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Hypercontact structures and Floer homology

SONJA HOHLOCH
GREGOR NOETZEL
DIETMAR A SALAMON

We introduce a new Floer theory associated to a pair consisting of a Cartan hyper-
contact 3—manifold M and a hyperkihler manifold X . The theory is a based on the
gradient flow of the hypersymplectic action functional on the space of maps from
M to X . The gradient flow lines satisfy a nonlinear analogue of the Dirac equation.
We work out the details of the analysis and compute the Floer homology groups
in the case where X is flat. As a corollary we derive an existence theorem for the
3—dimensional perturbed nonlinear Dirac equation.

53D40, 32Q15

1 Introduction

In this paper we examine a hyperkéhler analogue of symplectic Floer homology. We
assume throughout that X is a hyperkédhler manifold with complex structures I, J, K
and symplectic forms w;, w;, w3. We also assume that M is a compact oriented 3—
manifold equipped with a volume form o € Q3 (M) and a positive frame vy, v, v3 €
Vect(M) of the tangent bundle. Associated to these data is a natural 1—form on the
space F := C*®°(M, X) of smooth functions f: M — X defined by

(1) fAH/M(wl(avlf’f)+w2(8v2f’f)+w3(av3f’f))a

for f eTyF = QO%(M, f*TX). This 1-form is closed if and only if the vector fields
v; are volume preserving, ie

Lvlo— == £v20— == EU3O' - O

Since every closed oriented 3—manifold is parallelizable it admits a volume preserving
frame (see Gromov [17, Section 2.4.3]). Our main examples are the 3—torus with the
coordinate vector fields and the 3—sphere with the standard hypercontact structure.
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Hypercontact structures

A hypercontact structure on a 3—manifold M is a triple of contact forms a =
(01,0, 3) € QU(M,R3) such that

oy Aday = oy ANdoy =az Adas =: 0

and o; Adaj +aj Ada; =0 for i # j. The Reeb vector fields vy, v, v3 are pointwise
linearly independent and preserve the volume form o . The hypercontact structure is
called positive if they form a positive frame of the tangent bundle. In this setting the
1-form (1) is the differential of the action functional A: F — R defined by

) A(f):z—/M(ozl/\f*wl+a2/\f*a)2+oz3/\f*a)3).

A positive hypercontact structure is called a Cartan structure if the «; form a dual
frame of the cotangent bundle, ie «;(vj) = J;;. In the Cartan case k := da(v2,v3) =
do(v3,v1) = das(vy, v2) is constant and do; = ko A oy and [v;, vj] = kvg for
every cyclic permutation 7, j, k of 1,2,3. (We use the sign convention of McDuff and
Salamon [22] for the Lie bracket.)

The archetypal example is the 3—sphere M = S3, understood as the unit quaternions,
with vy (y) =iy, v2(y) =jy, v3(y) = ky. Hypercontact structures were introduced
by Geiges—Gonzalo [13; 14]. They use the term taut contact sphere for what we call
a hypercontact structure. They proved that every Cartan hypercontact 3—manifold is
diffeomorphic to a quotient of the 3—sphere by the right action of a finite subgroup of

Sp(1).
Tori

Let M = T? =R3/Z3 be the standard 3—torus equipped with the standard volume
form o =dt; Adty Adt; and v; = Z;Zl a;j0j where A = (Clij)l?’j:l is a nonsingular
real 3 x 3 matrix. In this case the lift of the 1-form (1) to the universal cover F of F

is the differential of the function

3
(3) A= Z aiinj:feR
i,j=1

where A;;(f) denotes the w; —symplectic action of the loop #; — f(¢), averaged over
the remaining two variables #,#; with k,£ # j. If X is flat and Fy C F denotes
the space of contractible maps f: T3 — X then A descends to Fy. Explicitly, we
have A;; (f) := —fol fol Jp 4, s, @i dti dtg for f € Fo, where uy ;D — X isa
smooth family of maps satisfying u;, ,, (€)Y = f(t1,t2,13).
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Hyperbolic spaces

A third class of examples arises from unit tangent bundles of higher genus surfaces
or equivalently from quotients of the group G := PSL(2;R). Let H C C denote the
upper half plane and P := {(z, $)eC?|Im(z) = ¢ |} the unit tangent bundle of H.
The group G acts freely and transitively on P by

__(az+D ¢ _fab .
gx(2.0) = (Cz+d,(cz+d)2), g—.(c d)eSL(z,R).

Now let I' C PSL(2; R) be a discrete subgroup acting freely on H such that the quotient
¥ :=T'\H is a closed Riemann surface. Then the 3—manifold

M :=T\G

is diffeomorphic to the unit tangent bundle 71X = ['\P via [g] — [g«(i, 1)]. The
group G carries a natural bi-invariant volume form o € Q3(G) given by

o(gk. g0, 80) 1= 5 race((€. 710)

for &, 1, ¢ € g:=Lie(G) = sl(2; R). This volume form descends to M and is invariant
under the right action of G. Now consider the traceless matrices

() N R ()

The resulting vector fields v;(g) := g& on G are I'—equivariant and preserve the
volume form o. Hence they descend to volume preserving vector fields on M (still
denoted by v;) and so the 1—form (1) is closed in this setting.

Note that o(vq,v2,v3) =2 and dn(v3) =0, dn(vy) = idmn(vy). The Lie brackets
of the vector fields v; are given by

[Uz,U3]=—2U1, ['U3,'U1] =—2U2, [vl,vz]:2v3

(because the & act on G on the right). Hence, if o; € Q! (M) denote the 1—forms
dual to the vector fields v;, we have

dOll = —20, N3, da2=—2a3 AN, dO(3 =201 Ay,

This implies that the 1-form (1) is the differential of the action functional

A(f) :=/M((x1/\f*a)1+0t2/\f*a)2—(x3/\f*a)3).

Geometry & Topology, Volume 13 (2009)



2546 Sonja Hohloch, Gregor Noetzel and Dietmar A Salamon

However, in this setting the energy identity (7) discussed below does not help in the
compactness proof. This is the reason why we do not include the higher genus case in
our discussion in the main part of this paper.

Floer theory

The zeros of the 1-form (1) are the solutions f: M — X of the nonlinear elliptic first
order partial differential equation

4) I(f) =10y, [ + J0y, [ + Kdy; f =0.

This is a nonlinear analogue of the Dirac equation first introduced by Taubes [29].
Obviously, the constant functions are solutions of (4). When M = S3 other solutions
arise from the composition of rational curves with suitable Hopf fibrations (see below).
When M = T3 solutions can be obtained from elliptic curves. In the case M =
I'\G solutions arise from the composition of K-holomorphic curves ¥ — X with
m: M — X. These examples are all homologically trivial, even though Hopf fibrations
over holomorphic spheres in the K3 surface do represent nontrivial homotopy classes
in 3. A homologically nontrivial example with target manifold X := H/Z* with
its standard hyperkihler structure and domain M := T?* = R3/Z3 with vector fields
v; = d/0¢t; is given by f(¢) :=t; +it, + (1 +j)13.

In this paper we prove an existence result for the solutions of the perturbed nonlinear
Dirac equation

®) I (f) =10y, f + Jv, [ + Kdvy f =VH(f) =0.

Here H: X x M — R is a smooth function and we denote by V H( f) the gradient
with respect to the first argument. The linearized operator for this equation is self
adjoint and we call a solution f: M — X of (5) nondegenerate if the linearized
operator is bijective. In the nondegenerate case, and when X is flat, one can count
the solutions with signs, however, it turns out that this count gives zero. Nevertheless
we shall prove the following hyperkéhler analogue of the Conley—Zehnder theorem
confirming the Arnold conjecture for the torus [4]. In fact, in the torus case with
vy = d/0t; the solutions of (4) can be interpreted as the periodic orbits of a suitable
infinite dimensional Hamiltonian system.

Theorem A Let M be either a compact Cartan hypercontact 3—-manifold (with Reeb
vector fields v; ) or the 3—torus (with a constant frame v; ). Let X be a compact flat
hyperkéihler manifold. Then the space of solutions of (5) is compact. Moreover, if the
contractible solutions are all nondegenerate, then their number is bounded below by
the sum of the 7., —Betti numbers of X . In particular, Equation (5) has a contractible
solution for every H .
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The proof of Theorem A is based on the observation that the solutions of (5) are the
critical points of the perturbed hypersymplectic action functional Ag(f) := A(f) —
[as H(f)o. As in symplectic Floer theory, this functional is unbounded above and
below, and the Hessian has infinitely many positive and negative eigenvalues. Thus the
standard techniques of Morse theory are not available for the study of the critical points.
However, with appropriate modifications, the familiar techniques of Floer homology
carry over to the present case, at least when X is flat, and thus give rise to natural Floer
homology groups for a pair (M, X).

The Floer groups are determined by a chain complex that is generated by the so-
lutions of (5). The boundary operator is determined by the finite energy solutions
u: Rx M — X of the negative gradient flow equation

(6) Osu + 10y, u + J 0y, u + K0y u = VH(u).

One of the key ingredients in the compactness proof is the energy identity

1 1 2 : *
(7 E[M|df|2=5/‘13,,1f+J8v2f+K3u3f} _/Mzgi/\f wi

i=1

for f: M — X, where the ¢; € QM ) are dual to the vector fields v;. In the torus
case these forms are closed and thus the last term in (7) is a topological invariant. In
the Cartan hypercontact case this term is the hypersymplectic action A( f).

To compute the Floer homology groups we choose a Morse—Smale function H: X — R
and study the equation

8) dsu + e (10y,u+ Jdy,u + Kdy,u) = VH(u)

for small values of €. The gradient lines of H are solutions of this equation and we shall
prove that, for ¢ > 0 sufficiently small, there are no other contractible solutions. This
implies that our Floer homology groups HF« (M, X)) are isomorphic to the singular
homology H«(X;Z5).

Theorem B Let M be either a compact Cartan hypercontact 3—manifold (with Reeb
vector fields v; ) or the 3—torus (with a constant frame v; ). Let X be a compact
flat hyperkéhler manifold and fix a class Tt € wo(F). Then, for a generic perturbation
H: X xM — R, there is a natural Floer homology group HF« (M, X, t; H) associated
to a chain complex generated by the solutions of (5) where the boundary operator is
defined by counting the solutions of (6). The Floer homology groups associated to
different choices of H are naturally isomorphic. Moreover, for the component ty of
the constant maps there is a natural isomorphism HF,.(M, X, to; H) = H«(X;7Z,).
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Remark The precise condition we need for extending the standard techniques of Floer
theory to our setting is that X has nonpositive sectional curvature. As every hyperkéhler
manifold has vanishing Ricci tensor, nonpositive sectional curvature implies that X
is flat and hence is a quotient of a hyperkéhler torus by a finite group. An example
is the quotient of the standard 12—torus H3/Z!? by the Z,—action determined by
x,y,2)~> (y,x,z+1/2).

A more general setting

There is conjecturally a much richer theory which provides Floer homological invariants
for all triples (M, X, 7), consisting of a Cartan hypercontact 3—manifold M , a compact
hyperkéhler manifold X, and a homotopy class 7 of maps from M to X . One basic
observation is that every holomorphic sphere in a hyperkéhler manifold gives rise to
a solution of (4) on M = S*. Another point is that 773(X) can be a very rich group.
For example, the third homotopy group of the K3 surface has 253 generators (see
Cochran—-Habegger [3, Appendix]).

Example Think of the 3—sphere as the unit sphere in the quaternions H = R* and of
the 2—sphere as the unit sphere in the imaginary quaternions Im(H) = R3. For A =
Ai+Arj+Arske S? denote Jy :=A; I +ArJ +A3K and wy, = A w1 +Aawy +Azws.
Define hy: S3 — S? by h;(y) ;== —yAy. If u: S — X is a J,—holomorphic sphere
then

fi=uohy: S>> X

is a critical point of A and

1 1
E(u) =~ / dul? = [ Wy = L AGuohy).
2 Js2 S2 21

To see this, assume A =i and write A (y) := —yiy, ho(y) := —yjy, and h3(y) :=
—yky. These functions satisfy dy;1; =0 and dy; h; = —0dy,hj = 2hy for every cyclic
permutation i, j,k of 1,2,3. Hence hy A dy;hy = 0y, . If u: S2 > X isan I—
holomorphic sphere it follows that the function f := u o A satisfies d,, f = 0 and
19y, f = 0y, f and hence is a solution of (4). Moreover, 27 [¢» 0 = — [g3 a1 AhTo
for o € Q2(S?). (When o is exact both sides are zero. Since —a; A hi dvolg> =
4dvolgs the value of the factor follows from Vol(S?) = 47 and Vol(S?) = 272))
With 0 = u*w; this implies 27 [¢» u*wy = — [¢2 0y AhJu*w; = A(uohy). Here
the last equation follows from the fact that u*w, = u*w; = 0 for every I -holomorphic
curve u.

The main technical difficulty in setting up the Floer theory for general hyperkihler
manifolds is to establish a suitable compactness theorem. In contrast to the familiar
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theory the derivatives for a sequence of solutions of (5) or (6) will not just blow up at
isolated points but along codimension—2 subsets. For example, if u,: S — X is a
sequence of I —holomorphic curves and /: S — S? is a suitable Hopf fibration, then
Jfv:=uyoh is a sequence of solutions of (4) and its derivatives blow up along the Hopf
circle h~!(zo9) whenever the derivatives of u, blow up near zy. This phenomenon is
analogous to the codimension 4 bubbling in Donaldson—-Thomas theory [7].

Floer—Donaldson theory

Let X be a hyperkidhler 4—-manifold with complex structures i, j, k and symplectic
forms o1, 07, 03. Consider the elliptic partial differential equation

9) du—Idui— Jduj— Kduk =0

for smooth maps u: ¥ — X . This is sometimes called the Cauchy—Riemann—Fueter
equation and it has been widely studied (see Taubes [29], Haydys [18, Chapter 3; 19]
and references). For ¥ = R x M with its standard hyperkihler structure (see below)
Equation (9) is equivalent to (6) with H = 0. The solutions of (9) satisfy the energy
identity

1
(10) E(u)=—/ |du — Idui— Jduj— Kduk|? dvols, — /Zo,m w;,
8 z i=1

where E(u) := % 5, |du|? dvoly . The linearized operator
Dy: QU u*TX) — Q(Z,u*TX)

takes values in the space of 1-forms on ¥ with values in #*7TX that are complex
linear with respect to I, J, and K. When X is closed this operator is Fredholm
between appropriate Sobolev completions and its index is

an ind(Du) = ~{ea(TX). wal]) + X2 dim® X,

where x(X) is the Euler characteristic. Equation (11) continues to hold in the case ¥ =
S1x M with its natural quaternionic structure. We sketch a proof below. Conjecturally,
there should be Gromov—Witten type invariants obtained from intersection theory on
the moduli space of solutions of (9).

It is also possible to consider hyperkidhler 4-manifolds 3 with cylindrical ends
F: RTx M* — X. Here we assume that M T is either a Cartan hypercontact
3—manifold or a 3—torus. Then R* x M* has a natural flat hyperkihler structure;
see Donaldson [5] and Geiges—Gonzalo [14]. In the hypercontact case the symplectic
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forms are w; = k" 'd(e™*Sa;) = e7®*(—ds A a; + aj A ) and in the torus case
they are w; = —ds A a; + aj Aoy for every cyclic permutation 7, j,k of 1,2,3.
In both cases the complex structure i is given by dg — —vy, v1 = dg, vy = V3,
v3 — —v, and similarly for j and k. We assume that the embeddings (* are hyperkihler
isomorphisms onto their images and that the complement X \ (im¢* U im:™) has a
compact closure. Alternatively, it might also be interesting to consider hyperkihler
4-manifolds with asymptotically cylindrical ends as in Kronheimer [20; 21]. One can
then (conjecturally) use the solutions of Equation (9) with Hamiltonian perturbations
on the cylindrical ends to obtain a homomorphism HF4«(M ~, X) — HF,(M ™, X)
respectively HF* (M +, X) — HF* (M ~, X).

Proof of the index formula We relate D,, to a Dirac operator on X associated to a
spin¢ structure. On ¥ we have a Hermitian vector bundle W = W @ W~ where

Wt =u*TX ®u*TX, W~ :=Homy(TX,u*TX)®Hom;(TX,u*TX).

Here Hompy (7T X, u*TX) denotes the bundle of quaternionic homomorphisms and
Hom; (TX,u*TX) denotes the bundle of homomorphisms that are complex linear
with respect to I and complex antilinear with respect to J and K. The complex
structures on W1 and W™ are given by (£;,&,) +— (I&,, I£;). The spin¢ structure
I': T¥ — End(W) has the form

_( 0 —y(»*
F(”)"(wv) 0 )

for v e T, X where y(v): W;t — W, is given by
yW)(E1,62) == (mmu({v, -)&1), (v, -)§2)).
Here iy, 7 Homgp (T 2, u*TX) — Homg (7T X.u*TX) denote the projections
7H(A) = A— TAi— JAj— KAk, 77(A):= A—[Ai+ JAj + KAKk.

