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 ON STRICT LOCAL EXTREMA OF DIFFERENTIABLE FUNCTIONS

 For an arbitrary real-valued function f defined

 on [0,1] denote

 A(f) = {x; f attains a strict local maximum at x},

 B(f ) = {x: f attains a strict local minimum at x}.

 In. this paper we give a short proof of the follow-

 ing theorem.

 Theorem /Z. Zalcwasser [4]/« Let A and B be

 arbitrary disjoint at most denumerable subsets of (0,1).

 Then there exists a function F having a bounded deriva-

 tive on [0,1] such that A(F) = A and B(F) = B.

 The idea is based on a result of R. Fleissner and

 J. Foran [2]: if a function f satisfies a Lipschitz

 condition on [0,1], then there exists an increasing

 homeomorphism h of f([0,l]) onto itself such that

 the function F = h« f has a bounded derivative on

 [0,1] /see also [1], Theorem 2.1, p. 133/» Then obvi-

 ously A(F) = A(f), B(F) = B(f). Therefore it suffices

 to construct a function f satisfying a Lipschitz con-

 dition such that A(f) = A and B(f ) = B.

 Since the proof of the result [2 J depends on

 a theorem of Zahorski [3], our proof can be in some way

 an answer to a question posed by A. M. Bruckner in [1],

 p- **- 2i|2



 Construction. Suppose that the set C = AUB is
 r > oo

 infinite. Enumerate C as a sequence icnJn=i r where

 i ï j implies ci ^ cj* Define a sequence by
 f 1 if c_ € A ^ = ' f c_ € A •
 l-l if o„ II e B II

 We shall construct a sequence of functions {pnl^Q*
 We start with Pq = 0. Assume we hare already defined

 functions Pq, p^, ..., Pn_ļ satisfying the conditions

 /1/ the function sn_]_ = Pq+Pi+ • • • +Pn-i piecewise
 linear on [0,1];

 /2/ an_]_ is differentia ble at c^ for all i = n;
 /3/ A (sa_^) U B (s^i) = C > • • • » î
 /4/ satisfies a Lipschitz condition with constant

 T . - -i 1 * p-Cn-1) 2 n-1 . - -i 1 * 2

 and for each j, 1 - j - n-1

 /5/ the set {x; p-(i) ¿ û} is an interval (uj,y-)
 J J J

 containing c-;
 J

 /6/ is oo't diff erentiable at Uj, v^;
 /7/ if X e Cu-, v .)' {c then d -a n-i , (cJ > d-s„ n-1 , (x). J J J J n-i , j j n-1 ,

 Now pn will be defined in such a way that state-
 ments /1/ - /7/ are valid for n instead of n-1 and

 moreover, the following conditions are satisfied:

 /8/ 0 - ^Pj/x) - 2~n for all x€[0,l];
 /9/ Yn"un< 211-1 '
 /10/ (a,b) where [a,b] denotes the maximal

 interval containing cq on which sq_^ is linear.
 We describe a construction for d„ = 1 and s/ , (c ) - 0. 7 u u- i n 7

 the other cases being similar. Let £ be so chosen that

 0 < e - 2 n and s , (c . ) > £ + a . (c ) whenever
 n-i j n-1 n

 2^3



 j satisfies 1 - j - n-1, d^ = 1 and cQ € ('u • ,t^) . Put
 S = min(n~' c^-a, b-cn) . Chooae u € (cn-6, cQ) ' C. Find
 ▼ e(cn> cn+5) ' C so that < sn_i^cn^ + S.(cn-a).
 Choose w€(cn,v)'C. Put
 sQ(cn) = min(sn_ļ(cn) + £. (ca-u) , sE1_1(t)+ (l-2 n).(w-cn)),

 s (x) = s , fx) for X e [O, u] U Cv, il ,
 ri u- i

 sn(x) = sn_^ ( v ) for xe[w,v]
 and define sn linearly on each of the intervals

 Oi.Cq], [cn,w] . Put Pn = Sn -

 Having defined the sequence (Pn}j^o' aet
 00

 f S Pn ■
 The series converges uniformly because of /8/. From /4/

 we see f satisfies a Lipschitz condition with constant

 L = 1. Using /1/ - /10/, it is not hard to prove that

 for each i, x € Cu^,v^) ' {c^} implies d^f(x) <d^f('c^),
 and if x€fO,l)' C, then x A (f ) U B(f ) . Hence

 A (f ) = A and B(f) = B. This completes the proof.
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