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MEAN ERGODIC THEOREM FOR AMENABLE DISCRETE QUANTUM GROUPS
AND A WIENER-TYPE THEOREM FOR COMPACT METRIZABLE GROUPS
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We prove a mean ergodic theorem for amenable discrete quantum groups. As an application, we prove a
Wiener-type theorem for continuous measures on compact metrizable groups.
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1. Introduction

A countable discrete group I' is called amenable if there exists a sequence {F,};° , (called a right Fglner
sequence) consisting of finite subsets F,, of I such that

lim |L|F,,SAF,1| —0

n

n—o0 | Fy|
for every s € I'.
Let (X, B, u, I') be a dynamical system consisting of a countable discrete amenable group I with a
measure-preserving action on a probability space (X, B, ).
Recall that von Neumann’s mean ergodic theorem for amenable group actions on measure spaces says
the following:

Theorem 1.1 (measure space version of von Neumann’s mean ergodic theorem [Glasner 2003, Theo-
rem 3.33]). Let {F,}.2 | be a right Fplner sequence of T'. Then, for every f € L?*(X, n), the sequence
(1/1Fy]) Zsan s - f converges to Pf with respect to the L norm, where P is the orthogonal projection
from L*(X, 1) onto the space {g € L*(X, ) | s-g = g forall s € T'}.

R. Duvenhage [2008, Theorem 3.1] proves a generalization of von Neumann’s mean ergodic theorem
for coactions of amenable quantum groups on von Neumann algebras (noncommutative measure spaces).
Later, a more general version was proved by V. Runge and A. Viselter [2014, Theorem 2.2].
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There is also a version of von Neumann’s mean ergodic theorem for amenable group actions on Hilbert
spaces, which says the following:

Theorem 1.2 (Hilbert space version of von Neumann’s mean ergodic theorem). Let {F,,} 7 | be a right
Folner sequence of a countable discrete amenable group I and w : I' — B(H) be a unitary representation
of T on a Hilbert space H. Set Hr ={x € H | w(s)x = x forall s e I'}. Then

Jim —— Zn(s):P

n—00 |Fn| oy
n

under the strong operator topology on B(H), where P is the orthogonal projection from H onto Hr.

The group C*-algebra C*(I") equals C(G) for a coamenable compact quantum group G with the dual
group G =T . The counit ¢ of G is given by €(d;) =1 for all s € I'. Hence,

Hr={x e H|m(a)x =¢(a)x forall a € C*(T')}.

With these in mind, the Hilbert space version of von Neumann’s mean ergodic theorem can be reformulated
in the framework of compact quantum groups as follows.

Suppose G is a coamenable compact quantum group such that the dual G is a countable discrete
amenable group I'. Let {F,,}°° | be a right Fglner sequence of I" and 7 : C(G) = C*(I') — B(H) be a
representation of C*(I') on a Hilbert space H. Then

1
lim — w(s)=P
n—o00 |Fn| SEZF,,

under the strong operator topology on B(H), where P is the orthogonal projection from H onto Hp =
{x e H|m(a)x = ¢e(a)x for all a € C*(I'")}.

D. Kyed proves that a compact quantum group G is coamenable if and only if there exists a right Fglner
sequence {F,} 2 of finite subsets in its dual G, that is to say, G is a coamenable compact quantum group
if and only if G is an amenable discrete quantum group [2008, Definition 4.9.]." So it is natural to ask for
a generalization of the Hilbert space version of von Neumann’s mean ergodic theorem to all amenable
discrete quantum groups. This is the main result of the paper.

Theorem 3.1 (mean ergodic theorem for amenable discrete quantum groups). Let G be a coamenable
compact quantum group with counit ¢ and let {F,};” | be a right Fglner sequence of G. Set Hi,, =
{x € H|m(a)x =¢(a)x forall a € A}. For a representation w : A = C(G) — B(H), we have

lim —
n—oo |Fn|w

> dym(x(@) =P (1-1)
aekF,

under the strong operator topology, where P is the orthogonal projection from H onto Hyy,.

