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Abstract

Suppose M is a connected, open, orientable, irreducible 3—manifold which is
not homeomorphic to R?. Given a compact 3-manifold J in M which satisfies
certain conditions, Brin and Thickstun have associated to it an open neighbor-
hood V called an end reduction of M at J. It has some useful properties which
allow one to extend to M various results known to hold for the more restrictive
class of eventually end irreducible open 3—manifolds.

In this paper we explore the relationship of V and M with regard to their
fundamental groups and their covering spaces. In particular we give conditions
under which the inclusion induced homomorphism on fundamental groups is an
isomorphism. We also show that if M has universal covering space homeomor-
phic to R?, then so does V.

This work was motivated by a conjecture of Freedman (later disproved by Freed-
man and Gabai) on knots in M which are covered by a standard set of lines in
R3.
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972 Robert Myers

1 Introduction

The Marden Conjecture states that an open hyperbolic 3—manifold with finitely
generated fundamental group is almost compact, ie is homeomorphic to the
interior of a compact 3—manifold. Independent proofs of this conjecture have
recently been given by ITan Agol [I] and by Danny Calegari and David Gabai
[B]. These proofs use techniques which are mostly geometric. In [9] Mike
Freedman proposed the following topological conjecture which he proved implies
the Marden Conjecture.

Conjecture 1.1 (Freedman Conjecture) Let M be a connected, orientable

open 3—manifold and p: M — M its universal covering map. Let v be a knot
in M. If

(1) m (M) is finitely generated,
(2) M is homeomorphic to R3, and
(3) p~!(y) is a standard set of lines,

then m1(M — ~) is finitely generated.

By a standard set of lines we mean a subset L of R® such that (R3 L) is
homeomorphic to (R%, X) x R, where X is a countably infinite closed discrete
subset of R?.

In fact Freedman showed that the following special case of his conjecture implies
the Marden Conjecture.

Conjecture 1.2 (Special Freedman Conjecture) Let M and « be as above.
Assume that, in addition,

(4) m (M) is a free product of two non-trivial groups,
(5) [y] € m (M) is algebraically disk busting, and
(6) (v)=0¢€ Hi(M,Zs).

Then m (M — =) is finitely generated.
An element g of a group G is algebraically disk busting if it is not conjugate
into a proper free factor in any free factorization of G. For example, let G be

the free group on the set {a,b}, and let g = a?b%. If g were conjugate into
a proper free factor of G, then the quotient of G by the normal closure of ¢
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End reductions, fundamental groups and covering spaces 973

would have the form Z xZ,,, which contradicts the fact that this quotient is the
fundamental group of the Klein bottle.

This paper was originally part of a program for attacking Conjecture 1.2. After
it was written Freedman and Gabai discovered a counterexample [8] to this
conjecture, and so that program is now defunct. (We note that they had earlier
found a counterexample to Conjecture 1.1.)

The idea of the program was to split the problem into two parts: proving the
conjecture for the case in which M is “end irreducible rel ~+”, and reducing
the conjecture to this special case. (See the next section for definitions.) This
paper is concerned with the reduction to the special case. The Freedman-—
Gabai counterexample is end irreducible rel =, and so is a counterexample to
the special case.

The device for trying to do the reduction is an “end reduction of M at ~”.
This is a certain connected open subset V of M which is end irreducible rel
~ and has certain other nice properties. (The theory of end reductions was
developed in more general contexts by Brin and Thickstun [2, B], who were in
turn inspired by earlier work of Brown and Feustel [].)

The inclusion induced map 71 (V') — 71 (M) is injective. Assuming the context
of the Special Freedman Conjecture we prove in Theorem 5.1 that this homo-
morphism is also surjective, so p~!(V) is connected; in Theorem 6.1 we prove
that it is homeomorphic to R? and in Theorem 8.1 that p~!(y) is a standard
set of lines in p~ (V).

The reduction would have worked as follows. Let V' be an end reduction of
M at . Since 71 (V) is isomorphic to w1 (M) it is finitely generated and ~ is
algebraically disk busting in 71(V). Then p~!(V) is homeomorphic to R? and
p~Y(v) is a standard set of lines in p~' (V). If the conjecture were true for V'
and v, then 71 (V — ) would be finitely generated. The reduction would have
been complete if the following has an affirmative answer.

Question 1.3 Does 71(V — ) finitely generated imply that m (M — =) is
finitely generated?

The paper is organized as follows. Sections 2 and 3 give an exposition of portions
of Brin and Thickstun’s theory of end reductions. Section 4 proves the incidental
result that if 71 (M) is finitely generated and indecomposable, then V' is either
simply connected or m—surjective. Section 5 proves that if 71 (M) is finitely
generated and decomposable and V is an end reduction of M at an algebraically
disk busting knot v, then V is 7 —surjective. Section 6 proves that if V' is any
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974 Robert Myers

end reduction of any irreducible, orientable open 3—manifold M whose universal
covering space is homeomorphic to R3, then each component of p~1(V) is
homeomorphic to R?. Section 7 proves some lemmas about trivial k& component
tangles which are then used in section 8 to prove that if p~!(y) is a standard
set of lines in M ~ R3, then the intersection of each component of p~H(V) with
p~Y(v) is a standard set of lines.

