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 Non-Monotonic Implies Verv Oscillatory

 let f be a measurable real function defined on a measurable

 linear set E , and for each point xQ e E let

 A(x0) = [x e E: f(x) = f(x0)i ,

 A+(xq) = {x e E: (x - x0)"*1(f(x) - f(xQ)) > o] ,

 A_(xq) = {x e E: (x - x0)"1(f(x) - f(xQ)) < 0} .

 Khinchin [5] called f asymptotically directed (we shall write AD)

 xq ^ on® the above sets (which are evidently measurable)

 has density 1 at Xq . He showed that for almost all points Xq

 at which A+(xq) or A_(xQ) has density 1 , xQ is a density

 point of a compact set of positive measure on which f is strictly

 monotonie; and f is approximately differentiable at almost all

 points at which it is AD.

 As regards the points xQ e E at which f is not AD, Good

 [4] 3howed that at almost all of them at least one of the sets

 A+(xo)> has upper unilateral density 1 on both sides at

 xQ . In Theorem 1 we improve "at least one" to "both" , using

 similar reasoning. (Related results of Csaszar [2] appear not quite

 to imply this.) After drawing some conclusions about oscillatory

 behaviour at non- AD points, we then discuss approximate maxima and

 generalize a result recently given by Pu. and Pu [7].

 Theorem 1 . At almost all points xQ <• E at which f is not

 AD, both of the sets A+(xq), A_(xq) have upper unilateral density

 1 on both sides at x^ .

 Proof . There are only countably many values of a such that
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 the set E^ = [x: f(x) = a] has positive measure, and. f is AD at

 almost all points of each set E^ (the density points). Hence we

 may suppose that f takes no value on a set of positive measure.

 We may also suppose that E is compact and. (by Luzin' s theorem)

 that f is continuous . Under these conditions we have the

 following result, which together with three similar results

 (obtained by interchanging left, right and >, <) clearly implies

 our theorem.

 Lemma. At almost all points xQ e E at which the set

 [x: f(x) > f (xq) ļ has lower unilateral density greater than zero

 from the right, the set [x: f(x) < i>(xQ)} has unilateral density
 1 from the left.

 Proof of the Lemma. Let Bn denote the set of points x f E
 such that

 0 < h^ n~1 =í> m([x, x + h] H [y: f(y) > f(x)})^ n 1h . (1)

 It is sufficient to prove the assertion for Bn , which is compact.
 - -1

 Take any point e and 0 < S ^ n - such that

 0 < h^ 8 => m([xQ - h, xQ] n Bn) > (1 - n-i )h ; (2).

 almost all points of Bn have this property for some S .

 Consider f on the compact set [xq - S, x^] O Bn ; its

 supremum is attained, and I claim that it is attained at xq • For

 suppose it is at a point x^ / Xq and f (x^ ) > í*(Xq) . Then by

 ( 1 ) applied to the point x = x^ e Bq ,

 m([x1, xQl n [y: f(y) > f^)])^ n"1(xQ - xļ ) . (3)

 But no points of the set [x^ , x^] n iy: f(y) > f(x^)| can belong

 to Bn , by the maximality of f (x^ ) . Hence by (3)
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 m([x^, Xq] H Bn) < (1 - ii"*^)(xq - xļ) • This contradicts (2) for

 h = x0 - Xl .

 Hence the supremum is indeed attained at x^ , and provided

 Xq is a density point from the left of Bq it is a density point

 from the left of the set {y: f(y) < f(xQ)} , as required.

 Remark. Our theorem shows that at almost all points Xq e E

 at which f is not AD, it is oscillatory, in the sense that at Xq

 the set A(Xq) has density zero and both of the sets A+(xQ), A (x^)

 have upper unilateral density 1 on both sides. It is easy to see

 that almost all points Xg at which f i3 oscillatory divide
 themselves into two subclasses:

 I. Those at which f has approximate derivative zero, and

 the function f(x) + ax is AD at xQ for every a / 0 .

 II. Those at which f is not approximately differentiable,

 and each of the functions f (x) + ax is also oscillatory.

 We might call f weakly and strongly oscillatory in these two

 cases . Only constant functions have approximate derivative zero

 everywhere, so no function is everywhere weakly oscillatory on 3R .

