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COMMUTATORS WITH FRACTIONAL DIFFERENTIATION AND
NEW CHARACTERIZATIONS OF BMO-SOBOLEV SPACES

YANPING CHEN, YONG DING AND GUIXIANG HONG

Forbe L] (R") and « € (0, 1), let D* be the fractional differential operator and 7 be the singular integral

operator. We obtain a necessary and sufficient condition on the function b to guarantee that [b, D*T]is a
bounded operator on a function space such as L?(R") and L?*(R") for any 1 < p < oco. Furthermore, we
establish a necessary and sufficient condition on the function b to guarantee that [», D*T] is a bounded
operator from L*®(R") to BMO(R") and from L'(R") to L""*°(R"). This is a new theory. Finally, we
apply our general theory to the Hilbert and Riesz transforms.

1. Introduction

Forbe L}

loc

(R™), denote by B the multiplication operator defined by B f (x) =b(x) f (x) for any measurable
function f. If T is a linear operator on some measurable function space, then the commutator formed by
B and T is defined by [b, T] f(x) := (BT —TB) f(x). Let 0 <« < 1. The commutators we are interested
in here are of the form

Qx—y)
(b, Tol f(x) = p-V-/ ———(b(x) = b(y) f(y) dy,

Re X — y["te

where € is homogeneous of degree zero, integrable on §” !,

The case o = 1 was first investigated by Calderdn [1965] and now is well known as Calderén’s
first-order commutator. Calderén proved that b € Lip(R") (Lipschitz space) is a sufficient condition for
the L”-boundedness of [b, T1] when 2 satisfies some assumptions but may fail to have any regularity.
However, this result has inspired many mathematicians to find new proofs, to make generalizations and to
find further applications. We refer the reader to [Calderén 1980; Coifman and Meyer 1975; 1978; Cohen
1981; Hofmann 1994; 1998], among numerous references, for its development and applications. We
would like to single out the work by Coifman and Meyer [1975], who found a new proof of Calderén’s
first-order commutator by reducing the commutator estimates to continuity of multilinear operators, which
was used to deal with higher-order commutators in the same paper and has since been widely developed.

Let us comment on the main idea of Calderén’s proof for future convenience. Firstly, the special
properties such as locality of Lipschitz functions enable Calderén to use a rotation method to reduce
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commutator estimates in the higher-dimensional cases to the one-dimensional case. Secondly, the one-
dimension commutator is just the commutator formed by » and d H/dx, the derivative of the Hilbert
transform. Then Calder6n exploited the special properties of the Hilbert transform as being closely related
to analytic functions and used a characterization of the Hardy space H!(R) in terms of the Lusin square
function to prove his theorem. It is the second part that has been reproved by Coifman and Meyer using
techniques from multilinear analysis.

The case o = 0 was first studied by Coifman, Rochberg and Weiss [Coifman et al. 1976], who showed
that » e BMO(R"), the bounded mean oscillation space, is a sufficient and necessary condition for the
L?-boundedness of [b, Ty] when Q € Lip(S”_l) (see also [Janson 1978; Uchiyama 1978]). For rough €2,
similar results have also been obtained in [Alvarez et al. 1993; Hu 2003; Chen and Ding 2015]. It is
worth mentioning that the operator [b, Ty] has a different character from [b, T7], whose research actually
was inspired by the factorization of Hardy spaces.

The case 0 < o < 1 was first investigated by Segovia and Wheeden [1971], who obtained an analogue
for differentiation of a fractional order of the one-dimensional version of Calderdn’s result [1965]. Murray
[1985] improved the results of [Stein and Weiss 1971], more or less along the research line initiated by
Calder6n, by extending the commutator with derivatives of the Hilbert transform to those with fractional
derivatives of the Hilbert transform. It turns out that these commutators with fractional differentiation
are closely related to BMO-Sobolev spaces. Let 0 < o < 1, and consider the fractional differentiation
operators defined for f by

Dof(§) = §|°F ().

The fractional Laplacian can be defined in a distributional sense for functions that are not differentiable
as long as f is not too singular at the origin or, in terms of the variable x, as long as

Lf (0l
re (114 |x
For a function f : R" — R, we consider the extension u : R" x [0, c0o) — R that satisfies the equation

u(x,0) = f(x), A+ I_T“uy +uy, =0.

dx < o0.

Caffarelli and Silvestre [2007] showed that

’ - N 0
CDOlf = lim _yl_auy — l lim M(.X y) M(X )
y—>0* T o y—0 V&

for some C depending on n and «.

Let I, be the Riesz potential operator of order «. The Sobolev space I,(BMO) is the image of
BMO under [,,. Equivalently, a locally integrable function b is in I, (BMO) if and only if Db € BMO.
Strichartz [1980] showed that, for @ € (0, 1), I,(BMO) is a space of functions modulo constants that is
properly contained in Lip,, while Lip, is properly contained in /; (BMO).

Murray studied it only in the one-dimensional case, the commutators [b, T, ] formed by b and D“H
or D%, and showed that b € I,(BMO)(R) is equivalent to the L”-boundedness of [b, T,]. Calderén’s
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original proof did not work well in this new situation. Instead, Murray used special properties of one-
dimensional commutators to represent them in a way that techniques of multilinear analysis developed
in [Coifman and Meyer 1975] could come into play. In the meantime, she showed that b € Lip(R) is
also a necessary condition for L”-boundedness of [b, T1], thus providing a converse of Calderén’s results
on R. In the review of [Murray 1985] in Math Reviews, Y. Meyer indicates that the results there apply
to functions on R". However, a direct perusal of [Murray 1985] reveals that the paper only tackles the
case n = 1. (Meyer might have known how to treat n > 1.) Maybe, it can in particular be applied to
[b, D*] on R" for n > 1. But we think the techniques may fail for [b, T,,] on R" for n > 1. The reason is
that the higher-dimensional commutators are much more complicated due to the presence of €2, which
cannot be represented easily.

In the case of 0 < o < 1, by applying an off-diagonal 7'1 theorem (see [Hofmann 1998]), Q. Chen
and Z. Zhang [2004] obtained the (L”, L?) bounds for the operator [b, T,] with Q € Lip(S"_l) and
D*b € L"(R"), where 1 <r <ooand 1/p+ 1/r = 1/q. However, they pointed out that they do not
know whether the off-diagonal 7’1 theorem is true for r = oo, so the (L”, L?)-boundedness of the
operator [b, T,] cannot be obtained in [Chen and Zhang 2004]. We think there are two reasons that the
(L?, LP?)-boundedness of the operator [b, T,] cannot be obtained in [Chen and Zhang 2004]. Firstly,
Calderdn’s rotation method is of no use, since the elements in I, (BMO)(R") are not local and do not
enjoy the properties of Lipschitz functions. Secondly, the 7'1 theorem developed by David and Journé
[1984], which is a powerful tool for the commutators [b, d H/dx] and [b, D] to give an alternate proof,
does not work well in general situations, such as the cases where the operators are rough or the cases
where the weak-boundedness property (WBP) is not easy to verify.