Agol noticed that the proof that m1(V) and 71 (M) are isomorphic when = is
algebraically disk busting works in a more general context and used this in his
proof of the Marden Conjecture. Section 9 shows how to modify the proof of
Theorem 5.1 to obtain a result which includes the situation considered by Agol.
We note that Calegari and Gabai also used end reductions in their proof.

This research was partially supported by NSE Grant DMS-0072429.

2 End reductions

In general we follow [I1] or [I2] for basic 3-manifold terminology. When X
is a submanifold of Y we denote the topological interior of X by Int X and
the manifold interior of X by int X. We say that X is proper in Y if X NC
is compact for each compact C' C Y and that it is properly embedded in Y
if X NoY = 9dX. Two compact properly embedded surfaces F' and G in a
3—manifold are in minimal general position if they are in general position and
for all surfaces isotopic to F and in general position with respect to G the
intersection of F' and G has the smallest number of components.

Throughout the paper M will be a connected, orientable, irreducible, open 3—
manifold which is not homeomorphic to R?. A sequence {C, },>0 of compact,
connected 3—manifolds C, in M such that C, C int C,11 and M —int C,, has
no compact components is called a quasi-ezhaustion in M. If UC, = M, then
it is called an ezhaustion for M.

In this section and the next we presents some basic material about Brin and
Thickstun’s theory of end reductions. See [2, B] for more details. We note that
they work in a more general context and give somewhat different definitions of
the terms that follow. In our context the definition of end reduction is equivalent
to theirs.

A compact, connected 3—manifold J in M is regular in M if M —J is irreducible
and has no component with compact closure. Since M is irreducible the first
condition is equivalent to the statement that J does not lie in a 3-ball in M.
A quasi-exhaustion {C,} in M is regular if each C,, is regular in M.
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Let J be a regular 3—manifold in M, and let V' be an open subset of M which
contains J. We say that V is end irreducible rel J in M if there is a regular
quasi-exhaustion {C,,} in M such that V = U,>0C,, J = Cp, and 9C, is
incompressible in M —int J for all n» > 0. In the case that V = M we say that
M is end irreducible rel J; we say that M is eventually end irreducible if it is
end irreducible rel J for some J.

V' has the engulfing property rel J in M if whenever N is regular in M,
J Cint N, and dN is incompressible in M — J, then V' is ambient isotopic rel
J to V' such that N C V’. (Brin and Thickstun’s “weak engulfing” property
requires the isotopy to be fixed off a compact subset of M — J, but this can be
achieved by using the covering isotopy theorem [ [7].)

V is an end reduction of M at J if V is end irreducible rel J in M, V has the
engulfing property rel J in M, and no component of M —V is compact. (Note
that R? contains no regular 3-manifolds and hence has no end reductions, so

we will henceforth not mention the hypothesis that M is not homeomorphic to
R3.)

Theorem 2.1 (Brin-Thickstun) Given a regular 3-manifold J in M, an end
reduction V' of M at J exists and is unique up to non-ambient isotopy rel J
in M.

Proof This follows from Theorems 2.1 and 2.3 of [2]. O

We will need to understand the construction of V. Here is a brief sketch. We
begin with a regular exhaustion {Cy}n>0 of M with Cy = J. Set Cj = Cp.
If 0C; is incompressible in M — J set C} = Cy. Otherwise we “completely
compress” 0C in M —Cy to obtain C7. This is done by constructing a sequence
of compact 3-manifolds Kj,..., K, with Ko = C; and K, = C} as follows.
K11 is obtained from K; by one of the following two operations. One may cut
off a 1-handle from K, which misses Cy and whose co-core meets JK; in an
essential simple closed curve. (This is just compressing 0K; “to the inside”.)
One may add a 2-handle to K; in M —Cy whose core meets 0K; in an essential
simple closed curve. (This is just compressing 0K; “to the outside”.) Moreover
the cutting and attaching occurs along disjoint annuli in 0C7. We may assume
that C] C int Cy. If 9Cq is incompressible in M —J we set C5 = Cy. Otherwise
we completely compress 0Cs in M —C7 to get C5. We continue in this fashion
to construct a sequence {C}},>0. We let V* = U,>0C}; and then let V' be the
component of V* containing J. V* is called a constructed end reduction of M
at J. We will call V' a standard end reduction of M at J.
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976 Robert Myers

It will be convenient to arrange for V' to be obtained solely through cutting
1-handles. The following result is in Brown and Feustel ] and has antecedents
in work of McMillan [I3, (4], [T5].

Lemma 2.2 (Thick Exhaustion Lemma (Brown-Feustel)) There is an ex-
haustion {C,} for M such that C,, C C,, and C}; can be obtained from C,, by
cutting 1-handles.

Proof Suppose that in the process of completely compressing 0C,, in M —C,,_1
we first cut some 1-handles and then add some 2-handles. We may assume
that the cores of these handles are in general position. If the intersection is
non-empty, then the 2-handles cut the 1-handles into a collection of shorter
1-handles. Thus one could obtain the same 3—manifold by first adding the
2-handles and then cutting a possibly greater number of 1-handles.