I The existence of a Fglner sequence for Kac-type compact quantum groups is shown by Z. Ruan [1996]. Also see [Tomatsu
2006].
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Here | F,|,, stands for the weighted cardinality of F,,. Definitions of | F,|,, dy and x («) are in Section 2.

The left-hand side of (1-1) involves both a representation of a coamenable compact quantum group G
and that of its discrete quantum group dual G, so it illustrates some interactions between them.

The rest of the paper aims at an application of Theorem 3.1. Namely, we prove a Wiener-type theorem
for finite Borel measures on compact metrizable groups.

A finite Borel measure p on a compact metrizable space X is called continuous or nonatomic if
uf{x} =0 for every x € X.

The following theorem of N. Wiener [1933] expresses finite Borel measures on the unit circle via their
Fourier coefficients.

Theorem 1.3 (Wiener’s theorem [Katznelson 2004, Chapter 1, Theorem 7.13]). For a finite Borel measure
W on the unit circle T and every z € T, one has

N N
. 1 Ao n . 1 AooN2 2
Nllnéo NI E Nu(n)z = pfz} and ngnoo N1 E Nlu(n)l = E pix}”.
n=— n=—

xeT

Hence, u is continuous if and only if
q N
. A 2 _
th N1 E N|M(n)| =0,
n=—

where [i(n) := fT 7" du(z) for n € Z are the Fourier coefficients of L.

There are various generalized Wiener’s theorems (we call such generalizations Wiener-type theorems),
including a version for compact manifolds [Taylor 1981, Chapter XII, Theorem 5.1], a version for compact
Lie groups by M. Anoussis and A. Bisbas [2000, Theorem 7], and a version for compact homogeneous
manifolds by M. Bjorklund and A. Fish [2009, Lemma 2.1].

We apply the above mean ergodic theorem (Theorem 3.1) to get a Wiener-type theorem on compact
metrizable groups. This version differs from previous ones mainly in two aspects: firstly we don’t require
smoothness on spaces; secondly we use a different Fglner condition.

Theorem 4.1 (Wiener-type theorem for compact metrizable groups). Let G be a compact metrizable
group. Given y in G and a right Fplner sequence {F,,}° | of G, for a finite Borel measure . on G one has

. 1 aNTET . 1 a2 _ 2
Jim XFjda D REDUEM=ply) and - lim = ) da ) R@EHP= )l
ae

1<i,j<dy aekF, 1<i,j<dy xeG

Hence, | is continuous if and only if
. 1 aNi2
Jim e Y e ) IR =0.
aekF, 1<i,j<dy

Here the u;?‘j are the matrix coefficients of the irreducible unitary representation « of G; see Section 2
for the precise definition.
The paper is organized as follows.
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In Section 2, we collect some basic facts in compact quantum group theory. In Section 3, we prove the
mean ergodic theorem, i.e., Theorem 3.1. As a consequence, we obtain Corollary 3.7, which is used in
Section 4 to prove Theorem 4.1.

2. Preliminaries

Conventions. Within this paper, we use B(H, K) to denote the space of bounded linear operators from a
Hilbert space H to another Hilbert space K, and B(H) stands for B(H, H).

A net {T,} C B(H) converges to T € B(H) under the strong operator topology (SOT) if T)x — Tx
for every x € H, and {7} converges to T € B(H) under the weak operator topology (WOT) if
(hx,y) —> (Tx,y)forall x, y e H.

The notation A ® B always means the minimal tensor product of two C*-algebras A and B.

For a state ¢ on a unital C*-algebra A, we use L?(A, ¢) to denote the Hilbert space of Gelfand—
Neimark—Segal (GNS) representations of A with respect to . The image of @ € A in L>(A, ¢) is denoted
by a.

In this paper all C*-algebras are assumed to be unital and separable.

Some facts about compact quantum groups. Compact quantum groups are noncommutative analogues
of compact groups. They were introduced by S. L. Woronowicz [1987; 1998].