The Dirac operator D: QO(Z, WT) — Q%(Z, W) is the direct sum of D, and
Du: QU u*TX) — Q}(Z.u*TX) given by Dy := 77 (VE). These operators
have the same index and hence

rank® (W 1)
24

The last equation follows from the Atiyah—Singer index theorem (see [23]). Alter-

natively, one can identify Q°(Z, WT) with Q%%(Z,u*TX) ® Q>°w*TX) via

(¢1.8) = (1 + 8. J (62— E)wj + K(§ — &) and the space QO(Z, W) with

2ind® (D,) = ind® (D) = XE)+ e (W2 =26, ), [3),
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QLO(Z, u*TX) via (a1, 02) — a1 + . Under these identifications the Dirac opera-
tor D corresponds to the twisted Cauchy—Riemann operator

3+ 0% QS u*TX) - QU3 w*TX).

Since I is homotopic to —I, the complex Fredholm index of D is the holomorphic
Euler characteristic of the bundle u*TX — X and, by the Hirzebruch-Riemann—Roch
formula,

ind®(D,) = index® (D) = [ ch(u*TX)Wd(TX).
b))

With ch = rank® +¢; + %(612 —2¢y) andtd=1+ %cl + %(612 =+ ¢7) this gives again
the above formula, and (11) follows because ¢1(TX) = ¢1(TX) =0.

Ring structure

As an example of this construction we obtain (conjecturally) a ring structure on
HF*(S3, X). Take ¥ :=H\ {—1. 1} and define ;™: (—00, 0] x S3 — H by

(s, y):=e "y
The image of this map is the complement of the open unit ball in H. The embed-
ding «*: [0, 00) x (§3 U S3) — H is the disjoint union of the embeddings (s, y) >

e~ 1=s y:I:%. The resulting quaternionic pair of pants product

HF*(S3, X) @ HF*(S3, X) — HF*(S?, X)

should be independent of the choice of the embeddings and the Hamiltonian perturba-
tions used to define it. Moreover, counting the solutions of (9) on the punctured cylinder
R x M \ {pt}, will lead to a module structure of HF*(M, X) over HF*(S3, X) for
every M .

The compactness and transversality results in the present paper show that this con-
struction is perfectly rigorous and gives rise to an associative product on HF*(S3, X)
whenever X is flat. Moreover, in this case it agrees with the cup product under our
isomorphism HF*(S3, X) =~ H*(X;Z,).

Relations with Donaldson-Thomas theory

In [7] Donaldson and Thomas outline the construction of Donaldson type invariants of §—
dimensional Spin(7)-manifolds Z and Floer homological invariants of 7—dimensional
G,-—manifolds Y. In the case Z = ¥ x .S, where ¥ and S are hyperkihler surfaces,
they explain that solutions of their equation on ¥ x S correspond, in the adiabatic limit
where the metric on S degenerates to zero, to solutions u: X — M(S) of (9) with
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values in a suitable moduli space X = M (S) of bundles over S. In a similar vein
there is a conjectural correspondence between the Donaldson-Thomas—Floer theory of

Y=MxS

with the Floer homology groups HF, (M, M(S)) discussed above whenever M is
either a Cartan hypercontact 3—manifold or a flat 3—torus. Namely, the solutions of the
Floer equation in Donaldson—Thomas theory on R x Y with ¥ = M x .S correspond,
in the adiabatic limit, formally to the solutions of (6) on R x M with values in M(S).

Boundary value problems

If M is Cartan hypercontact 3—manifold with boundary dM and Reeb vector fields
V1, V,, v3 then there is a unique map A: dM — S? such that

vi= Y A 0M — TM
i
is the outward pointing unit normal vector field. In this case the 1-form (1) is not
closed. Its differential is given by the formula

Ty F x Ty F — R: (ﬁ,f})a/wwx(ﬁ,ﬁ)dvolw.

This is a symplectic form on the space of maps dM — X . Thus it seems natural to
impose the Lagrangian boundary condition

f(y)eL_)U yean

where | |,cgps Ly is @ smooth submanifold of dM x X such that L), is Lagrangian
with respect to wy () for every y € M . In this paper we do not carry out the analysis
for this boundary value problem.

In the technical parts of this paper we shall restrict the discussion to the case where M
is a (Cartan) hypercontact 3—manifold. The analysis for the case M = T3 is almost
verbatim the same and in some places easier because the metric is flat. In Section 2
we introduce the hypersymplectic action functional and its critical points, discuss the
Floer equation, and restate Theorem A. In Section 3 we prove the main compactness
and exponential decay theorems for the solutions of (5) and (6). These results are
only valid for flat target manifolds X . The details of the transversality theory are
worked out in Section 4 (for general target manifolds X' ). With compactness and
transversality established, the construction of Floer homology is completely standard
and we restrict ourselves to restating the result in Section 5. However, the computation
of Floer homology still requires some serious analysis which is carried out in Section 5.
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Three appendices discuss basic properties of hypercontact 3—manifolds, the relevant a
priori estimates, and a removable singularity theorem.
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2 The hypersymplectic action functional

Let X be a hyperkéhler manifold with complex structures I, J, K and associated sym-
plectic forms w;, wy, w3. Let (M, a1, a3, a3) be a positive hypercontact 3—manifold
with Reeb vector fields vy, vy, v3 (see Appendix A). Then the space F := Map(M, X)
of smooth maps f: M — X carries a natural hypersymplectic action functional
A: F — R given by

(12) A(f):z—/M(ozl Afror+aa A fFoy+az A fFws).

The next lemma shows that the critical points of A are the solutions of the partial
differential equation

(13) A(f) = Idf (v1) + Jdf (v2) + Kdf (v3) = 0.

This is a Dirac type elliptic equation because the vector fields v; are everywhere
linearly independent (see Lemma A.1) and the complex structures 7, J, K satisfy the
quaternionic relations. (The square of 4 in local coordinates is a standard second order
elliptic operator.)

Lemma 2.1 The differential of A along apath R — F 1t — f; is

d
GAUD = [ s B0 dvola,

where k and the metric on M are as in Remark A.2.

Proof By Cartan’s formula, we have

d .
Eft*a)i =dpi, Bi = w;i(0: f,df: ),
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fori =1,2,3. Hence

AU = —[Mlzamdﬂ,- =—/M,Zd“”ﬂf
= —/ (Zdai /\ﬂi)(vl, V2, v3) dvolys
M\
= _ /M K 2,: Bi(vi) dvolps

- /M (0s f 1dfy (1) + Jdfy(v2) + Kdfy(v3)) dvolyy .

Here the second equation follows from integration by parts, the third equation follows
from the fact that vy, v,, v3 form an orthonormal basis, the fourth follows from the
definition of x in Remark A.2, and the last equation uses the definition of §; and the
hyperkéhler structure of X . This proves the lemma. O

The energy identity

The energy of a smooth function f: M — X is defined by
1 1 [ <

a9 eyi= [ 1arP avoly =3 [ 3" ldfwl? avolyy.
2/m 2/m i

Lemma 2.2 The energy of a smooth function f: M — X is related to the hypersym-
plectic action via

(15 EN=AUN+5 [ 1B dvolay = [ (B0, df o) dvolar
M M

where

(16) vo = a2(v3)vy +a3(v1)v2 + o (v2)vs.

In particular £(f') = A(f) for every solution of (13).

Remark 2.3 The vector field vo vanishes if and only if «;(vj) = §;;. If this holds
then, for every f € F, we have

1
e =AU+ 5 [ TP dvoly.

Hence the energy of f is controlled by the L? norm of #( f) = grad A(f) and the
action.
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Proof of Lemma 2.2 By direct calculation (dropping the term dvolss ) we obtain

1 2
3 | aR =0

1

=3 /M (Ildf(vl) + Jdf (v2) + Kdf (v3)|? _2,-: |df(vi)|2)

_ /M ((Kdf (v1). df (v2)) + {Idf (v2). df (v3)) + (Jdf (v3). df (1))
_ /M (f*©1(v2,v3) + [Fwa(v3,v1) + fFw3(v1, v2)).
On the other hand
| @0 dr o) = A
_ /M<a(f), o2 (v3)df (v1) + a3 (V1)df (v2) + @1 (v2)df (v3)) — A(f)
- /M a2 (v3)(fFwa(v2,v1) + fFwo3(v3,v1))
+ /M a3 (v1) (/¥ 01 (v1,v2) + f*w3(v3, v2))
+ /M o1 (v2) (/"1 (v1,3) + /¥ 0202, v3))
+ /M (@1 A ffor+ar A ffor+az A frw3)

= /M (f*o1(v2,v3) + [Fwa(v3.v1) + Fw3(v1.02)).

The last equation follows by inserting the vector fields vy, v,, v3 into the 3—forms
a; A f*w;. This proves the lemma. |

The Hessian

The tangent space of F at f is the space of vector fields along f:
Ty F = Vect(f) = Q°(M, f*TX).

It is convenient to use the inner product

(17 ()2 = [M@, 1) dvolys
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on this space. One reason for this choice is the formula in Lemma 2.1. Another is the
following observation.

Lemma 2.4 For every smooth function f: M — R we have

(18) / df (vi)x dvolps = 0.
M

Thus the covariant divergence of the vector field v; is given by
div(v;) = =k 'dk (v;)

and the operator Vj, : QO%(M, E) — Q%WM, E) is skew adjoint with respect to the L?
inner product (17) (for every Riemannian vector bundle E — M with any Riemannian
connection).

Proof The covariant divergence of a vector field v € Vect(M) is the function
div(v): M — R defined by div(v) := Zj (Ve; v, ej) for any orthonormal frame e; of
TM . 1t is characterized by the property

/ df (v) dvolyy +/ fdiv(v)dvolps =0
M M

for every function f: M — R. Now, for every 1-form B € Q'(M), we have
(B Adaj)(vy,va,v3) = B(vi)k and hence B A da; = B(vi)k dvolys. With B = df
this gives (18). The formula for the covariant divergence of v; follows by replacing f
with =1 £ This proves the lemma. O

Lemma 2.5 The covariant Hessian of A at f € F is the operator
P =D Q°M, [*TX) - Q°(M, f*TX)

given by

(19) DE =1V, &+ IV, + KV, &

for £ € QOM, f*TX). Here V is the Levi-Civita connection of the hyperkiihler
metric on X . The operator P: W12(M, f*TX) — L*(M, f*TX) is self-adjoint
with respect to the L? inner product (17).

Proof The covariant Hessian of A at f € F is defined by the formula & — V;(4 f;)|;=0

where ¢t — f; is a smooth curve in F with fo = f and 9; f¢|;=¢9 = &. Hence (19)
follows from the fact that the complex structures 7, J, K are covariant constant and V
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is torsion free. That 7 is symmetric with respect to the L? inner product (17) follows
from Lemma 2.4. To prove that D is self-adjoint we observe that its square is given by

DDE = —Vy, Vo, & — Vo, Vo — Vi, Viy &
+ 1(R(df (v2), df (v3))§ = Yus v31€)
+J (R(f (v3). df V1)) — Yhuy 016)
+ K(R(f (v1), df (v2))§ — Vo, 0216) -

(20)

Here R denotes the Riemann curvature tensor on X . Since vy, vy, v3 are linearly
independent 22 is a standard second order elliptic operator in local coordinates (with
leading term in diagonal form) and hence has the usual elliptic regularity properties.
In particular, if £ € L? and D& € L?, then ??¢ € W12 and elliptic regularity gives
£ € W12, This implies that P is self-adjoint as an operator on L? with domain W 1:2,
as claimed. O

As in symplectic and instanton Floer theories it is a fundamental observation that the
action functional is unbounded above and below and that the operator 2 has infinitely
positive and negative eigenvalues.

Remark 2.6 If the symplectic forms w; = dA; on X are exact then the hypersym-
plectic action functional can be written in the form

3
A= [ 3700 )k dvolas

i=1

The archetypal example is the space X = H of quaternions with the standard hy-
perkidhler structure. In this case the operator f +— d4(f) = P f is linear and the
hypersymplectic action is the associated quadratic form

A(f) = %[M(f,@f)KdvolM.

Since A(f) = 0 for every real valued function f: M — R C H it follows that
the negative and positive eigenspaces of 72 are both infinite dimensional. In the case
M = S?3 with the standard hypercontact structure, specific eigenfunctions are f(y) =y
with eigenvalue —3, f(y) = y 4 2y with eigenvalue 1, and f(y) =to/h(y) where
h: §3 — S? is a suitable Hopf fibration and ¢: S? — H is the inclusion of the 2—sphere
into the imaginary quaternions; in the last example the eigenvalue is —4.
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Perturbations

Let H: X x M — R be a smooth function and define the perturbed hypersymplectic
action functional Ag: F — R by

3
Ag(f) ::—/MZai/\f*a)i—/M H(f)x dvolys .

i=1

Here we write H(f) for the function M — R : y — H(f(y),y). For y € M let
Hy := H(-,y) and denote by VH(-, y) := V H, the gradient of H with respect to
the first argument. Then, by Lemma 2.1, the critical points of A are the solutions of
the perturbed equation

2n Idf (vy) + Jdf (v2) + Kdf (v3) = VH(f).

Here we denote by VH(f) the vector field y — VH,(f(y)) along /. By Lemma
2.2, every solution of (21) satisfies the inequality

An(r) == [ (kH )+ 3 ITHOE ) dvolys

Gradient flow lines

By Lemma 2.1, the gradient of Az with respect to the L? inner product (17) is given
by

grad Ay (f) = Idf (v1) + Jdf (v2) + Kdf (v3) = VH(f) =: 35 (f).
Hence the negative gradient flow lines of A g are the solutions u#: R x M — X of the
partial differential equation

(22) Osu + 10y, u + J0y,u + Kdy,u = VH(u).

The energy of a smooth map u: R x M — X is defined by

1
Eg(u) = E/R y (|(‘)su|2 + |3H(u)|2)lc dvolyys ds.
X

As in finite dimensional Morse theory and Floer homology, the finite energy solutions
of (22) are the ones that converge to critical points of the perturbed hypersymplec-
tic action functional as s tends to oo (see Theorem 3.13 below). Thus, in the
case E (1) < oo, there are solutions f*: M — X of Equation (21) such that
limg—s 4 o0 dsu(s, y) = 0, uniformly in y, and

23 lim u(p)=fF0), dim Ag (s ) = Ar(f5).
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Moreover the solutions of (22) minimize the energy g (1) subject to (23) and their
energy is Eg(u) = Ag (f7) — A (/7).

Moduli spaces

A solution f of dg(f) = 0 is called nondegenerate if the perturbed Hessian

is bijective. We shall prove that nondegeneracy can be achieved by a generic choice of
the Hamiltonian H: X x M — R (see Theorem 4.1 below). Assuming this we fix two
critical points f* of the perturbed hypersymplectic action functional Az and denote
the space of Floer trajectories by

Mf™, T H) = {u: R x M — X |u satisfies (22), (23), sup |du| < oo}.
RxM

We shall prove, again for a generic choice of the perturbation, that these spaces are
smooth finite dimensional manifolds. The proof will involve the linearized operator

(25) Du,HE = Vsé + IVu1§ + vazs + KVv3E—V5VH(”)-

As in all other versions of Floer homology the Fredholm index of this operator is
the spectral flow of the Hessians along ©. We shall prove that, when M is a Cartan
hypercontact 3—manifold and X is flat all the known analysis of symplectic Floer
theory carries over to the present setting and gives rise to Floer homology groups that
are isomorphic to the singular homology of X . This leads to the following existence
theorem for solutions of dg (/) = 0. We emphasize that the algebraic count of the
solutions gives zero and thus does not provide an existence result.

Theorem 2.7 Let M be a compact Cartan hypercontact 3—manifold and X be a
compact flat hyperkihler manifold. If every solution f of dg(f) = 0 is nondegenerate
then their number is bounded below by the sum of the Betti numbers of X (with
coefficient ring Z, ). In particular, dg ( f) = 0 has a solution for every smooth function

H: XxM—>R.

Proof See Section 5. O

3 Regularity and compactness

We assume throughout that X is a compact hyperkdhler manifold and M is a compact
3—manifold equipped with a positive hypercontact structure «. Then the Reeb vector
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fields vy, vy, v3 form a (positive) orthonormal frame of 7'M and hence determine a
second order elliptic operator

3 3
(26) L= LyLy=—d*d =) div(v;)Ly,.

i=1 i=1

If @ is a Cartan structure then div(v;) = d*o; = 0 (by Lemma 2.4) and so L is
the Laplace-Beltrami operator on M . In local coordinates y!, y2,y* on M the
operator L has the form

3 82 3 a
27 L= Y a" +y b —,
nyV v
w,v=1 8y ay v=1 ay
uv . __ n.ov v._ i M
where ak’ = Zvi vy, b" = Z i v; .
i=1 i,u=1

Since the vector fields v; form an orthonormal frame of T M , the coefficients a*”
define the Riemannian metric on the cotangent bundle in our local coordinates. The
operators L on M and

on R x M will play a central role in our study of the solutions of Equations (21)
and (22).

Theorem 3.1 (Regularity) If p > 3 then every W17 solution f of dg(f) =0 is
smooth. If p > 4 then every W7 solution u of (22) is smooth.