It follows that we can add all the 2-handles at once to obtain a 3—manifold CA’n
from which we then cut 1-handles to obtain C;;. ]

From now on we assume that our standard end reduction V has been obtained
by cutting 1-handles.

It is clear that a standard end reduction V is end irreducible rel J in M.

Suppose N is regular in M, J C int N, and N is incompressible in M — J.
Then N C C,, for some n. We isotop ON off the co-cores of the 1-handles
which are cut to obtain C};. Hence N is now contained in the component of C;
which contains J and hence is contained in V. Running the isotopy backwards
establishes the engulfing property.

Suppose we give our cut 1-handles product structures of the form D X [a,b].
We may arrange things so that if H and H' are 1-handles cut from C,, and
Cyn, Tespectively, with m > n, then H N H' is either empty or consists of a
finite number of 1-handles each of which has induced product structures from
H and from H’. From this it follows that if z € C,,N (M — V™), then z lies in a
properly embedded disk in C,, whichisin M —V*. Also, if z € C,N(V* =V,
then x lies in a connected 3—manifold in C,, which meets 0C,,. It follows that
M —V has no compact component.

Another consequence of the 1-handles having compatible product structures is
the widely noted but seemingly unrecorded observation, first made by Brin and
Thickstun, that M — V* is a lamination of M each leaf of which is a plane.

Now suppose that J and K are regular 3—manifolds in M such that J C int K
and OK is incompressible in M — J. Let V be an end reduction of M at J
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such that K C V. In Theorem 2.2 of [2] Brin and Thickstun prove that if
L is regular in M, K C int L, and 0L is incompressible in M — K, then V
is ambient isotopic rel K to V' such that L C V’. This is called the strong
engulfing property. It follows from this property that V is an end reduction of
M at K see Corollary 2.2.1 of [2].

One can now prove the uniqueness of V' up to non-ambient isotopy rel J by
using the strong engulfing property to inductively isotop the elements of prop-
erly chosen exhaustions {V,,} for V and {V,/} for another end reduction V' of
M at J so that V; CV,, CV,_, for all n. See Theorem 2.3 of [2].

Suppose V' is an end reduction of M at J and hy: V. — M, t € [0,1], is a
non-ambient isotopy with hg the inclusion map and hy(z) = = for all z € J. By
Lemma 2.5 of [2] hq(V) is an end reduction of M at J. It is clear that hy (V) is
end irreducible rel J in M and that hy (V') has the engulfing property rel J in
M. To see that M — hy(V) has no compact component we proceed as follows.
(The author thanks Tom Thickstun for providing the following argument.) Let
M be the Freudenthal compactification of M. (See [10] or section 1.3 of [2].)
The points of M — M are the ends E(M) of M. Since M —V has no compact
components each component of M — V contains an end of M. It suffices to
show that each component of M- h1(V') contains an end of M. Let {V,,} be
an exhaustion for V such that each V,, is regular in M. Thus each component
of M — V,, contains an end of M. By the covering isotopy theorem [0 [7] there
is an ambient isotopy gn:: M — M rel M — M such that Gnt(z) = hy(z)
for all x € V,,. Therefore each component of M — hi(V,,) contains an end of
M. Let X be a component of M — hi(V). Then X = NX;, where X; is a
component of M — hi1(V;). Thus X; contains some e; € E(M). We may assume
that e; — e € M. Since E (M) is closed in M and X is the nested intersection
of the X; we have that e € E(M) N X. Thus M — hy(V) has no compact
component.

We now define a regular knot in M to be a simple closed curve v in M which
is not contained in a 3-ball in M. In this case a regular neighborhood J of ~
in M is a regular 3—manifold in M, and we define an end reduction of M at
~ to be an end reduction of M at J. There is no loss of generality in working
with end reductions at regular knots since every end reduction of M at J is
also an end reduction at a regular knot in M. (See [16].)
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3 mi—injectivity

The following result is in Proposition 1.4 of [3]. We include a proof here to
make our exposition more self contained.

Theorem 3.1 (Brin-Thickstun) Let M be a connected, orientable, irredu-
cible, open 3—manifold. Let J be a regular 3—manifold in M and V an end
reduction of M at J. Then the inclusion induced homomorphism 71 (V) —
m1(M) is injective.

Proof Since V' is unique up to non-ambient isotopy rel J we may assume that
V is a standard end reduction associated to an exhaustion {C,} for M. By
Lemma 2.2 we may assume that C} is obtained from C), by cutting 1-handles.

Now suppose that « is a loop in V' which bounds a singular disk in M. Thus
we have a map f: A — M, where A is a disk and f(0A) = a.

We may assume that o C Cf and f(A) C C;. Let D be the co-core of the first
1-handle which is cut from C in the process of obtaining C7. Put f in general
position with respect to D. Then f~!(D) consists of simple closed curves in
int A. We redefine f in a neighborhood of the outermost disks among these
curves so that f~1(D) = 0.