Here we use Fourier transform estimates and Littlewood-Paley theory developed in [Duoandikoetxea
and Rubio de Francia 1986] to get the L”-boundedness of [b, T,] with rough kernel for all 1 < p < oo,
which can be stated as follows.

Theorem 1.1. Suppose o € (0, 1) and b € I,(BMO). If Q € Llog"L(S"~") having the mean value zero
property, that is,

/ Q(xNdo(x) =0, (1-1)
Snfl
then there is a constant C such that, for 1 < p < 0o,

16, Te] flle < CID*bllgmoll £ Lo

We will prove this result in Section 2.

Remark 1.2. Our arguments depend heavily on the Fourier transform estimates, which is not a surprise
from the historical point of view of techniques in handling rough operators [Duoandikoetxea and Rubio de
Francia 1986]. But, as Murray has pointed out, the cases 0 < @ < 1 are fundamentally different: the
underlying details turn out to be very subtle and quite different from the cases of « = 0 and o = 1.
Furthermore, we believe some modifications of the method in the present paper should provide an alternate
proof of Calderén’s first-order commutator estimate.



1500 YANPING CHEN, YONG DING AND GUIXIANG HONG

As applications to partial differential equations have been found in the cases « =0, 1 and Murray’s
one-dimensional result in the case 0 < o < 1 (see [Calderén 1980; Chiarenza et al. 1991; Di Fazio and
Ragusa 1991; 1993; Murray 1987; Lewis and Silver 1988; Lewis and Murray 1991; 1995; Taylor 1991;
1997; 2015]), we also expect applications of our results to fractional-order partial differential equations
(see for instance [Silvestre 2007; Caffarelli and Silvestre 2007; Caffarelli and Stinga 2016] on fractional
elliptic equations).

Definition 1.3. A measurable function f € L”(R"), p € (1, 00), belongs to the Morrey space L”-*(R")
with A € [0, n) if the following norm is finite:

1 1/p

IIfIILm=( sup  — If(y)l”dy) ;
xeRnr>07 Q(x,r)

where Q(x, r)stands for any cube of radius r and centered at xo. When A = 0, L”*(R") coincides with

the Lebesgue space L?(R").

It is well known that the Morrey space L”*(R") [1938] is connected to certain problems in elliptic PDEs.
Later, the Morrey spaces were found to have many important applications to the Navier—Stokes equations,
the Schrédinger equations, elliptic equations and potential analysis (see [Chiarenza and Frasca 1987;
Kato 1992; Taylor 1992; Ruiz and Vega 1991; Shen 2003; Di Fazio et al. 1999; Palagachev and Softova
2004; Deng et al. 2005; Adams and Xiao 2004; 2011; 2012]).

Recently, Chen, Ding and Wang gave a criterion of the boundedness of a general linear or sublinear
operator on Morrey spaces:

Theorem A [Chen et al. 2012]. Let 0 < A < n. Suppose that Q € L1(S"") forq >n/(n — 1) and S is
a sublinear operator satisfying |Sf(x)| < C fRn|Q(x —MfI/Ix —=y|"dy. Let 1 < p < oo. If the
operator S is bounded on L? (R"), then S is bounded on LP*(R™").

Clearly, b € 1, (BMO) C Lip,, for 0 <« < 1 implies |[b, T, ] f (x)| < CfRn QX =MD/ 1x — y|" dy.
Since Q@ € L1(S"~ 1) ¢ Llog™L(S"~") for ¢ > n/(n — 1), applying Theorem A and Theorem 1.1, we get:

Corollary 1.4. Let0 < A < n. Suppose a € (0, 1) and b € I,(BMO). If Q € LY(S"™") forq > n/(n — 1)
and satisfies (1-1), then there is a constant C such that, for 1 < p < 00,

I, To1fll s = CIID*blismoll f 1l Lo

Pérez [1995] gave a simple example to show that the commutator [, Tp] is not of weak type (1, 1)
when b € BMO. However, if 0 <« < 1, b e I,(BMO) and Q € Lip(5§"~1), it is easy to verify that k(x, y) =
(Q(x —y)/|x — y|"t¥)(b(x) — b(y)) is a standard kernel. Moreover, 2 € Lip(S”_l) CL log+L(S”_l),
we apply Theorem 1.1 (the L?-boundedness of [b, T,]) to see [b, T,] is a generalized Calderén-Zygmund
operator. So the weak type (1, 1)-boundedness of [b, T, ] is a natural consequence. Therefore, it will be
interesting to give a necessary condition for the L! — L!'* bounds of [b, T, ], which is our main aim in
this part. Moreover, we will also give the necessity of the L?**-boundedness of the commutator [b, T, ].

The following useful characterization of Lip, (R") is due to Meyers [1964]:
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Theorem B. Let o € (0, 1]. A locally integrable function b is in Lip,(R") if and only if there is a
constant C such that, for any cube Q,

1
W/le(X)—bQ|dx < C.

We first give a necessary condition for the L? * bounds of [b, T, ].

Theorem 1.5. Suppose o € (0, 1], b € L} (R") and Q € Lip(S"™") satisfies (1-1) or
/ Q(x")x do (x") =0, (1-2)
Snfl

for j =1,2, ..., n Assume Q is not identically zero. If [b, T,] is bounded on LP*(R") for some
l<p<ooand0 <A <n,thenb € Lip, (R").

Remark 1.6. In particular, if [b, 7] is a bounded on L?(R") for some 1 < p < oo, then b € Lip, (R").

Remark 1.7. Since the structure of €2 is complicated and cannot be represented easily, the idea of proving
Theorem 1.5 is very different from Murray’s method [1985], where the proof depends on a special property
of the Hilbert transform H.

Theorem 1.8. Suppose o € (0, 1], b € L (R"and Q€ Lip(S"~") satisfies (1-1) or (1-2). Assume Q is

loc
not identically zero. If [b, T, is bounded from L' (R") to L1 (R"), then b € Lip, (R").
Remark 1.9. As far as we know, this is the first example of a necessary condition for the L' — L!:>-
boundedness of an operator.

The proof of Theorems 1.5 and 1.8 will be given in Sections 3 and 4, respectively.

