H such that

 0 = EC'W Cig-l{V) = Ef'W.

 b) Suppose that H = 0. Let u, v G M and e > 0 be such that u + £ < v - e
 and (ii, v) C g(J)- Then there is a nonempty open set T C J such that
 g(T) C (u + £, v - e). Since AU)V>£ is nowhere dense in X , there is a
 nonempty open set F C T such that F fi AUtV}£ = 0. We shall show that
 F fi W = 0. Let x G F. Then x G + e,v - £)), which yields
 f{x) G (ti, v) C £(«/)• Therefore there is z E J such that f(x) = 0(2).
 Since H = 0, we obtain f(x) £ V. Therefore x g W.

 The following example shows that the assumption of the continuity of g in
 Lemma 1 cannot be replaced by the assumption of the quasicontinuity of g.

 Example 1 Let Q = {gì , q2i <73, . . .}. Define <7, h : M - ► M as follows
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 p(x) = 2~n for each x £ M
 n:qn<x

 í 2~n~1, for x = qn,
 h(x) = <

 [ 0, otherwise.

 Then g is a quasicontinuous function which is constant on no nonempty open
 subset of M,/i is a cliquish function such that h~1( 0) is dense in M. However
 / = g -f h is not simply continuous.

 Remark 1 The sequence of functions fn : M - ► M, fn{x) = ^ sin x + ^(x)> where
 h is the function from Example 1, shows that the class of all simply continuous
 functions is not closed with respect to uniform convergence.

 Perhaps the following Lemma is known but we are not able to give any
 references.

 Lemma 2 Let X be a second countable T^-space without isolated points. Then
 there is a continuous function g : X - ► M which is constant on no nonempty
 open subset of X.

 Proof. Let B = {Bi, B2, Bs, . . .} be a countable base for X. For each n G N
 choose ynizn G Bn such that yn / zn. Let <71 : X - ► [0, 1] be a continu-
 ous function such that g'(yi ) = 0 and gi(zi) = 1. Suppose ¿71,..., <7* have
 been constructed. Let /ifc+i : X - ► [0, 1] be a continuous function such that
 /ifc+i(2/jb+i) = 0 and /ifc+i(**+i) = 1. Put

 k k

 yk+l 0l , = i hk+1' if < Y^4~l9i(zk+i)> yk+l 0l , = ] i=i 1=1
 , 1 - /ijk+i, otherwise.

 Put / = XTiSi Then / is a continuous function which is constant on no
 nonempty open subset of X.

 Theorem 1 Let X be a Baire second countable T^-space such that the family of
 all open connected sets is a it-base for X. Then every cliquish function f : X - ►
 IR is the sum of two simply continuous functions.

 Proof. Denote by D the set of all isolated points of X. Put B = X' C£ D Then
 by Lemma 2 there is a continuous function h : B - ► R which is constant on no
 nonempty open subset of X. Denote by A the set of all points in X at which
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 f is not locally bounded. Since C/ is dense in X and A is closed, A is nowhere
 dense in X. Define G : B - ► M as follows:

 „(V) _ J limsuPti-»®,«eCy(/(u) - M«)) if X e B' A
 I f(x ) - h(x) otherwise.

 Evidently
 g(x) = f(x ) - h(x) for each x G C/ H B. (2)

 Let x G B ' A. Let U C 5 be a neighborhood of a; and e > 0. Then there is
 w G C/ H {/ such that | /(tí) - Ä(ti) - <7(2) | < |. Furthermore there is an open
 neighborhood G C U of u such that 'g(u) - g(y)' < | for each y G G. Therefore
 for each y £ G we have |^(x) - p(t/)| < |tf(x) - f(u) + h(u)' + 'f(u ) - h(u) -
 g(u) ' + I g(u) - g(y)' < e. This shows that

 B'Ac Qg. (3)

 Define k : B - * M as follows

 k(x) = f(x) - h(x) - g(x) for each x G B.

 Since g is cliquish on 5, the function k is cliquish on B. From (2) we obtain
 that k~x( 0) is dense in B. According to Lemma 1 we have that k ■+■ h is simply
 continuous. Define /1 , /2 : X - ► IK as follows

 , , , / i(«)> if * € B,
 fl(x) , , , = 'S

 Ļ f(x)y otherwise;

 f k(x) + h(x), if x G B,
 Mx) = {

 ( 0, otherwise.