We then apply this procedure to the next 1-handle which is cut and continue
until we have that f(A) C Cf and hence f(A) C V. O

4 m—surjectivity: the indecomposable case

In general, end reductions need not be m;—surjective. In this section and the
next we restrict to the case that 71 (M) is finitely generated and place further
restrictions which guarantee 7 —surjectivity.

Recall that the Scott compact core theorem [I7] asserts that if M is a con-
nected non-compact 3-manifold with 71 (M) finitely generated, then there is
a compact, connected 3—manifold N in int M (a compact core) such that the
inclusion induced homomorphism 71 (N) — m(M) is an isomorphism. Since
we will be assuming that M is irreducible and (M) is non-trivial we may
cap off any 2-sphere components of 0N with 3-balls in M — int N and hence
may assume that 0N contains no 2-spheres.

Note that if we are in a situation in which we wish to show that 71 (V') — 71 (M)
is an isomorphism it suffices to show that there is a compact core N such that
NCV.
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Theorem 4.1 Let M be a connected, orientable, irreducible, open 3—manifold.
Let J be a regular 3—manifold in M and V an end reduction of M at J. Sup-
pose that 71(V') is non-trivial and that m (M) is finitely generated, non-cyclic,
and indecomposable. Then the inclusion induced homomorphism (V) —
m1(M) is an isomorphism.

Proof We may assume that V is a standard end reduction obtained from an
exhaustion {C,} for M. We may further assume that C} is obtained from C,
by cutting 1-handles and that a compact core N lies in int Cy. Since 71 (M)
is indecomposable and non-cyclic we have that 0N is incompressible in M .

Let D be the co-core of the first 1-handle of C which is cut. Isotop N in
int Cy so that N is in general position with respect to D and meets it in a
minimal number of components. Each of these components bounds a disk on
ON. Let A be an innermost such disk. Then A = OA’ for a disk A’ on D.
The 2-sphere A U A’ bounds a 3-ball B in M. Since C; is regular it is irre-
ducible, and so B lies in int C;. One may then isotop A across B past A’ to

remove at least one component of DNIN, contradicting minimality. Therefore
DNON =0.

In a similar fashion we see that N meets none of the co-cores of the 1-handles
which are cut to get C]. Thus N lies in C] and hence in V*.

Suppose N does not liein V. Let a be aloop in V. Then « is freely homotopic
in M to aloop in N. We may assume that « and the image of the homotopy
lie in Cy. We may further assume that « and N lie in different components of
C5 . It follows that the homotopy can be cut off on the co-core of some 1-handle
which is cut to obtain C5, and thus « is homotopically trivial. Hence 71 (V) is
trivial, contradicting our hypothesis.

Thus N lies in V', which completes the proof. O

5 m—surjectivity: the algebraically disk busting case

Theorem 5.1 Let M be a connected, orientable, irreducible, open 3—manifold.
Let v be a regular knot in M and V an end reduction of M at . Suppose
that 71 (M) is finitely generated and decomposable and that  is algebraically
disk busting. Then the inclusion induced homomorphism 71 (V) — 71 (M) is
an isomorphism.
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Proof As before we may assume that V is a standard end reduction obtained
from the exhaustion {C,} by cutting 1-handles. Let N be a compact core for
M. We may assume that N C int C] and that v is freely homotopic in int Cy
to a knot 7/ C int N.

Let D be the co-core of the first 1-handle which is cut from C;. Let C{ be the
resulting 3-manifold. Note that yN D = ().

N is either a cube with handles or consists of a finite number of 3-manifolds
with boundaries which are incompressible in M to which 1-handles have been
added. It follows that N can be chosen so that N N D consists of essential
disks in N. Assume that among all choices of N the number of these disks is
minimal.

Suppose NN D # (. Isotop 7/ in int C so that v/ C int N, + is in general
position with respect to D and +' N D has a minimal number of points.

If YN D = (), then some essential disk in N misses +'. It follows that 7/ is con-
jugate into a proper free factor of 71(IN) and hence that « is not algebraically
disk busting in 71 (M), a contradiction.

Thus v/ N D # (). We will show that, contrary to our assumptions, there is a
compact core N’ in C; which meets D in fewer disks than N does.

We have amap f: S'x[0,1] — C; with f(S'x{0}) =~ and f(S' x{1}) =~".
Put f in general position with respect to D. Then f~!(D) consists of simple
closed curves and arcs with boundary in S* x {1}. Since v/ N D # () there must
be a component of the latter type. Its union with some arc on S* x {1} bounds
a disk in S* x [0,1]. We may assume that the interior of this disk is disjoint
from f~!(D). The disk provides a path homotopy in C; between an arc « in
~" and a path 3 in D.

Case 1 0f lies in a single component A of NN D.

Then 3 is homotopic rel 93 in D to an arc ¢ in A such that §N+ = 3. Let
v =~"Ud — a. Isotop " slightly so that § is moved off D and v" N D =
(v N D) — da. Thus 7" meets D in fewer points than did 4/, a contradiction.

Case 2 0( lies in two different components Ay and Ay of NN D.