Moreover, in the course of showing the main result, in conjunction with Calderén’s first-order estimates,
we obtain the characterizations of Lip(R") in terms of the L”-, (L', L!"*)- and L?-*-boundedness of
commutators. If b € Lip(R") and Q € Lip(S"~!), then by Theorem 2 in [Calderén 1965] it is easy to
check that [b, T1] is a Calderén—Zygmund operator, so the weak type (1, 1)-boundedness of [, T1] is a
natural consequence. Applying Calderén’s conclusion [1965, Theorem 2] and Theorems A, 1.5 and 1.8
for the case of &« = 1, we give the characterizations for the Calderén commutator [b, 7] as follows.

Corollary 1.10. Let 1 < p < oo and 0 < A <n. Suppose that b e L} _(R") and Q € Lip(S"~") satisfy (1-2);

loc
then the following four statements are equivalent:

(i) b € Lip(R");
(i1) [b, T1] is bounded on LP (R");
(iii) [b, T1] is bounded from L' (R") to L>°(R");
(iv) [b, T1] is bounded on LP*(R").
For the case of @ € (0, 1), in conjunction with Theorems 1.1, 1.5 and 1.8, we get:

Theorem 1.11. Suppose a € (0, 1), b e LIIOC(R”) and Q € Lip(S"~1) satisfy the mean value zero property.

Let 1 < p <ooand 0 < A < n. Then the implications (1) = (i1)) = (ii1) = (iv) hold for the following
four statements:
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(1) [b, Ty] is bounded on LP (R");

(i) [b, Ty is bounded from L' (R") to LV (R");
(iii) [b, T,] is bounded on LP*(R");
@iv) [b, T,] is bounded from L*°(R") to BMO(R").

We will prove Theorem 1.11 in Section 5.
Let T, and T be the operators which are defined respectively by

Q(x —v))
Tof (x) = pov. / #f(y)dy, O<a<l, (1-3)
and _
S‘Z _ !
Tf(x)=p.v. / RE=D) L ay. (1-4)
rRe X —y"

We will give a relation between [b, T,] and [b, D*T] for the case of 0 < @ < 1.

Proposition 1.12. Let 0 < « < 1. For any fixed operator Ty, defined by (1-3) with Q € L>(S"~") satisfying
(1-1), there exists a singular integral operator T defined by (1-4) with Qe Lg(S”_l) satisfying (1-1) such
that T, = D*T. Conversely, for any fixed singular integral operator T with Qe Lg(S”*I) satisfying
(1-1), there exists an operator T, with Q € L?(S5" 1 satisfying (1-1) such that T, = D“T.

We will prove Proposition 1.12 in Section 6.

In particular, for any fixed singular integral operator 7 with Qe s satisfying (1-1), there exists
an operator T, with Q € C'($"~!) satisfying (1-1) such that T,, = D*T. Then, applying the result of
Proposition 1.12, we get:

Corollary 1.13. Suppose a € (0, 1), b e L (R") and $ € C2(S"~) satisfy (1-1). Let 1 < p < 0o and

loc

0 < A < n. Then the implications (1) = (ii) = (iii) = (iv) hold for the following four statements:
(1) [b, D*T] is bounded on LP (R");
(i) [b, D*T] is bounded from L' (R") to L1*°(R");
(iii) [b, D*T] is bounded on LP*(R");
(iv) [b, D*T1] is bounded from L*°(R") to BMO(R").
Remark 1.14. We will giw application of Theorem 1.1 and Corollary 1.13 to Riesz transforms. In
fact, for 0 < a < 1, since D°R; f(§) = —i§;|§ |1 f (&) a trivial computation gives

l-n—a T(En+a-1)
2 n—n/2+a—11"(%(1 _a))'

n(a)(pv#) &) =i&jg1“"",  where 5(@) =

From the above facts, we get

Qj(x—y)
n x — e

[b, D*R;1f (x) = p.v. f (b)) — b)) £ () dy,
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where Q;(x") =n(a)x;/|x|, j=1,2,...,n. Since Q;(x') is in Llog™L(S"') and satisfies the mean
value zero property, by Theorem 1.1 we get, for 1 < p < oo,

16, DRy < CIID“bllBmoll fllr,  j=1,2,...,n.

Now suppose that [b, D*R;] are bounded operators from L* to BMO for j = 1,2,...,n. The
vanishing moment of 2; gives [b, D*R;](1)(x) =—D*R;b(x) =—R;D*(b)(x) e BMO, j=1,2,...,n.
Since R; : BMO — BMO and }’_, R?f = —f, we get

i R?D“b < ci
j=1 j=1

This gives that D*b € BMO. Then, applying Corollary 1.13, foraz € (0,1), 1l < p<ococand 0 <X <n
the following five statements are equivalent:

(1) b € 1,(BMO);
(ii) [b, D*R;], j =1, ..., n, are bounded on L”(R");
(i) [, D*R;1, j=1,...,n, are bounded from L!(R") to L1:*(R");
(iv) [b, D°R;], j =1,...,n, are bounded on LP*(R");
(v) [b, D*R;], j =1, ...,n, are bounded from L>(R) to BMO(R").

ID*bllBMoO = (R;D*b) <C.

BMO BMO

The following results show that if we assume some conditions on 7', then we may characterize the
commutator [b, D*T] directly.

Corollary 1.15. Suppose o € (0, 1) and b € L} (R"). If T is a bounded, invertible operator on BMO,

loc
then when Q € C*(S"™1) satisfies (1-1), for 1 < p < 0o and 0 < A < n the following five statements are

equivalent:

(i) b € 1,(BMO);

(i1) [b, D*T] is bounded on L?P(R");
(iii) [b, D*T] is bounded from L' (R") to L'>°(R");
(iv) [b, D*T] is bounded on LP*(R");

(v) [b, D*T] is bounded from L°°(R") to BMO(R").
Proof. (i) = (ii) follows from Theorem 1.1 and (ii)) = (iii) = (iv) = (v) follows from Corollary 1.13,
so it remains to prove (v) = (i). If [b, T,] is bounded from L*° to BMO, the vanishing moment of Q2

gives [b, D*T](1)(x) = —T D*b(x) € BMO. Since T is a bounded, invertible operator on BMO, we get
D*b € BMO. O

Remark 1.16. Since H is a bounded, invertible operator on BMO(R), by Corollary 1.15 we have for
a€(0,1), 1 < p<ooandO < X < n that the following five statements are equivalent:

(1) b e 1,(BMO);
(i1) [b, D*H] is bounded on L?(R);
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(iii) [b, D*H] is bounded from L'(R) to L (R):
(iv) [b, D*H] is bounded on L?*(R);
(v) [b, D*H] is bounded from L°°(R) to BMO(R).