 Now let f be an arbitrary real function defined on an

 arbitrary linear set E , and let M = M(f ) denote the set of points

 x0 * E at whicii f has an approximate strict maximum, that is, for

 which the set {x: f(x) < f(xQ)] has density 1 at xQ with
 respect to inner measure. Pu and Pu [7] showed, in the case when E

 is the whole line, that if f is measurable then M Tra.» measure

 zero, and if f is continuous then M is also meagre. Their first,

 conclusion can be regarded as a corollary of the results of Khinchin.

 and Good quoted earlier, and in fact Theorem 5.21 of Császár [2]
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 implies that it ia valid without the measurability assumption. In

 Theorem 2 we provide a slight generalization of this fact.

 Theorem 2. For almost all points Xq e E , for every e > 0

 there exist arbitrarily small intervals I containing Xq such that

 m*[l H [x ç E: f (x) ^ f(xQ)}] > (1 - i)m(l) .

 Proof . Suppose not; then for some í > 0, 8 > 0 there exists

 a subset Eq of E of positive outer measure such that

 xQf EoniâO< m(l) < S ■> m*[in (xs E: f(x) ^ f(xQ) l] ^ (1 -e )m(l) • (^-)

 Choose an interval IQ with m(lQ) < S , such that

 m»(E0n I0) > (1 -e)m(l0) . (5)

 Let X = inf(f(x): x e H Iq} and choose a sequence (x^) of

 points of Eq O Ig such that f (x^ ) ^ f (xg) ^ ' . Now

 m*[lon (xff E: f(x) > A.]l ^ lin^m'C^H [xc E: f(x) ^ f(xļc)}] ^

 ^ (1 -e)m(l0)< m»(Eon IQ)

 by (4) and (5), so

 m»[E0 n I0 H [x e E: f(x) ^ A.}] > 0 .

 In view of the definition of À , this implies that the set,

 e0 n 1 0 n [x € E: f(x) = k'

 is of positive outer measure ; but at any point Xq of this set at

 which it has upper density 1 (with respect to outer measure), it is

 clear that (if) is contradicted.

 Remark« Various generalizations to IRn have been proved in

 [l]> [3]* [6]> and [8], as a referee has pointed out. I am grateful

 for comments from him and the editor.

 190



 REFERENCES

 S S

 A. Csaszar, Sur la structure ¿Les ensembles de niveau des

 fonctions reelles ' deux variables , Acta Sci. Math. Szeged i5
 (1954), 183-202.

 [2] A. Csaszar, Sur la structure des ensembles de niveau des

 fonctions reelleą a vine variable , Colloq. Math. 4 (1956-7)»

 13-29.

 [3] J« Foran, On the density maxima of a function. Colloq. Math. 37

 (1977), 245-254.

 [4] I. J. Good, The approximate local monotony of measurable

 f unotions . Proc. Camb. Phil. Soc. 36 (1940), 9-13.

 [5] A. Ya. Khinchin, Recherches stir la structure des fonctions

 mesurables I, II, Rec. Math. Soc. Math. Moscou 31 (1924),

 265-285, 377-433.

 [6] R. J. O'Malley, Strict essential max-ima, Proc. Amer. Math. Soc.

 33 (1972), 501-504.

 [7] H. W. Pu and H. H. Pu, On the approximate maxima of a function.

 Rev. Roum. Math. Pures et Appl. 24 (1979), 281-284.

 [8] L. Zajíček, A note on preponderant maxima , Colloq. Math.,

 forthcoming.

 Received July 28, 1980

 191


	Contents
	p. 187
	p. 188
	p. 189
	p. 190
	p. 191

	Issue Table of Contents
	Real Analysis Exchange, Vol. 6, No. 2 (1980-81) pp. 135-247
	Front Matter
	EDITORIAL MESSAGES [pp. 135-135]
	A SYMPOSIUM ON REAL ANALYSIS will be held at SYRACUSE UNIVERSITY on JULY 9-12, 1981 [pp. 137-137]
	TOPICAL SURVEY
	Uniform Ideas in Analysis [pp. 139-185]

	RESEARCH ARTICLES
	Non-Monotonic Implies Very Oscillatory [pp. 187-191]
	Comments on a Functional Equation [pp. 192-199]
	On the Baire class of a mixed second derivative [pp. 200-202]
	ON CHARACTERIZING CONNECTED FUNCTIONS [pp. 203-207]

	INROADS
	MONOTONICITY THEOREMS [pp. 209-234]
	ON THE SYMMETRIC DERIVATIVE [pp. 235-241]
	ON STRICT LOCAL EXTREMA OF DIFFERENTIABLE FUNCTIONS [pp. 242-244]
	A Note on the Garsia-Sawyer Class [pp. 245-246]

	QUERIES [pp. 247-247]



