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SEMILINEAR WAVE EQUATIONS ON
ASYMPTOTICALLY DE SITTER, KERR-DE SITTER AND MINKOWSKI
SPACETIMES

PETER HINTZ AND ANDRAS VASY

We show the small data solvability of suitable semilinear wave and Klein—Gordon equations on geometric
classes of spaces, which include so-called asymptotically de Sitter and Kerr—de Sitter spaces as well
as asymptotically Minkowski spaces. These spaces allow general infinities, called conformal infinity
in the asymptotically de Sitter setting; the Minkowski-type setting is that of nontrapping Lorentzian
scattering metrics introduced by Baskin, Vasy and Wunsch. Our results are obtained by showing the
global Fredholm property, and indeed invertibility, of the underlying linear operator on suitable L2-based
function spaces, which also possess appropriate algebra or more complicated multiplicative properties.
The linear framework is based on the b-analysis, in the sense of Melrose, introduced in this context by
Vasy to describe the asymptotic behavior of solutions of linear equations. An interesting feature of the
analysis is that resonances, namely poles of the inverse of the Mellin-transformed b-normal operator,
which are “quantum” (not purely symbolic) objects, play an important role.
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1. Introduction

In this paper we consider semilinear wave equations in contexts such as asymptotically de Sitter and
Kerr—de Sitter spaces as well as asymptotically Minkowski spaces. The word “asymptotically” here does
not mean that the asymptotic behavior has to be that of exact de Sitter, etc., spaces, or even a perturbation
of these at infinity; much more general infinities, which nonetheless possess a similar structure as far as the
underlying analysis is concerned, are allowed. Recent progress [Vasy 2013a; Baskin et al. 2014] allows one
to set up the analysis of the associated linear problem globally as a Fredholm problem, concretely using
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the framework of Melrose’s [1993] b-pseudodifferential operators on appropriate compactifications M of
these spaces. (The b-analysis itself originates in Melrose’s work on the propagation of singularities for
the wave equation on manifolds with smooth boundary, and Melrose described a systematic framework
for elliptic b-equations. Here “b” refers to analysis based on vector fields tangent to the boundary of
the space; we give some details later in the introduction and further details in Section 2A, where we
recall the setting of [Vasy 2013a].) This allows one to use the contraction mapping theorem to solve
semilinear equations with small data in many cases, since typically the semilinear terms can be considered
perturbations of the linear problem. That is, as opposed to solving an evolution equation on time intervals
of some length, possibly controlling this length in some manner, and iterating the solution using (almost)
conservation laws, we solve the equation globally in one step.

As Fredholm analysis means that one has to control the linear operator L modulo compact errors,
which in these settings means modulo terms which are both smoother and more decaying, the underlying
linear analysis involves both arguments based on the principal symbol of the wave operator and on its
so-called (b-)normal operator family, which is a holomorphic family N (L) (o) of operators on dM . In
settings in which there is an R™-action in the normal variable and the operator is dilation invariant, this
simply means Mellin-transforming in the normal variable. Replacing the normal variable by its logarithm,
this is equivalent to a Fourier transform.

At the principal symbol level, one encounters real-principal-type phenomena as well as radial points of
the Hamilton flow at the boundary of the compactified underlying space M ; these allow for the usual (for
wave equations) loss of one (b-)derivative relative to elliptic problems. Physically, in the de Sitter and
Kerr—de Sitter-type settings, radial points correspond to a red shift effect. In Kerr—de Sitter spaces there is
an additional loss of derivatives due to trapping. On the other hand, the b-normal operator family enters
via the poles o; of the meromorphic inverse N (L)(0)~; these poles, called resonances, determine the
decay and growth rates of solutions of the linear problem at dM , namely Jo; > 0 means growing while
Joj < 0 means decaying solutions. Translated into the nonlinear setting, taking powers of solutions of
the linear equation means that growing linear solutions become even more growing, thus the nonlinear
problem is uncontrollable; while decaying linear solutions become even more decaying, thus the nonlinear
effects become negligible at infinity. Correspondingly, the location of these resonances becomes crucial
for nonlinear problems. We note that, in addition to providing solvability of semilinear problems, our
results can also be used to obtain the asymptotic expansion of the solution.

In short, we present a systematic approach to the analysis of semilinear wave and Klein—Gordon
equations: Given an appropriate structure of the space at infinity and given that the location of the
resonances fits well with the nonlinear terms — see the discussion below — one can solve (suitable)
semilinear equations. Thus, the main purpose of this paper is to present the first step towards a general
theory for the global study of linear and nonlinear wave-type equations; the semilinear applications we
give are meant to show how far we can get in the nonlinear regime using relatively simple means and lend
themselves to meaningful comparisons with existing literature; see the discussion below. In particular,
our approach readily generalizes to the analysis of quasilinear equations, provided one understands
the necessary (b-)analysis for nonsmooth metrics. Since the first version of this paper, we described
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such generalizations in detail in the context of asymptotically de Sitter [Hintz 2013] and asymptotically
Kerr—de Sitter [Hintz and Vasy 2014a] spaces.
We now describe our setting in more detail. We consider semilinear wave equations of the form

Og —MNu= f+q(u,du)

on a manifold M, where ¢ is (typically, though more general functions are also considered) a polynomial
vanishing at least quadratically at (0, 0) (so contains no constant or linear terms, which should be included
either in f or in the operator on the left-hand side). The derivative du is measured relative to the metric
structure (e.g., when constructing polynomials in it). Here, g and A fit in one of the following scenarios,
which we state slightly informally, with references to the precise theorems. We discuss the terminology

afterwards in more detail, but the reader unfamiliar with the terms could drop the word “asymptotically
and “even” to obtain specific examples.

(1) A neighborhood of the backward light cone from future infinity in an asymptotically de Sitter
space: (This may be called a static region or patch of an asymptotically de Sitter space, even when there
is no timelike Killing vector field.) In order to solve the semilinear equation, if A > 0 one can let ¢ be an
arbitrary polynomial with quadratic vanishing at the origin, or indeed a more general function. If A =0
and ¢ depends on du only, the same conclusion holds. Further, in either case, one obtains an expansion
of the solution at infinity. See Theorems 2.25 and 2.37 and Corollary 2.28.

(2) Kerr—de Sitter space, including a neighborhood of the event horizon, or more general spaces with
normally hyperbolic trapping, discussed below: In the main part of the section we assume A > 0 and
allow ¢ = ¢(u) with quadratic vanishing at the origin. We also obtain an expansion at infinity. See
Theorems 3.7 and 3.11 and Corollary 3.10. However, in Section 3C we briefly discuss nonlinearities
involving derivatives which are appropriately behaved at the trapped set.

(3) Global even asymptotically de Sitter spaces: These are in some sense the easiest examples as they
correspond, via extension across the conformal boundary, to working on a manifold without boundary.
Here, A = %(n —1)? + 02. While the equation is unchanged if one replaces o by —o, the process of
extending across the boundary breaks this symmetry, and in Section 4 we mostly consider Jo < 0. If
So < 0 is sufficiently small and the dimension satisfies # > 6, quadratic vanishing of ¢ suffices; if n > 4
then cubic vanishing is sufficient. If ¢ does not involve derivatives, then Jo > 0 small also works, and if
o >0and n > 5, or 30 = 0 and n > 6, then quadratic vanishing of ¢ is sufficient. See Theorems 4.10,
4.12 and 4.15. Using the results from “static” asymptotically de Sitter spaces, quadratic vanishing of g in
fact suffices for all A > 0, and indeed A > 0 if ¢ = g(du), but the decay estimates for solutions are lossy
relative to the decay of the forcing. See Theorem 4.17.

(4) Nontrapping Lorentzian scattering (generalized asymptotically Minkowski) spaces, . =0: If ¢ = q(du),
we allow ¢ with quadratic vanishing at 0 if n > 5; and cubic if n > 4. If ¢ = ¢q(u), we allow ¢ with
quadratic vanishing if n > 6; and cubic if n > 4. Further, for ¢ = ¢(du) quadratic satisfying a null
condition, n = 4 also works. See Theorems 5.12, 5.14 and 5.20.
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We now recall these settings in more detail. First— see [Vasy 2010] — an asymptotically de Sitter space
is an appropriate generalization of the Riemannian conformally compact spaces of Mazzeo and Melrose
[1987], namely a smooth manifold with boundary, M, with interior M ° equipped with a Lorentzian
metric g, which we take to be of signature (1,n — 1) for the sake of definiteness, and with a boundary
defining function p such that § = p?g is a smooth, symmetric 2-cotensor of signature (1,7 — 1) up to
the boundary of M and g(dp,dp) = 1 (thus, the boundary defining function is timelike, and thus the
boundary is spacelike' the last equality makes the curvature asymptotically constant). In addition, dM has
two components, Xt (each of which may be a union of connected components), with all null-geodesics
c= c(s) of g tending to X + as s — +00 and to X_ as s — —o0, or vice versa. Notice that in the interior
of M the conformal factor p~2 simply reparameterizes the null-geodesics, so equivalently one can require
that null-geodesics of g reach X 1 at finite parameter values. Analogously to asymptotically hyperbolic
spaces, where this was shown by Graham and Lee [1991], on such a space one can always introduce a
product decomposition (0M), x [0, 8), near IM (possibly changing p) such that the metric has a warped
product structure & = dp? —h(p,z,dz), & = p~2g; the metric is called even if / can be taken even in p,
i.e., a smooth function of ,02. We refer to [Guillarmou 2005] for the introduction of even metrics in the
asymptotically hyperbolic context and to [Vasy 2010; 2013a; 2014] for further discussion.

Blowing up a point p at X +, which essentially means introducing spherical coordinates around it, we
obtain a manifold with corners [M ; p] with a blow-down map 8 : [M; p] — M that is a diffeomorphism
away from the front face, which gets mapped to p by 8. Just like blowing up the origin in Minkowski
space desingularizes the future (or past) light cone, this blow-up desingularizes the backward light cone
from p on M , which lifts to a smooth submanifold transversal to the front face on [M ; p] which intersects
the front face in a sphere Y. The interior of this lifted backward light cone, at least near the front face,
is a generalization of the static patch in de Sitter space, and we refer to a neighborhood Mg, § > 0, of the
closure of the interior M of the lifted backward light cone in [M ; p] which only intersects the boundary
of [M ; p] in the interior of the front face (so My is a noncompact manifold with boundary X and, say,
boundary defining function 7) as the “static”” asymptotically de Sitter problem. See Figure 1. Via a doubling
process, Xs can be replaced by a compact manifold without boundary, X, and Mg by M = X x [0, 79)+,
an approach taken in [Vasy 2013a], where complex absorption was used; or, indeed, one can instead work

Figure 1. Setup of the “static” asymptotically de Sitter problem. Indicated are the blow-
up of M at p and the front face, the lift of the backward light cone to [Z\Z ; p] (solid), and
lifts of backward light cones from points near to p (dotted); moreover, 2 C M (dashed
boundary) is a submanifold with corners within M (which is not drawn here; see [Vasy
2013a] for a description of M using a doubling procedure in a similar context). The role
of Q is explained in Section 2A.
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in a compact region 2 C Mj by adding artificial, spacelike boundaries, as we do here in Section 2A.
With such an €2, the distinction between M and Mj is irrelevant, and we simply write M below.

See [Vasy 2010; 2013a] for relating the “global” and the “‘static” problems. We note that the lift of
g to M in the static region is a Lorentzian b-metric, that is, a smooth symmetric section of signature
(1,n —1) of the second tensor power of the b-cotangent bundle, ST*AM . The latter is the dual of * 7'M,
whose smooth sections are smooth vector fields on M tangent to dM ; sections of °T*M are smooth
combinations of dt/t and smooth one-forms on X, relative to a product decomposition X x [0, )
near X = dM . See also Section 2A.

As mentioned earlier, the methods of [Vasy 2013a] work in a rather general b-setting, including
generalizations of “static” asymptotically de Sitter spaces. Kerr—de Sitter space, described from this
perspective in [Vasy 2013a, §6], can be thought of as such a generalization. In particular, it still carries a
Lorentzian b-metric, but with a somewhat more complicated structure, of which the only important part
for us is that it has trapped rays. More concretely, it is best to consider the bicharacteristic flow in the
b-cosphere bundle, ®S*M (projections of null-bicharacteristics being just the null-geodesics), quotienting
out by the R™-action on the fibers of ®T*M \ 0. On the “static” asymptotically de Sitter space, each half of
the spherical b-conormal bundle >SN *Y consists of (a family of) saddle points of the null-bicharacteristic
flow (these are called radial sets); the stable and unstable directions are normal to SN *Y itself, with
one of the stable or unstable manifolds being the conormal bundle of the lifted light cone (which plays
the role of the event horizon in black hole settings), and the other being the characteristic set within the
boundary X (so, within the boundary, the radial sets >SN *Y are actually sources or sinks). Then, on
asymptotically de Sitter spaces, all null-bicharacteristics over My \ X either leave  in finite time or (if
they lie on the conormal bundle of the event horizon) tend to >SN *Y as the parameter goes to 400, with
each bicharacteristic tending to >SN *Y in at most one direction. The main difference for Kerr—de Sitter
space is that there are null-bicharacteristics which do not leave M, \ X and do not tend to >SN *Y. On
de Sitter—Schwarzschild space (nonrotating black holes) these future-trapped rays project to a sphere,
called the photon sphere, times [0, §); on general Kerr—de Sitter space the trapped set deforms, but is
still normally hyperbolic, a setting studied by Wunsch and Zworski [2011] and Dyatlov [2015].

We refer to [Baskin et al. 2014, §3] and to Section SA here for a definition of asymptotically Minkowski
spaces, but roughly they are manifolds with boundary M with Lorentzian metrics g on the interior M °
conformal to a b-metric & as g = t~2g, with 7 a boundary defining function' (so these are Lorentzian
scattering metrics in the sense of [Melrose 1994], i.e., symmetric cotensors in the second power of the
scattering cotangent bundle, and of signature (1,n — 1)), with a real C* function v defined on M with
dv and dt linearly independent at S = {v = 0, T = 0}, and with a specific behavior of the metric at S
which reflects that of Minkowski space on its radial compactification near the boundary of the light cone
at infinity (so S is the light cone at infinity in this greater generality). Concretely, the specific form is

n Section 5 we switch to p as the boundary defining function for consistency with [Baskin et al. 2014].
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where « is a smooth one-form on M, equal to % dv at S, and /1 is a smooth 2-cotensor on M that is positive
definite on the annihilator of dt and dv (which is a codimension 2 space).2 The difference between the
de Sitter-type and Minkowski settings is in part this conformal factor, =2, but more importantly, as this
conformal factor again does not affect the behavior of the null-bicharacteristics, so one can consider those
of g on °S*M , at the spherical conormal bundle PSN*S of S (see Section 2) the nature of the radial
points is source or sink rather than a saddle point of the flow. (One also makes a nontrapping assumption
in the asymptotically Minkowski setting.)

Now we comment on the specific way these settings fit into the b-framework, and the way the various
restrictions described above arise:

(1) Asymptotically “static” de Sitter: Due to a zero resonance for the linear problem when A = 0, which
moves to the lower half plane for A > 0, in this setting A > 0 works in general; A = 0 works if ¢ depends
on du but not on u. The relevant function spaces are L2-based b-Sobolev spaces (see Section 2) on the
bordification (partial compactification) of the space, or analogous spaces plus a finite expansion. Further,
the semilinear terms involving du have coefficients corresponding to the b-structure, i.e., b-objects are
used to create functions from the differential forms or, equivalently, b-derivatives of u are used.

(2) Kerr—de Sitter space: This is an extension of (1); the framework is essentially the same, with the
difference being that there is now trapping corresponding to the “photon sphere”. This makes first-
order terms in the nonlinearity nonperturbative, unless they are well adapted to the trapping. Thus, we
assume A > 0. The relevant function spaces are as in the asymptotically de Sitter setting.

(3) Global even asymptotically de Sitter spaces: In order to get reasonable results, one needs to measure
regularity relatively finely, using the module of vector fields tangent to what used to be the conformal
boundary in the extension. The relevant function spaces are thus Sobolev spaces with additional (finite)
conormal regularity. Further, du has coefficients corresponding to the O-structure of Mazzeo and Melrose,
in the same sense the b-structure was used in (1). The range of A here is limited by the process of
extension across the boundary; for nonlinearities involving u only, the restriction amounts to (at least very
slowly) decaying solutions for the linear problem (without extension across the conformal boundary).

Another possibility is to view global de Sitter space as a union of static patches. Here, the b-Sobolev
spaces on the static parts translate into 0-Sobolev spaces on the global space, which have weights that are
shifted by a dimension-dependent amount relative to the weights of the b-spaces. This approach allows
many of the nonlinearities that we can deal with on static parts; however, the resulting decay estimates
on u are quite lossy relative to the decay of the forcing term f'.

(4) Nontrapping Lorentzian scattering spaces (generalized asymptotically Minkowski spaces), A = 0: Note
that if A > 0, the type of the equation changes drastically; it naturally fits into Melrose’s scattering algebra’

2More general, “long-range” scattering metrics also work for the purposes of this paper without any significant changes; the
analysis of these is currently being completed by Baskin, Vasy and Wunsch. The difference is the presence of smooth multiples
of T dt?/7? in the metric near T = 0, v = 0. These do not affect the normal operator, but slightly change the dynamics in ®S*M .
This, however, does not affect the function spaces to be used for our semilinear problem.

3In many ways the scattering algebra is actually much better behaved than the b-algebra, in particular it is symbolic in the
sense of weights/decay. Thus, with numerical modifications, our methods should extend directly.
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rather than the b-algebra which can be used for A = 0. While the results here are quite robust and there
are no issues with trapping, they are more involved as one needs to keep track of regularity relative
to the module of vector fields tangent to the light cone at infinity. The relevant function spaces are
b-Sobolev spaces with additional b-conormal regularity corresponding to the aforementioned module.
Further, du has coefficients corresponding to Melrose’s scattering structure. These spaces, in the special
case of Minkowski space, are related to the spaces used by Klainerman [1985], using the infinitesimal
generators of the Lorentz group, but, while Klainerman works in an L°°L? setting, we remain purely in
a (weighted) L2-based setting, as the latter is more amenable to the tools of microlocal analysis.