 Evidently /1 + /2 = /. We shall show that /1 and /2 are simply continuous.
 Since i) C Q/j, by (3) we have X ' Qft C ^4 U (Ci D ' D). Thus X ' Q^

 is nowhere dense in X. Let V be an open set in M. According to Remark 1
 and Lemma 1 in [2] the set Qj1 C 1 (f'l(V) ' Int/f^V)) ls nowhere dense in X.
 Therefore f^{V) ' Int/f : '(V) C ((/f^V) ' Int f^{V)) D Qh) U (X ' Qh) is
 nowhere dense in X. Thus /1 is simply continuous.

 Finally /¿"1(V) = ( / 2_1(V) fl 5) U (/¿^1(Vr) H Ci D) is the union of two sets
 each of which is the union of an open set and a nowhere dense set in X . Thus
 /2 is simply continuous.

 The following example shows that the assumptions in Theorem 1 cannot be
 omitted.
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 Example 2 Let X = M with the cofinite topology. Evidently X is Baire and
 locally connected. Define g : X - ► M as follows

 f if * €N,
 [ 0, otherwise.

 Since for each simply continuous function / : X - ► IR the set /(X) is finite, the
 cliquish function g is not a sum of finitely many simply continuous functions.

 Lemma 3 Let X be a Baire separable locally connected metric space. Let f :
 X - » M be such that the set X ' Qj is nowhere dense in X. Then f is the sum
 of two quasicontinuous functions.

 Proof. Let B be a countable base for X. Put A = {B G B : C£B C Int Q/}.
 Then A = {A', A<i , . . .}. Let W = {wiì W2ìwsì...} be a countable dense
 subset in X ' Int Qj. Let i € N. Since X ' C lAj is an open neighborhood
 of the point there is a sequence of points such that G (Int QfHCf) '
 Ul=i C£Ak and converges to Wi. Put E = {vj : i,j e N}. It is not difficult
 to verify that E is discrete. Define functions f' , /2 : X - > M as follows

 = / dist(i:,(J^£;) sin (dist ' ifx€X'C£E,
 lo, if X G CÍE ;

 h{x) = /(*)-/!(*)•

 We shall show that /2 is quasicontinuous. Similarly we can show that /1 is
 quasicontinuous.

 Evidently /2 is quasicontinuous on X ' CÍE.
 Let ar G C iE. We may assume that x is not an isolated point of X. Let U

 be an open connected neighborhood of x and e > 0. Choose y G U H E. Then
 y is not an isolated point of X. Since yGC/, there is an open neighborhood V
 of y such that

 1/(0 - f{y) I < I for each t 6 V.

 Let W C U fi V be a neighborhood of y such that W D E = {?/}. Since fi
 assumes any real value on W , we obtain

 3z e W, z Ź y : fi(z) = f(y) - f(x).

 Since fi is continuous at z, there is an open neighborhood G C W of z such that

 l/i(0 - /i(^)l < I for each t G G.
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 Let ł G G. Then we have

 I/2(*)-/2(0I = I/(*)-/« + /IMI<

 1/(2) - f{y) + fi(z) I + 1/(2/) - /Ml + l/i(0 - /i(*)l < e-

 Thus /2 is quasicontinuous at x. Evidently / = /1-1-/2.

 Proposition 1 (See [9; Theorem 3].) Let f : Mm - ► M be a cliquish function such
 that the set /-1( 0) is dense in Mm. Then f is the sum of two quasicontinuous
 functions.

 Theorem 2 Every cliquish function f : Mm - ► M is the sum of two simply
 continuous functions each of which is the sum of two quasicontinuous functions.

 Proof. Let h : Mm - ► R be a continuous function which is constant on no

 nonempty open set. From the proof of Theorem 1 it follows that there are
 simply continuous functions /i,/2 : Mm - ► M such that / = f' + /2,Mm ' Qjx
 is nowhere dense in Mm,/2 - h is cliquish and (/2 - 0) is dense in Mm.
 By Lemma 3 there are quasicontinuous functions <71,02 • ^ ® such that
 /1 = 9i + 92- According to Proposition 1 there are quasicontinuous functions
 93,95 ' Rm - » - M such that f2 - h = 03 + p5. Put = 05 4- A. Then is
 quasicontinuous and f 2-93 + 94-
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