Then [ is homotopic rel 93 in D to an arc ¢ in D which meets each A; in
an arc §; and is otherwise disjoint from N. Push § slightly off D and add
a 1-handle to N whose core is 6 N (C1 — Int N). Then cut a 1-handle from
N whose co-core is Aj. Call the result N’. Since « is path homotopic to 3
the core of the cut 1-handle is path homotopic to an arc in N’, from which it
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follows that N’ is a compact core for M. Although it no longer contains + it
meets D in one fewer disk, contradicting our assumption on V.

Thus we must have that NN D = (). We repeat the argument with C] in place
of C; and continue until we get that N C C}. As in Theorem 4.1 we get that
N CV, and we are done. O

6 V is homeomorphic to R3

Theorem 6.1 Let M be a connected, orientable, irreducible, open 3—manifold.
Let J be a regular 3-manifold in M and V' an end reduction of M at J. Let
p: M — M be the universal covering map. Let V be a component of p~1(V).
If M is homeomorphic to R?, then so is V.

Proof Since V is m—injective in M we have that V s simply connected. It
suffices to show that for every compact, connected subset A of V' there exists
a 3-ball in V whose interior contains A.

We may assume that V' is the end reduction obtained from an exhaustion {C),}
for M by cutting 1-handles.

Since M is homeomorphic to R3, there is a 3-ball B in M whose interior
contains A. We may assume that (p(B),p(4)) C (C1,C;NV).

Suppose D is the co-core of the first 1-handle of C; which is cut. So D
compresses 9C in C;—J. Let O] be the resulting 3-manifold. Then p~!(D) is
a disjoint union of disks D; in p~(Cy). Since the group of covering translations
is properly discontinuous only finitely many of these disks meet B. None of
them meets A. Put B in general position with respect to p~1(D).

Assume that for some i we have D;N B #0. Let A be an innermost disk on
D;,ie ANOB = 0A.

Suppose A lies in B. Then it splits B into two 3-balls one of which, say B,
contains A. Then B# can be isotoped to remove QA from the intersection.
Now suppose A lies in M —int B. Attaching a 2-handle to B with core A
gives a 3-manifold @ with 9Q a disjoint union of two 2-spheres. One of them
bounds a 3-ball B# in M which contains Q. Then OB# has at least one fewer
intersection with p~!(D) than did 0B.

Continuing in this fashion we get a 3-ball B’ in M such that B'Np~1(D) = 0.
So ACint B’ and B’ Cintp~1(Cy).

We then proceed to the cutting of the next 1-handle. Eventually we get a 3-ball
B* in M such that A C int B* and B* C p_l(C’f NnNV)CcV. D
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7 Standard embeddings of trivial k—tangles

A k—tangle is a pair (B,7), where B is a 3-ball and 7 is a union of & disjoint
properly embedded arcs 7; in B. (B,7) and (B’,7’) have the same tangle type
if there is a homeomorphism of pairs h: (B,7) — (B’,7’). We say that (B, 7)
is trivial if it has the same tangle type as (D, P) x [0, 1], where D is a disk and
P is a set of k points in int D.

A shell is a 3-manifold ¥ which is homeomorphic to S?x[0,1]. Let 3 be a union
of k disjoint properly embedded arcs 3; in ¥ such that each 3; joins S? x {0}
to 2 x {1}. (%,B) is a k-braid if there is a homeomorphism g: (%,3) —
(82, P) x [0,1], where P is a set of k points in S2.

Lemma 7.1 (1) (B,7) is a trivial k—tangle if and only if there is a disjoint
union F' of k disks F; in B such that for 1 < i < k one has that F;, N1 = 7;
and E NoB = 8FZ — thTZ'.

(2) (%,P) is a k—braid if and only if for some (and hence any) [3; its exterior
is a 3-ball X such that either k=1 or k > 1 and 3 — (3; is a trivial (k —1)—
tangle in X for which there exist disks F; as in (1) each of which has connected
intersection with the annulus 0X — int(X N oY).

Proof The proof is left as an exercise. O

Lemma 7.2 (1) Suppose (B,T) is a trivial k—tangle and G is a finite disjoint
union of properly embedded disks in B which misses 7. Let B’ be the closure
of a component of B — G such that B'N 7 # (). Then (B',B'N7) is a trivial
k' —tangle for some k' < k.

(2) Suppose (X,03) is a k—braid and G is a finite disjoint union of properly
embedded disks in S% x (0,1] which misses (. Let X' be the closure of the
component of ¥ — G which contains S? x {0}. Then (¥',3) is a k—braid.

Proof (1) Let F be as in Lemma 7.1(1). Put F' in minimal general position
with respect to GG. Since the exterior of 7 in B is a cube with handles it is
irreducible; it follows that G N F' has no simple closed curve components. Let
7" = 7N B’. For each component 7; of 7' let F be the closure of the component
of F; — (F; N G) which contains 7;. It then follows from Lemma 7.1 (1) that
(B',7') is trivial.