Proof For every vector field v € Vect(M) we write 0, f = Ly f = df (v). Then,
for every smooth map f: M — X and any two vector fields v, w on M, we have
Wow f — Vip0y [ = —0[y,w] /. Hence

3
(29) Ea(f) = - Z V'Ui avi f - Ia[vz,v3]f - Ja[vg,vl]f - Ka[vl,vg]f-

i=1
In local coordinates (x!,...,x™) on X and (y', »2, y3) on M we have

3

92 f* f* owY ok ofafd
(Vvawf)k: Z ( S v“w"—l—L o v+ Z rk /" of v“w”).
i,j=1

VA vV 9y ij oL 9v
pamy \0YVOy dy¥ dy dyH dy

Geometry & Topology, Volume 13 (2009)



Hypercontact structures and Floer homology 2561
With L as in (27) this gives

of* of
Ea k — —L k k ,LLV k’
@a()* =-Lf MZ“]Z_I Ea Y

m {
af
where }If E E (IKTv2, v3]” + T E[vs, v1]” + KE w1, vz]) 3y
{=1v=1

Moreover, the function hjlﬁ (PI(f))*k = (BVH(f))* is given by

mo 2 IVH)E f aVHe " i
jAl=1v=

i=1

where céf V.=

v1 + J + Kk ¢ v3
Hence every solution of (21) (of class W 1P satisfies the elliptic pde

aft af
k k k

w,v=1i,j=1

If f € WP for some p > 3 then the right hand side is in L?/2 and hence, by elliptic
regularity, f is of class W27 /2, By the Sobolev embedding theorem, we then obtain
f e W4 where ¢ :=3p/(6— p) > p. Continuing by induction, we obtain eventually
that / € W4 for some g > 6, hence f € W2 and, again by induction, / € Wk-?
for every integer k.

To prove regularity for the solutions of (22) we introduce the operators
D::VY+IVUI+JVUZ+KVU3S D*::_V.Y+IVUI+JVU2+KVU3'

Then we have

3
D*(0su + d(u)) = —V;05u — Z Vi; Ov; U
i=1

- Ia[vz,v3]“ - Ja[v3=v1]u - Ka[vl,vz]u'

D

Here we have used (29) and the fact that Vydy,u = V,;05u fori =1,2,3. If u isa
solution of (22) then dsu + #(u) = V H(u). Hence in this case we obtain the equation

ut dul ut du’l
nv k
(32) Lu¥ E E I; (u)( 5 85 +a By ay") gu hy,

w,v=1i,j=1
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2 92 >0
R v v
where L:= as—z + E a“ ayluayv + E b ayv 5

w,v=1 v=1

m 3
=y "3 (Ie [v2. v3]” + JF[vs. v1]” + K [v1. v2]" )

{=1v

=1
mo 2 IVHY dul  dVH)Y T
(33) ZZ (%aﬁv ( )—i-ZF (VH)’ )
: v=1 i=1

Bu‘/Z

Z rk (u)(VH)'

i,j=1

i (VH)k 8u

If ue WP with p > 4 then the right hand side in (31) is in L?/2 and so u € W2P?/2,
Thus the Sobolev embedding theorem gives u € W14 with ¢ := 4p/(8 — p) > p.
Continuing by induction we obtain that # is smooth. This proves the theorem. |

The bootstrapping argument in the proof of Theorem 3.1 gives rise to uniform estimates
for sequences that are bounded in W -7 Hence the Arzéla—Ascoli theorem gives the
following compactness result.

Theorem 3.2 Assume X is compact.

(i) Let p > 3 and Q2 C M be an open set. Then every sequence of solutions
SV Q@ — X of Equation (21) that satisfies sup,, |df”||L»(c) < oo for every
compact set C C 2 has a subsequence that converges in the C°° topology on
every compact subset of 2.

(i) Let p >4 and Q C R x M be an open set. Then every sequence of solutions
u’: @ — X of Equation (22) that satisfies sup,, ||du"||»(c) < oo for every
compact set C C 2 has a subsequence that converges in the C°° topology on
every compact subset of 2.

A priori estimates

To remove the bounded derivative assumption in Theorem 3.2, at least in the case where
X is flat, we establish mean value inequalities for the energy density of the solutions
of (22). The solutions of (21) then correspond to the special case dsu = 0. The mean
value inequalities will be based on Theorem B.1 in Appendix B.

Throughout we denote by L and L the operators (26) and (28) on M and R x M,
respectively, and by R the Riemann curvature tensor on X'. Foramap u: Rx M — X
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we define the energy density e,: R x M — R by

3
1 1
ey = 3 |0su|* + 3 Z|8viu|2,

i=1
and we denote by r,: R x M — R the sum of the sectional curvatures of suitable
coordinate planes tangent to u:

3 3
rui=2Y (R, 0y;u)dy;u, Osu) + Y (R(Dv; . D) du u, ;).

Jj=1 i,j=1

Throughout we fix a Hamiltonian perturbation H: X x M — R. We explicitly do not
assume that the hypercontact structure on M is a Cartan structure (unless otherwise
mentioned).

Lemma 3.3 There are positive constants A and B, depending only on the vector fields
v;, the metric on X, and the Hamiltonian perturbation H, such that every solution
u: Rx M — X of (22) satisfies the estimate

(34) Leuw+ru>—A— Bley)*?.
If H = 0 we obtain an estimate of the form Le, +r, > —Cey.
Proof It is convenient to denote the vector field d; on R x M by vg. Then the Lie
brackets [vg, vj] vanish for all j, but we shall not use this fact. Abbreviate
wy 1= [v2, v3], wy 1= [vs, v1], w3 1= [v1, V]

and define the operators
3 3
LY ="V 0y, LY =) VW,
i=0 i=0

Thus £X acts on maps u: Rx M — X and £V acts on vector fields along such maps.
With this notation every solution u of (22) satisfies the equation

(35) LXu=—D*VH(u)— 13y,u—Jdy,u— Kdy,u,
where D* = -V, + I'V,, + J Vi, + KV, . Moreover,

3

3
(36) Lew=Y (LY u.duu) + puc  pui= Y |Vo,dnul”.
j=0 i,j=0
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We compute

Evavj u= Z Vi Vo, O, u — Z Vo, 0w 0,1
i i
=3 R(Bu,tt, 8, 0) 0 + Vo, L1 =" (Vo 8wy 077t + Vi 0700, 1)
i i

- Z R(Dy, 1, dy;u)dv;u + hj(u) + & (u),

where the sums are over i = 0,1,2,3 and

hj(u) = (Vv] Vs - IVUJ Vvl - JVv] sz - KVv] VUS)VH(M),
Ej (u) = _IVUJ awl u— JVU] awzu - KVv] awSu - Z (Vvi a[vi,vj]u + V[vi’vj]avi u) .

i

Since the vector fields vy, v, v3 form an orthonormal frame of 7'M there is a constant
¢ > 1 such that, for every smooth map u: R x M — X and every smooth perturbation
H: X x M — R, we have

3
S 1@ < e (ewt pu).
j=0

3
3 @) = el Hles (1+eu+ /Pa) -
j=0

Here p, is as in (36). This gives

3

3
1 c
= 52 D P + 5 ) o ul
=

j=0
pu 1
<—+ (c + 5) eu,

<clHlcs v2eu (1+eu+ /Pu)

3
> (& (). 0y, u)
j=0

3

Z hj(u), 0y, u)

Jj=0

< % + 2 [ H|%s e+ 2 | Hlles ver(l +e).
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Hence it follows from (36) that

3

Ley +ry = pu+ Z(hj(u) + & (u), av,-“)
j=0

1
> (5 + e IR ) eu = VEc Il es (0 20+ e

> —c2 |H|| %5 — (1 +c+ 2 | H|Z: )ew— N2 || Hl o3 (eu)*?
and thus

BN Lewtru==C(IHIEs + (1+1HI%s Jeu + [ Hlles (e0)2),

where C :=1+c?. Using the inequality ab < %ag’ + %b3/2 for a, b > 0 we obtain (34)
with

1 3 2
4:= C(||H||2C3 + 31+ 1H]E) ) B:=C (g + ||H||C3)-
This proves the lemma. O

Remark 3.4 For general hyperkédhler manifolds Lemma 3.3 gives an estimate of the
form

Le>—c(1+e?)
for the energy density of solutions of (21) and (22). In dimensions n = 3,4 the
exponent 2 is larger than the critical exponent (n + 2)/n in Theorem B.1. For the
critical points f: M — X of Ay this means that the energy

£ =3 [ 1P avolys

does not control the sup norm of |df| even if we assume that there is no energy
concentration near points. This is related to noncompactness phenomena that can be
easily observed in examples. Namely, composing a holomorphic sphere in X (for one
of the complex structures Jy = A1 + A,J 4+ A3 K) with a suitable Hopf fibration
gives rise to a solution of 4( /) = 0. Now the bubbling phenomenon for holomorphic
spheres leads to sequences fV: S — X of solutions of (21) where the derivative df"”
blows up along a Hopf circle, while the energy remains bounded.

Lemma 3.5 There is a constant C > 0, depending only on the vector fields v;, the
metric on X , and the Hamiltonian perturbation H , such that every solution u: Rx M —
X of (22) satisfies the estimate

(38) L|9gul* = —C (1 + |dul*) |9;ul* .
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Proof Abbreviate vy := ds and wq := [va, v3], wy ;= [v3, V1], w3 :=[v1, V3] as in
the proof of Lemma 3.3. Define the functions eq, ro: R x M — R by

3
1
ey = 3 |0su|? ro i= Z(R(asu, 0y; u)0y; u, Ostt)

i=1
Then

3
(39) Leg =Y Vo, dsu|* + (LY dsu. dyu).
i=0

As in the proof of Lemma 3.3 we have

(40) LYB5u =" R(3v;ut, d5)du;u + ho(u) + o (u),

where the sumis over i = 1,2, 3 and
ho(u) == (Vs Vs — IVsVy, — J VsV, — KV Vo, ) VH (1),
Eo(u) := —IVs0y,u — J VsOy,u — KV 0y 1.

Now lho ()] + 50 ()| < C(l +ldul+ [ ‘Vviasu|2) |Osu
i

and hence it follows from (39) and (40) that

Leo+ro=" |V dstu|” + (o (u) + Eo(u). dyu)

1
> Z \v,,,.asu|2—2c(1 + |du| + Z ‘Vviasu}z)eo
i

1

1
> 3 Z Vi, asu\z —2¢(1+ |dul| + ceg)eo.

l
Since eq < |du|? and ry < ¢ |du|? ey this proves (38). ad
Compactness for critical points

Theorem 3.6 Let M be a Cartan hypercontact 3—manifold and X be a compact flat
hyperkéhler manifold. Let H: X x M — R be any smooth function. Then the set of
solutions of (21) is compact in the C*° topology.

Geometry & Topology, Volume 13 (2009)



Hypercontact structures and Floer homology 2567

Lemma 3.7 Let M be a Cartan hypercontact 3—manifold and X be a compact flat
hyperkéhler manifold. Then there is a constant ¢ > 0 such that

A(f) < e /M 131 dvolys

for every [ € F. In particular, every solution of (13) is constant.
Proof Throughout we abbreviate

1£1= /M fPavolas,  lldf] = \/ /M 1df? dvolas.

The Poincaré inequality asserts that there is a constant C > 0 such that every smooth
function f: M — H" satisfies

@) [ favh=0 = isl=Clar.
Since « is a Cartan structure Equation (29) takes the form
(42) PRf =d*df —«kDf

for f: M — H". Here we write 4(f) = P f because X = H" is equipped with the
standard flat metric and f + 4(f) is a linear operator. Taking the inner product with
f we obtain

ldr|? = fM<f, DDS +xDf) dvolyg

<I2/1?+c /1P /]

2SI +Cldf | S]
2

C? 2
D
7]

whenever f has mean value zero. By Lemma 2.2, this implies

1 X K
<|I2fI*+ 5 ldf1I* +

A =3I =1211P) = (14+2C2) [ D12 dvolyy
M

for every smooth map f: M — H". (We can drop the mean value zero condition by
adding a constant to f'.) Now the theorem of Geiges—Gonzalo [13] shows that M is a
quotient of the 3—sphere by a finite subgroup of SU(2). If M = S3 every smooth map
f: M — X factors through a map to the universal cover H” of X and the assertion
follows. The general case follows from the special case for the induced map on the
universal cover of M . m|
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Proof of Theorem 3.6 By Lemma 3.7 the critical points of Ay satisfy a uniform
action bound. The action bound and the energy identity of Lemma 2.2 give a uniform
L' bound on the functions e, := |df;|?. Since the exponent % in the estimate (34)
of Lemma 3.3 is less than the critical exponent % we obtain from the Heinz trick
(Theorem B.1) a uniform L°° bound on the sequence e, . Hence the result follows
from Theorem 3.2. O

Remark 3.8 If M is the 3—torus then the assertion of Lemma 3.7 continues to hold
for the contractible maps f: M — X. In the noncontractible case we may have
nonconstant solutions of (21) and the estimate of Lemma 3.7 only holds with an
additional constant on the right.

Remark 3.9 Let X be a K3 surface. Then compactness fails for the critical points of
Apg even in the case H = 0 and for sequences with bounded energy (see Remark 3.4).

Compactness and exponential decay for Floer trajectories

Lemma 3.10 Let M be a Cartan hypercontact 3—manifold and X be a compact hy-
perkihler manifold. Let H: X x M — R be any smooth function and u: Rx M — X
be a solution of (22). Then the following holds.

(i) Forevery s € R we have

1 3
(43) —/ |clu|2 < A(u(s, -)) + Vol(M) sup |VH|2+—/ |8su|2.
2Jm XxM 2Jm

(i1) If u has finite energy

o0
Eg(u) =/ / |8su|2 Kk dvolps ds < oo
—oo JM

and sup |du| < oo then all the derivatives of u are bounded on R x M and dsu
converges to zero in the C* topology as s tends to +oc0.

(ii1) If X is flat then

Eg(u) <oo == sup |du| < oo.

Proof We prove (i). By Lemma 2.2, every solution u of (22) satisfies

EGuls. ) = Awls, ) + 3 [ 1VH) 0P
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and hence

1 1
—/ dul? = Eus, ~)>+—/ st
2 JIm 2 m

< A(u(s, -)) + Vol(M) sup |VH|2+§/ |dsu)? .
XxM 2 /M

Here we have used the fact that the hypercontact structure on M is a Cartan structure.

This proves (i).

We prove (ii). Since u satisfies (35) and |du| is bounded the standard elliptic boot-
strapping arguments as in the proof of Theorem 3.1 give uniform bounds on the higher
derivatives of u. Since |du| is bounded it follows from Lemma 3.5 that the function
|dsu|? satisfies an estimate of the form

L19sul® > —C |dsul?.

This in turn implies that u satisfies the mean value inequality

so+1
195u(s0. 1)I? Ec/ / 19,ul? dvolyy ds
so—1 M

for a suitable constant ¢ > 0 (see Theorem B.1 with 4 =0 and 4 =« = 1). Using
the finite energy condition again we find that ds;u converges to zero uniformly as |s|
tends to infinity. Convergence of the higher derivatives of dsu follows from an elliptic
bootstrapping argument using Equation (40). This proves (ii).

We prove (iii). Assume X is flat. Then it follows from Lemma 3.3 that there are
positive constants 4 and B such that

L|du|*> > —A— B |dul®

for every solution u: R x M — X of (22). Hence, by Theorem B.1, there are positive
constants % and ¢ such that every solution of (22) satisfies

1
(44) 32/ ldul> <h = |du(z)]* <c (Ar2 += |du|2)
B.(2) I JB(2)

forze RxM and 0 <r < 1. Now suppose u: Rx M — X is a solution of (22) with
finite energy £ (1) < oo. Then the formula

/s’ /M Bsul? & dvolys ds = Ap (u(so, ) — A sy, -))

shows that there is a constant C > 0 such that Ag (u(s, -)) < C for all s. Explicitly
we can choose C := A(u(0, -)) + £y (). Combining this with (43) we obtain an
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inequality

(45) / \du|? 5c+3/ |9u|?
M M

for every s € R, where ¢ :=2C + 2 Vol(M ) sup |V H|. Next we choose T > 0 so

large that
o0 ) h
0 dvolpys < —.
| sl avolas < 77

Then, for zg = (sg, yo) € [T + 1,00) x M and r < %/(8cB?), we have

so+r
/ |du|? 5/ / |du|? dvolys ds
By (z0) so—r JM

so+r
5/ (c+3/ |0gu|? dvolM) ds
so—r M

o0
<2cr —|—3/ / |05u|* dvolps ds
T JMm

<2er+ 3h - h
cr+— < —.
- 4B? = B2
Here the second inequality follows from (45) and the third from the fact that sg—r > T'.
The same estimate holds for so < —7 — 1. Hence it follows from (44) that |du| is

bounded. This proves the lemma. O

Remark 3.11 It is an open question if part (iii) of Lemma 3.10 continues to hold
without the hypothesis that X is flat.

Lemma 3.12 Let M be a Cartan hypercontact 3—manifold and X be a compact flat
hyperkihler manifold. Let H: X x M — R be any smooth function. Then there is a
constant ¢ > 0 such that

—c = Ag(u(s.-)) =c

for every finite energy solution u: R x M — X of (22) and every s € R.