We reiterate that, while the way the four types of spaces fit into it differs somewhat, the underlying
linear framework is that of L2-based b-analysis on manifolds with boundary, except that in the global
view of asymptotically de Sitter spaces one can eliminate the boundary altogether.

In order to underline the generality of the method, we emphasize that, corresponding to cases (1)
and (2), in b-settings in which one can work on standard b-Sobolev spaces the restrictions on the solvability
of the semilinear equations are simply given by the presence of resonances for the Mellin-transformed
normal operator in Jo > 0, which would allow growing solutions to the equation (with the exception
of Jo = 0, in which case the nonlinear iterative arguments produce growth unless the nonlinearity has a
special structure), making the nonlinearity nonperturbative and the losses at high energy estimates for this
Mellin-transformed operator and the closely related b-principal symbol estimates when one has trapping.
(It is these losses that cause the difference in the trapping setting between nonlinearities with or without
derivatives.) In particular, the results are necessarily optimal in the nontrapping setting of (1), as shown
even by an ODE; see Remark 2.31. In the trapping setting it is not clear precisely what improvements are
possible for nonlinearities with derivatives, though, when there are no derivatives in the nonlinearity, we
already have no restrictions on the nonlinearity and to this extent the result is optimal.

On Lorentzian scattering spaces, more general function spaces are used and it is not in principle clear
whether the results are optimal, but at least comparison with the work of Klainerman [1985; 1986] and
Christodoulou [1986] for perturbations of Minkowski space gives consistent results; see the comments
below. On global asymptotically de Sitter spaces, the framework of [Vasy 2013a; 2013b] is very convenient
for the linear analysis, but it is not clear to what extent it gives optimal results in the nonlinear setting. The
reason why more precise function spaces become necessary is the following: There are two basic properties
of spaces of functions on manifolds with boundaries, namely differentiability and decay. Whether one
can have both at the same time for the linear analysis depends on the (Hamiltonian) dynamical nature of
radial points: when defining functions of the corresponding boundaries of the compactified cotangent
bundle have opposite character (stable vs. unstable) one can have both at the same time, otherwise not;
see Propositions 2.1 and 5.2 for details. For nonlinear purposes, the most convenient setting, in which we
are in (1), is if one can work with spaces of arbitrarily high regularity and fast decay, and corresponds to
saddle points of the flow in the above sense. In (4), however, working in higher regularity spaces, which
is necessary in order to be able to make sense of the nonlinearity, requires using faster-growing (or at
least less decaying) weights, which is problematic when dealing with nonlinearities (e.g., polynomials)
since multiplication gives even worse growth properties then. Thus, to make the nonlinear analysis work,
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the function spaces we use need to have more structure; it is a module regularity that is used to capture
some weaker regularity in order to enable work in spaces with acceptable weights.

While all results are stated for the scalar equation, analogous results hold in many cases for operators
on natural vector bundles, such as the d’ Alembertian (or Klein—Gordon operator) on differential forms,
since the linear arguments work in general for operators with scalar principal symbol whose subprincipal
symbol satisfies appropriate estimates at radial sets — see [Vasy 2013a, Remark 2.1] — though of course
for semilinear applications the presence of resonances in the closed upper half plane has to be checked.
This already suffices to obtain the well-posedness of the semilinear equations on asymptotically de Sitter
spaces that we consider in this paper; for this purpose one needs to know the poles of the resolvent
of the Laplacian on forms on exact hyperbolic space only. On asymptotically Minkowski spaces, the
absence of poles of an asymptotically hyperbolic resolvent in a region has to be checked in addition — see
Theorem 5.3 — and the situation depends crucially on the delicate balance of weights and regularity, as
alluded to above. Note that, on perturbations of Minkowski space, this absence of poles follows from the
appropriate behavior of the poles of the resolvent of the Laplacian on forms on exact hyperbolic space.

The degree to which these nonlinear problems have been studied differs, with the Minkowski problem
(on perturbations of Minkowski space, as opposed to our more general setting) being the most stud-
ied. There semilinear and indeed even quasilinear equations are well understood due to the work of
Christodoulou [1986] and Klainerman [1985; 1986], with their book [1993] on the global stability of
Einstein’s equation being one of the main achievements. (We also refer to the work of Lindblad and
Rodnianski [2005; 2010] simplifying some of the arguments, of Bieri [2009] relaxing some of the decay
conditions, of Wang [2010] obtaining asymptotic expansions, and of Lindblad [2008] for results on a class
of quasilinear equations. Hérmander’s [1997] book provides further references in the general area. There
are numerous works on the /inear problem, and estimates this yields for the nonlinear problems, such
as Strichartz estimates; here we refer to the recent work of Metcalfe and Tataru [2012] for a parametrix
construction in low regularity, and references therein.) We obtain results comparable to these (when
restricted to the semilinear setting), on a larger class of manifolds; see Remark 5.17. For nonlinearities
which do not involve derivatives, slightly stronger results have been obtained, in a slightly different setting,
in [Chrusciel and Leski 2006]; see Remark 5.18.

On the other hand, there is little (nonlinear) work on the asymptotically de Sitter and Kerr—de Sitter
settings; indeed the only paper the authors are aware of is [Baskin 2013] in roughly comparable generality
in terms of the setting, though in exact de Sitter space Yagdjian [2009; 2012] has studied a large class of
semilinear equations with no derivatives. Baskin’s result is for a semilinear equation with no derivatives
and a single exponent, using his [2010] parametrix construction, namely u? with* p = 144/(n —2),
and for A > %(n — 1)2. In the same setting, p > 14 4/(n — 1) works for us, and thus Baskin’s setting is
in particular included. Yagdjian works with the explicit solution operator (derived using special functions)
in exact de Sitter space, again with no derivatives in the nonlinearity. While there are some exponents
that his results cover (for A > %(n —1)2, all p > 1 work for him) that ours do not directly (but indirectly,
via the static model, we in fact obtain such results), the range (%(n —1)2— %, % n— 1)2) is excluded by

4The dimension of the spacetime in Baskin’s paper is n + 1; we continue using our notation above.
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him while covered by our work for sufficiently large p. In the (asymptotically) Kerr—de Sitter setting, to
our knowledge, there has been no similar semilinear work, however Luk [2013] and Tohaneanu [2012]
studied semilinear waves on Kerr spacetimes. We recall finally that there is more work on the linear
problem in de Sitter, de Sitter—Schwarzschild and Kerr—de Sitter spaces. We refer to [Vasy 2013a] for
more detail; some references are [Polarski 1989; Yagdjian and Galstian 2009; Sa Barreto and Zworski
1997; Bony and Héfner 2008; Vasy 2010; Baskin 2010; Dafermos and Rodnianski 2007; Dyatlov 2011a;
2011b] and Melrose, Sa Barreto and Vasy [Melrose et al. 2014]. Also, while it received more attention,
the linear problem on Kerr space does not fit directly into our setting; see the introduction of [Vasy 2013a]
for an explanation and for further references, and [Dafermos and Rodnianski 2013] for more background
and additional references.

While the basic ingredients of the necessary linear b-analysis were analyzed in [Vasy 2013a], the
solvability framework was only discussed in the dilation-invariant setting, and in general the asymptotic
expansion results were slightly lossy in terms of derivatives in the non-dilation-invariant case. We
remedy these issues in this paper, providing a full Fredholm framework. The key technical tools are
the propagation of b-singularities at b-radial points which are saddle points of the flow in °S*M — see
Proposition 2.1 — as well as the b-normally hyperbolic versions, proved in [Hintz and Vasy 2014b], of
the semiclassical normally hyperbolic trapping estimates of Wunsch and Zworski [2011]; the rest of the
Fredholm setup is discussed in Section 2A in the nontrapping and Section 3A in the normally hyperbolic
trapping setting. The analogue of Proposition 2.1 for sources and sinks was already proved in [Baskin et al.
2014, §4]; our Lorentzian scattering metric Fredholm discussion, which relies on this, is in Section 5A.

We emphasize that our analysis would be significantly less cumbersome in terms of technicalities if
we were not including Cauchy hypersurfaces and solved a globally well-behaved problem by imposing
sufficiently rapid decay at past infinity instead (it is standard to convert a Cauchy problem into a forward
solution problem). Cauchy hypersurfaces are only necessary for us if we deal with a problem ill-behaved
in the past because complex absorption does not force appropriate forward supports even though it does
so at the level of singularities; otherwise we can work with appropriate (weighted) Sobolev spaces. The
latter is the case with Lorentzian scattering spaces, which thus provide an ideal example for our setting. It
can also be done in the global setting of asymptotically de Sitter spaces, as in setting (3) above, essentially
by realizing these as the boundary of the appropriate compactification of a Lorentzian scattering space;
see [Vasy 2014]. In the case of Kerr—de Sitter black holes, in the presence of dilation invariance, one
has access to a similar luxury: complex absorption does the job, as in [Vasy 2013a]; the key aspect is
that it needs to be imposed outside the static region we consider. For a general Lorentzian b-metric with
a normally hyperbolic trapped set, this may not be easy to arrange, and we do work by adding Cauchy
hypersurfaces, even at the cost of the resulting technical complications, which are rather artificial in terms
of PDE theory. For perturbations of Kerr—de Sitter space, however, it is possible to forego the latter
for well-posedness by an appropriate gluing to complete the space with actual Kerr—de Sitter space in
the past for the purposes of functional analysis. We remark that Cauchy hypersurfaces are somewhat
ill-behaved for L2-based estimates, which we use, but match L°° L? estimates quite well, which explains
the large role they play in existing hyperbolic theory, such as [Klainerman 1985] or [Hormander 1985a,
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Chapter 23.2]. We hope that adopting this more commonly used form of “truncation” of hyperbolic
problems will aid the readability of the paper.

We also explain the role that the energy estimates (as opposed to microlocal energy estimates) play.
These mostly arise to deal with the artificially introduced boundaries; if other methods are used to
truncate the flow, their role reduces to checking that, in certain cases, when the microlocal machinery only
guarantees Fredholm properties of the underlying linear operators, the potential finite-dimensional kernel
and cokernel are indeed trivial. Asymptotically Minkowski spaces illustrate this best, as the Hamilton
flow is globally well behaved there; see Section SA.

The other key technical tool is the algebra property of b-Sobolev spaces and other spaces with additional
conormal regularity. These are stated in the respective sections; the case of the standard b-Sobolev spaces
reduces to the algebra property of the standard Sobolev spaces on R”. Given the algebra properties, the
results are proved by applying the contraction mapping theorem to the linear operator.

In summary, the plan of this paper is the following. In each of the sections below we consider one of
these settings, and first describe the Sobolev spaces on which one has invertibility for the linear problems
of interest, then analyze the algebra properties of these Sobolev spaces, finally proving the solvability of
the semilinear equations by checking that the hypotheses of the contraction mapping theorem are satisfied.

2. Asymptotically de Sitter spaces: generalized static model

In this section we discuss solving semilinear wave equations on asymptotically de Sitter spaces from the
“static perspective”, i.e., in neighborhoods (in a blown-up space) of the backward light cone from a fixed
point at future conformal infinity; see Figure 1. The main ingredient is extending the linear theory from
that of [Vasy 2013a] in various ways, which is the subject of Section 2A. In the following parts of this
section we use this extension to solve semilinear equations and to obtain their asymptotic behavior.

First, however, we recall some of the basics of b-analysis. As a general reference, we refer the reader
to [Melrose 1993]. Thus, let M be an n-dimensional manifold with boundary X and denote by V', (M)
the space of b-vector fields, which consists of all vector fields on M which are tangent to X. Elements
of V'y(M) are sections of a natural vector bundle over M, the b-tangent bundle °TM . Its dual, the
b-cotangent bundle, is denoted T*Af . In local coordinates, (t,2) €]0, 00) x R"1 near the boundary,
the fibers of ®TM are spanned by 10z, 0z,,...,0z,_,, with 7d; being a nontrivial b-vector field up to
and including T = 0 (even though it degenerates as an ordinary vector field), while the fibers of *T*M
are spanned by dt/t, dzq,...,dzy,—1. A b-metric g on M is then simply a nondegenerate section of the
second symmetric tensor power of T *M , that is, of the form

2 n—1

dt dt dt !

g =2goo(r.2) 5+ ZgOi(T» Z)(T ®dzi+dz ® 7) + Z gij(v.2)dz ®dzj,  gij = gji,
i=1 i,j=1

with smooth coefficients gz¢. In terms of the coordinate t = —logt € R—thus dt/t = —dt —the

b-metric g therefore approaches a stationary (¢-independent in the local coordinate system) metric

exponentially fast as T = e™’.
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bS*M °TH M

OM ox

Figure 2. The radially compactified cotangent bundle T *M near bT:‘{,M ; the cosphere
bundle ®S*M , viewed as the boundary at fiber infinity of bT*M , is also shown, as well
as the zero section 0ps C ®T*M and the zero section over the boundary oy C bT :’{,M .

The b-conormal bundle P N*Y of a boundary submanifold ¥ C X of M is the subbundle of bTI";M
whose fiber over p € Y is the annihilator of vector fields on M tangent to Y and X . In local coordinates
(t,z',2"”), where Y is defined by z’ = 0 in X, these vector fields are smooth linear combinations of 70,
821//, z; 8214 and raz;{, whose span in T, M is that of 79, and 82]//, and thus the fiber of the b-conormal
bundle is spanned by the dzj’., i.e., has the same dimension as the codimension of Y in X (and not that
in M, corresponding to d 7/t not annihilating 7d;).

We define the b-cosphere bundle ®S*M to be the quotient of ®7*M \ o by the RT-action; here o is
the zero section. Likewise, we define the spherical b-conormal bundle of a boundary submanifold ¥ C X
as the quotient of °N*Y \ o by the R -action; it is a submanifold of ®S*M . A better way to view °S*M
is as the boundary at fiber infinity of the fiber-radial compactification ®T*M of ®T*M , where the fibers
are replaced by their radial compactification; see [Vasy 2013a, §2] and also Section 5A. The b-cosphere
bundle ®S*M C PT*M still contains the boundary of the compactification of the “old” boundary ®T' YM;
see Figure 2.

Next, the algebra Diffy, (M) of b-differential operators generated by V(M) consists of operators of
the form

P= > dulr.2)(tD:)! D?

la|+j<m

with aq € C*° (M), writing D = }—.8 as usual. (With # = —log 7 as above, the coefficients of ? are thus
constant up to exponentially decaying remainders as ¢ — 0c.) Writing elements of °T*M as

dt
— idz;, 2-1
o — —i-;fj Zj (2-1)

we have the principal symbol

Ub,m(@): Z aoe(fvz)aj{a’

loe|+j=m

which is a homogeneous degree-m function in ®7*M \ o. Principal symbols are multiplicative, i.e.,
Ob,m4m' (P 0 P') = 0b,m(P)0b,m'(P’), and one has a connection between operator commutators and
Poisson brackets, to wit

Ob,m+m’—1 (l [@)7 Q),D = pr/’ P = Ob,m (gp)’ P, = Ob,m’(@),)’
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where H), is the extension of the Hamilton vector field from T*M° \ o to °T*M \ o, which is thus
a homogeneous degree-(m—1) vector field on PT*M \ o tangent to the boundary °T v M. In local
coordinates (7, z) on M near X, with b-dual coordinates (o, {) as in (2-1), this has the form

Hp = (30 p) (td2) — (td: 3o + Y (B, P)d; — 0z, )3y, ); 2-2)
J
see [Baskin et al. 2014, Equation (3.20)], where a somewhat different notation is used, given by [Baskin
et al. 2014, Equation (3.19)].

While elements of Diff, (M) commute to leading order in the symbolic sense, they do not commute
in the sense of the order of decay of their coefficients. (This is in contrast to the scattering algebra; see
[Melrose 1994].) The normal operator captures the leading-order part of 2 € Diff] (M) in the latter
sense, namely

N@) = Y an0.2)(D;)/ DY,

Jtla|=m

One can define N (%) invariantly as an operator on the model space My := [0, 00); X X by fixing a
boundary defining function of M ; see [Vasy 2013a, §3]. Identifying a collar neighborhood of X C M
with a neighborhood of {0} x X in M}, we then have ? — N (P) € t Diff)' (M) (near 0M ). Since N (?P) is
dilation-invariant (equivalently, translation-invariant in ¢ = — log 7), it is naturally studied via the Mellin
transform in t (equivalently, Fourier transform in —¢), which leads to the (Mellin-transformed) normal
operator family

N@)(0)=P©0)= Y aa(0.2)0/ D,

j+la|<m

which is a holomorphic family of operators 97’(0) € Diff" (X).

Passing from Diff, (M) to the algebra of b-pseudodifferential operators Wy, (M) amounts to allowing
symbols to be more general functions than polynomials; apart from symbols being smooth functions
on PT*M rather than on T*M if M was boundaryless, this is entirely analogous to the way one passes
from differential to pseudodifferential operators, with the technical details being a bit more involved.
One can have a rather accurate picture of b-pseudodifferential operators, however, by considering the
following: For a € C®(*T*M), we say a € S™(°T*M) if a satisfies

|8ﬁ)8§a(w,é)| < Calg(é)m_lﬂl for all multiindices «, 8

in any coordinate chart, where w are coordinates in the base and & coordinates in the fiber; more precisely,
in local coordinates (7, z) near X, we take & = (o, {) as above. We define the quantization Op(a) of a,
acting on smooth functions u supported in a coordinate chart, by

T—1

Op(a)u(t,z) = 2n)™" / e"<f—f’)5+"(2—2/)f¢( )a(r,z,fag)u(z’,z/)dr/ dz' d d¢,

where the t’-integral is over [0, 00), and ¢ € CCOO((—%, %)) is identically 1 near 0. The cutoff ¢ ensures
that these operators lie in the “small b-calculus” of Melrose, in particular that such quantizations act on
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weighted b-Sobolev spaces, defined below. For general u, define Op(a)u using a partition of unity. We
write Op(a) € W[ (M ); every element of W[" (M) is of the form Op(a) for some a € S™ (*T*M) modulo
the set W,"°°(M) of smoothing operators. We say that a is a symbol of Op(a). The equivalence class
of ain S™(*T*M)/S™ 1 (°T*M) is invariantly defined on ®7*M and is called the principal symbol
of Op(a).