(2) Let 8;, X, and F be as in Lemma 7.1(2). Again putting F' in minimal
general position with respect to G, no component of G N F' is a simple closed
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curve. We have that § lies in ¥'. For each component 3; of 5 — 3; let F] be
the closure of the component of F; — (F; N G) which contains ;. Then F! lies
in X’ = X NY' and has connected intersection with X’ — int(X N9%’). Thus
by Lemma 7.1 (2) (¥/,) is a k—braid. O

Let B and B be 3—balls, 7 a k—tangle in B, and T a /lgftangle in B. We say
that (B, 7) is standardly embedded in (B,7) if (i) B C int B, (ii) 7N B=r,
and (iii) there is a finite disjoint union D of properly embedded disks in B — B
such that DN7 =0 and D splits B —intB into a shell S which meets 7 in

a 2k-braid and a disjoint union B of 3-balls B each of which meets 7 in a

trivial k;j-tangle (k; depending on the 3-ball B ).

Lemma 7.3 Suppose (B,7) is standardly embedded in (B,7). Then
(1)
(2) for each component 7; of T one has that 7, N B is connected,
3)

(4) if (B,?)Nis standardly embedded in (B,7), then (B,7) is standardly em-
bedded in (B,T).

one may choose D (and hence B) to be connected,

if (B, ) is trivial then so is (B,7), and

Proof (1) and (3) follow from the fact that if (B’,7') is a trivial k'—tangle
and (B”,7") is a trivial k" —tangle such that B’N B” is a disk which is disjoint
from 7 U 7", then (B'’UB", 7" U7") is a trivial (k' 4+ k”)—tangle.

(3) follows from the fact that 7N X is a 2k—braid.

By (1) we may assume that D is connected and that there is a properly em-
bedded disk D in B-B which splits B — 1ntB into a shell ¥ and a 3-ball B
such that (E > N7) is a 2k-braid and (B,BN7) is a trivial (k — k) ~tangle.
Let A = (Z?D) [0, 1] in the product structure on 5. Since 7 7 _misses D we
may isotop A rel dD so that it misses D. Then DU A splits B — int B into
a shell which meets 7 in a 2k-braid and a 3-ball which meets 7 in a trivial
(k — k)—tangle. Thus we have (4). O

Lemma 7.4 Suppose (B,T) is standardly embedded in (B 7). Let E be a
properly embedded disk in B B which is disjoint from 7. Let B¥ be the
closure of the component of B — E which contains B. Let 7# = 7N B#. Then
(B, ) is standardly embedded in (B¥,17).
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Proof Since the definition of standardly embedded does not depend on the
tangle type of (B,7) we may assume that (B,7) is trivial. By Lemma 7.3 (1)
we may assume that D is connected. Put it in minimal general position with
respect to E. The exterior of 7N (B — int B) in B —int B is a cube with
handles and so is irreducible. It follows that D N E has no simple closed curve
components.

Thus DN B# is a disjoint union D# of disks. These disks split B# — int B
into a shell ¥# and a disjoint union B# of 3-balls. By deleting some of these
disks we may assume that each of these 3-balls meets 77. By Lemma 7.3
(3) we have that (B,7) is trivial, so by Lemma 7.2 (1) (B#,7#) is trivial. A
second application of Lemma 7.2 (1) shows that the intersection of 7# with
each component of B# is a trivial tangle in that 3-ball. By Lemma 7.3 (2) we
have that (X%, %% N77) is a 2k-braid. Hence (B,7) is standardly embedded
in (B#,77). D

Lemma 7.5 Let (B,7), (B,7), and (B#,7#) be as in the previous lemma.
Suppose (B, 7) is standardly embedded in (B, 7). Then (B¥,7#) is standardly
embedded in (B,T).

Proof Recall that B # is the closure of the component of B— E which contains
B. Since (B,7) is standardly embedded in (B,7) there is a properly embedded
disk D in B — B which splits B — int B into a shell ¥ and a 3-ball C.

Let A be the annulus OE x[0,1] in & = (83) [0,1]. Note that we may have
AND # (). Since FND =0 we may isotop A in ¥ —7 so that AﬁD 0. We
then deform the product structure on 3 so that we still have A = 9E x [0,1].

Now let E be a parallel copy of EUA in the component of B-— (E U A) which
does not contain B. We may assume that £ N (7UD) = . Now E splits
B — int B¥ into a shell ¥ and a 3-ball Ct.

Note that X7 is the union of the parallelism (E U A) x [0,1] between E U A
and E and (0B* —int E) x [0,1], where the latter product structure is that of
Y. It follows that (X1, X" N7) is a braid.

Let C4 be the closure of the component of B— (E U ﬁ) such that 9Cf contains

EUD. Then CJ’ N B is a 3-ball which contains 7 — 7#. As in the proof of
Lemma 7.4 we may assume that (B, 7) is trivial, and thus by Lemma 7.3 (3) so
is (B,7), and thus by Lemma 7.2 (1) so is i n B,7— 7#). Now Cy — Int B
is a 3-ball whose intersection with 7 consists of product arcs in the product
structure induced by that of . It follows that (Ci,C N7) is a trivial tangle.
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Since (C,C N 7) is trivial by the definition of standardly embedded, we have
that (C; UC,7 — 7%) is trivial. Hence (B¥, 7#) is standardly embedded in
(B7 ?) . O

8 VNpi(y) is standard in V

Recall that a proper 1-manifold L in R3 is a standard set of lines if there is a
homeomorphism H: (R3, L) — (R?,X) x R, where X is a countably infinite
closed discrete subset of R?.