Proof By Theorem 3.6, there is a constant ¢ > 0 such that
—c<Ag(f)=<c

for every critical point of A . Now let u: R x M — X be a finite energy solution
of (22) and choose a sequence of real numbers sV — —o0. Passing to a subsequence we
may assume that u(s¥ + -, -) converges, uniformly with all derivatives, to a solution
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of (22) on the domain [—1, 1] x M. By (i), this solution is a critical point of Ag .
Hence

lim Ag(u(s’, -)) <c.

V—>00

Since the action is nonincreasing along negative gradient flow lines this shows that
A(u(s, -)) <c forall s € R. The lower bound is obtained by the same argument for a
sequence s — +oo. This proves the lemma. O

Theorem 3.13 (Exponential decay) Let M be a Cartan hypercontact 3—manifold
and X be a compact hyperkihler manifold. Let H: X x M — R be a smooth function
such that every solution of (21) is nondegenerate. Let u: R x M — X be a solution
of (22). Then the following are equivalent.

(a) The energy Eg(u) is finite and |du| is bounded.
(b) There are solutions f*: M — X of Equation (21) such that
(46) lim w(s.y)= /) lim Agus. ) =Ag(f*),
s—>£o0 s—*oo

and limg_, 1o, d5u(s, y) = 0, Moreover, the convergence is uniform in y and
|du| is bounded.

(c) There are positive constants p and cy, ¢y, C3, ... such that

47 19sull ce -1, T]x My < Cee T

for every T > 0 and every integer £ > 0. Moreover, |du| is bounded.

Proof That (c) implies (a) is obvious. We prove that (a) implies (b). By Lemma 3.10 it
follows from (a) that |dsu| converges to zero uniformly as |s| tends to infinity and that
du is uniformly bounded with all its derivatives. Hence every sequence s, — £00 has
a subsequence, still denoted by s,,, such that u(s,, -) converges in the C°° topology
to a solution of (21). Now it follows from the nondegeneracy of the critical points of
Apg that they are isolated. Hence the limit is independent of the sequence s, . This
proves (b).

We prove that (b) implies (c). Consider the function ¢: R — [0, co) defined by

1
o(s):= —[ K |9su|? dvolpy .
2/m

By assumption, this function converges to zero as s tends to +=0o. Moreover, its second
derivative is given by

6" (s) =fo |vsasu|2+/Mx<vsvsasu,asu>
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Denote by Py :=1Vy, + IV, + KV,; —VV H(u)

the covariant Hessian as in (24). Since the vector fields v; are independent of s we
have
Vsosu = —Vydg(u) = —Pposu = Pudg (u).

Differentiating this equation covariantly with respect to s we obtain
VsVsOsu =P Vsdpg (1) +[Vs, Paldpg (u) = PPy osu—[Vs, Pglosu.
Since Py is self-adjoint with respect to the L? inner product with weight « this gives

¢"(s) = [MK 1% d5u® + /M” Dadsul’ — /quvs,m]asu,asu).

Since |du| is bounded we have an inequality

f i (% PrrlBsie, dsu) < ¢ |8l oo ary [ dsul?.
M M

Moreover, by Lemma 3.10, the bound on |du| guarantees that u(s, -) converges in the
C topology to f* as s tends to +00. Since f* are nondegenerate critical points
of Ay we deduce that there is a constant p > 0 such that, for |s| sufficiently large,

we have
/ " mHasuPzzpzf Dgul?.
M M

Choosing [s| so large that ¢ [|dsu || oo(ar) < 0> we then obtain

9" (s) = p ¢ (s).
Hence L)+ pp) = @ (5) 795 2 0.
Since ¢(s) — 0 as 5 — 0o we must have

pp(s) +¢'(s) <0

for all sufficiently large s and hence e¢”*¢(s) is nonincreasing. This proves the expo-
nential decay for ¢. To establish exponential decay for the higher derivatives one can
use an elliptic bootstrapping argument based on Equation (40) to show that the L*°
norm of dsu controls the higher derivatives. This proves the theorem. O

Remark 3.14 If X is flat then the condition sup |du| < co in (a)—(c) in Theorem
3.13 can be dropped. This follows from Lemma 3.10 (iii) and the fact that each of the
conditions (46) and (47) guarantees finite energy. Similarly, the next theorem continues
to hold for general compact hyperkihler manifolds if we impose the additional condition
sup,, SUpry as |du’| < 0o.
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Theorem 3.15 (Compactness) Let M be a Cartan hypercontact 3—manifold and X
be a compact flat hyperkahler manifold. Let H: X x M — R be a smooth function such
that every solution f of 35 (f) = 0 is nondegenerate. Let f* be two distinct critical
points of Ay and u” be a sequence in M(f~, f: H). Then there is a subsequence
(still denoted by u" ), a catenation

up € M(fo, f1: H),uz € M(f1, f2: H),...,uny € M(fn—-1. fn: H)

of Floer trajectories, and there are sequences s{ < sy <--- < sy such that

Jo= /", n=,T, Ag (fj-1) > Aa(fj).

and, for j =1,..., N, the shifted sequence u"(sj‘.’ + -, +) converges to uj uniformly
with all derivatives on every compact subset of R x M .

Proof By Lemma 3.10 the functions u" satisfy (44) for suitable constants A, B, ¢, k.
This implies the following.

Energy quantization I Let xo € R x M and suppose that there is a sequence x* — X
such that |du" (x")| diverges to infinity. Then

h
lim inf du”> > —
V=% JB, (xo) B

for every ¢ > 0.

The proof uses the Wehrheim trick. Suppose, by contradiction, that there is a constant
e > 0 and a sequence v; — oo such that B2 fBe(XO) |du¥i |* < h for every i . Then we
can use (44) with x € B,/5(x¢) and r = &/2 to obtain

: Ag* 16 . Ace?  16¢h
|dul), (X)|2 <c _8+_4 |du”’|2 < ce n 264
4 & B¢ (x0) 4 B*<e

forall x € Bg/(xo) and v > vg. With x = x"! it follows that the sequence |du"’ (x"7)|
is bounded, a contradiction.

Energy quantization I Let xo = (s, yo) € R x M and suppose that there is a
sequence x¥ = (s¥, V) — (89, Xo) such that |du®(x")| diverges to infinity. Then

so+e¢ #
lim inf / |0su”|> > —
v>oo Jo o Ju 3B2

for every ¢ > 0.
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By Lemma 3.10 (i) we have

1
48) /|asu“|2z—/ | —
M 3/m

for some constant ¢ > 0 independent of v and s. The assertion follows by integrating
this inequality from 5o — ¢ to s¢ + ¢ and taking the limit ¢ — 0.

With this understood it follows that, after passing to a subsequence, we obtain diver-
gence of the energy density at most near finitely many points. On the complement
of these finitely many points, a further subsequence converges to a solution #* of
dsu® 4+ dg (u®) = 0 in the C*® topology, by Theorem 3.2. Now it follows from the
inequality (48) that the L? norm of du® is finite on every compact subset of R x M
and in particular in a neighborhood of each bubbling point. Hence we can use the
removable singularity Theorem C.1 to deduce that the limit solution can be extended
into the finitely many missing points. The upshot is that, by standard arguments,
we obtain a convergent subsequence as in the statement of the theorem, except that
u“(sj‘.’ + -, -) need only converge to #; in the complement of finitely many points. If
these bubbling points do exist we have

s}’-l—T h
An(fi) = Au(f) = Emluy) < lim J M
T—o00 s¥-T JM B

for some j. However, this would imply that the sum of the energies £y (u;) is
strictly smaller than £ (u”) = Ag(f~) — Ag(f ™) which is clearly impossible.
Thus bubbling cannot occur and the sequence |du”| must remain uniformly bounded.
This proves the theorem. |

Remark 3.16 A key issue in developing the Floer theory of the action functional A g
for general (compact) hyperkédhler manifolds is to extend Theorems 3.6 and 3.15 to
the nonflat case. One then has to address the codimension-2 bubbling phenomenon for
finite energy sequences of solutions f of dg(f) =0 and u of dsu + dg(u) =0.

4 Moduli spaces and transversality

Transversality for critical points

Let H := C°°(X x M) and, for H € H, denote by

C(H):={f: M — X | f satisfies dg () = 0}
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the set of critical points of Ag. Recall that a critical point f € C(H) is called
nondegenerate if the Hessian

Df,H = Iv’l}l +JVU2+KVU3_VVH(f)

is bijective as an operator from Ty F = QO%(M, f*TX) to itself (respectively as an
operator from W*T1L-P(M, f*TX) to WKk-P(M, f*TX)). Denote by

H™O™¢ .= { H € H | every critical point f € C(H) is nondegenerate}
of all H € H such that Ag: F — R is a Morse function.

Theorem 4.1 For every compact 3—manifold M with a positive hypercontact structure
and every hyperkéahler manifold X the set H™°™° is of the second category in H.

Proof Fix an integer £ > 2 and abbreviate H*¢ := CK(X x M). Then the regularity
argument in the proof of Theorem 3.1 shows that /' with 3z (/) = 0 is of class W¥-?
for any p < oo. Fix a constant p > 3 and denote by

Cti={(f,H) e WHP(M, X) x H' | [ satisfies 3 (f) =0}

the universal moduli space of critical points. We prove that ct is a €' Banach
manifold. It is the zero set of a C*~! section of a Banach space bundle

E—WhP(M, X) x H*
with fibers £ g := LP (M, f*T x). The section is given by
(/. H)— 3 (f)
and we must prove that it is transverse to the zero section. Equivalently, the operator
(49) WP (M, f*TX) x H > LP(M, f*TX), (§,h)— Pra&—Vh(f)
is surjective for every H € H* and every f € C(H).

Let 1/p+1/g =1 and choose an element n € LY(M, f*TX) that annihilates the
image of (49) in the sense that

/M(n, Dra&—Vh(f)) K dvolpr =0

for all € Hy and £ € WIP(M, f*TX). Then, by elliptic regularity, we have
ne WhP(M, f*TX) and

Pryn =0, /(n,Vh(f))/cdvolM=0 v heHt.
M
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In particular 7 is continuous. If 7 % 0 then it is easy to find a smooth function
h: X x M — R such that (n, Vi(f)} = 0 everywhere on M and (n, Vi(f)) > 0
somewhere. Namely, choose a point yg € M with (o) # 0 and a function sy: X — R
such that

ho(f(y0)) =0, Vho(f(¥0)) = n(yo)-
Then there is a neighborhood Uy C M of yq such that

n(»). Vho(f(»)) >0

for all y € Uy. Now choose a smooth cutoff function 8: M — [0, 1] with support in
Uy such that B(39) = 1. Then the function i(y, x) := B(»)ho(x) has the required
properties. Thus we have proved that the operator (49) is always surjective and hence
Ct is a C*~! Banach manifold as claimed.

Now the obvious projection
xt et > H

is a C*~! Fredholm map of index zero. Since £ > 2, it follows from the Sard—Smale
theorem that the set H™¢¢ ¢ H¢ of regular values of ¢ is dense in H*. Now the
result follows by the usual Taubes trick as explained, for example, in [22, Chapter 3].
Namely, for a constant ¢ > 0 we may introduce the set HS““S“ of all H € H* such
that the critical points f € C(H) with sup |df| < ¢ are nondegenerate. By Theorem
3.2, this set is open in HY. (In fact Theorem 3.2 can be extended to obtain a W¢=1-7
convergent subsequence whenever H is of class C ¢ respectively converges in C )
Since H™E = M) = H?Orse’z, we obtain with £ = oo that each corresponding set
HO™¢ is open and dense in H and so H™™¢ = (") .. o H°"® is a countable intersection
of open and dense sets in H. This proves the theorem. |

Fredholm theory

The study of the spaces of solutions of (22) is based on the linearized operators
Dupg: WHP(R x M,u*TX) — LP(R x M,u*TX) defined by

Dbt =V + IV, + IV, + KV, — VVH(u).

It follows from the familiar arguments in Floer homology that D, g is a Fredholm
operator whenever f* are nondegenerate critical points of Ag and u satisfies the
exponential decay conditions of Theorem 3.13. It is also a standard result that the
Fredholm index of D, g is given by the spectral flow of Atiyah—Patodi—Singer [2].
More precisely, given a contractible critical point f € C(H) choose a smooth path
[0,1] = F : t — f; such that

fo = constant, fi=f
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and choose ¢ > 0 such that the negative eigenvalues of Dy, are all less than —¢. Now
define the integer g (f) by the formula

(50) ng(f) = —specﬂow( {Ef,,tH +e(l _t)]l}ostsl )

It follows from Equation (11) (with ¥ = S x M) that this integer is independent
of homotopy ¢ — f; whenever X is flat. If f: M — X is not contractible then the
definition of the index g (f) depends on the choice of a fixed reference map fy.

Proposition 4.2 Assume H € H™"™¢ and f* e C(H).
(i) For every smooth map u: R x M — X satistying (23) the operator
Dug: WHPRx M, u*TM) — LP(R x M, u*TM)
is Fredholm and its Fredholm index is

index(Dy, i) = pu (/") —pa(f1).

(i) If H: X — R is a Morse function with sufficiently small C* norm and f(y) =
Xo Is a critical point of H then pug(f) = dim X —indg (xg) is equal to the
Morse index of x as a critical point of —H (ie the number of positive eigenval-
ues of the Hessian of H at xg).

Proof The Fredholm property in (i) follows from standard arguments in Floer theory
as in Donaldson [6] and Floer [9] in the instanton setting and in Floer [10] and
Salamon [27] in the symplectic setting. The index identity is a well known result
about the correspondence between the spectral flow and the Fredholm index (see
Atiyah—Patodi—Singer [2] and Robbin—Salamon [25]). The second assertion follows
immediately from the definition of g . O

Transversality for Floer trajectories

For f* e C(H) we denote by M(f~, fT: H) the moduli space of all solutions
u: Rx M — X of (22) and (23) for which |du| is bounded. To prove that these spaces
are smooth manifolds we must show that the linearized operator D, g is surjective for
every solution u# of Equation (22) and (23). Let

H* CH

denote the set of all Hamiltonian perturbations H € ‘H such that Py g is bijec-
tive for every critical point f € C(H) of Ay and D, g is surjective for every
ue M(f~, fT:H) and all f* eC(H).
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Theorem 4.3 For every compact 3—manifold M with a positive hypercontact structure
and every hyperkihler manifold X the set H"™¢ is of the second category in H. If
H € H™¢ then the moduli space M(f~, f+; H) is a smooth manifold of dimension

dim M/~ ST H) = pa (f7) —pa(f )
for every pair f* € C(H).

To prove this result we follow essentially the discussion in [12]. The first step is a
unique continuation result.

Proposition4.4 Let{ >3, He H*, and ug,u1: Rx M — X be two C1 solution
of (22). If ug and u agree to infinite order at a point (sg, yo) € R x M then they agree
everywhere.

1

Proof In local coordinates x',...,x™ on X and yl, yz, y3 on M both functions

satisfy Equation (32). For the difference
= (1 —uo)*

in local coordinates this gives an estimate

Verid <CZ (Iu’l-l—

j=1

on’

Z ) k=1,...,m.
=1

This is precisely the hypothesis of Aronszajn’s theorem [1]. Hence, if # vanishes to
infinite order at a point it must vanish identically in a neighborhood of that point. This
implies that the set of all points (s, y) where uy and u; agree to infinite order is open
and closed. This proves the proposition. a

Proposition 4.5 Let H € H and u: R x M — X be a smooth map. Let & €
QOR x M, u*TX) be a vector field along u such that

,Du,Hg = Vsé + Ivvlg + vaz‘i: + KVU3$_VEVH(M) =0.
If & £ 0 then the set

Z:={(s,y) eERxXM[£(s,y) =0}

can be covered by countably many codimension 2 submanifolds of R x M . In particular,
the set (R x M)\ Z is open, connected, and dense in R x M .
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Proof The proof has three steps.

Step 1 If £ vanishes to infinite order at a point (sg, yo) € R x M then & vanishes
identically.

We use the identity
D*Dg + LVE = — T(R(Dsu, 3y, u)E — R(Dyytt, D3 )E + Vi, 031E)
- J(R(aslfh avzu)g - R(av3ua av1 M)é + v[‘1)3,1)1]5)
- K(R(asu, Oyyu)é — R(0y, u, 0y, u)é + V[vl,vz]f;‘).

If D& = VeV H (u) we obtain an inequality of the form

3
|£Vs) < c<|E| +IVEL+ ) Vi€ )
j=1

In local coordinates the leading term of £V has diagonal form. Hence the assertion of
Step 1 follows from Aronszajn’s theorem [1].

