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ON STRICT LOCAL EXTREMA OF DIFFERENTIABLE FUNCTIONS

For an arbitrary real-valued function f defined
on [0,1] denote
A(f) = {x: f attains a strict local maximum at x},

B(f)

{x: £ attains a strict local minimum at x}.
In this paper we give a short proof of the follow-

ing theoremn.

Theorem /Z. Zalcﬁaaser [(4]/. Let A and B be
arbitrary disjoint at most denumerable subsets of (0,1).
Then there exists a function F having & bounded deriva-

tive on [0,1] such that A(F) = A and B(F) = B.

The idea is based on a result of R. fleissner and
J. Foran [2]: if a function f satisfies a Lipschitz
condition on [0,1], then there exists an increasing
homeomorphism h of <£([0,1]) onto itself such that
the function F = hef has a bounded derivative on
[0,1] /see also [1]1, Theorem 2.1, p. 133/. Then obvi-
ously A(F) = A(f), B(F) = B(f). Therefore it suffices
to construct a function f satisfying a Lipschitz con-
dition such that A(f) = A and B(f) = B.

Since the proof of the result [2] depends on
a theorem of Zahorski [3], our proof can be in some way

an answer to a question posed by A. M. Bruckner in [11],
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Conatruction. Suppose that the set C = AUB 1is

infinite. Enumerate C as a sequence {c n-l where
i#J implies ¢; # Cye Define a sequence {d }n-l by

1f c_E€EA
n
% {.1 *

if ¢ € B
We shall construct a sequence of functions {pn}::O.
We start with Pg = 0. Assume we have already defined
functions Pgs P1s +++» Pp1 satisfying the conditions
/1/ the function 8,1 = Dg*tPy*t---tP,_y 1s piecewise

linear on [0,1];

1
B
-

/2/ 8,1 is differentiable at c; for ell iz

/3/ A(Sn_l) U B (an_l) = {cl, cee ,Cn_l};

/4/ Spn-1 satisfies a Lipschitz condition with constant

- (n-1)

L =1 -2

n-1
and for each j, 1 ES J s p-1
/5/ the set {x: pj(x) # Q} is an interval (uj,vj)

containing c5; |
/6/ 8,1 1is not differentiable at Uy, Vs;
/7/ if xe(uj,vj)\{cj}, then d .8 l(c.‘. ) > djsn_l(x).

Now p, will be defined in such a way that state-
ments /1/ - /7/ are valid for n instead of n-1 and
moreover, the following conditions are satisfied:

/8/ 0 = dnpn(x) = 2% for a1l x€(0,1];

/9/ vomu, < 2n,1

/10/ [u,,v < (a,b) where [a,b]l denotes the maximal

interval containing c, on which Sh-1 is linear.

. . = / 2
We describe a construction for d, =1 and sn_l(cn) o,

the other cases being similar. Let € be so chosen that

-n

0O<g =2 and s _ l(c ) > £+ s, (c )  whenever

243



j satisfies 1 % j=n-1, d; =1 and cnes(uj,vj). Put

J

LY b-cn). Choose \1€(bn58,cn)\~c. Find

ve(e,c +6)\C so that s . (v) < s _j(c ) + e.(c-u).

§ = min(n-l, c

Choose w € (cn,v) \C. Put
)),

sy(epy) = min(s__; (e ) +€.(c -u), sn_l(v)+(1-—2'n).(w-cn
s (x) = s _,(x) for x€ [o,ul U [v,1],
en(x) = sn_l(v) for xe¢ [w,v]

and define s, linearly on each of the intervals

Cu,e 1, [cn,w]. Put p =8 -8 ;-

oo

n=0’ set

Having defined the sequence {p }

[ ]
e = D p .
n=1 n

The series converges uniformly because of /8/. From /4/
we see f satisfies a Lipschitz condition with constant
L =1. Using /1/ - /10/, it is not hard to prove that
for each i, x e(ui,vi)\\{ci} implies d4;f(x) < dif(ci),
and if xe€(0,1)\C, then x&A(f)UB(f). BHEence

A(f) = A and B(f) = B. This completes the proof.

References

(13 A. Bruckner: Differentiation of real functions,
Lecture Notes in Math. 659, Springer 1978.

(2] R. Fleissner and J. Foren: Transformations
of differentiable functions, Colloq. Math. 39
/1976/, 278-281.

(3] 2. Zahorski: Sur la premiere dérivée, Trans. Amer.
Math. Soc. 69 /1950/, 1-54.

[4] Z. Zalcwasser: Sur les fonctions de Kopcke,

Prace Mat. Fiz. 35 /1927-28/, 57-99.
2uy



	Contents
	p. 242
	p. 243
	p. 244

	Issue Table of Contents
	Real Analysis Exchange, Vol. 6, No. 2 (1980-81) pp. 135-247
	Front Matter
	EDITORIAL MESSAGES [pp. 135-135]
	A SYMPOSIUM ON REAL ANALYSIS will be held at SYRACUSE UNIVERSITY on JULY 9-12, 1981 [pp. 137-137]
	TOPICAL SURVEY
	Uniform Ideas in Analysis [pp. 139-185]

	RESEARCH ARTICLES
	Non-Monotonic Implies Very Oscillatory [pp. 187-191]
	Comments on a Functional Equation [pp. 192-199]
	On the Baire class of a mixed second derivative [pp. 200-202]
	ON CHARACTERIZING CONNECTED FUNCTIONS [pp. 203-207]

	INROADS
	MONOTONICITY THEOREMS [pp. 209-234]
	ON THE SYMMETRIC DERIVATIVE [pp. 235-241]
	ON STRICT LOCAL EXTREMA OF DIFFERENTIABLE FUNCTIONS [pp. 242-244]
	A Note on the Garsia-Sawyer Class [pp. 245-246]

	QUERIES [pp. 247-247]