Definition 2.1. A compact quantum group is a pair (A, A) consisting of a unital C*-algebra A and a
unital x-homomorphism
A:A—> AQA

such that
(1) (d®A)A =(A®id)A;
(2) A(A)(1® A) and A(A)(A® 1) are dense in A ® A.
One may think of A as C(G), the C*-algebra of continuous functions on a compact quantum space G
with a quantum group structure. In the rest of the paper we write a compact quantum group (A, A) as G.

The x-homomorphism A is called the coproduct of G.
There exists a unique state 4 on A such that

(h®id)A(a) = (id ®h) A(a) = h(a)l4

for all @ in A. The state & is called the Haar measure of G. Throughout this paper, we use /& to denote it.
For a compact quantum group G, there is a unique dense unital x-subalgebra { of A such that:

(1) A maps from A to o © A (the algebraic tensor product).

(2) There exists a unique multiplicative linear functional ¢ : s — C and a linear map « : s{ — s such
that (¢ ®id)A(a) = (1Id®e)A(a) =a and m(k ®id)A(a) = m(id R«)A(a) = e(a)l for all a € A,
where m : A © A — s is the multiplication map. The functional ¢ is called the counit and « the
coinverse of C(G).
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Note that ¢ is only densely defined and not necessarily bounded. If ¢ is bounded and # is faithful
(h(a*a) = 0 implies a = 0), then G is called coamenable [Bédos et al. 2001]. Examples of coamenable
compact quantum groups include C(G) for a compact group G and C*(I') for a discrete amenable
group I'.

A nondegenerate (unitary) representation U of a compact quantum group G is an invertible (unitary)
element in M (K (H) ® A) for some Hilbert space H satisfying that Uj,U;3 = (id @ A)U. Here K (H) is
the C*-algebra of compact operators on H and M (K (H) ® A) is the multiplier C*-algebra of K (H) ® A.

We write Uy and Ujs, respectively, for the images of U by two maps from M(K(H) ® A) to
M(K(H) ® A® A), where the first one is obtained by extending the map x — x ® 1 from K(H)® A
to K(H) ® A® A, and the second one is obtained by composing this map with the flip on the last two
factors. The Hilbert space H is called the carrier Hilbert space of U. From now on, we always assume
representations are nondegenerate. If the carrier Hilbert space H is of finite dimension, then U is called a
finite-dimensional representation of G.

For two representations U; and U, with the carrier Hilbert spaces H; and H,, respectively, the set of
intertwiners between U and U,, Mor(Uy, U,), is defined by

Mor(Uy, Uz) ={T € B(Hi, H>) | (T @ YU, = U2(T @ )}.

Two representations U; and U, are equivalent if there exists a bijection T in Mor(U1, U,). A representation
U is called irreducible if Mor(U, U) = C.

Moreover, we have the following well-established facts about representations of compact quantum
groups:

(1) Every finite-dimensional representation is equivalent to a unitary representation.

(2) Every irreducible representation is finite-dimensional.

Let G be the set of equivalence classes of irreducible unitary representations of G. For every y € G, let
U” € y be unitary and H, be its carrier Hilbert space with dimension d,,. After fixing an orthonormal
basis of H,, we can write U? as (u?})lsi,jsdy with uz./j € A, and

dV
YN Y Y
Awl) =) ul,®uy
k=1

foralll1<i,j<d,.

The matrix U? is still an irreducible representation (not necessarily unitary) with the carrier Hilbert
space H y- It is called the conjugate representation of U” and the equivalence class of U7 is denoted
by v.

Given two finite-dimensional representations « and 8 of G, fix orthonormal bases for o and 8 and
write & and B as U and U# in matrix forms, respectively. Define the direct sum, denoted by o + S, as
the equivalence class of unitary representations of dimension d, + dg given by

Uu* 0
0o Ut)
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and the tensor product, denoted by a3, is the equivalence class of unitary representations of dimension d,dg
whose matrix form is given by U = U 5 Ug.
The character x («) of a finite-dimensional representation « is given by

do

X(oz)=2u§?‘i-

i=1
Note that x () is independent of the choice of representatives of «. Also we have || x («)| < dg, since
ZZ"ZI usy (u$)* =1 for every 1 <i <d,. Moreover,

xa@+pB)=x@+x(B), x@B)=x@x(PB) and x(@)*=x@)

for finite-dimensional representations « and S.