2. Proof of Theorem 1.1

We first prove Theorem 1.1 by a key lemma, whose proof will be given below. Let ¢ € . (R") be a radial
function such that supp¢ C {3 < |&| <2} and

> ¢’ =1 forany |£|>0.

leZ
Define the multiplier S; by S; £(§) = ¢(271&) f(€) for all [ € Z.
Lemma 2.1. Suppose that Q2 (x') satisfies (1-1). Let

Q"
Kj(x)= MTWX{Z]S|X|<2M}(X)

for j € Z. Define the multiplier T! (I € Z) by T/ £ (§) = 2/ &)K;(§) f (£). Set

Vif ()= [b S TS 1()(x).

Jjez

Let 0 <o < 1. For b € I,(BMO)(R"), the following conclusions hold:

(1) IfQ e L°°(S" 1), then there exists 0 < T < 1 such that
IVifliz2 < ClIQUL=2"""ID*blleymoll fll 2 for L € Z. (2-1)
(i) IfQ e L' (S"") then, for 1 < p < oo,
IVifllLr < CILU L IDbllsmoll fllLe  for 1 € Z. (2-2)

The constants C in (2-1) and (2-2) are independent of 1.

Proof of Theorem 1.1. Let us now finish the proof of Theorem 1.1 by using Lemma 2.1.
Let Eg={x" € S" ' |Q(x")| <2} and Eg = {x" € "1 :2¢ < |Q(x")| < 2%} ford e N. Ford > 0,

let
1

Qu(y) =) xe,(v) — 5]

/ Q(x"do(x),
Eq
Then Q") = D 420 Qa(y'). Since Q satisfies (1-1),

/ Qu(y)do(y)=0 forall d> 0.
sn—1

Set
Q4(x)

Kja(x)= W

X(2) <|x|<2i+1) (%)
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and define TJI 4 and V; 4 in the same way as le and V; are defined in Lemma 2.1, replacing K; by K 4.
With the notations above, it is easy to see that

b. TAf@) =YY 3 (b ST S 1f ) =YY Viaf ().

d>0 leZ jeZ d>0 leZ

By interpolating between (2-1) and (2-2), there exists 0 < 6 < 1 such that
IViafler < CliQalloc2 " MIDbllgmoll fllzr  for L € Z. (2-3)

Taking a large positive integer N such that N > 26—,

Ib, Tl fllee <Y Y WVaafller+Y Y Wiafllwr = Ji+ .
d>0 Nd<l|i| d>00<|l|<Nd
For Ji, using (2-3) we get

Ji < CIID°bllgmo Y27 >~ 27| fllLr < CIID*bllgmoll £ Il Lr-
d>=0 |l|>Nd

Finally, by (2-2) we get
B <CIID%llmo Y Y 2/0(Ed)|flLr
d>00<|l|<Nd

< C|ID°llsmo Y _ 20 (Ea)|I fllLr
>0

= ClIQl L1og+L I1D“bliB™mOll f I Lo

Combining the estimates of J; and J, we get

16, Te) fllLr = CA+ 1220 L10g+ ) | D*Bllamoll fllr

which is exactly the required conclusion of Theorem 1.1. (I

Proof of Lemma 2.1. Hence, to finish the proof of Theorem 1.1, it remains to prove Lemma 2.1. Let us
begin by giving some lemmas and their proofs, which will play a key role in the proof.

Lemma 2.2 [Christ and Journé 1987]. Let ©; f (x) := fRn Vi(x,y) f(y)dy, where ¥ ;(x, y) satisfies the
standard kernel conditions, i.e., for some y > 0 and C > 0,

2J¥
277+ [x =y ty

[V, I =C (2-4)

and
|h]”

J -
@ty M= (2-5)

i(x,y+h)—v¢;x,y)|<C

orall x, y € R" and j € Z. Suppose that du(x,t) =Y. _,|0;1(x)|>dx §,-(t) is a Carleson measure,
jez'™J

where 8,-;(t) is Dirac mass at the point t =27/, Then Zjez ||®jf||%2 < C||f||iz.
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Lemma 2.3. Let @ € (0,1) and b € I,(BMO)(R"). Let ¢ € S(R") be a radial function such that
supp ¢ C {% <|&|l < 2}. Define the multiplier operator S; by §17(§) = ¢(2_15)f(§) forl € Z. Then for
1 < p < 0o we have

< CIID*blismoll fllLr-
Lv

1/2
H (Zz2f°‘|[b, S,]f|2>

jez

Proof. Let ® = ¢ and @, (x) = 2/"®(2/x); then S; f = ®,; * f. Let

kj(x,y) =2%(b(x) —b(y) Dy (x — ¥);
then
27%b, S;1f(x) = f kj(x, y)f () dy.

n

It is easy to verify that k; (x, y) satisfies (2-4) and (2-5). Since
27%[b, $;11 = 2778;b =27 (|g|*|€| ¢ (27 §)b)Y = (6(27/£) Db)" =: SY(D"D),

where 6 (§) = ¢(£)|&]7* and S}?‘ is a multiplier defined by S;’.‘f(x) =o0y-; * f(x), by Db € BMO we
know

du(x, 1) =Y 127%[b, S;11(x)[* dx 8,- ()
jez

is a Carleson measure. Thus, by Lemma 2.2 we get
> 1270b, Si1£ 17 < ClLF I (2-6)
jez

Define the operator T by

T/ = [ Kexn o) dy,

. 1/2
where K : (x, y) = {kj(x, y)}jez with [K(x, y) ¢ 2 = (Zjez lk;(x, y)|2) 2, Thus, (2-6) says that

ITfllz2¢e2) < ClID*bllBMOll 2
On the other hand, for b € I,(BMO), it is easy to verify that, for 2|x — xo| < |x — y]|,

lx — xol*
|x _ y|n+a ’

1/2
<Z|kj<x,y>—k,~(xo,y>|2) < C|Dbllgmo

jez
since I,(BMO) C Lip, for 0 < o < 1. Then, by the result in [Grafakos 2004], we prove Lemma 2.3. [

Lemma 2.4. Letms j € C°(R"),0 < 8 < oo, for any fixed j € Z and let Ts, j be the multiplier operator
defined by Ts ; f (§) =ms ; (E)f(é). For0 <a <1, let b € Lip, (R") and let [b, T ;] be the commutator
of Ts ;. If , for some constants A > 0 and 0 < B < 1,

ms |l < CA277*min{8, 8P} and ||[Vms |1~ < CA2/277%,
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then there exists a constant 0 < A < 1 such that
b, T5,j1f 1,2 < CAmin{s*, s~} IbllLip, | £l 2,
where C is independent of § and j.