Step 2 Let Z; C Z denote the set where & and its derivatives vanish up to order k .
Then, for every zo = (5o, Yo) € 2k \ Zk+1 . there is an open neighborhood Uy C R x M
and a codimension 2 submanifold V C R x M such that

(Zk\ Zk+) NGy C V.
Fix an element zg € Z; \ Zx41. For v = (vo, v, v3,v3) € N* denote
VVE = Vi -+ Vo Yoy =+ Vi, Vo -+ Vi, Viog -+ Vis &,

where vg := ds and each term Vj, occurs v; times. Since all derivatives of & vanish
up to order k at the point zy we have

Vi, V'E(z0) = V", £ (z0).

for [v| :=vo+vi+vy+v3 =k and i =0,1,2,3. Since zyg € Zy there is a
multi-index v € N* with [v| = k and an i € {0, 1,2, 3} such that V,, V"£(zo) # 0.
Consider the vector field

n:=V"§
along u. Again using the fact that all derivatives of £ up to order k vanish at z, we
obtain

Vv()r](ZO) + Ivvln(ZO) + vazn(ZO) + KVU3 77(20) =0.
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Since one of the vectors V;,;1(z¢) is nonzero it follows that the four vectors V,,;1(z¢)
cannot all be linearly dependent. Hence, in local coordinates x', ..., x™ on X there
exist indices i, j € {1,...,m} such that the differentials of the functions 7,7/ (on an
open neighborhood of zy in R x M) are linearly independent. Hence, by the implicit
function theorem, there is a neighborhood Uy C R x M of zy such that the set

Vi={xeUy|n'(x)=n'(x)=0}
is a codimension 2 submanifold of R x M . Since
Zr\ Zr1)NUCV

this proves Step 2.
Step 3 We prove the proposition.

By Step 1 we have

z=J @\ Z4)-

k=0
By Step 2 each of the sets Zj \ Z; 41 can be covered by finitely many submanifolds
of codimension 2. This proves the proposition. O

Let H e H and u: Rx M — X be a C*~! solution of (22) and (23). Call a point
(s,y) € Rx M regular if

dsu(s, p) 0, uls,p)# [5(),  uls,y) gu®\{s}, ).

Let R(u) C R x M denote the set of regular points of u.

Proposition 4.6 Fix an integer £ > 4. Let H € H* and u: Rx M — X be a C*~!
solution of (22) and (23) with f~ # f+. Then the set R(u) of regular points of u is
open and dense in R x M .

Proof That the set R(u) is open follows by the same argument as in the proof of [12,
Theorem 4.3]. We prove in four steps that R(u) is dense.

Step 1 The set
Ro(u) :={(s,y) e Rx M | dsu(s, y) # 0}

is open and dense in R x M .

The vector field dsu is in the kernel of the linearized operator D, g and is a vector
field of class C*~2 and hence of class C2. Now Step 1 in the proof of Proposition 4.5
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continues to hold for C? vector fields and hence the set Rq(u) is dense in R x M .
That it is open is obvious. This proves Step 1.

Step 2 The set
Ri(u) = {(s,») € Ro(w) |u(s,y) # f=(»)}

is open and dense in R x M .

That the set is open is obvious. We prove it is dense. By Step 1 it suffices to prove that
every point (s, y) € Ro(u) can be approximated by a sequence in R (u). Because
dsu(s, y) # 0, every sequence (s, y) with s, — s and s, # s belongs to the set
R1(u) for v sufficiently large. This proves Step 2.

Step 3 The set
Ra(u) :={(s,y) € Ri(u) |u(s, y) € u(®R x{y}\ Ro(u))}

is open and dense in R x M .

We prove that the set is open. Suppose, by contradiction, that there is an element
(50, ¥0) € R»(u) and a sequence (sy, yy) € R1(u) \ Ra(u) converging to (sg, Vo).
Since (sy, yy) € Ro(u) there is an s/, € R such that

asu(s‘/,, w) =0, u(sl/), ) = u(sy, y).

The sequence s;, must be bounded; for if s, — +oo then u(s}, y,) converges to
f*(y0) and this implies u(so, vo) = f* (o), a contradiction. Thus, passing to a
subsequence, we may assume that s;, converges to a point s, € R. It then follows that
u(so. o) =u(sy, yo) and dsu(sg, yo) = 0, contradicting the fact that (so, yo) € Ra(u).

We prove that the set R, (u) is dense in R x M . It suffices to prove that every element
(50, ¥0) € R1(u) can be approximated by a sequence in R (u). If this is not the case
for some element (s, yo) € R1(u) then there is an & > 0 such that the following holds:

|s —so| <& = 35" € R such that u(s, yo) = u(s’, yo), dsu(s’, yo) =0.
However this contradicts Sard’s theorem. Namely for ¢ small the curve
[ = {u(s. yo) | Is —so| <&}

is a one dimensional submanifold of X and we can choose a projection 7: U — I" on
a suitable tubular neighborhood. Consider the open set S := {s € R | u(s, yo) € U}.
The assertion would then mean that every element of I' is a singular value of the map
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S — T :s+ m(u(s, yo)). By Sard’s theorem, this is impossible whenever u is C!.
This proves Step 3.

Step 4 The set R(u) is open and dense in R x M .

We have already observed that the set is open. We prove it is dense. By Step 3, it suffices
to prove that every element of R,(u) can be approximated by a sequence in R(u).
Suppose, by contradiction, that this is not the case for some element (s, yo) € R2(u).
Then there is an open neighborhood U C M of y¢ and two positive real number ¢, T
such that the following holds. We abbreviate I := (s¢ — &, 59 + €).

(@ IxUCRu)\Ru).
(b) u(s,y)¢u(d xU)for|s|>T and y e U.
(c) Themap I — X : s> u(s, y) is an embedding for every y € U.

Since I x U C Ry (u), the condition I x U NR(u) = & means that for every (s, y) €
I x U thereis an s’ € R\ {s} such that u(s’, y) = u(s, y). Since (s, y) € R,(u) we
must have dsu(s’, y) # 0 and, by (b), we have |s'| < T. Hence there can only be
finitely many such points s”. For s =59 let 51 <--- <sy be the points in [T, T]\ {so}
with
u(So, yo) = u(s1, yo) =+~ =u(sn, yo).

Choose r > 0 so small that the map [s; —r,s; +7] — X 15— u(s, yo) is an embedding
for every j. Shrinking U if necessary, we may assume that this continues to hold for
every ye U.

Next we claim that there is a § > 0 and a compact neighborhood V C U of yg such

that
N

yeV = u([so—08,50+6],y) C U u([sj —r,sj +rl,y).
j=1
If this were not the case, we could find sequences (sy, yy) —> (S0, o) and s;, € R\ {s,}
such that u(sy, yy) = u(s),, yy) and |S|,; —Sj‘ >y for all j and v. By taking the limit
s}, — s’ we would then obtain another element s" € {so,..., sy} with u(s, yo) =
u(so, ¥o), a contradiction.

Now define the set
Y= {(s,y) €lso—08,50 +8]xV |u(s,y) cu(lsj —r,s; + r],y)}

for j =1,..., N. These sets are closed and their union is the entire set [sg—38, sqg+3]x V.
Hence, by Baire’s category theorem, at least one of the sets X; must have nonempty
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interior. Assume without loss of generality that ¥; has nonempty interior and that
(50, yo) € int(X1). Choose a neighborhood W C V of y, and a constant p > 0 such
that

(so—p.so+p)xW CXy.
Then for every pair (s, y) € (so — p,So + p) X W there is a unique element s’ =:
o(s,y) €[sy —r,s1 + r] such that
u(s,y) =u(o(s. ), y).
This map o is evidently C*~! and satisfies o (so, yo) = s1. Moreover,
0 = 8SU(S, y) - VH(”(S’ y)) + Iavlu(s, y) + Javzu(s’ y) + K8U3M(S, y)
= (050)dsu(o, y) —VH(u(o, y)) + I(avlu(aa y) + (3y,0)05u(o, J’))
+ J (9,u(0, ¥) + (30,0)35u(0, ) + K(3u,(0, ¥) + (30;0)ds5u(0, )
= ((8s0 — 1)1+ 0dy,01 + 0y,0J + 81)30'[()351/1(0', »).
Since dsu # 0 the four vectors dsu, Idsu, Josu, Kdsu are linearly independent and
thus we obtain d,,0 =0 for i =1,2,3 and d;o = 1. This means that
o(s,y)=s4+s1—50.

In other words, the solution (s, y) — u(s 4+ 51 — 8¢, ¥) of (22) agrees with u on an
open set. By Proposition 4.4, this implies u(s, y) = u(s +s1 — 5o, y) for all s and y.
Hence /™ = f—, a contradiction. This proves the proposition. m|

Proof of Theorem 4.3 Fix a constant p > 4. There is a Banach manifold B =
B(f~, 1) of all continuous maps u: R x M — X that are locally of class W17
and, near infinity, can be written as

u(s, y) = expra () (E (s, )

with £t € WULP([T,00) x M, (fT)*TX) and similarly for £~. Fix an element
Hy € H™°¢, Following Floer [10] we choose a separable Banach space Ho C H of
smooth functions 4: X x M — R satisfying the following axioms.

(D If feC(Hp) and h € Hg then & vanishes to infinite order at the point ( f(»), »)
for every y € M.

(II) Let (x, y) € X xM suchthat y £ f(x) forevery f €C(Hp). Let A: Ty X - R
be a linear map. Then there are smooth functions /4: X — R, ayx: X — [0, 1],
and Bx: M — [0, 1] such that the following holds.
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(@) h(x)=0 and dh(x) = A. Moreover, o and § are supported in the balls of
radius 1 about x and y, respectively, and a(x) = B(y) = 1.
(b) For §, e > 0 define afc: X —[0,1] and B5: M — [0, 1] by
o) (expy () 1= arx (exp (67'8)).  BE(exp, () := By(exp, (7" n)).
Then the function #%%: M x X — R given by
oY) = el (B ()R ()

belongs to Hy for §, & positive and sufficiently small.

To define the space Hy we choose a smooth cutoff function p: [0, c0) — [0, 1] such
that p(r) = 1 for r sufficiently small and p(r) = 0 for r > ry, where rg is smaller
than the injectivity radii of X and M . For x € X and y € M define

ax (expy (§)) := p([€]), By (exp, (M) := p(In)).

Then define Hj to be the set of all smooth functions 4: X x M — R that vanish to
infinite order along the graph of any element f € C(Hy) and such that

o0
— Ya
Al =Y ey Ihllce <0, ¢p:=22 (sup locx [l ce + sup || By Hc@) :
£=0 * Y

This space satisfies (I) and (II).
Consider the universal moduli space
Mo(f~ ) :={w. Hy+h)ye BxH|heHo, ue M(f~, fT: H)}.
This space is the zero set of a smooth section of the Banach space bundle
E — Bx (Hy+Hpy)

with fibers £, g = L?(R x M,u*TX). The section is (u, H) > dsu + dg () and
the claim below asserts that it is transverse to the zero section. Hence Mo(f ™, /™)
is a smooth Banach manifold. Now the obvious projection

mo: Mo(f~, f1) = Ho +Ho

is a Fredholm map. Hence, by the Sard—Smale theorem, the set of regular values of
1o is of the second category in the sense of Baire in Hy + Hg. Thus the set H™8 is
dense in . Now we may introduce sets Ho°® O H™ for ¢ > 0, as in the proof of
Theorem 4.1, where the requirement of transversality is restricted to a compact set
of Floer trajectories. These sets are all open and, by what we have just proved, they
are also dense in . It then follows that H™# is the intersection of countably many
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open and dense sets H,* for ¢ = 1,2,3,... and hence is of the second category in
the sense of Baire.

Claim The operator
WEP(R x M, u*TX) xHy — LP (R x M,u*TX), (&,h) — Dy ;g — Vh(u)

is surjective for every H € H and every u ¢ M(f~, f+: H).

Let 1/p+1/q =1 and suppose n € LY(R x M,u*T M) annihilates the image of the
operator in the sense that

o0
/ / (n, Dy, & —Vh(u))k dvolps ds =0
—ocoJ M
forall h € Hy and £ € WHP(R x M, u*TX). Then n is smooth and
(51) D, gn =0, / (n, Vh(u)) k dvolpys ds =0
RxM

for all & € Hy. We prove in three steps that 1 vanishes identically.
Step 1 Forevery s € R we have [;,(n, dsu)x dvolps = 0.

Since Dy, gosu = 0 and D; =0 we have

d
- / (n, d5u) k dvolps = / (n, Vidsu) + / (Vsn,asu))/c dvolyy
§ M

=/ ((U’Du,Has“)—/ (D:,Hn,asu))/{ dvols
M M
=0.
Here we have used the formulas D, g = Vs + Py 1, DZ g =—Vs+ D, p,and the

fact that D, g is self-adjoint. Since n € L? and dsu € L?, their inner product over
R x M is finite and this proves Step 1.

Step 2 1n(s, y) and dsu(s, y) are linearly dependent for all (s, y) e R x M .

Suppose otherwise that dsu(sg, yo) and n(sg, yo) are linearly independent for some
(s0, o) € R x M. By Proposition 4.6 we may assume (sg, o) € R(u). Choose a
compact interval / C R containing sq in its interior such that I x {yo} C R(u) and
I — X s+ u(s, yg) is an embedding. Then there are open neighborhoods U C X
of u(sg, yo) and V.C M of y, such that

(%) if ye V and s € R such that u(s, y) € U then s € 1.
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Otherwise there are sequences s, € R\ I and y,, — yg such that u(s,,, y,) converges to
u(so, o). If sy, is unbounded then u(so, yo) € {f~ (o), f T (o)}, which is impossible
because (s, Vo) € R(u). Thus the sequence s, is bounded and hence has a limit point
s € R\ int(1) with u(s, yo) = u(sg, yo). Since s # 59 and (s¢, o) € R(u) thisis a
contradiction.

Since dsu(sg, o) and n(sg, yo) are linearly independent, hypothesis (IT) on the space
Ho asserts that there is a smooth function /y: X — R and smooth cutoff functions
a: X —[0,1] and B: M — [0, 1], centered at x¢ := u(sg, yo) and yq, respectively,
such that

J

ho(u(so, y0)) =0, il ho(u(s, yo)) =0, dho(u(so, yo))n(so, yo) =1,

and such that the function 4% defined by

B(x,p) = a()ho(x),  h*(x,y):= BE(A°(x, ),

is an element of H for §, & sufficiently small. If §, ¢ are so small that Bg(u(sq, yo)) C
U and Bg(y¢) C V then the function (s, y) — h%€(u(s, y), y) is supported in I x V.
Namely, if 2% (u(s, y), y) # 0 then u(s, y) € U and y € V and hence s € I, by ().

Next we prove that

(52) | i s, st yoy ds > 0

for 6 > 0 sufficiently small. To see this we observe that there is a constant ¢ > 0,
independent of §, such that the following holds. First,

8 1
ls=sol == = @ (uls yo))dhyy (s, yo)(s. yo) = 5.

because a(u(so, yo)) = dhy,(u(so, y0))n(so, yo) =1

and so the condition |s — s¢| < §/c¢ with ¢ sufficiently large guarantees o’ (u(s, o)) >
3/4 and dhy,(u(s, yo))n(s, yo) = 2/3. Second,

s — 5ol

iy (s, yo))d® (s, yoDn(s, yo)| = =200 < 35,

3 =
because the function s +— /,,,(u(s, yo)) vanishes to first order at s = 59 and the first

derivative of & is bounded by a constant times 1/§. The last inequality follows from
the fact that do® (u(s, yo)) = 0 for |s —sg| > ¢§. Both estimates taken together show
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that

so+cd 1 1
/ dhS, (u(s. yo))n(s. yo) ds = f (— —038) ds = 2¢8 (— —038) :
R so—cé 2 2

Thus (52) holds for § < 1/2¢3.

Now choose ¢ so small that

/Rdhﬁ(u(s, y)n(s, y)ds >0

for every y € M with d(yg, y) <e. Then the integral in (51) is positive for the function
h(x,y) = h%2(x, y) = B&(»)h®(x, y). This proves Step 2.

Step 3 1 vanishes identically.

Assume, by contradiction, that 1 # 0. Then, by Proposition 4.5, the set

U:={(s,y) e Rx M |dsu(s,y) # 0, n(s, y) # 0}

is nonempty, open, and connected. By Step 2, there is a continuous function A: U —
R\ {0} such that n(s, y) =A(s, y)dsu(s, y) forall (s, y) eU. Since U is connected, by
Proposition 4.5, the function A cannot change sign. Suppose A > 0 on /. (Otherwise
replace n by —n.) Then

(n, dsu) = A |95ul® > 0

on U and (n,dsu) = 0 on R x M \U. This contradicts Step 1 and proves Step 3,
the claim, and the first assertion of the theorem. The second assertion follows from
Proposition 4.2 and the infinite dimensional implicit function theorem. O

The above proof follows essentially the argument in [12, Theorem 5.1]. There are,
however, a few subtle but important differences. In the present setting we cannot remove
the Hamiltonian term V H from the equation by a change of coordinates. Second, in
symplectic Floer theory the complement Z := (R x M) \ U of the set I/ in Step 3
is discrete. This is replaced in the present context by the codimension 2 property of
Proposition 4.5. In [12] the proof argues that ds;A = 0 and, because Z is discrete, that
A can therefore be defined globally on R x M (and not just on /). The condition
dsA = 0 can also be obtained in the present case by the same argument, but we do not
need it to obtain the contradiction.