If Ac W (M)and B € W"™(M), then AB, BA € W' "2(M), while [4, B] € ¥ ">~ (M),
and its principal symbol is ll.Ha = %{a, b}, with H, as above.

Lastly, we recall the notion of b-Sobolev spaces: Fixing a volume b-density v on M, which locally is
a positive multiple of |(1/7) dt dz|, we define, for s € N,

HY(M)={ueL*(M,v):Vy---Vjue L*(M,v),V; € Vpy(M),1 <i < j <s},

which one can extend to s € R by duality and interpolation. Weighted b-Sobolev spaces are de-
noted H,*(M) = t*HE (M), that is, their elements are of the form t®u with u € HS(M). Any
b-pseudodifferential operator % € W (M) defines a bounded linear map @ : H,"* (M) — H; "% (M)
for all s, @ € R. Correspondingly, there is a notion of wave front set WFE’“ (u) C°S*M for a distribu-
tionu € H, °%% (M), defined analogously to the wave front set of distributions on R" or closed manifolds.
A point @ € °S*M is not in WF,* () if and only if there exists # € W0 (M), elliptic at @ (i.e., with
principal symbol nonvanishing on the ray corresponding to @) such that Pu € Hbs “*(M ). Notice however
that we do need to have a priori control on the weight o (we are assuming u € H °>%(M)), which again
reflects the lack of commutativity of Wy, (M) even to leading order in the sense of decay of coefficients
at oM .

2A. The linear Fredholm framework. The goal of this section is to fully extend the results of [Vasy
2013a] on linear estimates for wave equations for b-metrics to non-dilation-invariant settings, and to
explicitly discuss Cauchy hypersurfaces, since that work concentrated on complex absorption. Namely,
while the results there on linear estimates for wave equations for b-metrics are optimally stated when the
metrics and thus the corresponding operators are dilation-invariant, that is, when near = 0 the normal
operator can be identified with the operator itself — see Vasy’s Lemma 3.1 — the estimates for Sobolev
derivatives are lossy for general b-metrics in [Vasy 2013a, Proposition 3.5], essentially because one should
not treat the difference between the normal operator and the actual operator purely as a perturbation.
Therefore, we first strengthen the linear results of Vasy in the non-dilation-invariant setting by analyzing
b-radial points which are saddle points of the Hamilton flow. This is similar to [Baskin et al. 2014, §4],
where the analogous result was proved when the b-radial points are sources or sinks. This is then used to
set up a Fredholm framework for the linear problem. If one is mainly interested in the dilation-invariant
case, one can use [Vasy 2013a, Lemma 3.1] in place of Theorems 2.18-2.21 below, either adding the
boundary corresponding to H, below, or still using complex absorption as was done in [Vasy 2013a].
So suppose P € W' (M) with M a manifold with boundary. (The dilation-invariant analysis of [Vasy
2013a, §2] applies to the Mellin-transformed normal operator @)(0).) Let p be the principal symbol
of ?, which we assume to be real-valued, and let H, be the Hamilton vector field of p. Let p denote a
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homogeneous defining function of ®»S*M of degree —1. Then the rescaled Hamilton vector field
V=p""H,

is a C vector field on T *M away from the O-section, and it is tangent to all boundary faces. The charac-
teristic set X is the zero-set of the smooth function 5" p in ®S*M . We refer to the flow of V in ¥ C *S*M
as the Hamilton, or (null-)bicharacteristic flow; its integral curves, the (null-)bicharacteristics, are reparam-
eterizations of those of the Hamilton vector field H,, projected by the quotient map OT*M \ o —°S*M .

2A1. Generalized b-radial sets. The standard propagation of singularities theorem in the characteristic
set X in the b-setting is that, for u € Hb_oo’r (M), within X, WFf)’r (u) \WFf)_mH’r (Pu) is a union of
maximally extended integral curves (i.e., null-bicharacteristics) of ?. This is vacuous at points where V
vanishes (as a smooth vector field); these points are called radial points, since, at such a point, H,, itself
(on °T*M \ 0) is radial, that is, is a multiple of the generator of the dilations of the fiber of the b-cotangent
bundle. At a radial point «, V' acts on the ideal $ of C° functions vanishing at «, and thus on T; bT*M,
which can be identified with §/%2. Since V is tangent to both boundary hypersurfaces, given by 7 = 0
and p =0, dt and d p are automatically eigenvectors of the linearization of V. We are interested in a
generalization of the situation, in which we have a smooth submanifold L of bSI,’;M consisting of radial
points which are a source or sink for V within *T" v M but, if a source —so in particular d 5 is in an
unstable eigenspace — then dt is in the (necessarily one-dimensional) stable eigenspace, and vice versa.
Thus, L is a saddle point of the Hamilton flow.

In view of the bicharacteristic flow on Kerr—de Sitter space (which, unlike the nonrotating de Sitter—
Schwarzschild black holes, does not have this precise radial point structure), it is important to be slightly
more general, as in [Vasy 2013a, §2.2]. Thus, we assume that dp does not vanish where p does, namely,
at X, and is linearly independent of dt at {t =0, p =0} =X N bS/’{,M , S0 X is a smooth submanifold
of ’S*M transversal to bS)"}M. For L, assume simply that L = Ly U L_, where L+ = %4+ N°SE M
are smooth disjoint submanifolds of *S ¥ M and £ are smooth disjoint submanifolds of X transversal
to .S ¥ M (these play the role of the two halves of the conormal bundles of event horizons), defined
locally near bSA*,M , with p™~H p tangent to £, with a homogeneous degree-zero quadratic defining
function pg (explained below) of & within X such that

P Hppl, =FBo and —p" 't Hpt|L, =FBBo.  Po. BEC®(Ly) with Bo, f>0, (2-3)

and, with 8; > 0,
4" "Hppo — B1po (2-4)

is nonnegative modulo cubic vanishing terms at L4. Here, the phrase “quadratic defining function pgy”
means that py vanishes quadratically at & (and vanishes only at ), with the vanishing nondegenerate,
in the sense that the Hessian is positive definite, corresponding to pg being a sum of squares of linear
defining functions whose differentials span the conormal bundle of & within X.

Under these assumptions, L_ is a source and L is a sink within *S ¥ M , in the sense that nearby
bicharacteristics within °S ¥ M all tend to L1 as the parameter along them goes to =00, but at L_ there
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is also a stable, and at L an unstable, manifold, namely ¥£_ and ¥ . Indeed, bicharacteristics in &
remain there by the tangency of 5™ ~!H, to $.; further, T — 0 along them as the parameter goes to Foo
by (2-3), at least sufficiently close to T = 0, since L+ are defined in £+ by 7 = 0.

In order to simplify the statements, we assume that

B is constant on L, ,3~ =5>0;

we refer the reader to [Vasy 2013a, Equations (2.5)—(2.6)] and the discussion throughout that paper, where
a general § is allowed, at the cost of either sup 8 or inf 8 playing a role in various statements depending
on signs. Finally, we assume that % —P* € \Il{)"_2 (M) for convenience (with respect to some b-metric),

as this is the case for the Klein—-Gordon equation.’

Proposition 2.1. Suppose P is as above.

Ifs>s', s — %(m —1)>Branduc Hb_oo’r (M), then L4 (and thu/s a neighborhood of L 1) is disjoint
from WE.”" (u) provided L+ N WFf)_m+1’r(9Pu) =@ and L+ "WF, " (u) = @, and, in a neighborhood
of Ly, ¥+ N{t > 0} are disjoint from WFi’r (u).

On the other hand, if s — %(m — 1)< Brandu € Hb_oo’r (M), then Ly (and thus a neighborhood
of L1) is disjoint from WFg’r(u) provided L+ N WFE_”H_IJ (Pu) = @ and a punctured neighborhood
of Ly in XN bS)’;M, with L1 removed, is disjoint from WFsb’r (u).

Remark 2.2. The decay order r plays the role of —3Jo in [Vasy 2013a] in view of the Mellin transform
in the dilation-invariant setting identifying weighted b-Sobolev spaces of weight r with semiclassical

Sobolev spaces on the boundary on the line Jo = —r; see [ibid., Equation (3.8)—(3.9)]. Thus, the threshold
regularity in this proposition is a direct translation of that in Vasy’s Propositions 2.3-2.4.

Proof. We remark first that 5™~ !H, po vanishes quadratically on ¥4, since 5™~ 'H, is tangent to £
and py itself vanishes there quadratically. Further, this quadratic expression is positive definite near t = 0
since it is so at T = 0. Correspondingly, we can strengthen (2-4) to

F5™ " Hppo — 1B1po (2-5)

being nonnegative modulo cubic terms vanishing at £ in a neighborhood of t = 0.
Notice next that, using (2-5) in the first case and (2-3) in the second, and that L is defined in X by
7 =0 and pg = 0, there exist o > 0 and §; > 0 such that

€%, po(@) <8, T(@) <8 and po(@) #0 = (FF" 'Hppo)(@) >0
and
aeX, po(x)<déy and t(x)<é = (j:ﬁm_lt_alt)(a)>O.

3The natural assumption is that the principal symbol of % (P —-P* e \IJg"_l (M) at Ly is

£Bop ™. BeC™®(Ly).
If ﬁ vanishes, Proposition 2.1 is valid without a change; otherwise, it shifts the threshold quantity s — %(m — 1) — Br below in

Proposition 2.1 to s — %(m - —Br+ ,3 ifﬁ is constant, with modifications as in [Vasy 2013a, Proof of Propositions 2.3-2.4]
otherwise.
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Similarly to [Vasy 2013a, Proof of Propositions 2.3-2.4], which is not in the b-setting, and [Baskin
et al. 2014, Proof of Proposition 4.4], which is, but concerns only sources and sinks (corresponding to
Minkowski-type spaces), we consider commutants

Ce _L_—r‘llg_(m—l)/z(M) — lpg_(m_l)/z’_r (M)

with principal symbol

¢ = ¢(po)po (o)1 (v)p > T=D1207r - po = 5™ p,

where ¢ € C2°(R) is identically 1 near 0, ¢ € C°(R) is identically 1 near 0 with ¢’ <0 in [0, c0) and ¢
supported in (=8¢, §o), while ¢; € C°(R) is identically 1 near 0 with ¢} < 0in [0, o0) and ¢; supported
in (=81, 81), so that

a €suppd(¢opo) Nsupp(p1 o) NE = F(5" 'Hppo)(e) >0
and
+5" e H, 1

remains positive on supp(¢; o t) N supp(¢ o o).
The main contribution then comes from the weights, which give

ﬁm—lHP(ﬁ—s-f-(m—l)/L[—r) — :F(_S + %(m - 1) + ﬂr)ﬂoﬁ_s+(m_1)/21_r,

where the sign of the factor in parentheses on the right-hand side being negative (resp. positive) gives
the first (resp. second) case of the statement of the proposition. Further, the sign of the term in
which ¢ (7) (resp. ¢(po)) gets differentiated, yielding &7 8B¢¢] () (resp. ®'(p0) ™ Hppo) is, when
s — %(m —1)— Br > 0, the opposite of (resp. same as) these terms, while when s — %(m —1)—pBr<0,it
is the same as (resp. opposite of) these terms. Correspondingly,

025 ([P, C*C]) = F2(=Po(s — Lm — 1) — Br)pdod1 — BoBrddod)
F (5" "Hppo)d' pod1 +mPBopoddodr)pbodrp ST

We can regularize using Se¢ € W, 5(M) for € > 0, uniformly bounded in \IJS (M), converging to Id in
\IJ{E/ (M) for 8’ > 0, with principal symbol (1+€5~1)7%, as in [Vasy 2013a, Proof of Propositions 2.3-2.4],
where the only difference was that the calculation was on X = dM, and thus the pseudodifferential
operators were standard ones, rather than b-pseudodifferential operators. The a priori regularity assumption
on WFf)/’r (u) arises as the regularizer has the opposite sign as compared to the contribution of the weights,
thus the amount of regularization one can do is limited. The positive commutator argument then proceeds
completely analogously to [Vasy 2013a, Proof of Propositions 2.3-2.4], except that, as in that reference,
one has to assume a priori bounds on the term with the sign opposite to that of s — %(m —1)—Br, of
which there is exactly one for either sign (unlike in [Vasy 2013a], in which only s — %(m —1)+ B30 <0
has such a term), thus on X N supp(¢; o 7) N supp(¢p o pg) when s — %(m —1)—Br > 0 and on
> N supp(¢q o ) N supp(¢’ o pog) when s — %(m —1)—Br<0.
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Using the openness of the complement of the wave front set, we can finally choose ¢ and ¢; (satisfying
the support conditions, among others) so that the a priori assumptions are satisfied, choosing ¢; first and
then shrinking the support of ¢ in the first case, with the choice being made in the opposite order in the
second case, completing the proof of the proposition. O

2A2. Complex absorption. In order to have good Fredholm properties we either need a complete Hamilton
flow, or need to “stop it” in a manner that gives suitable estimates; one may want to do the latter to avoid
global assumptions on the flow on the ambient space. The microlocally best-behaved version is given
by complex absorption; it is microlocal, works easily with Sobolev spaces of arbitrary order, and makes
the operator elliptic in the absorbing region, giving rise to very convenient analysis. The main downside
of complex absorption is that it does not automatically give forward mapping properties for the support
of solutions in settings like the wave equation, even though at the level of singularities it does have the
desired forward property. It was used extensively in [Vasy 2013a] —in the dilation-invariant setting, the
bicharacteristics on X x (0, 00) are controlled (by the invariance) as T — oo as well as when t — 0, and
thus one need not use complex absorption there but, instead, decay as T — oo (corresponding to growth as
T — 0 on these dilation-invariant spaces) gives the desired forward property; complex absorption was only
used to cut off the flow within X. Here we want to localize in t as well and, while complex absorption
can achieve this, it loses the forward support character of the problem. Thus, complex absorption will
not be of use to us when solving semilinear forward problems later on; however, as it is conceptually
much cleaner, we discuss Fredholm properties using it first before turning to adding artificial (spacelike)
boundary hypersurfaces in the next section, which allow for the solution of forward problems but require
additional technicalities.

Thus, we now consider # —i9 € (M) and 2 € W} (M), with real principal symbol ¢, being the
complex absorption similar to [Vasy 2013a, §§2.2 and 2.8]; we assume that WF{) (2) N L = &. Here the
semiclassical version, discussed in the above work with further references there, is a close parallel to our
b-setting; it is essentially equivalent to the b-setting in the special case that % and 2 are dilation-invariant,
for then the Mellin transform gives rise exactly to the semiclassical problem as the Mellin-dual parameter
goes to infinity. Thus, we assume that the characteristic set X of ? has the form

Y¥=X,UX_,
with each of ¥ being a union of connected components and
Fg=>0 near Xi.

Recall from [Vasy 2013a, §2.5], which in turn is a simple modification of the semiclassical results of
Nonnenmacher and Zworski [2009], and Datchev and Vasy [2012], that, under these sign conditions
on ¢, estimates can be propagated in the backward direction along the Hamilton flow on ¥ and
in the forward direction for ¥X_, or, phrased as a wave front set statement (the property of being
singular propagates in the opposite direction as the property of being regular!), WF*(u) is invari-
ant in (X4 \ PS YM)\ WE 1 ((® — i9)u) under the forward Hamilton flow, and is invariant in
(Z_\°S ¥ M)\ WF* ~m+1((P —i9)u) under the backward flow. (That is, the invariance is away from the



1824 PETER HINTZ AND ANDRAS VASY

boundary X'; we address the behavior at the boundary in the rest of the paragraph.) Since this is a principal
symbol argument, given in [Vasy 2013a, §2.5; Datchev and Vasy 2012, Lemma 5.1], its extension to
the b-setting only requires minimal changes. Namely, assuming one is away from radial points, as one
may (since at these the statement is vacuous), one constructs the principal symbol ¢ of the commutant on
ST*M \ 0 as a C* function ¢ on ®S*M with derivative of a fixed sign along the Hamilton flow in the
region where one wants to obtain the estimate (exactly the same way as for real-principal-type proofs)
multiplied by weights in 7 and p, making the Hamilton derivative of ¢ large relative to cq to control the
error terms from the weights, and computes (u, —i[C*C, @]u), where @ is the symmetric part of P —i9
(so has principal symbol p) and 9 is the antisymmetric part. This gives

20 (u, iC*C(P —iQ)u) — 2R (u, C*CIu).

The issue here is that the second term on the right-hand side involves C*C 9, which is one order higher
than [C*C, ], so, while it itself has a desirable sign, one needs to be concerned about subprincipal
terms.® However, one rewrites

20 (u, C*CAu) = 20 (u, C*ACu) + 2R (u, C*[C, u).

Now, the first term is positive modulo a controllable error by the sharp Garding inequality or if one
arranges that ¢ is the square of a symbol. This controllability claim uses the derivative of c, arising in the
symbol of the commutator with P, to provide the control: since 9 is positive modulo an operator one order
lower and in the term involving this operator, the principal symbol ¢ of C is not differentiated, writing
¢ as ¢o times a weight, where ¢ is homogeneous of degree zero, and taking the derivative of ¢ large
relative to ¢y, as is already used to control weights, etc., controls this error term (modulo which we have
positivity) as well. On the other hand, the second can be rewritten in terms of [C, [C, 3]], (C* — C)[C, 9],
etc., which are all controllable as they drop two orders relative to the product C*C 9. This gives rise to
the result, namely that, for u € H, °", WF."" (1) is invariant in £ \ WF* ™"+ 17 (9 —i9)u) under the
forward Hamilton flow and in X_ \ WF*™*T 1.7 ((® — i 92)u) under the backward flow.