Proof. Without loss of generality, we may assume that ||b||Lip, = 1. Taking a C3°(R") radial function ¢
with supp¢ C {3 < x| <2} and }";., #(27'x) = 1 for any |x| > 0. Let ¢o(x) = S $@27'x) and
d1(x) = p(27x) for positive integers /. Let K5 ;j(x) = mav j(x), the inverse Fourier transform of ms ;.
Split K5 ; into
x o0
Ksj(x) = Ks j()po(x) + > K5 j () (x) =1 Y _ K} ;(x).
1=0

=1

Note that [, ¢(1) dn =0 and

KL () =2" / ms.; (x — y)Q2'y) dy = / ms.; (x — 271 ) dy.

n R
Thus,
T / (s j(x —271y) — my ;GNP dy
R Lo°
_ ~ 2-7
<ca2 ’||Vma,,-||m/ YIBG)] dy @7
Rn
<CA2712i2 e,
On the other hand, by the Young inequality,
1K Nl = 1Ksj % dille < 1Ks Il dll < CA27/% min{s, 67F). (2-8)
Therefore, by (2-7) and (2-8), foreach 0 <6 < 1,
IIIZEJ- e < CA270120imin{s!=? §~(1-0F}, (2-9)
Then, from (2-8), (2-9) and the Plancherel theorem, we get
1L fllz2 < CA27* min{s, 5P} 1.2 (2-10)
and
I3 fllz2 < CA27"2€ D min{s' ¢ = =DF)| £ 2. (2-11)

Now we turn our attention to [b, T(Sl ;1, the commutator of the operator Tal ;- Decompose R into a grid
of nonoverlapping cubes with side length 2. That is, R"* = UJ~ o Qu- Set fu= fxo,; then

f)= > fax) forae xeR"

d=—00
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It is obvious that supp([b, Tgl’ j] fa) C 2n Qg and that the supports of {[b, T(SI’ j] fd}Jroo have bounded

d=—00
overlaps. So we have the almost orthogonality property

o0
Wb, T Af17. <€ >0 b, Tf 1 fall3

d=—00

Thus, we may assume that supp f C Q for some cube with side length 2/. Choose ¢ € Co°(R™)
with 0 <¢ <1, suppep C 100nQ and ¢ =1 when x € 30n Q. Set é =200nQ and b= (b(x) —b@)go(x);
then

I, Tsj1f N2 < ) M. T5 1 e < ) UBTY  flle+ D T ;B )2 =: 1 + L.
=0 >0 >0

For I;, we have

LY Bl flle <C Y2 Wb luip, T3 ; £ 2.

>0 >0

Take 6 such that @ < 6 < 1 in (2-11); then, by (2-10) and (2-11),

I < C(Zz’“nTa’,jfuLz +Z2Z“IIT§,J-fIIL2)

I<j I>j
<CA ( > 207D min{s, 57} + > 207D min(s' 7, a—ﬁ“—f))}) £l
I<j 1=j

< CAmin{3' ™%, s PO f|| 2,
where C is independent of §. Similarly, we can get

L <CAmin{s'~?, 57709y 7|l 12.
Thus
I, T5,j1fll,> < CAmin{s*, s P4} 12

with0 <A =1—-6 < 1 and C independent of §. U

Proof of (2-1) in Lemma 2.1. For j € Z, define the operator 7; by T; f = K; * f, where K;(x) =
(R (x/)/|x|”+"‘)X{2,-§|x|<2j+1}(x). Since Q € L*®(S"!), for some 0 < B < 1 we have

1K;(§)] < ClIQ =27/ min{|27£|7F, 127¢]}

(see [Duoandikoetxea and Rubio de Francia 1986, pp. 551-552]). A trivial computation shows that
VK@) < ClIR) 12077, Set

m;j(E) =K;€), mhiE) =m;jEep2 8.
Define the operator le by YTJ-I?(S) = mi (g)f(g), Thus mi. € C(R") with

Imjlize < CllQIL~27*min{2™, 2"} and  |Vm{llz> < CIQY2~2"". (2-12)
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Thus Lemma 2.4 with § =2/ and 7,(BMO) C Lip,, for 0 < a < 1 says that, for some constant 0 < A < 1,
116, T]1f1lz2 < ClIQU L= D¥bllsvo min{2 =4, 22Y(| f 2, 1 €Z. (2-13)
By the Plancherel theorem, we get
1T fllz2 < ClIQIL~27/* min27P, 2'} || £l 2. (2-14)
For any j, ! € Z we may write

b, ST/ S1-j1f = b, ST} Si— )+ Si—j (b, T1Si— )+ Si—; T} (b, Si—11).
Then

IVifllze < | > S (Ub, TSi-; f)

jez
=L +5L+15.

> ST (b, Si-j1f)

jez

+
L2

> b, ST S 1f)

jez

_l’_
L2

L2

Below we shall estimate [; for i = 1, 2, 3. By Littlewood—Paley theory and (2-13), we get

1/2
L < <Z 1B, T/1(Si- mn;)

jez 12
< C|||p~ min{2 ¥, 2“}||D“b||BMo<Z 1S;- ,~f||iz)
jez
< C||Ql e min{2~ P 2} DYb|Igmoll £l .2 (2-15)

Now we estimate /,. By (2-14) and Lemma 2.3, we get

1/2
I < (Z I} (b, Sz_j]f>||iz>

JjeZ 12
< C||Ql| = minf2~ P+, 2“‘“”}(2 2% |[b, Sj]flliz>
jez
< C|R|| Lo min{2~ BT 20l Dep|ipyo|l £l 2. (2-16)
Finally, by duality and (2-16) we get
I3 < C||Q|| L min{2 =B+l 20=aly Dapipyio | £l 2. (2-17)
It follows from (2-15)—(2-17) that, for some constant 0 < t < 1,

IVifll2 < ClIQ 2" D*bllpmoll fII 2 for [ € Z.

This completes the proof of (2-1). ([
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. . [ _ . .
Proof of (2-2) in Lemma 2.1. Since TJ =T;§,j for any j, | € Z, we may write

b, Si— T} Si-j1f = Si—j (b, TSP )+ Si—; T (b, St ;11) + b, S 1(T;S7-; ).

Thus,
IVifller < |\ Y Si—j(b, TASE ;0| 4 DS Tib, ST 0| + (Db S 1T 8P f)
jez Lr jez L jez Lr
=:L;+ Ly+ Ls.