The idea for the proof of the codimension 2 result was communicated to the third
author, several years ago, by Kim Froyshov (in the context of Seiberg—Witten theory).
This requires smooth perturbations and therefore we cannot work with the C ¢ argument
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as in the proof of Theorem 4.1 but must instead use Floer’s Banach spaces of smooth
functions. As a result the construction of the function / in Step 2 above is somewhat
less explicit than in the proof of [12, Theorem 5.1].

5 Floer homology

We assume throughout that M is a compact Cartan hypercontact 3—manifold and X
is a compact flat hyperkdhler manifold. For H € H™ we introduce the chain complex

CEr(M.X:H):= D Za(f).
feCc(H)
wa (f)=k

This group is finitely generated by Theorem 3.6. It is graded by the index function in
Equation (50)

wg: C(H)—>Z.
Since H € H™¢, Theorem 4.3 asserts that the moduli space M(f~, f*;H) is a

smooth manifolds of dimension g (f7) — g (fT) for every pair f* € C(H). The
real numbers act on these spaces by time shift and it follows from Theorem 3.15 that

pa(f)—pa(fT) =1 = #M(f7, [T H)/R < 0.
Thus we can use the numbers
na(f=. ) =#M(f". f+: H)/R (modulo 2)
to define a boundary operator 97 : CFy (M, X; H) — CF;_;(M, X; H) by
(= Y m(SHUT)
fec(H)
wa (fTH)=k-1
for [~ eC(H) with ug(f7)=k.

Theorem 5.1 For every H € H™2 we have 3 0 9H = 0.

To prove this one just needs to observe that the standard Floer gluing argument [6;
22; 27] carries over verbatim to the present setting. The Floer homology groups of
(M, X; H) are now defined by

ker 0H: CF (M, X; H) — CFj_; (M, X; H)
imdH: CFy (M, X; H) — CF (M, X H)’

It follows again from the familiar arguments in symplectic Floer theory that these
Floer homology groups are independent of the choice of the Hamiltonian perturbation

HF, (M, X; H) :=
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H € 'H™¢. Here one can follow verbatim the discussion in [11; 28], using the solutions
of (22) with H depending on s, to prove the following theorem.
Theorem 5.2 There is a natural family of isomorphisms

®P: HF, (M, X;: H*) — HF(M, X ; H?),
one for each pair H*, H B e Hree such that

oo b = e, @ =iq.
Theorem 5.3 Let X be a compact flat hyperkdhler manifold. Then there is a natural
family of isomorphisms
®%: Hy(X;Zy) — HF«(M, X; H%),
one for every H* € H"™¢, such that
oF = pPro 2,

The proof of Theorem 5.3 is based on the following result which asserts that the Floer
chain complex agrees with the Morse complex for a special class of perturbations.

Theorem 5.4 Let M be a compact Cartan hypercontact 3—manifold and X be a
compact flat hyperkéihler manifold. Let H: X — R be a Morse function whose gradient
flow is Morse—Smale. Then there is a constant o > 0 such that the following holds
for 0 <& <egy. If x* are critical points of H with index difference indg (x*) —
indg(x™) <1 and u: R x M — X is a finite energy solution of the Floer equation

(53) gl +8_13(u) = VH(u), lim u(s,y) = xi,
s—+o00

then indg (x ™) —indg (x™) = 1, the function u(s, y) is independent of y € M , and
the operator Dy, ¢ := Vs + elip— VV H(u) is surjective.

Remark 5.5 Equation (53) is equivalent, via rescaling, to the equation

(54) A5l + (1) = eV H (i), lim (s, y) = x*,

for the function (s, y) := u(es, ). Since the limit points x* are constant (as functions
of y) the energy is

é 8H(ﬁ)=8y(u)=/_oo /M|8su|2/c=KV01(M)(H(x+)—H(x_)).

Geometry & Topology, Volume 13 (2009)



2590 Sonja Hohloch, Gregor Noetzel and Dietmar A Salamon

The solutions of (54), and hence also those of (53), determine the boundary operator
on CF(M, X;eH). Moreover, D, , is surjective if and only if the operator Dy g in
Proposition 4.2 is surjective.

The proof of Theorem 5.4 needs some preparations.

Lemma 5.6 Let M be a compact hypercontact 3—manifold and X be a flat hyper-
kéhler manifold. If H: M x X — R is any smooth function and u: Rx M — X isa
solution of (22) then

s1+r
(55) / / (V40 su]? + | Pdsul? )K<(C+ )/ / |0su|? k
sSo—r

for all s < sy and r > 0, where
C:=2||H|cs 19sullpoo + 2 | H > -
Proof For s € R define
1 1
s6) =5 [ 0P e w)i= 3 [ (1S + o)«
M 2 Jm
Then
' = [ Mol [ (MW bl
M M
=/ |Vs8su|2/(+/ (VSVSVH(u),asu)K—/ (Vs 051, PAsui)k.
M M M

Here we have used the fact that 72 commutes with V;, because X is flat, and that 77
is self-adjoint with respect to the L? inner product with weight «. Since V;dsu =
VsVH (u) —Pdsu we obtain
¢"(s) =2y (s) +/ (Vs Vs VH (u), d5u)k —/ (Vs VH(u), Posu)k.
M M

Using the two inequalities |V;ViVH ()| < | H| 3 |0su|? + | H||c2 |Vs0su| and
|Vs VH (u)| < ||H| o2 |0su| we obtain

¢”(s)221ﬂ(s)—/ |VSVSVH(u)||Bsu|K—[ |Vs VH (u)| |P0sul k
M M
zzw(s)—ancs[ |8s“|3K—||H||C2/ (I%dsu] + [PBsul) |5u] &
M M
> () — (1 H o3 13sull oo + ||H||2Cz)fM 9t

=Y (s)—Coh(s).
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Now let r, R > 0. Then, for 0 <s <r, we have

51 s1+r s1+s s1+s
[v-c o= w-co=[ o
=¢'(s1+5)—¢'(s0—5)
d
= %@5(51 +5) + ¢(s0 —9)).

Integrating this inequality from 0 to ¢ we obtain

S1 s1+r
S [ 0)semen om0

o—r

for r/2 <t <r. Integrating this inequality again from r/2 to r gives

S1 4 s1+r
/ Y=< (C + —2) / 0.
S0 r so—r
This proves the lemma. a

Lemma 5.7 Let M, X, and H be as in Theorem 5.4. Then there are positive
constants ¢ and C such that every solution u of (53) with 0 < ¢ < g satisfies

sup |dsu| < C, sup }Bviu{ <Ce
RxM RxM
fori =1,2,3.

Proof It is convenient to work with the solutions

(s, y) =u(es. y)

of Equation (54). The function s > A.g (#(s, -)) is nonincreasing along # and
converges to —ex Vol(M)H (x™) as s — —oo. Hence

(56)  A(u(s. -)) = Aem (u(s. -)) + /M eH(u(s, -))k < ek Vol(M) | H ,

where |H| := max H —min H.

The energy of u can be estimated by

o0
57 Eep (1) =/ / |057|? Kk dvolps < ek Vol(M) || H]| .
—oo J M

By Equation (43) in Lemma 3.10, we have

1 3
—/ |dTi|* < A(ii(s, -)) + &% Vol(M) sup |VH|2+—/ EFik
2Jm Rx M 2Jm

Geometry & Topology, Volume 13 (2009)



2592 Sonja Hohloch, Gregor Noetzel and Dietmar A Salamon

for every s € R. Integrating this inequality from so — 1 to s¢o + 1, and using (56)
and (57) we obtain

so+1
f / |dii|* <ce, ¢:=3+4Kk)Vol(M) | H| +4Vol(M) sup [VH|?.
so—1 JM RxM
Hence, by Lemma 3.3 and Theorem B.1, there are positive constants ¢’ and o such
that sup |dit| < ¢’ for every solution of (54) with 0 < & < gg.

To improve this estimate we observe that the constant in Lemma 5.6 with H replaced
by ¢H is
C =26 | Hllgs +2¢ | Hllcs 185 oo =< c1e.

where ¢; depends only on H and the bound on |d| established above. Hence it
follows from Lemma 5.6 with r = oo that

o
| [ (v + 190 ) < creomn @) < cae?
—oo J M

Here we have used the fact that the energy of d# is bounded by a constant times &.
Since [y, dsii =€ [,, VH(u) we obtain from (59) with & = 9, that

/ 0,12 < cq ( [ Do, + | H| 82) |
M M

Integrating this inequality from so — 1 to 5o + 1 gives

so+1 o)
f [ 19571 < o / f D0, + 200 | H|Z1 6 < caé.
so—1 M —o0 J M

Now it follows from Lemma 3.5 and Theorem B.1 that every solution of (54) with
0 < & < g satisfies the pointwise inequality |d5u| < c4¢& for a suitable constant
c4 > 0. Using the equation we obtain |d(i)| < c¢s¢. Using again the fact that 4 = D
(on functions with values in H") is an elliptic operator whose kernel consists of the
constant functions we obtain [}, |dif 1> < cge? for every s. Integrating this inequality
from 5o — 1 to 5o + 1, and using Lemma 3.3 and Theorem B.1, we conclude that every
solution of (54) with 0 < & < &, satisfies the pointwise inequality |d7|? < ¢72 for a
suitable constant ¢7 > 0. This proves the lemma. a

Lemma 5.8 Let M, X, and H be as in Theorem 5.4. Then there are positive
constants gy, 8§, and ¢ such that the following holds. If f: M — X is a smooth
function such that

sup‘e_lﬂ(f)—VH(f)‘ )
M
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then

(58) [ e [ |tve-vvninf
M M

for every £ € QO(M, f*TX).

Proof Suppose, by contradiction, that there are sequences &, — 0 and f,: M — X
such that the sequence

v = ¢, 8(fy) = VH(f)
converges uniformly to zero and (58) does not hold for f, . It is convenient to choose

lifts of the maps with values in the universal cover H” of X . These lifts will still be
denoted by f,,: M — H" and we introduce the sequence of mean values

_ 1
Fo = Vo1 /M Jo-

Assume without loss of generality that the sequence f_v € H" is bounded and hence,
passing to a subsequence if necessary, that it converges. By elliptic regularity for the
operator 72 whose kernel consists of the constant functions (Lemma 3.7), there is a
constant ¢y > 0 such that

(59) /s=o — /|s|25co/ DE. sup €] < cosup | PE]
M M M M M

for every smooth map &: M — H". To prove the second inequality in (59) one can
use the Sobolev estimate [|&[|g o < ¢ [|§]|pr1.» for p >3 and then L? regularity for
. Applying this inequality to the sequence f, — f, we obtain

sup| fy — fol < cosup [3(f,)| = coev sup |[VH(fy) +1u| — 0
M M M

and so f,, converges uniformly to the same limit as ]7], Since

. — . 1 ) |
Jim V(7 = lim o [ v = tim s =0

this limit is a critical point of H. Hence there is a constant ¢; > 0 such that, for v
sufficiently large and & € H”, we have

(60) ] < 1 [VEVH(fu)-

Now let £: M — H” be a smooth map (thought of as a vector field along f,) and

denote .
o= oo ¢
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Then ¢ has mean value zero and hence is L2 orthogonal to VEVH ( fv). This implies

&, 2 IPENI° + [ VH ()P = ey ' 2§ — VeV H(A)1?
<365 ' D&~ GVH(S)I +31%_s VH()I?
+3|VEVH (L) - GVH()I?
<3ey ' PE = e VH(H)I? +cllg = €17 +cl&PL A= ol
< 3|6, ' PE = Ve VH(/)? + cco | PEI + et [V H(AW P ILA = AP
Here all norms are L2 norms on M , the constant ¢ depends only on H, and the last
inequality follows from (59) and (60). For v sufficiently large the last two terms one

the right are together at most one quarter of the terms on the left. For these values of v
we have

& 1PN + IVEVH ()12 < 4lley ' PE = Ve VH (1)1

Hence if follows from (59) and (60) that f, satisfies (58) for v sufficiently large, in
contradiction to our assumption. This proves the lemma. |

Lemma 5.9 Let M, X, and H be as in Theorem 5.4. Then there are positive
constants g, 6, p, and ¢ such that the following holds. If T > 0 and u: Rx M — X
is a solution of (53) with 0 < & < g such that

T
/ /|8Su|2<8
-TJ/M

T
then sup |dsu(s, y)|* < ce_p(T_sD/ / EXIE
yeM -TJMm

for|s| < T —2.

Proof The functions

satisfy ¢ (s) = ¥ (s)+ / (V2V H (dgu, dsu), dgu)
M

> Y (s) = 2[|Hllcs [19sul oo (ary ¢ (5)-
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Hence, by Lemma 5.7, there is a constant B > 0 such that ¢” > —B¢. Now apply
Theorem B.1 to the function ¢ to obtain

s+1 T
S=T-1 = ge=a [ e=a[ g=as
s—1 T

Careful inspection of the proof of Theorem B.1 for n = 1 shows that the constant can be
chosen as ¢; = 8(~/B + 1). This shows that the rescaled function (s, y) := u(es, y)
satisfies the inequality

Is|<e (T —=1) — / |0577) < c128.
M

Now integrate this inequality from so — 1 to 5o + 1. Using Lemma 3.5 (together with
the uniform C! bound of Lemma 5.7) and Theorem B.1 we then obtain the pointwise
inequality |957i(s, y)|* < c,628 for |s| < &~'(T —1) — 1. For the function  this gives

|s|<T-2 = sup }s_IDE)su — VH(u)|2 = sup |dsu|? < 6.
M M
If § is chosen sufficiently small we obtain from Lemma 5.8 with & = dsu that

/ |0su|® < ¢ / }8_1728314 —V;)YMVH(u)‘2

M M ‘

for |s| < T —2. Thus ¢(s) < c3¥(s) and, putting things together, we have
¢"() Z ¥ (s) =2 Hllc3 195ull Looar) #(5)

> (%—z | Hlles ch_s) b(s)

for |s| < T —2. With § sufficiently small this gives ¢”(s) > p?¢(s) and hence the
function s > e P5(¢'(s) + pp(s)) is nondecreasing. If ¢’(sg) > 0 we then obtain
P50 g (s9) < e P9 (§ (50) + pd(s0)) < e PS(@'(s) + pp(s)) for so <5 < T —2.
Thus pePS50) ¢ (s0) < ¢’(s) + pé(s) and integrating this inequality gives

T-2

T
eP(T_SO_2)¢(S0)§¢(T_2)+'0/ ¢§(C1+/0)/_T¢.

50
If ¢'(s9) <0 we obtain a similar inequality by reversing time. Thus we have proved that
ePT=IsD g (5) < ¢4 f_TT ¢ for |s| < T —2, where ¢4 := e?°(c; + p). The pointwise
estimate for |8su|2 follows by the same argument as above from Lemma 3.5 and
Theorem B.1 via rescaling. This proves the lemma. O

Proof of Theorem 5.4 The proof has four steps. It is modelled on the adiabatic limit
argument in [8].
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Step 1 There exists a constant &y > 0 with the following significance. If 0 < ¢ < g9,

x* are critical points of H with indg (xT) —indg(x™) =1, and ug: R — X is a

gradient trajectory from x~ to xt for eH , ie
d ) I
(61) ——uo(s) = VH(uo(s)), lim uo(s) = x~,
ds s—+o0

then the function R x M — X : (s, y) — ug(s) is a regular solution of (53), ie the
operator Dy,  is surjective.

Let § € WHP(Rx M, u’TX) and define § € WP (R, u}TX) by
E(s) := dvol
E6) = o ., 60+ dvolas ()

for s € R. Then

Dug,e§ = 85€ + VeV H(ug) + Dug, (§ — ).

Denote by Wol’p(R xM,ugTX) C WLP(R x M, ugTX) the subspace of all func-
tions £ such that £(s, -) has mean value zero on M for every s and similarly for
LYRx M, ufTX)C L?(R x M,uTX). Then the operator

Duge: Wy P (R x M, ul TX) — LE(R x M, u} TX)
is equivalent to the operator

D=~

ig,eH — Vs + P —eVV H(uy)

associated to the rescaled function #¢(s) := ug(es). This operator is bijective for £ =0
and hence also for ¢ > 0 sufficiently small. Hence Step 1 follows from the above
decomposition of the operator Dy, ¢ (and the fact that there are only finitely many

index one gradient trajectories up to time shift).

Step 2 There is a constants £y > 0 with the following significance. If x* are critical
points of H such thatindg (x*)—indg (x™)=1,and u: RxM — X and ug: R — X
are solutions of (53) and (61), respectively, such that

0<e=<ep, sup d(u,ug) <46
RxM

then there is an so € R such that u(s + so, y) = uo(s) forall s and y.

We wish to find a real number sy close to zero such that

(62) u(so. -) —uo(0) L VH(uo(0)).

Vol(M ) Jm
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To prove that s¢ exists we consider the function

b(s) = W /M<u(s, )~ t6(0). V H(up(0))) dvolas .

It satisfies
9O =dp,  p:=[VH(uo(0))]>0.
Choose a constant p > 0 so small that

2

i

|x —uo(0)] = p - (VH(x). VH(uo(0) > —-.

Let C be the constant of Lemma 5.7 so that supr, s |0su#| < C. Then we have
lu(s, y) —uo(0)] < lu(s, y) —u(0, p)| +6 = C |s[ + 4, and hence

Cls[+d=p - |u(s, y) —uo(0)| = p.