In analogy with [Vasy 2013a, Definition 2.12], we say that # —i9 is nontrapping if all bicharacteristics
in ¥ from any point in X \ (L+ U L_) flow to Ell(¢) U L4 U L_ in both the forward and backward
directions (i.e., either enter Ell(g) in finite time or tend to L4+ U L_). Notice that, as X4 are closed
under the Hamilton flow, bicharacteristics in £ \ (L4 U L_) necessarily enter the elliptic set of 2 in
the forward, in X (resp. backward, in X_), direction. Indeed, by the nontrapping hypothesis, these
bicharacteristics have to reach the elliptic set of 9 as they cannot tend to L (resp. L_): £4 and ¥_
are unstable (resp. stable) manifolds and these bicharacteristics cannot enter the boundary — which is
preserved by the flow — so cannot lie in the stable (resp. unstable) manifolds of L+ U L_, which are
within ®S5 M. Similarly, bicharacteristics in (X NS} M) \ (L4 U L_) necessarily reach the elliptic set

®1In fact, as the principal symbol of C*C 9 is real, the real part of its subprincipal symbol is well defined and is the real part
of ¢2¢, where ¢ and ¢ include the real parts of their subprincipal terms, and is all that matters for this argument, so one could
proceed symbolically.
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of 2 in the backward, in X (resp. forward, in ¥_), direction. Then, for s and r satisfying

1
s—5(m—1)> Br,
one has an estimate

lell grgr = CN@P —iull ps—mrrr + Cllull o (2-6)
provided one assumes s’ < s and
s'—Im—1)>Br, ue Hbs/’r.

Indeed, this is a simple consequence of u € Htf "’ and (P—-iu e H,f —mtlr implying u € Hbs " via
the closed graph theorem; see [Hormander 1985b, Proof of Theorem 26.1.7; Vasy 2013b, §4.3]. This
implication in turn holds as, on the elliptic set of 2, one has the stronger statement u € Hbs L7 under these
conditions, and then, using real-principal-type propagation of regularity in the backward direction on X+
and the forward direction on % _, one can propagate the microlocal membership of Hbs " (i.e., the absence
of the corresponding wave front set) in the backward (resp. forward) direction on ¥ (resp. X_). Since
bicharacteristics in £ \ (L4 U L_) necessarily enter the elliptic set of 2 in the forward (resp. backward)
direction, and thus one has Hlf " membership along them by what we have shown, Proposition 2.1 extends
this membership to L4, and hence to a neighborhood of these, and by our nontrapping assumption every
bicharacteristic enters either this neighborhood of L 4 or the elliptic set of 9 in finite time in the backward
(resp. forward) direction, so by the real-principal-type propagation of singularities we have the claimed
microlocal membership everywhere.

Reversing the direction in which one propagates estimates, one also has a similar estimate for the
adjoint P* 4+ i92*, except now one needs to have

s—%(m—1)<,3r

in order to propagate through the saddle points in the opposite direction, that is, from within S v M
to $4+. Then, for s’ < s,

ol gr < CI@* + iQ*)Mll;,;—mH-r + Cllul| 2-7)

HT

The issue with these estimates is that H,*" does not include compactly into the error term H, " on
the right-hand side, due to the lack of additional decay. Thus, these estimates are insufficient to show
Fredholm properties, which in fact do not hold in general.

We thus further assume that there are no poles of the inverse of the Mellin conjugate (P —i2) (o) of
the normal operator N(? —i9) on the line Jo = —r. Here we refer to [Vasy 2013a, §3.1] for a brief
discussion of the normal operator and the Mellin transform; this cited section also contains more detailed
references to [Melrose 1993]. Then, using the Mellin transform, which is an isomorphism between
weighted b-Sobolev spaces and semiclassical Sobolev spaces (see Equations (3.8)—(3.9) in [Vasy 2013a])
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and the estimates for (% —i9) (o) (including the high-energy, i.e., semiclassical, estimates,’ all of which
is discussed in detail in [Vasy 2013a, §2] — the high energy assumptions of [Vasy 2013a, §2] hold by
our assumptions on the b-flow at bS)’;M —and which imply that, for all but a discrete set of r, the
aforementioned lines do not contain such poles), we obtain that, on [R;f x oM,

||v||Hbssr <C|N(@ - iEﬁl)vlles—mH,r (2-8)
when
s—%(m—l) > Br.
Again, we have an analogous estimate for N (P* +i2%):
||v||Hhs,r <C|N(@* + iSZ*)vHHbsferl,,‘ (2-9)
provided —r is not the imaginary part of a pole of the inverse of (P* +i2*)™ and provided
s—%(m—l) < Br.

As (P* +i9*) (o) = (P —i9)*(5) — see the discussion in [Vasy 2013a] preceding Equation (3.25) —
the requirement on —r is the same as r not being the imaginary part of a pole of the inverse of P—id.

We apply these results by first letting x € C2°(M) be identically 1 near dM supported in a collar
neighborhood of dM , which we identify with (0, €); x dM of the normal operator space. Then, assuming
5" — %(m —1)> Br,

leell gyor = Wxuell gyorr N = 30ull gorr = CUNE@ =i xutll goromrr + 10 =0ull g (2-10)

Now, if K = supp(1 — x), then
1t =50ul g < Cllall g gy < €'l ot < €t s
for any 7. On the other hand, N(? —i2) — (P —i2) € t¥[*([0,€) x IM), so
N@P—iDxu=(P—iyu+(N&P—-i2)—(P—i2))xu
=x(P—iDu+[P—i2, xlu+ (NP —i2)— (P —i9))xu
plus the fact that [ —i2, x] is supported in K and [ x(P —iQul| js—m+1.r = [(P —i)u|l fy—mt1.r
show that, for all 7, ’ ’
IN@ = 19wl i = 1@ =19l ymsirs + Cllull o +Cllal g @-11)

Combining (2-6), (2-10) and (2-11), we deduce that (with new constants, and taking s’ sufficiently small

and7 =r—1)
el grr = CN@P —iull pra—mrr + Cllull grorrrs (2-12)

"The high-energy estimates are actually implied by b-principal symbol-based estimates on the normal operator space
Moo = X xRT, X = 9M, on spaces t” H{ (Moo) corresponding to Jo = —r, but we do not explicitly discuss this here.
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where now the inclusion H,"" — H; "+1r=1 is compact when we choose, as we may, s’ < s — 1, requiring,
however, s — %(m —1) > Br. Recall that this argument required that s, r and s’ satisfied the requirements
preceding (2-6) and that —r was not the imaginary part of any pole of (P —i9)"

Analogous estimates hold for (% —i2)*, where now we write §, 7 and §’ for the Sobolev orders for
the eventual application:

||u||Hb§,f <C|(P- iSl)*u”Hbg—m-i-l,f + C”””HS/H’PI (2-13)

provided § and 7 in place of s and r satisfy the requirements stated before (2-7), and provided —7 is not
the imaginary part of a pole of (P* +i92*)” (i.e., 7 of P — i9). Note that we do not have a stronger
requirement for §’, unlike for s” above, since upper bounds for s imply those for s” <.

Via a standard functional analytic argument— see [Hormander 1985b, Proof of Theorem 26.1.7]
and also [Vasy 2013a, §2.6] in the present context — we thus obtain Fredholm properties of % —i9, in
particular solvability, modulo a (possible) finite-dimensional obstruction in H]: Tif

s—+(m—1)—1>Br. (2-14)

Concretely, we take § =m—1—s, F = —r, and s’ < s—1 sufficiently close to s —1 that s’ — %(m —1)> Br
(which is possible by (2-14)). Thus, s — 2 (m—1) > Br means §—1(m—1) = L (m—1)—s < —pr = 7,
so the space on the left-hand side of (2-12) is dual to that in the first term on the right-hand side of (2-13),
and the same for the equations interchanged, and notice that the condition on the poles of the inverse
of the Mellin-transformed normal operators is the same for both ? —i9 and P* +i92*: —r is not the
imaginary part of a pole of (P —i2)". Let

YT = HY' (M), %" ={ue HX (M): (P —iduec H ™" (M)},
and note that Y5" and X" are complete, where, in the case of ¥*>", the natural norm is

2 2 . 2 .
s = Wl 3oy + 1@ =102

see Remark 2.19. Our discussion thus far yields:

Proposition 2.3. Suppose that P is nontrapping. Suppose s, r € R, s — %(m —1)—1> Br,and —r is not
the imaginary part of a pole of (P —i9)", where P —i9 is a priori a map
P—i0: HY' (M) — H > (M),
Then
P—iQ % -y T
is Fredholm.

2A3. Initial value problems. As already mentioned, the main issue with the argument using complex
absorption that it does not guarantee the forward nature (in terms of supports) of the solution for a
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wave-like equation, although it does guarantee the correct microlocal structure. So now we assume that
P e Diffﬁ (M) and that there is a Lorentzian b-metric g such that

® —Og € Diff} (M), P —P* € Diffd(M). (2-15)

Then one can run a completely analogous argument using energy-type estimates by restricting the domain
we consider to be a manifold with corners, where the new boundary hypersurfaces are spacelike with
respect to g, i.e., given by level sets of timelike functions. Such a possibility was mentioned in [Vasy
2013a, Remark 2.6], though it was not described in detail as it was not needed there, essentially because the
existence and uniqueness argument for forward solutions was given only for dilation-invariant operators.
The main difference between using complex absorption and adding boundary hypersurfaces is that the
latter limit the Sobolev regularity one can use, with the most natural choice coming from energy estimates.
However, a posteriori one can improve the result to better Sobolev spaces using propagation of singularities
results.

So assume now that U C M is open and we have two functions t; and t; in C°° (M), both of which,
restricted to U, are timelike (in particular have nonzero differential) near their respective O-level sets H;
and H,, and

Q =710, 00)) N5 1([0, 00)) C U.

Notice that the timelike assumption forces dt; to not liein N * X = N *dM (for its image in the b-cosphere
bundle would be zero) and thus, if the H; intersect X, they do so transversally. We assume that the H;
intersect only away from X and that they do so transversally, that is, the differentials of t; are independent
at the intersection. Then 2 is a manifold with corners with boundary hypersurfaces Hy, H, and X (all
intersected with €2). We, however, keep thinking of €2 as a domain in M. The role of the elliptic set of 2
is now played by bS}'}j M, j =1, 2. The nontrapping assumption becomes (see Figure 3) that:

(1) All bicharacteristics in X = X N bSg"zM from any point in X N (X4 \ L4+) flow (within Xg) to
bS;II M U L in the forward direction (i.e., either enter bS;‘Il M in finite time or tend to L ) and
to bS;}zM U L+ in the backward direction.

(2) From any point in X N (X— \ L_) the bicharacteristics flow to bSI";,ZM U L_ in the forward
direction and to bS;I] M U L_ in the backward direction.

In particular, orienting the characteristic set by letting X_ be the future-oriented and X the past-oriented
part, dt; is future-oriented, while dt; is past-oriented.

On a manifold with corners, such as €2, one can consider supported and extendible distributions; see
[Hormander 1985a, Appendix B.2] for the smooth boundary setting, with simple changes needed only for
the corners setting, which is discussed in [Vasy 2008, §3], for example. Here we consider €2 as a domain
in M, and thus its boundary face X N €2 is regarded as having a different character from the H; N €2,
that is, the support and extendibility considerations do not arise at X — all distributions are regarded as
acting on a subspace of C'°° functions on 2 vanishing at X to infinite order, i.e., they are automatically
extendible distributions at X'. On the other hand, at H; we consider both extendible distributions, acting
on C* functions vanishing to infinite order at H;, and supported distributions, which act on all C*°
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e X L
H, Q H,
H,;

Figure 3. Setup for the discussion of the forward problem. Near the spacelike hyper-
surfaces H; and H,, which are the replacement for the complex absorbing operator 2, we
use standard (nonmicrolocal) energy estimates, and away from them, we use b-microlocal
propagation results, including at the radial sets L. The bicharacteristic flow —in fact,
its projection to the base —is only indicated near L ; near L_, the directions of the
flowlines are reversed.

functions (as far as conditions at H; are concerned). For example, the space of supported distributions at
H extendible at H, (and at X, as we always tacitly assume) is the dual space of the subspace of C*°(2)
consisting of functions vanishing to infinite order at H, and X (but not necessarily at H;). An equivalent
way of characterizing this space of distributions is that they are restrictions of elements of the dual
of C (M) (consisting of C*° functions on M vanishing to infinite order at X') with support in t; > 0 to
C*° functions on 2 which vanish to infinite order at X and H,, thus, in the terminology of [Hormander
1985a], restrictions to 2 \ (H U X).

The main interest is in spaces induced by the Sobolev spaces Hlf *"(M). Notice that the Sobolev norm
is of a completely different nature at X than at the Hj;, namely the derivatives are based on complete,
rather than incomplete, vector fields: V', (M) is being restricted to €2, so one obtains vector fields tangent
to X but not to the Hj. As for supported and extendible distributions corresponding to Hbs T(M), we
have, for instance,

H"(M)",

with the first superscript on the right denoting whether supported (e) or extendible (—) distributions are
discussed at Hj, and the second the analogous property at H,, which consists of restrictions of elements
of H,'" (M) with support in t; > 0 to Q \ (H, U X). Then elements of C*°(£2) with the analogous
vanishing conditions, so in the example vanishing to infinite order at H; and X, are dense in H;"" (M)*™;
further, the dual of H."" (M)*~ is H, >~ (M)™* with respect to the L? (sesquilinear) pairing.

First we work locally. For this purpose it is convenient to introduce another timelike function Ej , not
necessarily timelike, and consider

Q[I(),tl] = tj_l([lo,OO)) ﬂij_l((—oo,ll]) and Q(to,tl) = t‘]_I(O‘O’OO)) ﬂ{j_l((—oo,tl)),

and similarly on half-open, half-closed intervals. Thus, [, ;1 becomes smaller as 7o becomes larger or
t; becomes smaller.
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We then consider energy estimates on (7, 7,]. In order to set up the following arguments, choose
T_-<T' <Ty, and Ty <Ty <Ty,

and assume that Q{7 7,1 is compact, €2[7, 7] is nonempty, and t; is timelike on Q7_ 7, }. The energy
estimates propagate estimates in the direction of either increasing or decreasing t;. With the extendible or
supported character of distributions at {j = T being irrelevant for this matter in the case being considered
and thus dropped from the notation (so (—) refers to extendibility at t; = Tp), consider

s - _2: -
P HY (Qr,ri)” = Hy T Qr i), s T ER
The energy estimate, with backward propagation in t;, from %j_l (T T+]), in this setting takes the form:
Lemma 2.4. Let r € R. There is C > 0 such that, for u € Hbz’r (19,7477

||u||Hbl‘r(Q[T0,T1])_ S C(H@u“Hb()’r(Q[To,TJ’,])_ + ||u||Hbl’r(Q[T0,T+]ij_l([T-/l,-sT-‘r]))_). (2'16)

This also holds with P replaced by P*, acting on the same spaces.

Remark 2.5. The lemma is also valid if one has several boundary hypersurfaces, that is, if one replaces
tj_-l([to, 0)) by tjl([tj,o, 00)) N t,:l([tk,o, o0)) in the definition of Q4 ;1. and/or {j_l((—oo,tl]) by
ij_l ((=00,t 1] ﬂi;l ((—00, tk,1]), i.e., regarding t; and/or tj as vector-valued, and propagating backwards
in t;, for some fixed jo, under the additional hypothesis that t;, is timelike in Q[;, ;,1, and all t;, j # jo,
are timelike near their respective zero sets, with the same timelike character at t;,. (One can also have
more than two such functions.) To see this, replace x(t;) by xj, (tj,) Xk (tx) and analogously for ¥ in the
definition of V' in (2-17), where x is the characteristic function of [t o, 00), while letting W = G(°d tjgs ).
Then x't*A* is replaced by X Xk Xj X AR 4 x; X Xi Xk @ A etc., and our additional hypothesis
guarantees that the matrix A* is indeed positive definite: The contribution from differentiating y;, is
positive definite by the timelike nature of dt;,, while the contribution from differentiating x;, j # jo,
giving §-distributions at the hypersurfaces tj_l (#j,0). is positive definite by the second part of the above
additional hypothesis and can therefore be dropped as in the proof of Lemma 2.4 below. Thus X}o can still
be used to dominate x,; the terms in which ; is differentiated have support where tj isin (Ti, i Ty, i)
so the control region on the right-hand side of (2-16) is the union of these sets.

In our application this situation arises as we need the estimates on tl_l ([To, T1]) N t2_1 ([0, 00)) and
tl_l ([0, 00)) N t;l ([Ty, T1]), with Ty = 0 and T; > 0 small. For instance, in the latter case t, plays the
role of t; above, while —t; and t, play the role of Ij and {; see Figure 4.