Theorem 8.1 Let M be a connected, orientable, irreducible open 3—manifold.
Let y be a regular knot in M and V an end reduction of M at ~. Let
p: M — M be the universal covering map. Suppose M is homeomorphic to
R3 and p~'(y) is a standard set of lines in M. Then for each component V of
p~ (V) we have that V N p~1(y) is a standard set of lines in V.

Recall that by Theorem 6.1 V is homeomorphic to R3. We will make use of
the following lemma.

Lemma 8.2 L is a standard set of lines in R3 if and only if there is an
exhaustion {B,,}n>0 for R3 with each B, a 3-ball such that

(1) foreach n>0 B,NL is a k,-tangle ",

(2) (Bo,7°) is trivial, and

(3) for each n >0 (B,, ") is standardly embedded in (Bp1,7""1).

Proof Let ¢: R? x R — R? be projection onto the first factor.
First suppose that L is standard.

Choose an exhaustion {E,},>0 of R? such that each E, is a disk, Eg N
Q(H(L)) # 0, (9E,) 0 q(H(L)) = 0, and (Eny — Ey) N g(H(L)) # 0 for
all n > 0. Choose a properly embedded arc a,y1 in E,+1 — F, which splits
E,+1—int E,, into a disk &,41 and an annulus A, 1 such that A, 1Ng(H(L)) =
0.

We define B,,, Dp+1, Brt1, and X, 41 as follows.
B, =H YE, x[-(n+1),n+1])
Dpi1=H a1 x [~(n+2),n +2])
Buyr = H (En1 x [~(n+2),n+2])
Yn+1 = Bpt1 — (int B, UInt By, 41)
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Then the exhaustion {B),},>0 of R3 has the required properties. In particular
the existence of Dy 11, X,41, and B,11 establishes (3).

Now suppose that {B), },>0 is an exhaustion satisfying the three properties.
We construct H inductively. Let {E,},>0 be an exhaustion of R? by disks.

Since BoNL is a trivial kp—tangle there is a homeomorphism Hy: (By, BoNL) —
(Eo, Py) x [-1,1], where Py is a set of ko points in int Ej.

Suppose we have constructed a homeomorphism
H,: (Bn,B,NL)— (E,,P,) x[—(n+1),n+ 1],
where P, is a set of k,, points in int E,,.

Choose a properly embedded arc ay, 41 in E,41— FE,. Then «y,41 splits Fp41 —
int B, into an annulus A,.1 and a disk &,+1. Suppose B,+1 N L has k,41
components. Let P,+1 be the union of P, and a set of k,11 — k, points in
int 5n+1-

By (3) and Lemma 7.3 (1) there is a properly embedded disk D,,11 in Bj,+1— B,
which splits Bjy+1 — int B, into a shell ¥,,; and a 3-ball B,,;; such that
(Xn+1,Xnt1NL) is a 2k, —braid and (By,41,Bp+1 N L) is a trivial (kp4+1 — kp)—
tangle.

We define a shell 5,41 as follows.
Spt1 = (BnUAps+1) X [-(n+2),n+2)]) —int(E, X [-(n+1),n +1])
The restriction of H,, to (0B,,0B, N L) extends to a homeomorphism
Hypy: (Zps1s Bt VL) = (S, Sner N (Po X [—(n+2),n+ 2])).
The restriction of H'\; to
St N Bt = (Hyy1) ™ (angr X [=(n+2), 7 +2])

then extends to a homeomorphism

HYy: (Bog1, Bopi VL) = (Enyt, Pagt — Po) X [=(n+2),n +2].
We then use H,,, HY, |, and H? | to define

Hn-i—l: (Bn—i-lan-i-l OL) — (En—l—l,Pn—I—l) X [—(’I’L —|—2),’I’L + 2] O

Proof of Theorem 8.1 Given an exhaustion {B,} for M which satisfies the
conditions of Lemma 8.2, we will construct an exhaustion {B;;} for V' which
satisfies these conditions. We may assume that By C V. Let Bj = By.
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The proof follows that of Theorem 6.1. We assume that V' is the end reduction
obtained from an exhaustion {C,} for M by cutting 1-handles.

Suppose Ag is a compact, connected subset of V. We may assume that the
interior of B; contains Ag U B and that (p(Bi),p(Ao U Bg)) C (C1,CyNV).

Let D be the co-core of the first 1-handle of C7 which is cut. Then D com-
presses JC; in C; —v. Let C] be the resulting 3-manifold. Then p~1(D) is a
disjoint union of disks D; in p~1(Cy). Only finitely many D; meet B;. None
of them meet Ag U B Up~1(y). Put dB; in general position with respect to
p~ (D). Assume that for some i we have D; N B # (). Let A be an innermost
disk on 5,-, ie ANJB = 0A.

Suppose A lies in By. Then it splits By into two 3-balls one of which, call it
B# | contains Ag U Bg. Let 7# = L N B#. Then by Lemma 7.4 (Bg, B; N L)
is standardly embedded in (B#,B# N L), and by Lemmas 7.3 (4) and 7.5
(B*#,B# N L) is standardly embedded in (B,,, B, N L) for all n > 1.