Every representation of a compact quantum group is a direct sum of irreducible representations. For
two finite-dimensional representations o and §, denote by N Z p the number of copies of y € G in the
decomposition of a8 into a sum of irreducible representations. Hence,

ap=) Ny
-

We have the Frobenius reciprocity law [Woronowicz 1987, Proposition 3.4; Kyed 2008, Example 2.3]

Y _ no  _ aB
Nyg= N%B =Ng,
forall o, B,y € G.
Throughout, we assume that A = C(G) is a separable C*-algebra, which amounts to saying G is

countable.

Definition 2.2 [Kyed 2008, Definition 3.2]. Given two finite subsets S and F of G , the boundary of F
relative to S, denoted by d5(F'), is defined by

85(F)={aeF|N£y>0forsome yeS,ﬁ¢F}U{a§éF|Nofiy>0 for some y € S, B € F}.

The weighted cardinality | F|,, of a finite subset F' of G is given by
|Flw=>_d..
aeF
D. Kyed proves a compact quantum group G is coamenable if and only if there exists a Fglner sequence
inG.
Theorem 2.3 (Fglner condition for amenable discrete quantum groups [Kyed 2008, Corollary 4.10]). A
compact quantum group G is coamenable if and only if there exists a sequence {F,}7° | (a right Folner

sequence) of finite subsets of G such that

5 [0s (Fi) |w
im ——— =

n—>00 | Fyly

for every finite nonempty subset S of G.
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3. Mean ergodic theorem for amenable discrete quantum groups

In this section we prove the generalized mean ergodic theorem.

899

Theorem 3.1. Let G be a coamenable compact quantum group with counit & and {F,}° | be a right

Fglner sequence of G. Fora representation w : A = C(G) — B(H), we have

1
lim
n—>00 | Fy |y

Y dom(x(@) =P

aeF,

under the strong operator topology, where P is the orthogonal projection from H onto
Hiyw={x € H|n(a)x =¢(a)x forall a € A}.
We divide the proof into two major steps:

Step 1. We show that Hip,y = K for K ={x € H | n(x(a))x =dyx forall o« € 6}.

(3-1)

Step 2. The sequence {(l/IFn [w) Zaan dom(x (oa))}:il converges to the projection from H onto K.

Proof of Step 1 for Theorem 3.1. We proceed via two lemmas:

Lemma 3.2. If a state ¢ on A = C(G) for a compact quantum group G satisfies that ¢ (x (®)) = d for

all « € G, then Y =c¢.

Proof. 1t suffices to show that <p(u;?‘j) = §;; forevery a € G and an arbitrary unitary U = (u?;)lsi, j<d, €CL.

Let ¢(U) be the matrix ((p(uf‘j)) in My, (C). Note that ¢ is a state, hence completely positive. By a

generalized Schwarz inequality of M. Choi [1974, Corollary 2.8], we have

e(U)p(U™) <pUU") =1.

Let Tr be the normalized trace of My, (C). Since ¢ (x («)) = dy, we get Tr(o(U)) = 1. It follows that

0 < Tr((p(U) — D(pU) — 1)%)
=Tr(p(WeU)" —U)" —pU) + 1)
=Tr(p(U)pU)") — 1
=Tr(p(U)p(U™)) — 1
<Tr(e(UU*))—1=0.

Hence, Tr(((p(U) —D(pU) — 1)*) = 0, which implies that ¢(U) = 1. This ends the proof.

Lemma 3.3. Let 7 : A= C(G) - B(H) be a representation. Then

Hyw=K={xe H|n(x(a)x =dyx forall a € 6}.

Proof. Note that e(x (o)) =d, for all @ € G [Woronowicz 1998, Formula (5.11)]. Hence H;,y € K.