Proof of Lemma 2.4. To see (2-16), one proceeds as in [Vasy 2013a, §3.3] and considers
V = —ix(t)x(t)* W (2-17)

with W = G(dt;, -) a timelike vector field and with x, ¥ € C°°(R), both nonnegative, to be specified.
Then, choosing a Riemannian b-metric g,

—i(V*Og —03V) = d3C""d,
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Figure 4. A domain Q= t;l ([0,00))N ((—’q)_l ((—o0, 0N t;l (=00, Ty ])) on which
we will apply the energy estimate (2-16). The a priori control region is indicated in dark
gray.

with the subscript on the adjoint on the right-hand side denoting the metric with respect to which it is
taken, °d : C®(M) — C*°(M ;®T*M) being the b-differential, and with

C’ = ¥/ 37% A% + x5/ t* A* + x5t R,

where A%, A% and R’ are bundle endomorphisms of *T*M , and A% and A% are positive definite.
Proceeding further, replacing Og by % one has

—i(V*®—-P*V) = bdgCﬁ bd + (El)}‘raxf(bd —i—bdgraxf(ﬁz,

B _ (2-18)
ch = )(’)N(r"‘Aﬁ + )()~('f°‘Aﬁ + )(f(r"‘Rﬁ

with E ; bundle maps from the trivial bundle over M to Cor*pr A and A% as before, and R* a bundle
endomorphism of ®*T*M , as follows by expanding

(V@ —D0g) — (P —Lp)*V),

using that ¥ — g € Diffé (M). We regard the second term on the right-hand side of (2-18) as the one
requiring a priori control by | u|| H" (Qqry 710G (T, T4 D)5 We achieve this by making ¥ supported
in (—oo, T), identically 1 near (—oo, T\ ], so d ¥ is supported in (77}, T'+). Now, making ' > 0 large
relative to x on supp(x¥), as in® [Vasy 2013a, Equation (3.27)], allows one to dominate all terms without
derivatives of x. In order to obtain a nondegenerate estimate up to t; = 7}, one cuts off y at t; = T
using the Heaviside function, so x’ gives a (positive!) §-distribution there. Applying (2-18) to v, pairing
with v and integrating by parts, the §-distributions have the same sign as y’ A% and can thus be dropped.
Put differently, without the sharp cutoff, one again computes the same pairing, but this time on the
domain £2[7, 7,1, thus picking up boundary terms with the correct sign in the integration by parts, so
these terms can be dropped. This proves the energy estimate (2-16) when one takes o = —2r. O

Propagating in the forward direction, from tj_l (IT_, T"]), where now — denotes the character of the
space at T (so — refers to extendibility at t; = 7T7),

bl g @y 7y = € 0Pl g @ =+ 1l g @ g qr o) 2-19)

8 Though, there, the sign of x’ is opposite, as the estimate is propagated in the opposite direction.
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In particular, for u supported in t; > T, the last estimate becomes, with the first superscript on the right
denoting whether supported (¢) or extendible (—) distributions are discussed at t = Ty and the second
superscript the same at t = 77,

< Cl1Pull o (2-20)

Hu”Hbl’r(Q[To.Tl])"* Qry.11)*
when

P Htf’r (Q[TOaTl]).,_ — Hlf_z’r(Q[To,Tl]).’_

and u € Hb2 ! (2[7,,1,1)"" - To summarize, we state both this and (2-16) in terms of these supported
spaces:

Corollary 2.6. Letr,7 € R. Foru € Hbz’r(SZ[TO,Tl])"_, one has

||u”Hbl'r Qrry. 1D = C”@u”HbO'r(Q[TO,TI])”_ (2-2)
while, for v € Hbz’f (7,111 "> the estimate
~ * = -
”U”Hb]’r(ﬂ[ro,rl])" <C|® v”Hf"‘(Q[TO,Tl])—" (2-22)

holds.
A duality argument, combined with propagation of singularities, thus gives:

Lemma 2.7. Lets >0, r €R. Then there is C > 0 with the following property: If [ € Hbs_l’r (7,17
then there exists u € H]f’r(Q[TO,Tl])”_ such that Pu = f and

”u“Hbs'r(Q[TO!T”)'«— = C”], ||H§71’r(Q[T0.T1]).’_ .

Remark 2.8. As in Remark 2.5, the lemma remains valid in more generality, namely, if one replaces
(0. 50)) by & (1110, 50))NE ([t 0. 00)) and/or 7 (—00, 11 by & (=00, 1,1 DNE; ! (=00, 1]
in the definition of €[ 1, provided that the t; have linearly independent differentials on their joint zero
set, and similarly for the %j. The place where this linear independence is used (the energy estimate above
does not need this) is for the continuous Sobolev extension map, valid on manifolds with corners; see
[Vasy 2008, §3].

Proof. We work on the slightly bigger region Q[TL,TJ’F]’ applying the energy estimates with 7 replaced
by 7", T} replaced by T, . First, by the supported property at t; = T, one can regard / as an element
of Hbs_l’r (Qrs 1,7~ with support in 7, 1,7 Let

f c Hg_l’r(Q[TL,T_/‘r]).’_ C Hb—l,r(Q[TL’T-/i—]).,_

be an extension of f, so f is supported in Q[T(),Tjr] and restricts to f; by the definition of spaces of
extendible distributions as quotients of spaces of distributions on a larger space — see [Hormander 1985a,

Appendix B.2] —we can assume
(2-23)

- B - )
”f”Hb" l.r(Q[T’_,T_’i_]).’_ = 2||f||Hb‘ l’r(Q[TL.Tl]).’_ .
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By (2-16) applied with % replaced by ?* and 7 = —

F =< * F -
||¢||Hb1 (Q[TL'T—/’—])—,O = C”@ ¢”Hb0 (Q[TL'T—/’—])—,O (2-24)
for ¢ € Hb2 ’F(Q[TL,T“)_". Correspondingly, by the Hahn—Banach theorem, there exists
~ 0,7 —,onk _ 770, .—
i€ (Hy," (Qure i) ”")* = Hy " (Qre 1)
such that
- - ~ 2,F _
(Pa,p) = (i, P*¢) = (f.9), ¢ Hy r(Q[TL,Tjr]) :
and
i r < Il , . -
”u”HbO (Q[TL.T’ pem = Cllf ||Hb L (Q[T’_,T/ Do (2-25)

One can regard # as an element of H (Q[T T ]) ~ with support in Q7 77 AL with f similarly
extended; then (Pu, ¢) = ( f ¢) forp € C °°(Q(T_ T/, y) (here the dot over C*° refers to infinite-order
vanishing at X = dM!), so Pu = f in distributions. Slnce u vanishes on Q(7_ 7/ and

feH ™ Qpr_,m "

propagatlon of singularities applied on (r_ T}) (which has only the boundary dM = X)) gives that
ue Hb loc (Q(T_,T/ y) (here we are ignoring the two boundaries, t; = 7—, T}, not making a uniform
statement there, but we are not ignoring M = X). In addition, for y, x € C2° (Q(T_,Tjr)) with ¥ =1 on
supp x, we have the estimate

”XMHHP;YJ(Q[Tf.T_’i_]) = C(”X@u”Hbs_l’r(Q[T_,Tjr]) + ”Xu”HbOJ(Q[T_.T;]))' (2-26)

In view of the support property of u, this gives that, restricting to £2(7_,7,], we obtain an element of
Hbs’r(Q(T_,Tl])_ with support in (7, 1,1, i.€., an element of Hbs’r (2[7,,1,1)"" - The desired estimate
follows from (2-25), controlling the second term of the right-hand side of (2-26), and (2-23) as well as
using P = f. O
At this point, # given by Lemma 2.7 is not necessarily unique. However:
Lemma 2.9. Let s, r € R Ifu € H," (Qr,.1,)"" is such that Pu = 0, then u = 0.
Proof. Propagation of singularities, as in the proof of Lemma 2.7, regarding u as a distribution on (7—, T1)
with support in [TO, T1) gives that u € Hb loc (Q(T .11))- Taking Ty < T| < Ty, letting u" = u|p,, /]
(2-21) shows that u’ = 0. Since T, ! is arbitrary, this shows u = 0. O
Corollary 2.10. Let s > 0 and r € R. Then there is C > 0 with the following property:
If [ e Htf_l’r ([7,,1,1)"" > then there exists a unique u € Hbs’r(SZ[TO,Tl])”_ such that Pu = f.
Further, this unique u satisfies

lellery @y o= = CM =t @y o=

Proof. Existence is Lemma 2.7; uniqueness is linearity plus Lemma 2.9, which, together with the estimate
in Lemma 2.7, prove the corollary. O
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Corollary 2.11. Let s > 0 and r, 7 € R. Foru € HY" (R, 1,)"~ with Pu € HS ™" (Qry.r)™ "
”u”H}j’r(Q[To.Tl])"f <C ”@)u”Hbs_l'r(Q[To,Tl]).’_ (2'27)

while, for v € HS’F (Qr,,1,7) " With P*v € Htf_l’f(Q[TO,Tl])_",

ClIP*vll o1 (2-28)

. <
|| v ||Hb" (Q[To,Tl])_’. - (Q[To,Tl])_’. ’

Remark 2.12. Again, this estimate remains valid for vector-valued t; and ij — see Remarks 2.5 and 2.8 —
under the linear independence condition of the latter.

Proof. 1t suffices to consider (2-27). Let f = Pu € Hg_l’r(Q[To,Tl])”_ and let u’ € Hbs’r (1o, 1"~
be given by Corollary 2.10. In view of the uniqueness statement of Corollary 2.10, u = u’. Then the
estimate of Corollary 2.10 proves the claim. O

This yields the following kind of propagation of singularities result:

Proposition 2.13. Let s > 0 and r € R. If u € Hy " (Qr,.1,)"~ with Pu € HE ™" (Qrom1)"
then u € Hg’r (Q[TO,TI]).,_‘

If instead u € H, > (Qr,.1,) "~ with Pu € Hbs_l’r(Q[TO,Tl])_’_ and, for some Ty > Ty,
uec Htf’r (7o, 11\ Q(TO,TI])_’_’ then u & Htf’r (Qry, )™

Remark 2.14. One can “mix and match” the two parts of the proposition in the setting of Remark 2.5,
with, say, a supportedness condition at ij and only an extendibility assumption at {, but with an Htf o
membership assumption on u in Q7 7] \i;l((—oo, Tl)), T, < Ty, with a completely analogous
argument. For instance, in the setting of Figure 4, one gets the regularity under supportedness assumptions
at Hy, just extendibility at t, = T, but a priori regularity for t; € (T’l, T1).

Proof. Letu’ € H," (Qr, 1,))"" be the unique solution in H," (Qr,. 1))~ of Pu’ = f where
f=%u e Hbs_l’r (Q[7,,1,)" s We obtain u” by applying the existence part of Corollary 2.10. Then
u,u’ € Hy ° " (Qr,.r,))* and P(u—u’) = 0. Applying Lemma 2.9, we conclude that u = u’, which
completes the proof of the first part.

For the second part, let x € C°°(R) be supported in (T, 00), identically 1 near [To, 00), and consider
u' = (xotjue Hbl’r (827, 7,1)" "> with the support property arising from the vanishing of x near Tj.
Then Pu’ =[P, (xotj)]u+ (xotj)Pu. Now the first term on the right-hand side is in Hbs_1 o (7o, D"~
because, on the support of dx, which is in Q7 7,7\ Q(To,Tll’ u is in Hg " and the commutator is first
order, while the second term is in the desired space since Pu € Hg —Lr (2[7,,1,1) "> and, as for u itself,
the cutoff improves the support property. Thus, the first part of the lemma is applicable, giving that
Xu € Hg’r (70,1, - Since (1 — y)u € H,f’r (2[7,7,7) "~ by the a priori assumption, the conclusion
follows. O

We take T\ = 0 and thus consider, for s > 0,
P HS(Q)T — HTH () (2-29)
and P*: HY'(Q)7" — HIT(Q) ™", (2-30)
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In combination with the real-principal-type propagation results and Proposition 2.1, this yields, under the
nontrapping assumptions, much as in the complex absorbing case, that’

Il g7 (@ye.— = CllPul v o + Cllutl gor gy Br < 1. 5>0, (2-31)

and
et g7 (y-0 = C||9>*u||H;_1.f(Q)_,. +Cllull goi gy-er  BF>s— 7. 8>0. (2-32)

We could proceed as in the complex absorption case to make the space on the left-hand side include
compactly into the “error term” on the right using the normal operators. As this imposes some constraints —
see (2-14) — which, together with the requirements of the energy estimates, namely that the Sobolev
order is nonnegative, mean that we would get slightly too strong restrictions on s — see Remark 2.20 —
we proceed instead with a direct energy estimate. We thus assume that €2 is sufficiently small that there
is a boundary defining function v of M with dt/t timelike on €2, of the same timelike character as t,,
opposite to t;. As explained in [Vasy 2013a, §7], in this case there is C > 0 such that, for Jo > C, 13(0)
is necessarily invertible.

The energy estimate is:

Lemma 2.15. There exists ro < 0 such that, for r < ro and —v =< rg, there is C > 0 such that, for
ue Hbz’r ()" andv e Hbz’r(Q)_", one has

()=

< * ;
<C|% v||Hbo.

]l g1 e gye— = ClIPul gor
b () b (2-33)

[0l 1.7y -
Proof. We run the argument of Lemma 2.4 globally on €2 using a timelike vector field (e.g., starting
with W = G(dt/t,-)) that has, as a multiplier, a sufficiently large positive power « = —2r of t, that is,
replacing (2-17) by

V=—it*W.

Then the term with t% differentiated (which in (2-18) is included in the Rt term), and thus possessing a
factor of «, is used to dominate the other, “error”, terms in (2-18), completing the proof of the lemma as
in Lemma 2.4. O

This can be used as in Lemma 2.7 to provide solvability and, using the propagation of singularities —
which in this case includes the use of Proposition 2.1, noting that s — % > Br is automatically satisfied —
improved regularity. In particular, we obtain the following analogues of Corollaries 2.10-2.11:

Corollary 2.16. There is ro < 0 such that, forr <ry and s > 0, there is C > 0 with the following property:
If fe Hbs_l’r(Q)"_, then there exists a unique u € Hbs’r(Q)"_ such that Pu = f.

Further, this unique u satisfies
||M “H,:J(Q)"_ < C ”f”Hbs_l'r(Q)"_ .

91In fact, the error term on the right-hand side can be taken to be supported in a smaller region, since, at Hy in the first case and
at H, in the second, there are no error terms due to the energy estimates (2-21), applied with #* in place of % in the second case.
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Corollary 2.17. There is ro < 0 such that, if r < rg, —7 < rog and s > 0, then there is C > 0 such that the
following holds:
Foru € Hg’r ()~ withPu € Hbs_l’r (R2)*~, one has

||u||Hbsr (Q)*— < C ||9)u||H'f—]’r(Q)'>_ (2-34)
while, for v € HS’F(Q)_” with P*v € Hbs_l’F(Q)_", one has

* 7 -

”v”Hbe(Q)—,o =< @-*"

We restate Corollary 2.16 as an invertibility statement.

Theorem 2.18. There is ry < 0 with the following property. Suppose s > 0, r < rq, and let
Y = HYT(Q)YT, % ={ue By ()% :Pue HTV(Q)
where P is a priori a map P : Hbs’r ()™ —> Htf_z’r ()%, Then
R
is a continuous, invertible map, with continuous inverse.

Remark 2.19. Both %" and &% are complete, in the case of ¥°-" with the natural norm being

2

2 _ 2
”u”%“ — ”u”Hbsr(Q)of + ”g)u”Ht;v—l.r(Q)o,—’

as follows by the continuity of % as a map H,” (Q)*~ — H, ~2:7(Q)*~ and the completeness of the
b-Sobolev spaces H,™" (€2)*~.

Remark 2.20. Using normal operators as in the discussion leading to Proposition 2.3, one would get the
following statement: Suppose s > 1 and s — % > Br. Then, with %" and Y*" as above, P : X% — Y5~
is Fredholm. Here the main loss is that one needs to assume s > 1; this is done since, in the argument, one
needs to take s’ with s’ + 1 < s in order to transition the normal operator estimates from N (%)u to Pu and
still have a compact inclusion, but the normal operator estimates need s’ > 0 as, due to the boundary H,,
they are again based on energy estimates. Using the direct global energy estimate eliminates this loss,
which is an artifact of combining local energy estimates with the b-theory. In particular, in the complex
absorption setting, this problem does not arise, but, on the other hand, one need not have the forward
support property of the solution.

The results of [Vasy 2013a] then are immediately applicable to obtain an expansion of the solutions;
the main point of the following theorem being the elimination of the losses in differentiability in Vasy’s
Proposition 3.5 due to Proposition 2.1.

Theorem 2.21 (strengthened version of [Vasy 2013a, Proposition 3.5]). Let M be a manifold with a
nontrapping b-metric g as above, with boundary X and let t© be a boundary defining function, ¥ as
in (2-15). Suppose the domain Q is as defined above and dt/t is timelike.
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Let oj be the poles of@\’_1 and let £ be such that Soj 4L € N for all j. Let ¢ € C*°(R) be such that
supp ¢ C (0,00) and ¢p ot; = 1 near X N Q2. Then, for s > % + BL, there are mj; € N such that solutions
of Pu= f with f € Hg_l’e Q)" andu € H>"™(Q)*™, s =50 > 1, 50— % > Pro, satisfy that, for
some ajj € C°(X NQ),

W=u=Y 33" ot (og ) (poti)aji € HYH(Q), (2-36)
Jj leNk=mj,
where the sum is understood to be over a finite set with =30 + [ < {.
Here the (semi)norms of both ajj,. in C*°(X N Q) and v’ in Hg o4 (R2)*~ are bounded by a constant
times that of f in Hbs_l’e ().
The analogous result also holds if [ possesses an expansion modulo Hbs -1t ()%™, namely

L=+ ¥ (logr) (¢ oty)aji

Jok=m;

with [’ € HS_I’Z(Q)"_ and aj, € C*(X NQ), where terms corresponding to the expansion of f are
added to (2-36) in the sense of the extended union of index sets [Melrose 1993, §5.18], recalled below in
Definition 2.32.

Remark 2.22. Here the factor ¢ o t; is added to cut off the expansion away from Hj, thus assuring that
u’ is in the indicated space (a supported distribution).

Also, the sum over / is generated by the lack of dilation invariance of %. If we take £ such that
—J0j > £ —1 for all j then all the terms in the expansion arise directly from the resonances, thus / = 0
and mjo + 1 is the order of the pole of P! at oj, with the a;o, being resonant states.