Now suppose that A lies in M — int By. Attaching a 2-handle to By with
core A gives a 3-manifold @ with JQ a disjoint union of two 2-spheres. One
of them bounds a 3-ball B# in M which contains Q. B# is the union of
By and a 3-ball BT such that B¥ N BT is a disk. Since by Lemma 7.3 (4)
(B1, BN L) is standardly embedded in (B,,#, B,,+ NL) for some m* > 1 such
that B# C int B,,» we have that BY N L = 0. It follows that (B}, Bi N L)
is standardly embedded in (B#, B# N L) which by Lemma 7.3 (4) is itself
standardly embedded in (B, B, N L) for all n > m#.

Note that in both cases we may isotop B# slightly so that OB# has at least one
fewer intersection curve with p~!(D) than did dB;. Continuing in this manner
we get a 3-ball B’ in M such that B' N p~'(D) = 0, (AU Bf) C int B/,
B' Cintp~1(C1), (Bg, BgN L) is standardly embedded in (B’, B'N L), and for
some m’ > 1 we have that (B’, B'NL) is standardly embedded in (B, B,NL)
for all n > m/'.

We then cut the next 1-handle. We eventually get a 3-ball B in M such
that (4o U BZ) C int Bf, Bf C p Y (C:NV)NV, (B, B:NL) is standardly
embedded in (Bf, Bf N L), and for some m* > 1 we have that (Bf,Bf N L) is
standardly embedded in (B, B, N L) for all n > m*.

We then repeat this argument inductively to construct the exhaustion {B}}. D
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9 End reductions at links

In this section we consider end reductions at non-connected subsets of M. Let
J be a compact but not necessarily connected 3—manifold in M. As before
we define J to be regular if M — J is irreducible and has no component with
compact closure. End irreducibility and the engulfing property rel J in M and
end reductions of M at J are defined as before. The standard end reduction
and uniqueness up to non-ambient isotopy work as before. However, V may
not be connected, and a component of ¥V’ of V may not be an end reduction
at V' N J. As before, each component of V is m—injective in M.

A regular link in M is a disjoint union  of finitely many simple closed curves
in M such that M — ~ is irreducible. An end reduction of M at ~y is defined
to be an end reduction of M at a regular neighborhood of ~.

Note that if each component of a link ~ is homotopically non-trivial in M, then
~ is a regular link.

Theorem 9.1 (Agol) Let M be a connected, orientable, irreducible open 3—
manifold. Let v be a link in M such that no component of v is homotopically
trivial in M. Let V' be an end reduction of M at ~y. Suppose w1 (M) is finitely
generated and decomposable, and that some component of « is algebraically
disk busting. Then V is connected and w1 (V) — w1 (M) is an isomorphism.

We will prove a slightly more general statement. Let v = v U --- U, be
a link in M such that no component of v is homotopically trivial in M. It
is algebraically disk busting if there is no proper free factorization A; * Ay of
m1(M) such that for each i there is a j such that ; is conjugate into A;. In
general having an algebraically disk busting component is sufficient, but not
necessary, for v to be algebraically disk busting. If 7 (M) is indecomposable,
then v is automatically algebraically disk busting.

Theorem 9.2 Let M be a connected, orientable, irreducible open 3—manifold.
Let v be a link in M no component of which is homotopically trivial in M .
Let V' be an end reduction of M at ~. Suppose m (M) is finitely generated
and vy Is algebraically disk busting. Then V is connected and m (V') — w1 (M)
is an isomorphism.

Proof First suppose that m (M) is indecomposable. As in the proof of The-
orem 4.1 we isotop a compact core N so that it lies in V*. Suppose there are
distinct components U and U’ of V* such that U is a component of V and
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U’ contains N. Then 71(U) is non-trivial. However, as before, a homotopy
between a loop in U and a loop in N could be cut off on the co-core of a
1-handle that is cut in the process of constructing V*. Thus N lies in V', and
V is connected. Hence 71 (V') — w1 (M) is an isomorphism.

Now suppose that 71 (M) is decomposable. As in the proof of Theorem 5.1 we
assume that a compact core N is contained in int C'y and that the link v is
freely homotopic in int C; to a link 4/ in int N. We again let D be the co-core
of the first 1-handle which is cut from C7 and may assume that N N.D consists
of a minimal number of essential disks in V.

We may assume that v/ N D has a minimal number of points. If v/ N D = 0,
then some essential disk in N misses 7/, hence the components of 4/ lie in
components of N split along this disk, and so the components of v are conjugate
into factors of a proper free factorization of m(M). This contradicts the fact
that ~y is algebraically disk busting. Thus v N D # ().

Let S be a disjoint union of m copies S} of S'. We have amap f: Sx[0,1] —
Cy with f(S x {0}) =~ and f(S x {1}) = /. The argument now proceeds
exactly as in Theorem 5.1 to contradict either the minimality of v/ N D or that
of NND.

Thus NN D = (. We repeat the argument to get that N C C}. As in the
indecomposable case we get that V' is connected and N C V. m]
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