Below we shall estimate L;, i =1, 2, 3. It is well known that, for any g € L?(R"),

(b, Tjlg(x)| < ClibllLip, Mg (x),

where

1
Mqg(x) = sup — 12 (x = y)lg(y)ldy.

r>07T [x—yl<r

From this we get, for 1 < p < oo,

1/2
H (Z b, T,-]g,~|2)

jez

(Z |g,-|2)1/2

jez

= ClLl 1 11bllLip,
p

L Lr

Then, by Littlewood—Paley theory and since /,(BMO) C Lip, for 0 <« < 1, we have

1/2
L < CH (Z b, T,-](S%,~f>|2>

jez

= ClLl L ID*bllsmoll fllLr-

Lr

For L,, by a similar proof to that of [Chen and Zhang 2004, (1.13)], we get

o 172 .o 1/2
STl 21D 1l
Jjez jez

Then, by Littlewood-Paley theory and the above inequality, we get

=ClL

Lr Ly

1/2
Ly <C|Q (DD“[b, Sf_j]fﬂ)
jez Lr
1/2 1/2
< ClQll (an, D“]S?jflz) +ClR, (D[b, D“S?j]fP)
jez Lr jez Lr
Note that the kernel of [b, D¥] is
b(x) = b(y)
K(x,y) = o) —=2—12

|x_y|n+ot

where n(«) is some normalization constant (see [Stein 1970]). Since K (x, y) is antisymmetric, WBP
is satisfied automatically. Also [b, D¥]1 = D“b € BMO so, by the T'1 theorem (see [David and Journé
1984]), [b, D*] is bounded on LZ([R{”). It is easy to verify that K (x, y) is a standard kernel; then, by
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the Calder6n—Zygmund theorem (see [Grafakos 2004]), we get that [b, D*] is bounded on L?” (L2(R™)).
Combining this with Lemma 2.3, we get

(Z |ij|2)1/2

jez
< ClIQltID*bllemoll flIr,

Ly = ClIQ| .1 1D*bliBMO +ClI2 L

Lr

. B 1/2
(Z 271, s,-]f|2)

jez

Lr

where § ; 1s the Littlewood—Paley operator given in the transform by multiplication with the function
277129277 E). By duality and the estimate of L,, we get

Ly < C27|1Q|l .1 | D*bllgmoll £l -
Combining the estimates of L, L, and L3, we get
IVifller < ClILU LI DDliBmoll fllLr  for [ € Z.

This completes the proof of (2-2). O

3. Proof of Theorem 1.5

In the proof of Theorem 1.5, for j =1, ..., 15, A; is a positive constant depending only on 2, n, p, o, A
and A;, 1 <i < j. We may assume ||[b, Ty ]|l 1+ r+» = 1. We want to prove that, for any fixed xo € R”
and r € R4,

1

;ZW/B( o) —aoldy < Ap, 2, 1), (-1
’ X0,

where ag = | B(x, r)|*1fB(x0’r) b(y)dy. Since [b — ag, T,] = [b, T,], we may assume ag = 0. Let

S(y) = (sgnb(y) —co) XBxo.r) (¥), (3-2)

where co = (1/|B(xg, r)]) /B(XOJ) sgnb(y)dy. Then f has the following properties:

Rnf()’) dy = O, (3_3)
F(b(y) >0, (3-4)
1
1B (xo. 1[I/ /Rnf(y)b(y)dy =M. (3-5)

Without loss of generality, we may assume that |2 (x") — Q(y")| < |x’ — /| for all x’, y’ € §"~!. Since Q
satisfies (1-1) or (1-2), there exists a positive number A; < 1 such that

o(A)=o({x' €S Q@) = 24,}) > 0, (3-6)
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where o is the measure on $"~! which is induced from the Lebesgue measure on R". Then, for
xeG={xeR":|x —xg| > Ay = (2141_1 +1r and (x — xp) € A},

(b, To ] f ()] = VWQ((X—Y)/)Ix—yl_"_“b(y)f(y) dy‘ —|b(x)]

=:11(x) — L(x).

[ o=y seay
Rll
For I, (x), noting that if |y — x| < r, we get |(x —x0) — (x — y)'| < 2|y — xol|/|x — x0| < Ay, then, since
Q e Lip(S"™1), we get Q((x — y)’) > A;. Thus it follows from (3-4) and (3-5) that
Bz A [ Bl =l dy = A Ml
B(xo,r)

Since 2 € Lip(S”_l) and by (3-3), we have

Q((x—y))  Q((x—x)) " e
L(x) < b()] If(y)l' 20 O dy < A b o) |x — xo) "
B(xo,r) |x — ¥l |x — xol
Let6d =p/(n(p—1)+ pa+ 1) and
AsMro! 0
F={xeG:|b(x)| > Tlx—x0| and |x —xg| < M"r ;.
4

This gives that I;(x) > 2I5(x) when x € (G\ F)N{x : |x —xo| < MP?r}. Then we have

b, T f ()| = [1(x) — L(x) = 11 (x) for x € (G\ F)N{x:|x —xo| < Mr}.

Hence,

A2, = b, Tl £,
1
> — b, T, rd
> s /|x_x0|<Mer'[ 1 F (I dx
1

>__

MO r* /<G\F>m{|x—xo|<M9r}
1

>__

- M@)\r)»

(A3 M |x — xo|7"7%)" dx

/ (%A3Mr°‘+”|x — xol_"_“)p dx
{As(IF|+(Bar))l/n <|x—x0|<M?r}NG

_a(A) <A3Mr°‘+")p /Mer (~n(p=D—pa—1 g
- MO 2 As(FI+(Aprym/n

a(A) (3BsMrotn)?
~ MO (=n(p—1) = pa)

((Mé’r)—n(l?—l)—l?a — A6(|F| + (Azr)”)(_"(p_])_pa)/”).

Then, by || fllprr < C r"=»/P and an elementary computation, we have
(|F|+ (Azr)ﬂ)—(P—l)—P‘Y/n < A7(M9(—n(.17—1)—170!) + MG)»—P),,—"(P—I)—P“'
Since A = p/0 —n(p — 1) — pa, we get

(|F| 4 (Apr))y~P=D=pa/n < pg pg0(=np=D=pa).—n(p=h—pa
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Then we have
|F| > AgM®"r" — (Ayr)".