To show K C Hj,y, we can assume K # 0 without loss of generality.
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Let x € K be an arbitrarily chosen unit vector. By Lemma 3.2, the state ¢, defined by ¢, (a) = (7w (a)x, x)
forall a € A is ¢, since ¢, (x () = d, for all @ € G.
For every a € A, we have
|7 (@)x — e(@)x|* = (w(@)x — e(a)x, w(a)x — e(a)x)
= (m(a)x, w(a)x) — (e(a)x, w(a)x) — (w(a)x, e(a)x) + (e(a)x, e(a)x)
= (m(a*a)x, x) — (e(a)m(@*)x, x) — e(a) (w(a)x, x) + |e(@)?
= &(a*a) —e(a)e(a®) — |e(@)]* + |e(a))?
=0.
This proves that K C Hj,y, and so concludes the proof of Step 1. O
Proof of Step 2 for Theorem 3.1. We start with a lemma:

Lemma 3.4. The orthogonal complement Hlﬂl‘v of Hiyy is

V = Span{n(x(@))x —dyx |@ € G, x € H}.
We need the following well-known fact in functional analysis:

Proposition 3.5. Suppose {T;}jc; is a family of bounded operators on a Hilbert space H. Then the
orthogonal complement of ) jes ker T is

ran{T]T" | jelJ},
the closed linear span of the ranges ran Tf of TJT“ forall jin J.

Proof of Lemma 3.4. Consider the family of operators {7 (x (@) —du},cg in B(H). These are self-adjoint
operators, since

(T (x (@) —do)* =7 (x (@) — da,
Applying Proposition 3.5 to {7 (x (@)) — du},cg gives the proof. U

Now we are ready to finish the proof of Theorem 3.1.
For every x € Hj,y and all n, we have

1 1
dom(x(a))x = d’x = x.
|Fn|wa§ ‘ |Fn|wa§ “

Next we show that

T3 |wazd W7t (X @)z = 0

for all z € V as n — oo. By Lemma 3.4, we only need to prove it for z of the form 7 (x (y))y —d, y for
every ye Hand y € G.
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Forevery ye H and y € G, we have

lim Y domt(x (@) (x(¥))y —dyy)

n—00 |Fn|w aeF,

=lim ——( ¥ + ¥ )dr@x()y—dody7(x(@)y
n=>00 [Fylw \qeFN\o,F,  acFind, Fy .
(by Theorem 2.3 and since x(a)x(y) = x(ay))

. 1 B
= lim Y dam(x(ay))y —dod,w(x(@)y  (ay= ) N, B when a € F,\d,F,)
n=00 | Fylw geF\, F, BEF,
1
=tim ——( ¥ Y AN By - Y dedm(i@)y)
n=00 | Fylw \ qeF\o, F, peF, ey a€F,\d, F, o
(NE,=Nj . and d, = dy)
1
= 1im ——( NGBy = Y dadym(x(@)y)
n—00 | Fyly aan\ayFnﬂ;n “hy aeF%;‘)yF,, o
= 1im ——( S ANy = ¥ | X+ ¥ N dsmx@)y)
n—o00 | Fy |y aeF,\d, F, BEF, aeF,\o, F, - BeF,  B¢F,
(exchange o and 8 in the second term)
=Jim (Y Y ANy - Y [T+ T N py)
nilw

aeF,\dy F, feEF, BeF\d, Fy-acF, agF,
(common terms are canceled)

1
= lim ( > Y. duNgm(x(B))y
n=00 | Fylu \aeFin, Fy BeFirn, Fy Py

— Y Y N ®)y— Y Ngsdem(x(B)y)
ﬂEFn\ayFnOlEanayFn BEFn\ayFnagéFn
=0.