Combining the last two inequalities we have, for C |s| + § < p, that

. 1
60 = S /M<asu(s, ).V H(uo(0)))

1
Vol(M)

12

>

=5

/ (VH(u(s. -)). V H(uo(0)))
M

To obtain a zero of ¢ we need this inequality on an interval of length 7" (on either side
of zero) where %,uz T > 6, or equivalently 7" > 26/ 1. On the other hand, the interval
at our disposal has length at most (p —§)/C. Thus we must impose the condition
(p—30)/C > 28/, or equivalently

2
5(1+—C)<,0.
7

Under this assumption there is a real number so with |so| <28/ such that (62) holds.
We can still control the distance of u(s + sg, ¥) and ug(s) by a fixed multiple of §.
We assume from now on that |u(s + sg, ¥) —uo(s)| < ¢ for all s and y and that (62)
holds.

Consider the functions

E(s,y) :=u(s + 50, y) —uo(s),
n(s,y) :=VH(u(s +s0,5)) = VH(uo () — Vees,y) VH (uo(s)).
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Then [n(s, »)| < | H| cs [€(s, )| and
(63) ds€ + & ' DE—VEVH(ug) = 1.

Hence the functions

_ 1 o
E0) = v L 66 6= g [t
atisfy  BE-GVH@) =T (E0), VHuo0) =0

Since the gradient flow of H is Morse—Smale and u is an index—1 gradient trajectory
of H the kernel of the operator

wo := 05 + VVH(ug): WHP(R,H") — L?(R, H")

is 1—dimensional and is spanned by dsiig. Since dsug(0) = VH (uo(0)) the restric-
tion of Dy, to the codimension—1 subspace of all { € W17 (R, H") that satisfy
(¢(0), VH(up(0))) = 0 is a Banach space isomorphism. This implies that there is a
constant ¢y > 0, depending only on ug, such that

(€(0), VH(uo(0))) =0 — ISllw1.p = colldsC — Ve VH (uo)llLr-

Applying this to the elements ¢ = E we have D,,Og =7 and hence

coc | Hll¢3

— .
oy €l

€l r < collllLr < iy =

Vo l(M)l/P

Here we have used the inequality |n| < || H| ¢3 £ < ¢ | H | o3 61&]. Now it follows
from (63) and the discussion in the proof of Step 1 for the rescaled operator Dy, .y
that, for a suitable constant (still denoted by ¢g) and ¢ > 0 sufficiently small, we have

1€ —&llLr < coelln—TlLe

1
<coe |1+ —r
coe (14 waars ) Il

_ coc [ Hlles

< ol 7z & & VeI )3 IE L.

If §(1 4 & 4+ £ Vol(M)'/P) < Vol(M)'/? Jcoc | H| ¢35 then & must vanish and this
proves Step 2.

Step 3 There are positive constant gy and ¢ such that the following holds. If x* are
critical points of H and u: R x M — H" is a lift of a solution of (53) (with 0 <& <¢gg)
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to the universal cover H" of X, then the function

us) =

,-) dvol
Vol J, “ ) dvelm

satisfies the inequalities

o0 o0
/ |05 (s)|> ds < H(xT) — H(x") + ¢&2, / |V, d522(s)|? ds < ¢,
—00

—0o0

and |dsu(s) — VH(u(s))| < ce forevery s € R.

First note that

dsu(s)—eVH(u(s)) = / (VH(u(s, -))— VH(u(s))) dvolys
M

Vol(M)
and hence
ut(5) = VH@O) =y € [ futs. )=o) dvolas
1| Hc2 € 2
< W /M |Z(Z/l)| dVOlM
56284.

Here the second inequality follows from (59) and the last from Lemma 5.7. Second,
the function u satisfies

o0 o0
/ |V d522(s)|? ds < / / |Vsdsu|? dvolps ds < c3
—00 —oo J M

Vol(M)

Here we have used Lemma 5.7 and Lemma 5.6 for the rescaled function #(s, y) :=
u(es, y) with C equal to a constant times 2. Third, we have

/Oo|a—<>|2d - foo/(la 2~ 3gu — d,l?)
. st(s S_Vol(M) s sU s — Ogll

< H&H =6+ o f_ /M D3ul?
< H(xT)— H(x7) 4 cue’.

Here we have used (59) and Lemma 5.6, again for the rescaled function (s, y) :=
u(es, y). This proves Step 3.

Step4 We prove the theorem.
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Let x* be a pair of critical points of H of index difference less than or equal to 1.
Suppose, by contradiction, that there is a sequence of solutions u,: Rx M — X of (53)
associated to a sequence &, — 0 such that u, (s, y) is not independent of y. Replace
each u,, by alift to the universal cover H” of X (still denoted by u, ) with the same
limit point limg— o uy (s, ¥).

First, by Lemma 5.9, the functions s > dsu, (s, y) satisfy a uniform L' bound. Namely,
if § is the constant of Lemma 5.9 and N > Vol(M)(H (x%) — H(x™))/$ is an integer
then, for each v, the real axis can be divided into N intervals such that the energy of
uy, on each of these intervals is less than «§ and hence, by Lemma 5.9, dsu, satisfies
uniform exponential estimates on all these intervals. This shows that the images of the
functions u, are contained in a fixed compact subset of H".

Now consider the associated functions
1
Vol(M) Jup

uy(s) = u(s, -) dvolys .

Normalize the sequence such that H (i, (0)) = 2~ (H(x ) + H(x™)). The W?2-2—
bound of Step 3 guarantees the existence of a subsequence (still denoted by u,,) that
converges in the C'!—norm on every compact subset of R to a gradient trajectory s
of H. The energy bound of Step 3 shows that the limit sequence has energy at most
H(x%)— H(x™). We claim that 7o, connects x~ to xT. Otherwise, the standard
compactness argument would give a subsequence converging to a catenation of at
least two gradient trajectories running from x~ to xT, contradicting the Morse—Smale
property of the gradient flow. Now it follows from Step 3 that

o0 o0
f OTioo|? = H(xH)— H(x™) = lim / 19t 2.
oo v—>00 J_ oo

This implies that i, (s,) must converge to x* for every sequence s, — +00. Hence
u,, converges uniformly to s, on all of R. Now it follows from the Sobolev inequality
and the elliptic estimate for the operator P that

v (s, -) —uv($) | Loo(ary = €1 Puv(s, e < c26v
for p > 3. Here the last inequality follows from Lemma 5.7. Hence

lim sup |ty (s, y) —Uoo(evs)| = 0.
V—>00 s,y

By Step 2 this implies that, for v sufficiently large, u, (s, y) agrees with %o (s) up to
a time shift and hence is independent of y. This contradicts our assumption and proves
the theorem. m|
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Lemma 5.10 Let M, X, and H be as in Theorem 5.4. Then there is a constant
go > 0 such that every smooth solution f: M — X of the equation

(64) d(f)=eVH(f)

with 0 < € < g 1s constant.

Proof Since X is flat we may replace X by its universal cover H” and use the fact
that 4( ) = P f in this setting. It follows from Lemmas 2.2 and 3.7 that there is a
constant ¢; > 0 such that
ldfllpz =ci P flL2

for every smooth map f: M — H". Moreover, Equation (42) shows that the second
order differential operator PP: W22(M,H") — L?(M,H") is Fredholm and has
index zero. Its kernel agrees with the kernel of 72. Hence there is a constant ¢; > 0
such that

IPfll2 =2 IPP [l L2
for every smooth map f: M — H". If D f =&V H(f) we obtain

PDf = e(lvav1 fVH( )+ TV, fVH(f)+ KVavngh(f))
and hence IPRf 2 <el| VP Hl Lo |df |12 -
This gives ldf |2 < eciea| V2 H Lo lldf || 2

for every solution f: M — H" of (64). With ecyc, HVZHHLOO < 1 this implies that
every solution is constant as claimed. O

Proof of Theorem 5.3 Let H: X — R be as in Theorem 5.4. If ¢ > 0 is sufficiently
small then, by Lemma 5.10, all critical points of A, g are constant and, by Theorem
5.4, each Floer trajectory for ¢ H of index 1 is a Morse gradient line and there are
no nontrivial Floer trajectories with index less than 1. Thus, for H' € H™¢ suffi-
ciently C2 close to eH, the Floer chain complex (CE(M, X; H'), 0¥ /) coincides
with the Morse complex of ¢H. Hence the Floer homology group HF(M, X'; H')
is naturally isomorphic to the Morse homology of (X,eH). This gives rise to an
isomorphism Hy(X;Z,) — HF(M, X; H') and composition with the isomorphisms
HF(M, X; H') — HF(M, X; H*) of Theorem 5.2 gives a family of isomorphisms
satisfying the requirements of Theorem 5.3. a

Proof of Theorem 2.7 Assume X is a compact flat hyperkihler manifold and let

H € H™¢, Then, by Theorem 3.6, the number of critical points of Ag remains
unchanged under any perturbation of H that is sufficiently small in the C? norm.
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Hence, by Theorem 4.3, we may assume without loss of generality that H € H™¢. By
Theorem 5.3, we then have

#C(H) = dim CF, (M, X; H) > dim HF (M, X; H) = dim Hy(X; Z5).

This proves the theorem. O

Remark 5.11 An alternative proof of Theorem 5.3 can be given along the lines of [24],
avoiding the adiabatic limit argument of Theorem 5.4. This would involve Morse-Bott
exponential decay for finite energy solutions of (22) with H = 0 on a half cylinder
[0, 00) x M respectively (—oo, 0] x M . Since X is flat, such solutions converge to a
point in X as s — 00, and one can then study solutions where this limit point lies
on a gradient trajectory of a Morse function on X, as in [24], to obtain the desired
isomorphism from Morse to Floer homology, respectively its inverse.

If M := S* with the standard hypercontact structure, the Morse—Bott exponential
decay as s — +o00 can be reduced to the removable singularity Theorem C.1: If
u: R x §3 — X is a solution of (22) with # =0 and w: H \ {0} — X is given by
w(e ™ y) :=u(s, y) then

(65) 80w—181w—J82w—K83w=0.

Moreover, the energy of w on a ball of radius r = ¢™*° is given by

o0
r2f |dw|2=A(u(so,->)=2f /|asu|2.
Br S0 S3

(Here we use k = 2 for M = S*.) We emphasize that no such argument is available
for the limit s — —oo. This reflects a fundamental asymmetry in Equation (22) related
to the noncommutativity of the quaternions.

Appendix A Hypercontact manifolds

Let M be an oriented 3—manifold. Three contact structures &1, &, E3 on M are said to
form a hypercontact structure if there exists a 1 —form o = (aq, a2, a3) € Q1 (M, R3)
such that o; A da; > 0, & = kero;, and

(66) o Nda; = aj Adaj =: 0, ai Adaj +oaj Ado; =0

for i # j. The 1-form « is determined by the contact structures & up to multiplication
by a positive function on M. We shall sometimes abuse notation and refer to the
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1—form o € Q'(M,R?) as the hypercontact structure. Associated to o is a family of
contact forms
o) = ()»,Ol) = )\10(1 +)»2052 +)»30l3

parametrized by the standard 2—sphere S2 C R3. In this formulation equations (66)
hold if and only the volume form ) Adw;, is independent of A. Hypercontact structures
were introduced and studied by Geiges—Gonzalo [13; 14]. They used the term taut
contact sphere for the map A — «;, . The term hypercontact structure was used with a
different meaning in [15].

Lemma A.1 Let a € Q'(M,R3) be a hypercontact structure. Then the associated
Reeb vector fields vy, vy, v3 € Vect(M) are everywhere linearly independent.

Proof Since o) Aday = |A|? o for A € R3 the 2—forms doy, day, dos are everywhere
linearly independent. Since do; = t(v;)o this shows that vy, v,, v3 are everywhere
linearly independent. |

Remark A.2 Ifthe 1-forms o, &y, a3 form a hypercontact structure then, by Lemma
A.1, the Reeb vector fields vy, v, v3 form a global framing of the tangent bundle. Call
the hypercontact structure positive if this framing is compatible with the orientation.
This can be achieved by reversing the sign of all three 1-forms, if necessary. In the
positive case the function

(67) K :=day(vy,v3) = do(v3,v1) = daz(vy, va)

on M is positive. Moreover, it is convenient to choose a Riemannian metric on M in
which the v; form an orthonormal basis. The associated volume form is given by

dvoly, = B2 103
K

Remark A.3 Let «;,o;, a3 be a hypercontact structure with Reeb vector fields
v1, V2, v3 and, for A € S2, denote vy 1= A vy + A2vs + A3v3. Then vy, is the Reeb
vector field of ¢ . To see this note that

(68) a;i(vj) +aj(v;) =0, dai(vj, ) +doj(vi, -) =0
for i # j, by (66) and Lemma A.1. Hence «) (v)) = 1 and day (vy, -) = 0.

Lemma A.4 Leta be a hypercontact structure on M with Reeb vector fields vq, vy, v3.
Let k: M — R be defined by (67) and u: M — R3 by

pi = az(v3), fa = a3(vy), py = oty (v2).

Let ey, e, e3 denote the standard basis of R3 . Then the following holds.
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(i) The Lie brackets of the Reeb vector fields satisfy
(69) [v2, v3] = Kvy, [v3, v1] = K2, [v1, v2] = Kv3
if and only if
(70) du(vi) = kej A, i=1,2,3.

(i1) If(69) and (70) hold then « is constant. Conversely, if k and |4 are constant then
n=0.

(iii) The function p vanishes if and only if o; Adoj =0 for i # j, or equivalently
do;j =k xa; fori = 1,2,3. Here * denotes the Hodge *—operator.

Definition A.5 A positive hypercontact structure o with p = 0 is called a Cartan
structure.

Corollary A.6 If « is a Cartan structure then « is constant, the «; form the dual basis
of the v;, the v; satisfy (69), a; Adaj =0 fori # j,and d*a; =0 fori =1,2,3.

Proof of Lemma A.4 We introduce the 1-form p € Q! (M, R3) and the vector fields
w1, wy, w3 € Vect(M) by

das(vs, +) wy = [va, v3],
pi=—\ das(vy, ) |, wy := [vs, v1],
day(vy, -) w3 = [vy, V3]

Then p satisfies

(1) pi(vj) =6ij. () =p)+p) A p.

We also introduce the matrices

ar(wy) ap(wz) ar(ws) p1(wy) pr(wz) pr(ws)
A=\ aa(wy) aa(wz) aa(wz) |, S:=| pa(w1) pa(w2) p2(ws) |,
a3(wy) az(wy) az(ws) p3(wi) p3(wz) p3(ws3)
(1 s —mo dpy(v1) dpy(v2) dpi(v3)
Q= -us 1 pu |, B:=| dpa(v1) dpa(va) dpa(vs)
pa —pro 1 dus(vy) dus(vz) dus(vs)

Then the second equation in (71) implies S = A. Next we observe that

;i ([vj, v]) = dai (vj, vi) — Lo; @i (Vi) + Loy i (v)).
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Hence o; ([vj, vi]) =« +duj(vj) + dpy (vi) whenever i, j, k is a cyclic permutation
of 1,2,3, and «;([vi, vg]) = —Ly; i (vr). These identities can be summarized in the
form ai(wj) + d,uj (v,~) = (K + Zk d,uk(vk))&j or

(72) PS=A= (x + Zduk(vk)) 1- BT,
k

Moreover, we have

0=ddai(vy, vy, v3)
= Ly, doy(v2,v3) + Ly, doy (v3,v1) + Lyydog (v, v2)
—day (v, [v2, v3]) — dag (v, [v3, v1]) — doyg (v3,[vy, V1))

= dx(vy) —doy (v, [v3, v1]) — dog (v3, [v1, V2]).
Repeating the argument for o, and a3 and using Equation (68) we obtain

di(vy) = k(p3(wz) — p2(w3)),
(73) dk(vz) = k(p1(w3) — p3(wy)),
di(v3) = k(p2(wy) — p1(w2)),

Hence « is constant if and only if the matrix .S is symmetric.

We prove (i). Equation (69) is equivalent to S = x1 and Equation (70) to B =« (®—1).
If S = «1 then it follows from (72) that

BT = k(1= ®)+ > duy (vl
k

Examining the diagonal entries we find that dug (vy) = 0 for kK = 1,2, 3 and hence
BT =k (1—®). This in turn implies that BT = — B and thus B =k (®—1). Conversely,
if B=k(®—1) then B is skew symmetric and duy(vy) = 0 for all k. So it follows
from (72) that ®S = k1 + B = «® and hence S = «1.

We prove (ii). If (69) holds then S = «1 is symmetric and so k is constant, by (73).
Conversely, if ¥ and p are constant then, by (72), we have &S = k1 and, by (73),
S = ST . Hence ® is symmetric and so pt = 0.

To prove (iii) we observe that, for every cyclic permutation 7, j, k of 1,2, 3, we have
o Ndaj = kg dvolpys and k x o = do; + pgdaj — pjday . (Take the product with
a 1-form B and use the identity (8 A da;)(vy,v2,v3) = kB(v;).) This proves the
lemma. m|
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Example A.7 The standard hypercontact structure on the unit sphere S3 C R* with
coordinates y = (yg, V1, V2, ¥3) is given by the 1—forms

oy 1= yody1 — y1dyo + yadys — ys3dya,
oy = yodyr — yadyo + y3dy1 — y1dys,
a3 := yodysz — y3dyo + yidys — y2dyy.