If M < (2A5" A2/ then Theorem 1.5 is proved. If M > (2A5" A%)!/@™ then
|F| > SAgM™"r". (3-7)

Now let g(¥) = xB(xo,r (). Forx € F,

(b, Talg (x)| = [b(x)]

Q _ /
/B Mg(y)dy‘_/g( 120 =l Bl dy

(x0,r) |x - }’|"+°‘

=: K| — K>. (3—8)
For y € B(xg, r) and x € F we have that |x — xo| =~ |x — y| and Q((x — y)") > A;. Now, regarding K1, it
follows that

Ky > C|b(x)] lx —y|7""%dy = A1olb(x)||x — x| """, (3-9)
B(xo,r)

For K>, since Q € L®(5"~1), we have

K < Clx —xo| "~ f b dy < Anlx —xo| "M, (3-10)
B(xq,r)

So, by (3-8)—(3-10) and since |b(x)| > (AsMr*/(2A4))|x — xo|/r when x € F, we get, for x € F,
[, Tolg(x)] = Apalx — xol ™" T~ M — Ayy|x — xo| " M. (3-11)
Since || gl pr < Crn=2/p, by (3-11) and Holder’s inequality we have

Ar PP > b, Tylg |l Lo

1 / 1/p
. b, Tlg(ol” dx)
((1‘49’”))L {%Aé/'lM9r<|x—x0|<M9r}

I[b, Ty 1g(x)| dx

1
(MPr) /pEn/p Fﬂ{%A(l)/"Mgr<|x—x0|<M9r}

» Mnta-] lnma 4
=oe (MOr)*/pEnlp’ /Fn{jA;/"M9r<|x—xo|<M0r}|x ol *
| Y ey
— MOyl Fﬂ{%Aé/nM"r<|x—x0|<M9r}|x ol *
=:L;—L,. (3—12)

To estimate L and L;, we first prove that
|FN 1Ay MOr < |x —xo| < MOr}| = LAgMO"r". (3-13)
Let
_ 1 41/np,0 _ 0 _ 1 41/np.0 _.
F=(FN{;Ay"Mr <|x —xol < M°r})U(F N {lx —x0l < ;Ay"M°r}) =t E,UE;.
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Notice that
|Eal < [{x i Ix —xol < §A)"MOr}| < (§)"AgM" ",
If |Ei| < $AgM%"r", then
|F|=|Ei|+ |Ea| < §AoM™*r" + (§)"AoM™"r" < S AoM*"r".
This contradicts |F| > %AgM Onyn This proves (3-13). Now we turn to give the estimates of L| and L.
Since |x — xo| < M?r and by (3-13),
rn+a—l

(MGF)I—n—a

L ol/np.0 0
leAlziFﬂ{§A9 M’r < |x —xo|l <M r}|W

MOA—)+1,. (=) /p
MOG/p+n/p)

> Ay (3-14)

For L,, we have
e pM
A' /
(Mgr) /ptn/p Fﬂ{%Aé/nM"r<\x7x0|<M"r}
rn+aM

= Aoty Jy
(M%) {%Ag/nM9r<|x7x0|<M9r}

L, <Ay |x —xo| " “dx

lx —xo| " “dx
r(n—k)/le—ae

MO/ p+n/p) *
Now (3-12) and (3-14)—(3-15) show that

<Ais

(3-15)

A = (AgM”1™ — AM‘“%%.
Since 0 = p/(n(p — 1) + pa+ 1),
MOC/p+n/p) — pgl=pa/(n(p—D+pati) _ pgl—ab
Thus, we get
Az > AuM? — Ays.

Therefore, M < A(p, 2, @, A) and we complete the proof of Theorem 1.5. U

4. Proof of Theorem 1.8

As in the proof of Theorem 1.8, let A;, j =1, ..., 14, be positive constants depending only on £, n, «
and A;, 1 <i < j. Without loss of generality, we may assume that |[[b, Ty ]||;1_ 1.« = 1. For any fixed
xo € R" and r € R4, we also set ag := | B(xp, r)|*1/B(X0’r) b(y)dy =0since [b —ag, Tyl =D, Ty ]. It is
our aim to prove the inequality

1

- b(y)|dy < A(n, 2, ).
| B(xo, r)[1+a/n /Bm,,r) PN
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Let f be as defined in (3-2) and A be as defined in (3-6). Take
G={xeR":|x—xo| > Apr = QA7 4+ 1)r and (x —xo)’ € A}.

Then for x € G we have

(b, To1f (O = [ To (Df) )= 1) To f ()]

1515

= ’/R Q((x—y)/)lx—yl_”“"b(y)f(y)dy‘—Ib(X)IVRn Q(x— ) x =y f(y) dy

=:11(x)— L(x).

Similar to the proof of Theorem 1.8, we get

I1(x) = Asr" M |x — xo| "~

and
L(x) < Agr" b ()| |x — xol "7
Let
F= {X €G:|b(x)| > A312VZ:1 |x — xo| and |x —xo| < Ml/(”+"‘)r}.

Then we have |[b, T,1f(x)| = 11;(x) when x € (G \ F) N {x : |x —xo| < M/ )7}, Thus,

nmyzf dx
{xeR™:|[b,To]1f (x)|>1}

/ dx
(G\F)N{lx—xo| <M+ r}n|[b, T, ] f (x)|>1}

%

dx

%

»/(\G\F)ﬂ{lx—xol <MV @+ AN A3 Mretn | x —xo| =% >2}

dx

A%

>/{‘A6(F|+(A2F)")l/” <lx—xo|<AsMY/ T riNG

ASMI/(VHroz)r
/ ! dt/ do (x)).
As(IF|+(Aprymi/n A

|F| > AyM™M (FOpn _ Agph,

Since || f|;1 <r", we then have

If M < (243A5 ") +9/" then Theorem 1.8 is proved. If M > (2Ag A7) *+)/" then
|F| > $A;M"/ " Hpn,
Now, let g(¥) = XB(xy,~» (). Similar to (3-11) in the proof of Theorem 1.5, for x € F we have

|[b, Tylg(x)] = Ag|x — x| ™" ~*r" =M — Ajolx — x| ™"~ *r"T* M.

(@-1)
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Since ||g|l;1 < Cr", we have

A= Il = [ ar= | dx.
{xeR™:|[b, T ]g(x)|>1} FOfx:lx—xo|>(2A10/Ag)r}N{xeR":|[b, Ty 1g (x)|>1}
For |x — xo| > (2A10/A9)r,
I[b, To1g(x)| = 5 Aglx — xo|' "~ *r" =M.
Thus,
Allrn Zf dx
FOfx:|x—x0|>(2A10/A0)r}N{x €R":(Ag/2) |x —xo| "~ rnte—1p1> 1)
=/ dx
FN{x:lx—x0|>(2A10/Ag)riN{xeR:|x—xo|<Ajp M1/ (a1}
=/ dx. 4-2)
{xeF:A13r§|x—x0|§A12M1/(”+‘1*1)r}

If M < (A13/A12)" 77!, then we have proved Theorem 1.8. If M > (Aj3/A12)" ™!, then