Proof. First assume that —Jo; > £ for every j; thus there are no terms subtracted from u in (2-36).
We proceed as in [Vasy 2013a, Proposition 3.5], but use the propagation of singularities, in particular
Propositions 2.1 and 2.13, to eliminate the losses. First, by the propagation of singularities, using
so—% > fBro and s > 59, 5 >0,

ueH Q).
Thus, as # — N(P) € t Diff?> (M),

N@u=f—f, where f=(P—-N@)ueH > Q). (2-37)

We apply [Vasy 2013a, Lemma 3.1] (using s > s¢ = 1), which is the lossless version of Vasy’s
Proposition 3.5 in the dilation-invariant case. Note that the lemma is stated on the normal operator
space Mo, which does not have a boundary face corresponding to Hj, i.e., S5 x (0, 00), with complex
absorption being used instead. However, given the analysis on X N 2 discussed above, all the arguments
go through essentially unchanged: this is a Mellin transform and contour deformation argument.

One thus obtains (2-36) with £ replaced by £’ = min(¢, rg + 1), except that u = u’ € Hbs_l’e/(Q)”_,
corresponding to the f term in N (%)u rather than u = u’ € Hlf ’e/(Q)"_, as desired. However, using
0,

Pu=f¢€ H]:—I,Z’(Q)-,—’ we deduce by the propagation of singularities, using s — 1 > €’ + %, s >
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thatu = u' € Hbs ’gl(Q)"_. If £ <ry+ 1, we have proved (2-36). Otherwise we iterate, replacing rg
by ro + 1. We thus reach the conclusion, (2-36), in finitely many steps.

If there are j such that —J0; < £ then, in the first step, when using [Vasy 2013a, Lemma 3.1], we
obtain the partial expansion u corresponding to £’ = min({, ro + 1) in place of £; here we may need to
decrease £’ by an arbitrarily small amount to make sure that £’ is not —Jo; for any j. Further, the terms
of the partial expansion are annihilated by N (%), so u’ satisfies

Pu' = Pu—N@uy — (P — N@)uy € H (@)~

as (P—N(P))u; € Hlfo’r"ﬂ (2)*~ in fact, due to the conormality of 1 and P—N(P) et Diffg (M). Cor-
respondingly, the propagation of singularities result is applicable as above to conclude that u’ € Htf ot ().
If £ <rg+ 1 we are done. Otherwise, we have better information on f in the next step, namely

f=@-N@)u=(@-N@)u'+(@—-N@P)u

with the first term in Htf ~2rotl (2)*~ (same as in the case first considered above, without relevant

resonances), while the expansion of #; shows that (% — N(%))u has a similar expansion, but with an
extra power of 7 (i.e., 7% is shifted to 7/% +1). We can now apply Vasy’s Lemma 3.1 again; in the case
of the terms arising from the partial expansion, u, there are now new terms corresponding to shifting the
powers /% to 7/% *1 as stated in the referred lemma, and possibly causing logarithmic terms if oj —1i
is also a pole of P, Iterating in the same manner proves the theorem when f € HS —Le (2)*~. When
f has an expansion modulo Htf -1t (£2)* 7, the same argument works; [Vasy 2013a, Lemma 3.1] gives
the terms with the extended union, which then further generate additional terms due to % — N (%), just as
the resonance terms did. O

There is one problem with this theorem for the purposes of semilinear equations: the resonant terms
with Jo; > 0 which give rise to unbounded, or at most just bounded, terms in the expansion which
become larger when one takes powers of these, or when one iteratively applies P~ (with the latter being
the only issue if J0; = 0 and the pole is simple).

Concretely, we now consider an asymptotically de Sitter space (1\2 , &). We then blow up a point p
at the future boundary X +, as discussed in the introduction (see p. 1810), to obtain the analogue of the
static model of de Sitter space M = [Z\Z ; p] with the pulled back metric g, which is a b-metric near the
front face (but away from the side face); let # = Oy —A. If M is actual de Sitter space, then M is the
actual static model; otherwise, the metric of the asymptotically de Sitter space, frozen at p, induces a de
Sitter metric, g¢, which is well defined at the front face of the blow-up M (but away from its side faces)
as a b-metric. In particular, the resonances in the “static region” of any asymptotically de Sitter space are
the same as in the static model of actual de Sitter space.

On actual de Sitter space, the poles of %=1 are those on the hyperbolic space in the interior of the
light cone equipped with a potential, as described in [Vasy 2010, Lemma 7.11], or indeed in [Vasy
2013a, Proposition 4.2], where essentially the present notation is used.'® As shown in [Vasy 2010,

10T [Vasy 2010, Lemma 7.11] —o 2 plays the same role as o2 here or in [Vasy 2013a, Proposition 4.2].
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Corollary 7.18], converted to our notation, the only possible poles are at

52 (M) —iN, S£Q)=—1m-D £/ In-1)2-1 (2-38)

2

In particular, when A = m*, m > 0, we conclude:

Lemma 2.23. Form > 0, % = Og — m?, with g induced by an asymptotically de Sitter metric as above,
all poles of P~ have strictly negative imaginary part.

In other words, for small mass m > 0, there are no resonances ¢ of the Klein—Gordon operator with
S0 > —eg for some €y > 0. Therefore, the expansion of # as in (2-36) no longer has a constant term.
Let us fix such m > 0 and €y > 0, which ensures that, for 0 < € < €¢, the only term in the asymptotic
expansion (2-36), when s > % +e€and f € Htf_l’e (2)*7, is the “remainder” term u’ € HS’E(Q)"_.
Here we use that 8 = 1 in de Sitter space, hence also on an asymptotically de Sitter space; see [Vasy
2013a, §4.4], in particular the second displayed equation after Equation (4.16) there, which computes
in accordance with Remark 2.2.

Being interested in finding forward solutions to (nonlinear) wave equations on asymptotically de Sitter
spaces, we now define the forward solution operator

Ska 1 HI7V9(Q)™ — HY ()"~ (2-39)
using Theorems 2.18 and 2.21.

Remark 2.24. If M C M isan asymptotically de Sitter space with global time function z, T = ¢~ is the
defining function for future infinity, and the domain 2 is such that N M = {t < 10}, then Skg in fact re-
stricts to a forward solution operator on M itself; indeed, if E : Hg —Le r<t})— Hg —Le (R2)*~ isanex-
tension operator, then the forward solution operator on {t < 7} is given by extending f € Hlf —le {r<10})
using F, finding the forward solution on 2 using Skg, and restricting back to {t < to}. The result is
independent of the extension operator, as is easily seen from standard energy estimates; see in particular
[Vasy 2013a, Proposition 3.9].

2B. A class of semilinear equations. Let us fix m >0 and €y > 0 as above for statements about semilinear
equations involving the Klein—Gordon operator; for equations involving the wave operator only, let —eq
be equal to the largest imaginary part of all nonzero resonances of [g. In Theorem 2.25 and further in
the subsequent sections, bundles like ?T*Q refer to °T, oM ; the boundaries H; of Q are regarded as
artificial and do not affect the cotangent bundle or the corresponding vector fields.

Theorem 2.25. Let 0 <€ <€gand s > % + €. Moreover, let
g IS (Q)Y x H7VQ: ) — HTHE(Q)

be a continuous function with q(0,0) = 0 such that there exists a continuous nondecreasing function
L : R>¢ — R satisfying

lg (. >du) —gq(v,°dv) | < L(R)|u—vl, [ull. ] < R,
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where we use the norms corresponding to the map q. Then there is a constant Cp > 0 such that the
following holds: If L(0) < Cr,, then for small R > 0 there exists C > 0 such that, for all f € HS_I’E ()~
with || f|| < C, the equation

(Qg —m*)u = f +q(u,’du) (2-40)

has a unique solution u € Hg (Q)*~, with ||u|| < R, that depends continuously on f.
More generally, suppose

g HYS(Q) x Hy ™ (@ T* Q)™ x Hy ™ 6(@)%™ — Hy ™ (@)~
satisfies ¢(0,0,0) = 0 and
lg(u.*du. w) =g’ du’. w) | < LR)(lu—u|| + lw —w'll)

provided ||u|| + ||w], ||| + ||w’|| < R, where we use the norms corresponding to the map q, for a
continuous nondecreasing function L : R>og — R. Then there is a constant Cy, > 0 such that the following
holds: If L(0) < Cp, then for small R > 0 there exists C > 0 such that, for all [ € Hbs_l’E ()~
with || f|| < C, the equation

(g —m*u = f +q(u, du, Ogu) (2-41)

has a unique solution u € Hg’e ()%™, with ”””Hb“ + [[Ogull gs—1.e = R, that depends continuously
b

on f.

Further, if € > 0 and the nonlinearity is of the form q(°du), with
g PSP Tr Q)T - HYT Q)

having a small Lipschitz constant near 0, then for small R > 0 there exists C > 0 such that, for all
fe Hbs_l’6 ()~ with || f|| £ C, the equation

Ogu = f+qCdu)

has a unique solution u with u — (pot;)c =u’ € Hbs’6 ()%™, where ¢ € C, that depends continuously
on f,ie,ceCandu’ € Hlf’e (R)*~ depend continuously on f. Here, ¢ € C°°(R) with support in (0, 00)
and ty are as in Theorem 2.21. In fact, the statement even holds for nonlinearities q(u, °du) provided

q: (Cpot) ® HI(Q) x H V(@ T*Q)"~ — H ()"~
has a small Lipschitz constant near 0.

Proof. To prove the first part, let Sxg be the forward solution operator for g — m? as in (2-39).
We want to apply the Banach fixed point theorem to the operator Txg : H;“(Q)*~ — H, ()%™,

Txgu = Ska(f + q(u, du)).
Let Cz, = ||Skc||™!; then we have the estimate

ITkcu — Tkavll = ISkl LR [[u — vl < Collu —v]| (2-42)
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for ||lu||, |[v|| < R and a constant Cy < 1, granted that L(R) < Cy||Skg| ™', which holds for small R > 0
by assumption on L. Then, Tk maps the R-ball in H,“(2)*~ into itself if || Sk ||(|| /|| +L(R)R) < R,
ie.if | fIl < R(ISka/ ™' — L(R)). Put

C = R(|ISkc| ™" = L(R)).

Then the existence of a unique solution u € H €(Q)*~ with ||u| < R to the PDE (2-40) with
A e < C follows from the Banach fixed point theorem.

To prove the continuous dependence of u on f', suppose we are given u; € Hy SE(Q)>, j =1, 2, with
luj| < R, and f; € HS~ ()%~ with || ;|| < C, such that

(Dg—mz)uj = fj +q(uj,bduj), j=12.
Then
Qg —m*)(uy —uz) = fi— fo+quy."duy) — q(uz.°duy),
hence
lur — w2l < ISkall (Ilf1 = f2ll + LR [luy — u2l]),

which in turn gives

||f1 f2||.

u
lug —usz| < G

This completes the proof of the first part.
For the more general statement, we use the fact that one can think of g in the nonlinearity as a
first-order operator. Concretely, we work on the coisotropic space

% ={ue H Q)" : Ogu € H5(Q)"7}
with norm
luellee = lluell e (@ye— + 1Bgul gra—r.e (o, -

This is a Banach space: if (uy) is a Cauchy sequence in &, then uj — u in Hbs’€ (2)*~ and Ogug — v
in Hbs_l’E (2)*7; in particular,

Oguy — Ogu and Ogug — v in t€H72(Q)*,

thus Ogu = v € H]:_I’E(Q)"_, which was to be shown. We then define Txg : £ — & by Txgu =
Ska(f + q(u,®du, Ogu)) and obtain the estimate

| Txou — Tavllx = | Tkt — Teavll g + g (. "du, Ogu) = g(v.°dv. Ogv)| fro-1.6
= (ISkall + DLR)(lu = vll g« + [Hgu = Dgvll gs—1.¢)
= (ISl + DL(R)[|u —v|lz = Collu — v«

for u, v € ¥ with norms bounded by R, with Cy < 1 if R > 0 is small enough, provided we require
L(0) < Cr := (|| Skg|l + 1)~!. Then, for u € ¥ with ||u| < R,

1 Tkculle = (ISkall + DU/ go—1.e + LIR)R) = R
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if || /|| < C with C > 0 small. Thus, Txg is a contraction on ¥, and we obtain the solvability of (2-41).
The continuous dependence of the solution on the forcing term f is proved as above.

For the third part, we use the forward solution operator S : HS™"(Q)"~ — ¥ := C® H ()"~
for Og; note that Y is a Banach space with norm || (¢, u’) ||y = |c| + ||“/||H§’€(sz)°f- (See Section 2C for
related, more general statements.) We will apply the Banach fixed point theorem to the operator 7" : Y — %,
Tu = S(f + q(u,’du)): we again have an estimate like (2-42), since *du € H~"€(Q;PT*Q)"~
for u € Y and, for small R > 0, T maps the R-ball around 0 in % into itself if the norm of f in
Hbs ~Le (2)*~ is small, as above. The continuous dependence of the solution on the forcing term is
proved as above. O

The following basic statement ensures that there are interesting nonlinearities ¢ that satisfy the
requirements of the theorem; see also Section 2C.

Lemma 2.26. Let s > %n; then Hy(R") is an algebra. In particular, Hj(N) is an algebra on any
compact n-dimensional manifold N with boundary which is equipped with a b-metric.

Proof. The first statement is the special case k£ = 0 of Lemma 4.4 after a logarithmic change of coordinates,
which gives an isomorphism Hyj (R} ) = H*(R"); the lemma is well known in this case (see, e.g., [Taylor
1997, Chapter 13.3]). The second statement follows by localization and from the coordinate invariance
of Hy. O

More, related statements will be given in Section 4B.

Remark 2.27. The algebra property of H;(N) for s > %dim(N ) is a special case of the fact that,
for any F € C°°(R) (for real-valued u) or F € C°°(C) (for complex-valued u) with F(0) = 0, the
composition map HF(N) — HJ(N), u — F ou, is well defined and continuous; see, for example,
[Taylor 1997, Chapter 13.10]. In the real-valued u case, if F(0) # 0 then writing F(z) = F(0) + ¢ F(¢)
shows that Fou € C+ HS(N). If r > 0, then Hg’r(N) C Hy(N) shows that Fy(u) € HS(N), thus
Fou= F(0)+uF;(u) € C+ H) (N); and, if F vanishes to order k at 0, then F(t) = t* Fy.(¢), so
F ou = uk(Fj ou), and the multiplicative properties of Htf’r (N) show that Fou € Hg’kr(N). The
argument is analogous for complex-valued u, indeed for RE-valued u, using Taylor’s theorem on F at
the origin.

Corollary 2.28. If s > %n, the hypotheses of Theorem 2.25 hold for nonlinearities q(u) = cu?, p > 2 an

integer, ¢ € C, as well as q(u) = qou?, qo € HS(M).
Ifs—1> %n, the hypotheses of Theorem 2.25 hold for nonlinearities

qu."duvy =" > qjou’ [] Xasu. (2-43)
2<j+|e|=d k<|c|

where qj o € C+ HS (M), Xy i € Vp(M).
Thus, in either case, form > 0,0 < € < €qg, § > % + € and for small R > 0, there exists C > 0 such
that, for all f € Hbs_l’e ()~ with || f|| < C, the equation

(Og —mz)u =f +q(u,bdu) (2-44)
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has a unique solution u € Hg’e (2)*~, with ||u|| < R, that depends continuously on f.
The analogous conclusion also holds for Ogu = f + q(u, du) provided € > 0 and

qu."duvy =" > gjou’ || Xasu. (2-45)
2<j+|x|=d k<|c|
la|>1

with the solution being in C(¢pot;) D HS’E (2)*~, ¢poty identically 1 near X N Q2 and vanishing near H;.

Remark 2.29. For such polynomial nonlinearities, the Lipschitz constant L(R) in the statement of
Theorem 2.25 satisfies L(0) = 0.

Remark 2.30. In this paper, we do not prove that one obtains smooth (i.e., conormal) solutions if the
forcing term is smooth (conormal); see [Hintz 2013] for such a result in the quasilinear setting.

Since in Theorem 2.25 we allow ¢ to depend on Lgu, we can in particular solve certain quasilinear
equations if s > max(% + €, %n + 1): Suppose for example that ¢’ : HS’G(Q)"_ — Htf_l(Q)"_ is
continuous with [|¢’ (1) —¢'(v)|| < L' (R)||u —v| for u, v € H;"(Q2)*~ with norms bounded by R, where
L’ : R>¢ — R is locally bounded; then we can solve the equation

(1+¢ ) Qg —m*u = f € H™(Q)*

provided the norm of f is small. Indeed, if we put ¢(u, w) = —¢'(u)(w — m?u), then q(u, Ogu) =
—q'(u)(dg — m?)u and the PDE becomes

(Dg—mz)u = f+qu,0gu),

which is solvable by Theorem 2.25, since, with || - || = || - || ys—1.e, for u, u’ € H;¢(Q)* and
b
w, w' e H™H4(Q)"™ with [[u]| + wll, [&'] + [[w'|| < R, we have

lg (e, w) =@, w)l < llg' () = ¢' @) w = mull + lg" @) lw —w'—m? @ —u)]|
< L'(R)((1 +m*)R+m*R)u—u'| + L'(R)Rljw — |

< L(R)(flu =] + [lw — w')
with L(R) — 0 as R — 0.
By a similar argument, one can also allow ¢’ to depend on °du and Ogu.

Remark 2.31. Recalling the discussion following Theorem 2.21, let us emphasize the importance of
P (0)~! having no poles in the closed upper half plane by looking at the explicit example of the operator
% = dy in 1 dimension. In terms of T = e¢™*, we have P = —10,, thus 13(0) = —io, considered as an
operator on the boundary (which is a single point) at +oo of the radial compactification of R; hence
ﬁ((r)_1 has a simple pole at 0 = 0, corresponding to constants being annihilated by %. Now suppose
we want to find a forward solution of u’ = u? + f, where f € C®°(R). In the first step of the iterative
procedure described above, we will obtain a constant term; the next step gives a term that is linear in x
(x being the antiderivative of 1), i.e., in log t, then we get quadratic terms and so on, therefore the iteration
does not converge (for general f'), which is of course to be expected, since solutions to u’ = u? + f in
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general blow up in finite time. On the other hand, if ? = d, + 1 then P (0) ! =(1—io)~!, which has a
simple pole at o = —i, which means that forward solutions u of u’ +u = u? + f with f as above can
be constructed iteratively and the first term of the expansion of u at 400 is ¢’ D = ¢e™, ¢ eC.