Note that the last equality above holds since, by Theorem 2.3, we have the following:

1
() — Y Y dNgpmG By s T T deNjsdsllyl
| Fulw N4eF,\, F, peFyna, F, |Fulw geF,na, F, «<F,
1
< Y. dydylyl 0
|Fn|w BeF,N0, Fy
1 w 1 o
@O | T Ny = > N dadglly
nlw " BeF,\oy F, acF,No, F, nlw BeF,\o, F, acF,N0, F,

1
= > N dadgllyl
|Fulw geF,No, F, acF,n, F,

< > ddyllyll - 0;
|Fulw acFirn, F,
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3)

2. 2 Ngyda n(x(ﬂ))y” < >3 Ngsdadglyll

BEF\0, Fy a&F, |F lw peFNo, F, agF,
1

IF |w

- S NS dedglyl
[ Fulw per,\o, £y ag N =0

1
> Z Ng 5dedg|lyll
Fulw s, oz 07

1

<

= > d§d7||y||—>0 as n — oo.
|Fn|w Bedy Fy

This completes proof of Step 2 and therefore of Theorem 3.1. ]
For a representation 7 : B — B(H) of a unital C*-algebra B, define the commutant 7w(B)' of 7 (B) by
7(B) ={T € B(H) | Tnw(b) =n(b)T forall b € B}.
Corollary 3.6. In the setting of Theorem 3.1, the projection P is in w(A) N (A)SOT,

Proof. The left-hand side of (3-1) is in JT(A)SOT; hence, so is P. Moreover, for all x, y € H and a € A,
we have

(m(a)Px,y) =¢e(a){Px,y)
and
(Pr(a)x,y) = (m(a)x, Py) = (x,m(@*) Py) = (x, e(a*) Py) = e(a)(Px, y).
This proves P € w(A)’. O

As a consequence, we have the following:

Corollary 3.7. Assume that ¢ is a pure state on A = C(G) for a coamenable compact quantum group G
and {F,};° | is a right Fplner sequence of G. Then

. _J1 fe=e
nlggolFlwa;daw(X(a)) {O Fodte

Proof. When ¢ = ¢, we have e(x (@) =d, forall ¢ € G [Woronowicz 1998, Formula (5.11)]. Hence,

lim
n—o00 |F |w

Z dys (x () = 1.

Suppose ¢ # €.
Consider the GNS representation Ty A— B(LZ(A, ¢)). We have

lim
n—00 |F |w

Y dap(x(@) = lim

acF,

|F| Zd 7o (x (@)(1), 1) = (P(1), 1).

Hence, lim,,_, oo (1/| Fy,|w) Zaan dyo(x(a)) # 0 if and only if P(i) #0.
To prove limy,— oo (1/|Fylw) Zaan dyo(x(a)) =0 for ¢ # ¢, it suffices to prove P(i) =0.
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Suppose P (1) #0. Then H;,, #0. By Corollary 3.6, the space Hiy,y is an invariant subspace of L%(A, ¢).
Note that m,, is irreducible since ¢ is a pure state. Hence Hjpy = L?(A, ¢). In particular, le Hi,,. Thus,
for all a € A, we have er(a)(i) = e(a)i. It follows that

p(a) = (my(a)(1), 1) = (e(@)1, 1) = e(a)

for all a € A, which contradicts that ¢ # . U

4. A Wiener-type theorem for compact metrizable groups

In this section, we prove the following Wiener-type theorem:

Theorem 4.1. Let G be a compact metrizable group. Given y in G and a right Fplner sequence {F,}72
of G, for a finite Borel measure 11 on G one has

. 1 O N O (1)) : 1 a2 2
lim ;da Z M(uij)uij(y)zu{y} and ’1li>n;°|Fn|w Zda Z e (ui;)1 ZZM{X}-

n—oo | F,
| ﬂlw 1Sls]SdOt OlEFn 151,]§du xeG

Hence,  is continuous if and only if

: 1 a2
i T 2 e 2 il =0.

ael, 1<i,j<dq

Here (u?“/.)li,-,jfda € M,,(C(G)) stands for a unitary matrix presenting o € G.