/ dx 2/ dx —/ dx
{(xeF:Ap3r <|x—xo| <A M/ (1ta—1)p} (xeF:|x—xo|<App M/ +a=Dp} {xeF:|x—xo|<A3r)

= K] - Kz. (4'3)
IfM < Afz("w)("“’*l), then Theorem 1.8 is proved. If M > Afz(”“)(”“*l), we have
AIZMI/(n+a71) > Ml/(n+a)‘

By (4-1), we get

Ky > dx :/ dx =|F| > %A7Mn/(n+a)rn
} F

1x€F:|x—x0|§M1/("+Q)r

K2§/ dx§A14r".
{xeF:lx—xo|<A3r}

Combining these estimates, from (4-2) and (4-3) we get

and

Ap =AM 0T — Ay,

Then M < A(n, 2, a). O
5. Proof of Theorem 1.11

Let

Qx—y)

k(x’ y) = |x _y|n+a

(b(x) —b(y)).
Proof of (1) = (i1). Suppose that, for some 1 < p < oo,

16, Tl fllr = Cll fllLrs (5-1)
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then, by Theorem 1.5 for A = 0, we must have b € Lip,. If Q € Lip(S"~!) and b € Lip, (R"), there is a
constant C > 0 such that, for all x, xg, y € R" with 2|x — xg| < |y — x|, the kernel k(x, y) satisfies the
inequality

lk(x, y) = k(xo, )| < Clx —xo|*[y —x|7"7%. (5-2)

Applying (5-1) and (5-2), by using a Calderén—Zygmund decomposition and a trivial computation, we get
1D, Tal fllree < ClLf - O

Proof of (i) = (iii). Suppose that [b, T, ] is bounded from L'(R") to L1%°(R"); then by Theorem 1.8 we
must have b € Lip,. So k(x, y) satisfies (5-2). For fixed x € R", pick a cube Q = Q(xo, r) that contains x.
Let f = fi+ f2, with fi = fy,, and fo = fy,,.. We selecta = [b, Ty ] f (xo) and let 0 < § < 1; then

1 s 5 1/6 1 5 1/8
— b, T, — d <|— b, T, — d
(|Q|/Q||[ 1P 1| y) <(|Q|/|[ 1/ () —al y)

1/8
b, T, d b, T, d
(|Q|f|[ A0)P y) |Q|/|[ () —aldy.

Since [b, T,]: L' (R") — L"*°(R") and 0 < § < 1, Kolmogorov’s inequality [Garcia-Cuerva and Rubio de
Francia 1985, p. 485] yields

1 15
(—/ I[b, Ta]fl()’)rsd)’) <— | 1fiWldy =CMf(x).
101 Jo 10| Jgn

By (5-2), it is easy to get

L / b, Tulfo(y) — al dy < CMf (x).
01 /o

Combining these estimates, we get, for any fixed x € R”",
(M*(I1b, Tl £17)) " (0) < CMF (x).
Applying this inequality we get, for 1 < p < oo and 0 < A < n,
| (M2 (115, Tl £9)) | s = [ (M2 (16, Ted £19)) 2 < CUMS Ui < CUF o

(see [Chiarenza and Frasca 1987]). On the other hand,

1B, Tl £ll o = Wb, Tl £ 5n < | ME(I10, T1 F1P) | -

Combining these estimates, we get
16, Te1fllLpr < Clfllpea. O

Proof of (iii) = (iv). Suppose that [b, Ty ] is bounded on LP*(R™) forsome 1 < p <ooand 0 < A < n;
then, by Theorem 1.5, we must have b € Lip,. So k(x, y) satisfies (5-2). Let f = fi + f2, with fi = f,,,
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and f2 = fy . For any cube O = Q(xo, r),
1

L f b, Tl £ () — b, Tal £ (x0)| dy
01/,

€
Q]

By Holder’s inequality and since [b, T,] is bounded on L7-*(R"), we get

1 1/p 1 1 1/p
— [ 1[b, T, ]fl(y)l”dy) < ——— sup <—/ If(y)l”dy)
(|Q| /Q ¢ rO=RIP o vern \* J 0(e.0m20(o.r)

rOOIP) Fllee < CIl fllpoe.

1
- L / b, T f1 ()] dy + f 1B, Tl o) — [, Tl £ (v0)] .
01/, 0

<
- r(n*)h)/p
By (5-2), it is easy to get

1
@/ 16, To1f2(y) — [b, Te1 f2(x0) | dy = CIl flLes.
Q

Combining these estimates, we get

(b, Tel fllBMO = CII f Lo~ a

6. Proof of Proposition 1.12

Denote by %,, the spaces of spherical harmonics of degree m and let d,, = dim %,,. If Q € L>(5"~")
satisfies (1-1), then we can write

dy
QU= am¥mj(x),
m>1 j=1

where {Y,, j}?’i | denotes the normalized orthonormal basis of 7(,, (see [Calderén and Zygmund 1978] or
[Stein and Weiss 1971]). Then

i
2
DD g <

m=>1 j=1

By [Chen et al. 2003, p. 528], we have

Y j DT ONE) 2 m ™2 E Y, ().

Then we get
dm
TLfE 269> m™ay ;Y () f(&).
m>1 j=1

Using this, we get

d
LT fE) =YY m™ P ay Y, ;(€) f (&)

m>1 j=1



COMMUTATORS WITH FRACTIONAL DIFFERENTIATION AND BMO-SOBOLEV SPACES 1519

Let .
QEY=D m T Y j(E).

m>1 j=1
It is easy to verify that Q2 satisfies (1-1) and
d

m
—n/2— 2
szn”m n/ aam,ij,j”LZ(Sn—l) < O0.

m>1 j=1

Then by [Stein and Weiss 1971, Theorem 4.7, p. 165] there exists a function K (x) = ﬁ(x/ )/1x|" such
that K (&) = Qp(&) in the sense of principal value, where Q satisfies (1-1). Therefore, we get that

Tf(x)=1aTyf(x)=p.v.(K* f(x))

is a singular integral operator. In fact,

dm
Q) ~ Z Zm_“am,ij,j(x/),

m>1 j=1

and

dm
SN2 2 — 2
IQ117 g1y = Y D m™(may, ;)* < oo.

m>1 j=1

This says that, for 0 < & < 1 and any operator T, defined by (1-3) with Q € L2(5"~!) satisfying (1-1),
there exists a singular integral operator 7" defined by (1-4) with Qe Lg(S”_l) satisfying (1-1) such that
T, = D*T. Conversely, for any fixed singular integral operator 7" with Qe L2 (8" 1) satistying (1-1),
there exists an operator T, with Q € L?(S"~!) satisfying (1-1) such that 7, = DT O
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