2C. Semilinear equations with polynomial nonlinearity. With polynomial nonlinearities as in (2-43),
we can use the second part of Theorem 2.21 to obtain an asymptotic expansion for the solution; see
Remark 2.38 and, in a slightly different setting, Section 3B for details on this. Here, we instead define a
space that encodes asymptotic expansions directly in such a way that we can run a fixed point argument
directly.

To describe the exponents appearing in the expansion, we use index sets, as introduced by Melrose
[1993].

Definition 2.32. (1) An index set is a discrete subset & of C x Ny satisfying the conditions

(a) if (z,k) e &then (z, j) e & for 0 < j <k, and
(b) if (zj, kj) is a sequence of elements of & with |z;| + k; — oo, then Rz; — oo.

(2) For any index set &, define

max{k e Ny :(z,k) e &} if(z,0) €&,
—00 otherwise.

we(z) = {
(3) For two index sets & and &”, define their extended union by
EUE =60 U I+1I'+1):(z,)eé&, (z,I) ey

and their product by &6 = {(z + 2/, + 1) : (z.]) € &, (/. 1) € &'}. We shall write &¥ for the
k-fold product of & with itself.

(4) A positive index set is an index set & with the property that $iz > 0 for all z € C with (z,0) € &.

Remark 2.33. To ensure that the class of polyhomogeneous conormal distributions with a given index
set & is invariantly defined, [Melrose 1993] in addition requires that (z, k) € & implies (z + j, k) € & for
all j € Ny. In particular, this is a natural condition in non-dilation-invariant settings, as in Theorem 2.21. A
convenient way to enforce this condition in all relevant situations is to enlarge the index set corresponding
to the poles of the inverse of the normal operator accordingly; see the statement of Theorem 2.37.

Observe though that this condition is not needed in the dilation-invariant cases of the solvability
statements below.

Since we want to capture the asymptotic behavior of solutions near X N 2, we fix a cutoff ¢ € C°(R)
with support in (0, 00) such that ¢ ot; = 1 near X N Q (we already used such a cutoff in Theorem 2.21),
and make the following definition:

Definition 2.34. Let & be an index set, and let s, r € R. For € > 0 with the property that there is no
(z,0) € & with Rz = ¢, define the space %(Sgsr’e to consist of all tempered distributions v on M with
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support in Q such that

v'=v— Y t(logr)¥(¢oti)v. k€ Hy ()" (2-46)
(z,k)e&

Rz<e

for certain v, ; € H" (X N Q).

Observe that the terms v, j in the expansion (2-46) are uniquely determined by v, since € > Rz for all
z € C for which (z, 0) appears in the sum (2-46); then also v’ is uniquely determined by v. Therefore, we
can use the isomorphism

x5 ( EB H" (XN Q)) ® H ()"
(z,k)es
NRz<e

to give %i@’r’e the structure of a Banach space.

Lemma 2.35. Let & and ¥ be positive index sets, and let € > 0. Define é”(; = P U.Z and, recursively,
Eny1 =7 u(zu Ukzz(é’l’v)k);put En =1{(z,k) € & : 0 <Nz < €}. Then there exists Ny € N such
that &N = &N, for all N = Ny; moreover, the limiting index set Eoo (P, F , €) := EN, 1s finite.

Proof. Writing 71 : C x Ny — C for the projection, one has

k
T8 = {Z: sz 0<Nz<e, k>1, zj Eﬂlgo},
ji=1
and it is then clear that 71 &y = m1&; for all N > 1. Since & is a positive index set, there exists § > 0
such that Nz > § for all z € &; hence, 71 &0 = 71&] is finite.
To finish the proof, we need to show that, for all z € C, the number wg,, (z) stabilizes. Defining

p(z) =wxp(z)+ 1 for z € 11 2 and p(z) = 0 otherwise, we have a recursion relation

k
Wey (2) = p(2) +max{w(,x(z), . anraerZ {Z Wen (Zj)}}, N >1. (2-47)
=z 4o .
kzZ,ZjGJT](f’I;O Jj=1

For each z; appearing in the sum, we have Jz; < 3z —4. Thus, we can use (2-47) with z replaced by such
zj and N replaced by N —1 to express w e, (z) in terms of a finite number of p(zy) and wz(zq), Sz <z,
and a finite number of wg,,_,(zg), zg < Iz —24. Continuing in this way, after No = [(3z)/6] + 1 steps
we have expressed we,, () in terms of a finite number of p(zy,) and w#(zy), Iz, < Jz, only, and this
expression is independent of N as long as N > Nj. O

Definition 2.36. Let &2 and % be positive index sets and let € > 0 be such that there is no (z,0) in
oo (P, F,€) with Nz = €, with £x0(L2, Z, €) as defined in the statement of Lemma 2.35. Then, for s,
r € R, define the Banach spaces

S,r,€ S,V €
%zy(_\._%ss

PTF T Lo (2,7 )

OgpS,F.€ .__ gpS,F,€
L5 = Lic(2.7.0010.0)
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Note that the spaces (0)96235,; are Banach algebras for s > %n in the sense that there is a constant C > 0
such that ||uv| < C|lul|||v|| for all u, v € (0)962,’,?;. Moreover, %s;; interacts well with the forward
solution operator Sxg of g — m? in the sense that u € %S/]s; and k > 2 — with 2 being related to the
poles of 97)(0)_1, where % = [g —m?, as will be made precise in the statement of Theorem 2.37 below —
implies Sk (u*) € 96;;;

We can now state the result giving an asymptotic expansion of the solution of (g — m?)u =

f + q(u,du) for polynomial nonlinearities ¢.

Theorem 2.37. Lete >0, s > max(% + €, %n + 1), and q as in (2-43). Moreover, if oj € C are the poles
of the inverse family 9/7\5((7)_1 , Where P = g — m?, and mj + 1 is the order of the pole of@\)(a)_1 at oj,
let 7 ={(ioj+k,£):0 =L <mj, k €Np}. Assume that € # NR(io;) for all j and that, moreover, m > 0,
which implies that & is a positive index set; see Lemma 2.23. Finally, let 7 be a positive index set.

Then, for small enough R > 0, there exists C > 0 such that, for all f € %;—l,s—l,e with || || < C, the
equation

(Og —mz)u = f+q(u,bdu)

has a unique solution u € %fa/i,sf;, with ||u|| < R, that depends continuously on f'; in particular, u has an

asymptotic expansion with remainder term in Hg Q).
Further, if the polynomial nonlinearity is of the form q(du) then, for small R > 0, there exists C > 0
such that, for all [ € %i;l’s_l’e with || f|| < C, the equation

Ogu = f+q®du)

has a unique solution u € O%Sy’s;, with ||lu|| < R, that depends continuously on f.

Proof. By Theorem 2.21 and the definition of the space & = %75, we have a forward solution operator
Skg: X — X of Og — m?. Thus, we can apply the Banach fixed point theorem to the operator 7 : ¥ — %,
Tu = Skg(f + q(u,du)), where we note that ¢ : & — %, which follows from the definition of ¥ and
the fact that ¢ is a polynomial only involving terms of the form u/ [] k<|a| Xe,ku for j + || > 2. This
condition on ¢ also ensures that 7" is a contraction on a sufficiently small ball in ¥ 4.

For the second part, writing °% = O%fo},sjj;, we have a forward solution operator S : ¥ — °%. But
q(®du) : °% — %, since °d annihilates constants, and we can thus finish the proof as above.

The continuous dependence of the solution on the right-hand side is proved as in Theorem 2.25. [

Note that € > 0 is (almost) unrestricted here, and thus we can get arbitrarily many terms in the
asymptotic expansion if we work with arbitrarily high Sobolev spaces.

The condition that the polynomial ¢(u, °du) does not involve a linear term is very important as it pre-
vents logarithmic terms from stacking up in the iterative process used to solve the equation. Also, adding a
term vu to ¢ (u, °du) effectively changes the Klein—-Gordon parameter from —m? to v—m?, which changes
the location of the poles of 13(0)_1; in the worst case, if v > m?, this would even cause a pole to move to
o > 0, corresponding to a resonant state that blows up exponentially in time. Lastly, let us remark that the
form (2-45) of the nonlinearity is not sufficient to obtain an expansion beyond leading order, since, in the
iterative procedure, logarithmic terms would stack up in the next-to-leading-order term of the expansion.
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Remark 2.38. Instead of working with the spaces (%7, which have the expansion built in, one could

alternatively first prove the existence of a solution u in a (slightly) decaying b-Sobolev space, which then
allows one to regard the polynomial nonlinearity as a perturbation of the linear operator [1g — m?; then
an iterative application of the dilation-invariant result [Vasy 2013a, Lemma 3.1] gives an expansion of the
solution to the nonlinear equation. We will follow this idea in the discussion of polynomial nonlinearities
on asymptotically Kerr-de Sitter spaces in the next section.

3. Kerr—de Sitter space

In this section we analyze semilinear waves on Kerr—de Sitter space and, more generally, on spaces with
normally hyperbolic trapping, discussed below. The effect of the latter is a loss of derivatives for the
linear estimates in general, but we show that at least derivatives with principal symbol vanishing on the
trapped set are well behaved. We then use these results to solve semilinear equations in the rest of the
section.

3A. Linear Fredholm theory. The linear theorem in the case of normally hyperbolic trapping for dilation-
invariant operators % = g — A is the following:

Theorem 3.1 (see [Vasy 2013a, Theorem 1.4]). Let M be a manifold with a b-metric g as above, with
boundary X , and let T be the boundary defining function with P as in (2-15). If g has normally hyperbolic
trapping, t, and Q are as above, and ¢ € C°°(R) is as in Theorem 2.21, then there exist C' > 0,
x> 0and B € R such that, for 0 < { < C' and s > % + B, s > 0, solutions u € Hb_oo’_oo(Q)"_ of
(Og —Nu = f with f € H§_1+x’£(9)"_ satisfy that, for some aj, € C°°(Q2 N X) (which are the
resonant states) and oj € C (which are the resonances),

W=u-Y Y % (log0)*(¢oty)aje € HYH(Q)" . (3-1)
Jj Kk=mj
Here the (semi)norms of both aj, in C*®(Q N X) and u’ in Htf ’E(Q)"_ are bounded by a constant times
that of f in Hbs BERELE (2)* ™. The same conclusion holds for sufficiently small perturbations of the metric
as a symmetric bilinear form on ® T M provided the trapping is normally hyperbolic.

In order to state the analogue of Theorems 2.18 and 2.21 when one has normally hyperbolic trapping
at' C bSA"‘,M , we will employ nontrapping estimates in certain so-called normally isotropic functions
spaces, established in [Hintz and Vasy 2014b]. To put our problem into the context of [Hintz and Vasy
2014b], we need some notation in addition to that in Section 2; in the setting of Section 2, as leading up
to Theorem 2.18 — see the discussion above Figure 3 — we define

(1) the forward trapped set in ¥ as the set of points in X N (X 4+ \ L4 ) through which bicharacteristics
do not flow (within Xq) to bS;‘Il M U L4 in the forward direction (i.e., they do not reach bS;‘II M
in finite time and they do not tend to L),

(2) the backward trapped set in ¥ 4 as the set of points in XN (X 4+ \ L4 ) through which bicharacteristics
do not flow to *.S ;‘IZM U L4 in the backward direction,
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(3) the forward trapped set in ¥_ as the set of points in X N (X_\ L_) through which bicharacteristics
do not flow to bSI";,ZM U L_ in the forward direction, and

(4) the backward trapped set in % _ as the set of points in X N (X _\ L_) through which bicharacteristics
do not flow to bS}'}l M U L_ in the backward direction.

The forward trapped set I'— is the union of the forward trapped sets in X4, and analogously for the
backward trapped set I' . The trapped set T" is the intersection of the forward and backward trapped sets.
We say that @ is normally hyperbolically trapping, or has normally hyperbolic trapping, if I' C S Y M is
b-normally hyperbolic in the sense discussed in [Hintz and Vasy 2014b, §3.2].

Following [Hintz and Vasy 2014b], we introduce replacements for the b-Sobolev spaces used in
Section 2, which are called normally isotropic at T'; these spaces %f)’r —see also (3-2) —and dual
spaces %;;1: * are just the standard b-Sobolev spaces Hf (M) and H,, S (M), respectively, microlocally
away from T'.

Concretely, suppose I is locally (in a neighborhood Uy of I') defined by 7 = 0, ¢+ = ¢— = 0,
p=0in°S*M, with dt, dpy, dp_, dp and p = ™ p, linearly independent at I". Here, one should
think of ¢_ as being a defining function of 'y N T4 or I'_ N T_ within ®S*M, and ¢4 of T N PIES
within ®S ¥ M. Then, taking any Q1 € \IJS (M) with principal symbol ¢, Pe \I/l()) (M) with principal
symbol p, and Qg € \IJ,? (M) elliptic on U with WEF{(Qo) NT = &, we define the (global) b-normally
isotropic spaces at I' of order s, %fjgr = %ISJ’F(M ), by the norm

1/2

2 2 2 2 2 D, 112 2
el = 11Qoulyy +1Q sl +1Q-ulidys + e 2ulldys + 1 Puliys + 1l mrfer G2)
’ b

and let ‘576:: T ¥ be the dual space relative to L2, which is

QOHb_S+Q+Hb_S+Q—Hb_s'i‘fl/sz_s'i‘ﬁHl)_s+Hl)_s+1/2,

In particular,
s s s—1/2 s,—1/2
Hy (M) C %, (M) C H, (M)N H (M),

(3-3)
HTV2 (M) + BV © Wy (M) C HS (M),

Microlocally away from I', % - (M) is indeed just the standard H;) space, while %:1: s H[*, since
at least one of Qg, Q4+, v and P is elliptic; the space is independent of the choice of Q satisfying the
criteria, since at least one of Q 4, t and Pis elliptic on Uy \ I'. Moreover, every operator in ‘Ilt’f (M)
defines a continuous map %sb,r (M)— %ﬁ}k (M) because, for A € \IJ]’; (M), Q4+ Au=AQ u+[Q+, Alu
and [Q 4, A] € \IJ{)‘_I (M); the analogous statement also holds for the dual spaces.

The nontrapping estimates then are:

Proposition 3.2 (see [Hintz and Vasy 2014b, Theorem 3]). With P, ¥} . and %; 1{ as above, for any
neighborhood U of I" and any N, there exist By € ‘Ilt())(M) elliptic at T" and By, B, € lIlt())(M) with
WE{ (Bj)CU, j=0,1,2,WF (B2) NIy =&, and C > 0, such that

1Boullsey - = 1 BiPullygr.om+r + | Boull gy + Cllull v (3-4)
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., if all the functions on the right-hand side are in the indicated spaces (B1Pu € ?76* S—m+1

then Bou € %b - and the inequality holds.
The same conclusion also holds if we assume WF; (By) N T— = & instead of WF(By) N\ T = &
Finally, if r < 0 then, with WF, (B,) N Ty = &, (3-4) becomes

, etc.)

| Botl g < I BrPull o r + | Botl e + Cllll (35)
while, if r > 0 then, with WF{(B,) NT_ = &,
| Boll gsr = NB\Pull grommv + | Botll g + C 1l g (3-6)

Remark 3.3. Note that the weighted versions (3-5)—(3-6) use standard weighted b-Sobolev spaces.

Next, if 2 C M, as in Section 2, is such that bSI*{,- QNI'=g, j=1,2, then spaces such as

r @)

are not only well defined but are standard H,-spaces near the H;. The inclusions analogous to (3-3) also
hold for the corresponding spaces over 2.

Notice that elements of W[ (M) only map ¥} (M) to %* S=P=1 (M), with the issues being at T

corresponding to (3-3) (thus there is no distinctlon between the behavior on the 2 vs. the M -based
spaces). However, if 4 € \Ilé’ (M) has principal symbol vanishing on I" then

%ﬁjF(M)eHs_p(M) and A: HS(M)— % *s L T(M), (3-7)

as A can be expressed as A+ Q4+ +A_Q_+ Ayt + AP+ Ao Qo + R with Ay, Ay, Ay, Ae \IJS(M)
and R € W 1(M), with the second mapping property following by duality as \Ilé’ (M) is closed un-
der adjoints and the principal symbol of the adjoint vanishes wherever that of the original operator
does. Correspondingly, if 4; € \I/t')n J(M), j = 1, 2, have principal symbol vanishing at I' then
Ay Aqu 965 (M) — 9677 ml_mZ(M).
We consider % as a map
P )" - % (Q)' -
and let
P =), %h = {u e ¥ p(R)VT Pue V)

While &F. is complete,!! it is a slightly exotic space, unlike % in Theorem 2.18, which is a coisotropic
space depending on X (and thus the principal symbol of %) only, since elements of ‘I’é’ (M) only map
I,(M ) to %‘3* P 1(M ), as remarked earlier. In fact, &}, actually depends on % modulo \IJS (M) plus

11 Als0, elements of C*(£2) vanishing to infinite order at H; and X N 2 are dense in 96% Indeed, in view of [Melrose
etal. 2013, Lemma A.3] the only possible issue is at I', thus the distinction between €2 and M may be dropped. To complete
the argument, one proceeds as in the quoted lemma, using the ellipticity of o at T, letting A, € W~ (M), n €N, be a
quantization of ¢ (c/n)a with a € C*(>S*M) supported in a nelghborhood of I' and identically 1 near I', and ¢ € CZ°(R),
noting that [A,,P] € ¥ (M) is unlformly bounded in \IJO(M) + r\II (M) in view of (2-2), and thus, for u € ¥},
PApu=ApPu+[P, An]u—>9}’u 1n% S lsmce[@ An]lsumformlybounded so HY™ 1/2 NnHS —1/2 — HS™ 1/2 NHE™! 172
and thus 93 1 — %01 Dby (3-3).
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first-order pseudodifferential operators of the form 4; A,, A € \Ilg (M) with A, € \Ifé (M), both with
principal symbol vanishing at I'. Here, the operators should have Schwartz kernels supported away from
the Hj; near H; (but away from I'), one should say % matters modulo Diffé (M), i.e., only the principal
symbol of % matters.