From now on G stands for a compact metrizable group. When thinking of G as a compact quantum
group, the coproduct
A:C(G)— C(G)®C(G)

is given by A(f)(x, y) = f(xy), the coinverse x : C(G) — C(G) is given by « (f)(x) = f(x~1) and the
counit ¢ : C(G) — Cis given by e(f) = f(eg) forall f € C(G) and x, y € G. Here, e is the neutral
element of G.

Definition 4.2. Given a finite Borel measure u on G, the conjugate i of p is defined by
RN = [ £t = p()
G

for all f € C(G), and ji is also a finite Borel measure on G. In other words, i(E) = w(E~") for every
Borel subset E of G.

For x € G, use §, to denote the Dirac measure at x.
The convolution u * v of two finite Borel measures ¢ and v on G is defined by

p*v(f) = (uv)A(Sf) = fG /G f(xy)dp(x)dv(y)
for all f € C(G). For every Borel subset E of G, we have

u*v(E):/Gv(x—‘mdum=/Gu(Ey—‘)dv<y>.
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If either w or v is continuous, then so is u * v.
We can write a finite Borel measure it on G as . = Zi Aidy, + pc for every atom x; with pu{x;} = A;
and a finite continuous Borel measure .

Lemma 4.3. Let u be a finite Borel measure on G and {F,}>° | be a right Folner sequence of G. Then

1
lim
n—o0 | Fy

D dat(x (@) = pleg}.

ack,

Proof. By Corollary 3.7, the sequence {(1 /N Fulw) Y e F, dyx (a)(x)} C C(G) converges pointwise to 1.,
(the characteristic function of {eg}). The terms of the sequence are bounded by 1 for all x € G; hence, by
Lebesgue’s dominated convergence theorem [Rudin 1987, Theorem 1.34], we have

1 , 1
Jim o D dap (@) = lim | e D dax @) du()
a€eF, a€F,

1
_ /G fim 3" dox (0 (x) dpex)
eF,

n—>00 | Fy |y

= [ tepdu=ntec) 0
G
Proof of Theorem 4.1. Given a finite Borel measure 1« on G and y € G, consider the measure w * §,-1. By
Lemma 4.3, we have

1
lim
n—o0 | Fy |y,

Y dapx 8y 1 (x (@) = px8y-ifeq).

aeF,

Note that
u*dy-1(x (@) = /G fG X (o) (xz) du(x) ddy-1(z)

= /G x (@) (xy ") du(x)

= > uiGy Hdu)

G 1<i<d,

= > D ul@usioThdu)

G l<i<d, 1<j<dy

= Z Z u?‘j(x)bmdﬂ(x)-

O l<izd, 1<j=dy
Moreover,

prdteat= [ [ 1o due) a5, = [ 1t duto = uty)

This completes the proof of the first part.
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Applying Lemma 4.3 to u * &, we have

1
lim
n—>00 | Fyly

D datx A(x(@) = px fileg).

aeF,
Since u =) x; atoms Ai0x; + e with A; = pufx;} and pc a finite continuous Borel measure, we have
i= Z Aiby, + Tic = Z %i8, 1 + ic

Xx; atoms X; atoms

Hence,
WL = Z inx,(sxi #8,1+ inaxi * Iic + Z,\,Mc %81 F e e
i Jj 1 J

Note that ), A8y, * ftc + Zj Ajlc * ij4 + e * (e is a finite continuous measure and

Z)»i)\jgxi *5xj—1 = Z)‘i)‘f(SXfx;l‘
i,] LJ

It follows that

priilegh= ) A= ) nlu)=) ulx)

Xx; atoms Xx; atoms xeG

On the other hand,
o ia(x (o)) = /G fG x (@) (xy) du(x)dia(y)

_ / / K@)y ™) dp(x) de(y)
GJG

= @xyHd d
/G/G > ey dpx) du(y)

1<i<dy,

Z// Z Z ”?;(x)u?i(y_l)dﬂ(x)du(y)
GJG

I<i=dy 1<j=<dqy

=2 > / 5 (x) dpa(x) f W) du(y)
G G

I<i<dy 1<j<dy
2
= > In@)l
1<i,j<dqy

This ends the proof of the first part, and the second follows immediately. (I
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