Identify R* with the quaternions via

y=yo+iy;+jy, +Kkys

and R3 with the imaginary quaternions via A = iA; + jA, + kA3. Then the 1—form
o) = Aoy + Ay + Ajaz and its Reeb vector field vy are given by

ay(y;n) = Re(Ayn), v (y) = Ay

for A € S2 CcIm(H) and ne T yS 3. We emphasize that in this example p = 0 and
Kk =2.

The standard hypercontact structure on S is preserved by the right action of the unit
quaternions via Sp(1) x S* — S3 : (a, y) — ya. For the left action of Sp(1) on S3
we have

¢:O‘K =0g—1)q> ¢Zv)» = Vg—1pq>
where ¢, € Diff(S?3) is given by ¢4(y) :=ay for a € Sp(1) and y € S3.

Proposition A.8 (Geiges—Gonzalo [13; 14]) Every Cartan hypercontact 3—manifold
(M, @) is diffeomorphic to a quotient of the 3—sphere (with the standard hypercontact
structure up to scaling) by a finite subgroup of Sp(1).

Proof By rescaling, if necessary, we may assume that ¥ = 2. Then there is a unique
Lie algebra homomorphism Lie(Sp(1)) = Im(H) — Vect(M) : & + vg such that
vj, vj, Uk are the Reeb vector fields of a1, a, a3, respectively. Since M is compact
and Sp(1) is simply connected, this Lie algebra homomorphism integrates to a unique
Lie group homomorphism

Sp(1) — Diff(M) : x — ¢px.

This group action of Sp(1) on M is transitive, because M is connected, and it has
finite isotropy subgroups. Fix an element yy € M and define the map v: Sp(1) > M
by ¥ (x) := ¢x(yo). This map induces a diffeomorphism Sp(1)/Gy — M , where
Go :={x € Sp(1) | ¢x(y09) = yo} denotes the stabilizer of yy. This diffeomorphism
identifies the vector field x + ix on Sp(1)/Gy with the vector field v; on M and
similarly for j and k. |
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Appendix B The Heinz trick for subcritical exponents

Let M be a smooth Riemannian #—manifold (not necessarily compact) and let £ be
a scalar second order elliptic operator. We assume that £ differs from the Laplace
Beltrami operator A := —d*d by a first order operator. We study nonnegative solutions
e: M — R of the differential inequality

(74) Le>—A— Bet
n
where I<=pu<—-:.

In the critical case @ = (n 4 2)/n the Heinz trick gives a mean value inequality for
nonnegative solutions e: B, (pg) — [0, 00) of (74) with sufficiently small L' norm
(see for example Robbin—Salamon [26] and Wehrheim [30]). For p < (n +2)/n the
same proof shows that the condition on the L' norm can be dropped and one obtains a
global estimate for the sup-norm in terms of the L! norm of e.

Theorem B.1 Let K C M be acompactsetandlet | <u <m+2)/n.

(i) Assume pu < (n+ 2)/n. Then there is a constant ¢ > 0 with the following
significance. If e M — R is a nonnegative C? function satisfying (74) then

o
(75) supe <c (A +[ e dvolys + (B"/Z/ e dvolM) ) ,
K M M

where ¢ :==2/(2+n—npu).

(i) Assume @ = (n + 2)/n. Then there are positive constants h,,c with the
following significance. If e: M — R is a nonnegative C? function satisfying (74)
then, for x € K and 0 <r < §, we have

1
(76) B”/Z/ e<h = e(x)=<c (Ar2 +— e dVOlM) .
B (x) r B (x)

Proof The proof has three steps. For pg € M and r > 0 we denote by B,(pg) C M
the closed ball of radius r about pg. The first step restates Theorem 9.20 in [16].

Step 1 There are constants ¢; > 0 and § > 0 with the following significance. If
po € K and 0 < r <§ then every nonnegative C? function e: B,(py) — R satisfies

Ae=0 = e(po)fc—:l/ e dvolps .
¥ By (po)
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Step 2 There are constants c; > 0 and § > 0 with the following significance. If
po€K,0<r<§,and A> 0, then every nonnegative C? function e: B,(py) — R
satisfies

1
Le>—A = e(py) =cy (Ar2 + — e dvolM) .
rn
B (po)

Let § be smaller than the injectivity radius of M and than the constant in Step 1.
Choose geodesic coordinates y!, y2,..., y" in B,(yo) with »'(po) = 0. Then

92 d
L= uv I
;a ayHayY +; ayv

with a*(0) = §*". Choose § so small that

1
ly| <6 — ‘a””(y)—l}-l—é}b”(y)\i;

for v =1,...,n. Denote by Ag = > ( a)a;v )? the standard Laplace operator and
consider the function

A 2
u(y):= > ly]~.

This function satisfies Aqu = nA and

(Lu — Agu)(y) = A(Z(a“”(y) -+ Zb“(y)y”) >—A.
Hence Lu > (n—1)A and

Le+u)>Le+(n—1)4>0.

By Step 1, this implies
e(0) = ¢(0) +u(0) < L / (¢ +u) dvolys .
r B,

Hence the assertion follows from the fact that

r A n+2
/ u dvolys < a)nA/ " dp = i
\ 0 n+2

Here wy, denotes the area of the unit sphere in R” and § is chosen so small that dvols
and the volume form of the flat metric differ by a factor at most 2. This proves Step 2.
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Step 3 There is a constant c3 > 0 with the following significance. If e: M — R is a
nonnegative C? function satisfying

Le>—A— Bet

for some constants A, B > 0 then

2/(2+n—nuw)
supe <c3| A —I—/ e dvolys + (B”/Z/ e dvolM) .
K M M

Let § be as in Step 2 and assume 82 < %. Fix a point pg € K. Define 4: [0,5] — R

by
§—s\"
his): = — max e.
() ( 8 ) Bs(po)
Then h(0) = e(po), h(8) =0.

Since / is nonnegative there is an s* € [0,8) and a p* € Bg=(pg) such that

h(s™) = max h(s), c:=e(p*)= max e.
0<s<§ B« (po)
§—s*
Denote £:=
2
§"h(s* 2§ (s*
Then max e< max e= (" +) < (s )—2” max e =2"c.

Be(p") " Byryepo)  (B—s5*—&)" T (6=5%)" 7 Bu(po)
Hence in B.(p*) we have the inequality
Le>—A— Bet*>—-A— BQ2"c)*.

By Step 2 this implies

(77) c=e(p*)<c, ((A + BQ"c)*)yr* + rin /M e dvolM)
for 0 <r < ¢. Now comes the crucial case distinction.

Case 1 If ¢ < A then we have

e(po) =c=4

and so the desired estimate holds with ¢3 = 1. Thus we may assume 4 < c.

Case 2 Assume

A=<c, ¢y B2 b2 >

|-

Geometry & Topology, Volume 13 (2009)



2610 Sonja Hohloch, Gregor Noetzel and Dietmar A Salamon

Then we may choose r < & < § such that ¢, B2 cH=1r2 = % and obtain

2(A+ BQUYM)r? < ¢2¢82 + ey BRI eYr? < %
Hence, by (77), we have
2
<=2 / e dvolys = 2¢,(4cy B2 2=/ / e dvoly .
m Iy M

Since u < (n+2)/n we have 2+n—npu > 0 and hence

El

2/(Q24+n—nw)
e(po) <c<c3 (B”/2/ e dvolM)
M

with ¢3 1= (2¢(c 2™ F2)1/2)2/Q2+n=n1) —(For the critical exponent we have that
(nu—n)/2 = 1. In this situation Case 2 can be excluded by the assumption of a
sufficiently small upper bound on B"/2 [ e dvolps.)

Case3 Assume
1
A=<c, ¢y B2k T1g2 < T

Then we may choose r = ¢ and obtain ¢, (A4 + B(2"c)*)e? < 5 as before. Hence,
by (77), we have

2¢

¢ < 2 / e dvolys .

en M

Since § —s™ = 2¢ this gives

§—s*\"  2Mce" 2ntl
e(PO)Zh(O)Sh(S*):c( SS) = 8(;8 < 5n62 /Me dvolyy .

Thus in this case the estimate of Step 3 holds with ¢3 = 2"+ 1¢,/§". This proves the
theorem. i

Appendix C A removable singularity theorem

Denote by B C R* the unit ball with coordinates t = (g, #1, 2, 73) and by
B, :={teR*| |t] <r}, Sy ={teR*||t]=r}
the ball and sphere of radius r. Let X be a hyperkidhler manifold with complex

structures 7, J, K. Let w: B — Vect(X) and E = (él]) B — R*** be smooth maps

Geometry & Topology, Volume 13 (2009)



Hypercontact structures and Floer homology 2611

such that E(0) =1 is the identity matrix and E(#) is nonsingular for every t € B. We
examine solutions of the equation

3

(78) Y (6603 + £ ()T ju +E5 (1) du + E (1) Kdju) = Vw(t, u).
i=0

Associated to Equation (78) is the elliptic operator

k 3
L= d"0,0;+) b9;, V=) Elgl. b =) (3:E)EL.
j=0 v

i,j=0 v,i

Theorem C.1 Assume X is a compact flat hyperkihler manifold (possibly with
boundary). If u: B\ {0} — X is a solution of (78) on the punctured disc and

3
dul?* = /8-u2<oo
(L|| Z%B|,|

then u extends to a smooth function from B to X .

Remark C.2 In Theorem C.1 the condition that X is flat cannot be omitted. For
example, let /: S3 — X be a nonconstant critical point of the hypersymplectic action
functional \A. Such critical points are described in the introduction (compositions of
rational curves with Hopf fibrations) and they do not exist in the flat case, by Lemma
3.7. Identify S3 with the unit sphere in H and define u: H \ {0} — X by

u(t) = £t~ o).

Then u satisfies the equation dgu — Id;u — Jdu — Kdsu = 0. Moreover, we have
|du(®)|® = |t|7% |df (|t '¢)|* and hence

2
r
[ taul =" [ s =2 A
B, 2 Jss
for every » > 0. However, the singularity of « at the origin cannot be removed.

Lemma C.3 Assume X is a compact flat hyperkdhler manifold. Then there is a
constant C > 0 with the following significance. If u: B\ {0} — X is a solution of (78)
then the function e = e,: B — [0, 00) defined by

3 2

e(t) ;= % >

Jj=0

3
D& 0diu()

i=0

satisfies the inequality
Le>—-C(1+ 63/2).
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Proof The proof uses word by word the same arguments as in Lemma 3.3 and will be
omitted. O

The exponent % = ”ni in Lemma C.3 is the critical exponent of Theorem B.1 for

n = 4. Hence every solution u: B\ {0} — X of (78) satisfies an inequality of the form

(79) t=r — |du(z)|25cr2+ri4 \du?
BZr

for r sufficiently small and a suitable constant ¢. Thus |¢|*|d u(?))? converges to zero
as ¢ tends to zero.

It is convenient to introduce the 1-forms 61, 85, 85 and the vector fields vg, v1, V2, U3
on B by

01 = todty — t1dtyg — trdt; + t3d1s,

05 := todty — trdtg — t3dty + t1dt3,

05 :=todtz — t3dty — t1dty + trdty,

Vo :=1odo + 1101 + 1205 + 1303,

V1 1= 10| — 1109 — 1203 + 1307,

Uy 1= 190y — 1200 — 1301 + 1103,

V3 1= 1tgd3 — 1309 — 1102 + 1201.
Note that the v; are orthogonal and |v;(¢)| = |¢|. In particular, for ¢ € S, the vectors
r~ 1 (t), v, (¢), r~'v3(¢) form an orthonormal basis of the tangent space T;S, =

t1. The energy and the hypersymplectic action of a smooth map u: S, — X are
defined by

3
& () :=r12/5 > ldu(d)?, A,(u):z[ > 0 Autw;
ri=1 rog

Lemma C.4 The energy and hypersymplectic action satisfy the isoperimetric inequal-
ity

(80) Ar(u) <r&p(u)

and the energy identities

1

2
(81) Er(u) + ;Ar(u) =3 / |[Tdu(vy) + Jdu(vy) + Kdu(vs)|* dvolg,
S
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for every smooth map u: S, — X and
(82) f |du|? =,4,(u)+/ |dou + 101u + Jdu + Kdsul?
B, B:
for every smooth map u: B, \ {0} — X satisfying lim;_ |¢|* |du()|* = 0.

Proof We have 0;(vj) = r2§; ; and so the standard volume form on S, is dvolg, =
r=36; A B, AB5. Hence 6; Au*w; = r_lu*a),-(vj, v ) dvolg, for every cyclic permu-
tation 7, j, k of 1,2, 3. This implies

1
Ar(u) = ;/S (u* w1 (v2,v3) + u Wy (v3,v1) + u*w3(v1, v2)) dvolg,

and hence the isoperimetric inequality (80). The energy identity (81) is an adaptation
of Lemma 2.2 to the present notation. To prove (82) we assume that u: B, \ {0} - X
satisfies lim; ¢ |7|* |du(¢)|* = 0. Then it follows from (80) that lim, 9 Ap(u) = 0.
Moreover, by direct computation, we have

f (Idul®* = [dou + 1911 + J dou + Kdsu|*) = Ap(u) — Ay (1)
B/\B,

for 0 < p < r. The assertion follows by taking the limit p — 0. This proves the
lemma. i

Lemma C.5 Assume X is compact and fix any real number 0 < u < 4. Let
u: B\ {0} — X be a solution of (78) satisfying lim,_,¢ |t|* |du(¢)|*> = 0. Then there
are positive constants ro and ¢ such that

0<r<roy — / |du|? < crt.
B,

Proof Since E(0) is the identity matrix, there is a constant C > 0 such that every
solution of (78) satisfies the estimate

(83)  |dou(r) + 191u(t) + Jdu(t) + Kdsu@)|* < C2(|t)* |du(r)|* + 1).

Combining this with (82) we obtain
/ |du|2:.,4r(u)+/ |8ou + 1911 + Jdru + Kdzul?
B, B,

(84) SAr(u)+C2r2/ |du|? + C? Vol(B)r*.

B,
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Since
|du(vg) + Idu(vy) + Jdu(vy) + Kdu(vs)| =r |dou + 101u + JOru + Kozu|
on S, and r2|du|* + 1 < (r |du| + 1)2, it follows also from (83) that
|du(vo)| > [Idu(vy) + Jdu(vy) + Kdu(vs)| — Cr? |du| —
|du(vo)|* > |Tdu(vy) + Jdu(vy) + Kdu(vs)|* —6Cr3 |dul|* —6Cr? |dul .
This implies
/ auf = | S (o) = £ ) + 5 | o)l
Srizo Sr

1
> & (u) + 72/ |Tdu(vy) + Jdu(vy) + Kdu(vs)|?
Sy

—6Cr[ |du|2—6C/ |du|
S;

> 28, (1) + A,(u) 6C(r—|—8)/ \dul? —3’2§

Here we have dropped the volume form dvolg, in the notation. The last step follows
from (81). Since &-(u) > r~! A, (u) and the area of the 3—sphere is 4 Vol(B) this
gives

6C Vol(B)r?

4
(1 +6C(r +6)) /S dul® =~ A () = =

On the other hand, by (84) we have
(1-C*r?) / |du|® < A, (u) + C? Vol(B)r.
B,

Combining these two inequalities we obtain

14+6C(r+68)r C? 3C
2 2
/Br |du|” < _c22 4 /Sr |du|” + (—C2 >+ 55 25 Vol(B)r*

for r < 1/C. Choose § so small that (1 +6C8)u < 4. Then, for r sufficiently small
and a suitable constant ¢ > 0, we have

(85) / |du|? fr,u_I/ |du|® +cr?.
B, Sy
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Define the function ¢: (0, 1] - R by

pry=r 7 [ lauf+
B,

Then the derivative of ¢ is

d
—¢(r)=r_“/ |du|2—ur_“_1 / |du|2+ucr3_“
dr S, B,

= pur H! (m—lf |du|2—/ |du|2+cr4) > 0.
Sy B,

The last inequality follows from (85) and holds for r sufficiently small, say for 0 <
r <ro. Hence

[ (dul? < ()t < (ro)r™
B,

for 0 < r < ry. This proves the lemma. a

Proof of Theorem C.1 Choose a real number p such that 2 < u < 4. Combining
Lemma C.5 with the inequality (79) we obtain

ldu(t)|* <

o[+

for a suitable constant ¢ > 0. For 4 < p < 8/(4 — ) this implies

1 1
/ |du|? =/ / |du|? §4V01(B)cp/ p3~G=PI2 ) < oo,
B 0o Js, 0

That the integral is finite follows from the fact that 3 — %(4 —p) p > —1. By the Sobolev
embedding theorem our function u: B\ {0} — X is Holder continuous and extends
to a W7 function on B. Now it follows from the standard elliptic bootstrapping
techniques that the extended function u is smooth. This proves the theorem. |
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