We then have:

Theorem 3.4. Suppose s > % and that the inverse of the Mellin-transformed normal operator @(0)_1
has no poles with Jo > 0. Then
Py — yi!

is invertible, giving the forward solution operator.

Proof. First, with r < —%, so with dual spaces having weight 7 > %, Theorem 2.18 holds without changes,
as Proposition 3.2 gives nontrapping estimates in this case on the standard b-Sobolev spaces. In particular,
if r < 0, Ker @ is trivial even on H]f —1/2.r (2)*7, hence certainly on its subspace %g’F(Q)"_. Similarly,
Ker ?* is trivial on Hs’F(Q)_" for 7 > 0, and thus, with r < —%, for f € Hb_l’r(Q)"_ there exists
ue Ht? " (Q)*~ with Pu = f. Further, making use of the nontrapping estimates in Proposition 3.2, if r <0
and f € Hg —Lr (€2)*~ then the argument of Theorem 2.21 improves this statement to u € Hbs T(Q).

In particular, if f € 33 (@)%~ C Hy~"°(Q)"~, then u € Hy" ()"~ for r < 0. This can be
improved using the argument of Theorem 2.21. Indeed, with —1 < r < 0 arbitrary, P— N (P) €t Difftz) (M)
implies, as in (2-37), that

N@wu=f—f, where f=(@-N@®)ueH > Q" (3-8)
But / €927 (@)%~ ¢ H™"%(2)*, hence the right-hand side is in H;~>°(2)*; thus the dilation-
invariant result, [Vasy 2013a, Lemma 3.1], gives u € Hlf _I’O(SZ)"_. This can then be improved further
since, in view of Pu = f € ?6; ’f:l (2)*~, propagation of singularities, most crucially Proposition 3.2,
yields u € 3 (€2)*~. This completes the proof of the theorem. d

This result shows the importance of controlling the resonances in Jo > 0. For the wave operator on
exact Kerr—de Sitter space, Dyatlov’s [2011a; 2011b] analysis shows that the zero resonance of g is
the only one in Jo > 0, the residue at 0 having constant functions as its range. For the Klein—Gordon
operator (g — m?, the statement is even better from our perspective as there are no resonances in Jo > 0
for m > 0 small. This is pointed out in [Dyatlov 2011a]; we give a direct proof based on perturbation
theory.

Lemma 3.5. Let % =g on exact Kerr—de Sitter space. Then, for small m > 0, all poles of (97> (0)—m?)~!

have strictly negative imaginary part.

Proof. By perturbation theory, the inverse family of @3(0) — A has a simple pole at (1) coming with a
single resonant state ¢ (1) and a dual state v (1), with analytic dependence on A, where 0 (0) =0, ¢(0) =1,
and ¥ (0) = 1y, 0}, where we use the notation of [Vasy 2013a, §6]. Differentiating (o (1)) (1) = Ag(A)
with respect to A and evaluating at A = 0 gives

o' (0)'(0)$(0) + P(0)4’(0) = $(0).
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Pairing this with ¥ (0), which is orthogonal to Ran @3(0), yields
W©).60)
(¥(0), 2'(0)¢(0))
Since ¢(0) = 1 and ¥ (0) = 1¢,~¢;, this implies
sgn J0”(0) = —sgn (Y (0), 9 (0)¢(0)). (3-9)

To find the latter quantity, we note that the only terms in the general form of the d’ Alembertian that

o’'(0) =

could possibly yield a nonzero contribution here are terms involving T D; and either D,, Dy or Dyg.
Concretely, using the explicit form of the dual metric G — see Equation (6.1) in [Vasy 2013a] —in the
new coordinates t =7 +h(r), ¢ = ¢ + P(r) and T = e~ *, with A(r) and P(r) as in Vasy’s Equation (6.5),

(1 +V)2
X sm

G=—p?* (ﬁ(ar — W (r)Tde 4+ P'(r)dg)* + ( asin?0td; + dp)* + x93

AR 2 a2y, +a8¢))

and its determinant is |det G|'/2 = (1 + y)2p~2(sin )", so we see that the only nonzero contribution
to the right-hand side of (3-9) comes from the term

(1+y)?p 2(sin0) "' Dy ((1 +y)">p*sin0 p~2uh' (r)) T Dy = —ip~ >3, (ih'(r))T Ds

of the d’ Alembertian. Mellin-transforming this amounts to replacing v D, by o; then differentiating the
result with respect to o gives

(1(0). 5 (0)$ (0)) = —i / 0 (1) dvl
/,L>

T p2W pr
:—i// +(1+y)_zsin98r(ﬂh/(r))drd¢d0

41
= h —(ah . 3-10
T )z[w "], — @ )],_] (3-10)
Since the singular part of /’(r) at r+ (which are the roots of i) is #/(r) = F(1 + y)(r* + a?)/ i, the
right-hand side of (3-10) is positive up to a factor of i; thus Jo”(0) < 0, as claimed. O

In other words, for small mass m > 0, there are no resonances o of the Klein—Gordon operator with
o > —e€q for some €9 > 0. Therefore, the expansion of u as in (3-1) no longer has a constant term.
Correspondingly, for € € R, € < ¢, Theorem 3.1 gives the forward solution operator

Skay: H795(Q) — HYS(Q)"~ (3-11)
in the dilation-invariant case.

Further, Theorem 3.4 is applicable and gives the forward solution operator

Sko  Hp ()W = 9 ()% (3-12)
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on the normally isotropic spaces.

For the semilinear application, for nonlinearities without derivatives, it is important that the loss
of derivatives x in the space H_ ™7 is at most 1. This is not explicitly specified in [Wunsch and
Zworski 2011], though their proof directly gives (see especially the part before their Section 4.4) that,
for small € > 0, x can be taken proportional to € and there is €, > 0 such that x € (0, 1] for € < €.
We reduce ¢p > 0 above if needed so that €5 < 66; then (3-11) holds with x = ce € (0, 1] if € < €,
where ¢ > 0.

In fact, one does not need to go through Wunsch and Zworski’s proof, as the Phragmén—Lindel6f
theorem allows one to obtain the same conclusion from their final result:

Lemma 3.6. Let h: U — E be a holomorphic function on the half strip U ={z€ C:0<3Jz<c¢, Nz>1}
that is continuous on U with values in a Banach space E and suppose, moreover, that there are constants
A, C > 0 such that
Clz|k if 3z=0,
Ih(2)]l = { C|zI*2 if 3z=c,
Cexp(Alz]) ifzeU.

Then there is a constant C' > 0 such that
Ih(z)| < C'|z|fr(1=B2)/)+ka(32)/
forallz € U.

Proof. Consider the function f(z) = zk1—i(k2=k1)z/¢ which is holomorphic on a neighborhood of U .
Writing z € Uasz=x + iy with x, y € R, one has

k _k & k —k
e = 12t exp((3( 2 s tog ) = (0035 exp( 2 arcan (1)),
C c x

Noting that |x arctan(y/x)| = y|(x/y) arctan(y/x)| is bounded by ¢ for all x + iy € U, we conclude
that

e—|k2—k1||Z|k1(l—52/c)+k232/c < |f(Z)| < e\kz—k1||Z|k1(1—Sz/c)+k2f\‘SZ/c.

Therefore, f(z)~'h(z) is bounded by a constant C’ on dU, and satisfies an exponential bound for z € U.
By the Phragmén—Lindelof theorem, || f(z) " 'A(z)||g < C’, and the claim follows. O

Since, for any § > 0, we can bound [log z| < Cs|z|® for |0iz| > 1, we obtain that the inverse family
R(o) = 97)(0)_1 of the normal operator of (g on (asymptotically) Kerr—de Sitter spaces —as in [Vasy
2013a] but here in the setting of artificial boundaries, as opposed to complex absorption — satisfies a
bound

1RO\ - r5—1 (xn@yslo|—sm* . (xngy < Cslo| ™% (3-13)

o1 lo]—1
for any § > 0, J0 > —cx’ and |No| large. Therefore, as mentioned above, by the proof of Theorem 3.1,

in particular using [Vasy 2013a, Lemma 3.1], we can assume x € (0, 1] in the dilation-invariant result,
Theorem 3.1, if we take C’ > 0 small enough, i.e., if we do not go too far into the lower half plane Jo < 0,
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which amounts to only taking terms in the expansion (3-1) which decay to at most some fixed order,
which we may assume to be less than —J0; for all resonances 0.

3B. A class of semilinear equations; equations with polynomial nonlinearity. In the following semi-
linear applications, let us fix x» € (0, 1] and €q as explained before Lemma 3.6, so that we have the forward
solution operator Skg, as in (3-11).

We then have statements paralleling Theorems 2.25 and 2.37 and Corollary 2.28, namely Theorems 3.7
and 3.11 and Corollary 3.10, respectively.

Theorem 3.7. Suppose (M, g) is dilation invariant. Let —00 < € < €, § > % + Be, s =1, and let
q: Htf’e ()" — H§_1+”’€(Q)"_ be a continuous function with q(0) = 0 such that there exists a
continuous nondecreasing function L : R>o — R satisfying

lg() —q)|| = LR)[lu —vll.  [lu]. vl = R.

Then there is a constant Cy, > 0 such that the following holds: if L(0) < Cy, then, for small R > 0, there
exists C > 0 such that, for all f € HS_H_K’E ()~ with || f|| < C, the equation

Qg —m*u = f+qu)

has a unique solution u € Hy,*()*~, with ||u|| < R, that depends continuously on f.
More generally, suppose

q: HS,G(Q).,— XHg—H—Jf,e(Q).,— N Htf—l-i-}t,e(g)-,—
satisfies ¢(0,0) = 0 and
lg G, w) —q @', wHll = LR (lu — || + [lw —w']))

provided ||u|| + ||w], ||| + ||w’|| < R, where we use the norms corresponding to the map q, for a
continuous nondecreasing function L : R>o — R. Then there is a constant Cy, > 0 such that the following
holds: if L(0) < Cr, then, for small R > 0, there exists C > 0 such that, for all f € HbS_H_x’6 ()~
with || f|| < C, the equation

(Og —mHu= f+q(u, Ogu)

has a unique solution u € H,*(Q2)*~, with ”””Hb” + |||:|g1/l||Hbs71+}t,é < R, that depends continuously
on f.
Proof. We use the proof of the first part of Theorem 2.25, where, in the current setting, the solution operator
Sk, maps H ' T€(Q)*" — HP€(Q)* and the contraction map is T : HY*(Q)*~ — HZ€(Q)*~,
Tu = Skc1(/ +qw)).

For the general statement, we follow the proof of the second part of Theorem 2.25, where we now
instead use the Banach space

% ={ue H Q)" :Ogu e H ' (Q)*7}
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with norm

loallee = llull e + 10 gull e o1+
which is a Banach space by the same argument as in the proof of Theorem 2.25. O

We have a weaker statement in the general, non-dilation-invariant case, where we work in unweighted
spaces.

Theorem 3.8. Let s > 1 and suppose q : HJ (Q2)*~ — H; (2>~ is a continuous function with q(0) = 0
such that there exists a continuous nondecreasing function L : R>o — R satisfying

lg() —q)| = LR [lu —vll,  [lull. vl = R.

Then there is a constant Cy, > 0 such that the following holds: if L(0) < Cy, then, for small R > 0, there
exists C > 0 such that, for all € HJ(2)*~ with || || < C, the equation

(Og—m?)u= f+qu)

has a unique solution u € Hy(2)*~, with ||u|| < R, that depends continuously on f.
An analogous statement holds for nonlinearities ¢ = q(u, Ogu) which are continuous maps

g1 H Q)" x HY (@)% — H3 ()",
vanish at (0, 0), and have a small Lipschitz constant near 0.

Proof. Since
Ska : HE (@)~ c oy A @) - 9 @) c HE (@)

by (3-3) and (3-12), this follows again from the Banach fixed point theorem. O

Remark 3.9. The proof of Theorem 3.4 shows that equations on function spaces with negative weights
(i.e., growing near infinity) behave as nicely as equations on the static part of asymptotically de Sitter
spaces, discussed in Section 2. However, naturally occurring nonlinearities (e.g., polynomials) will not be
continuous nonlinear operators on such growing spaces.

Corollary 3.10. If s > %n, the hypotheses of Theorem 3.8 hold for nonlinearities q(u) = cu?, p > 2 an
integer, ¢ € C, as well as q(u) = qou®, qo € H; (M).
Thus, for small m > 0 and R > 0, there exists C > 0 such that, for all f € Hj(Q)*~ with || f| < C,
the equation
(Og —m*)u = f +q(u)
has a unique solution u € Hy(2)*~, with ||u|| < R, that depends continuously on f.

If f satisfies stronger decay assumptions, then u does as well. More precisely, denoting the inverse fam-
ily of the normal operator of the Klein—Gordon operator with (small) mass m by R, (0) = (@3 (0)—m*)71,
which has poles only in Jo < 0 (see Lemma 3.5 and [Dyatlov 2011a; Vasy 2013a]) and, moreover,
defining the spaces 96}’,”6 and %s@r; analogously to the corresponding spaces in Section 2C, we have the
following result:
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Theorem 3.11. Fix 0 < e <min{C’, 1} and let s > s’ > max(% + Be, 3n,1 + x). (A concrete bound

for s will be given in the course of the proof’; see Equation (3-15).) Let
d
qw) =) qpu?, qp€ HJ(M).
p=2

Moreover, if oj € C are the poles of the inverse family Ry, (0), and mj + 1 is the order of the pole of
Ry(o) atoj,let Z ={(ioj +k,{):0 <L =<mj, k € Ng}. Assume that € # R(ioj) for all j, and that
m > 0 is so small that & is a positive index set. Finally, let & be a positive index set.

Then, for small enough R > 0, there exists C > 0 such that, for all [ € %% with || f|| < C, the
equation

(Og —m*u = f+q(u) (3-14)

! o
has a unique solution u € X°,;°;%, with ||u|| < R, that depends continuously on f; in particular, u has an

/
asymptotic expansion with remainder in Hlf Q).

Proof.  Let us write ® = Og —m?. Let § < % be such that 0 < 26 < Nz for all (z,0) € Z;
then [ € Hbs’z‘S(Q)”_. Now, for u € HS"S(Q)”_, consider Tu := Skg(f + q(u)). First of all,
f+q) e Hbs,28 (Q2)*~ C H(Q)*, thus the proof of Theorem 3.4 shows that Tu € HS*'" ()~
with r < 0 arbitrary. Therefore,

N@)u= f+q)+(N@) —Pyu € H2 Q)™ + H (@) c B2 (@),

and thus, if § > 0 is sufficiently small, namely, § < % inf{—3J0; }, Theorem 3.1 implies u € Hbs —%,28 ().
Since we can choose x = ¢§ for some constant ¢ > 0, we obtain

Tu e ﬂ Hg‘i‘l,r(Q)',— mHs-C&,Z(S(Q).,— C ﬂ HS,ZJ)’—ZCSZ/(I+c8)—r’(Q).,—
r>0 r’>0

by interpolation. In particular, choosing § > 0 even smaller if necessary, we obtain Tu € Hbs ’5(9)"_.
Applying the Banach fixed point theorem to the map T thus gives a solution u € H, ’S(Q)"_ to (3-14).
For this solution u, we obtain

N@®)u =Pu+ (N(@P)—P)u H§’25 + H§—2,8+1 c Hs—z,zs

since ¢ only has quadratic and higher terms. Hence Theorem 3.1 implies that © = u + u’, where
uy is an expansion with terms coming from poles of ?~! whose decay order lies between § and 28,
and u’ € Hg —1—x,28(9).,_' This in turn implies that f/ + ¢(«) has an expansion with remainder term in
H]:—l—x,min{48,e}(g2).,_, thus

N(@P)u e H§_3_”’min{48’e}(9)"_ plus an expansion,

and we proceed iteratively, until, after kK more steps, we have 4 - 2k§ > €, and then u has an expansion
with remainder term Htf _3_2k_x’e(§2)"_ provided we can apply Theorem 3.1 in the iterative procedure,
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i.e., provided s —3 — 2k —x =: 5" > max(% + Be, 3n, 1+ x). This is satisfied if
s>max(%+ﬁe,%n,1+%)+2flog2(e/5)]+%—l. (3-15)
This concludes the proof. O

3C. Semilinear equations with derivatives in the nonlinearities. Theorem 3.4 allows one to solve even
semilinear equations with derivatives in some cases. For instance, in the case of de Sitter—Schwarzschild
space, within X N bS;?M, I" is given by r = r¢, 01(D,) = 0, where r, = %rs is the radius of the photon
sphere; see, e.g., [Vasy 2013a, §6.4]. Thus, nonlinear terms such as (r — r¢)(d,u)? are allowed for
s > %n + 1 since 9, : %E’F(M ) — HE ™1 (M), with the latter space being an algebra, while multiplication
by r — r. maps this space to %;”1{_1, by (3-7). Thus, a straightforward modification of Theorem 3.8,
applying the fixed point theorem on the normally isotropic spaces directly, gives well-posedness.

4. Asymptotically de Sitter spaces: global approach

We can approach the problem of solving nonlinear wave equations on global asymptotically de Sitter
spaces in two ways: either we proceed as in the previous two sections, first showing invertibility of
the linear operator on suitable spaces and then applying the contraction mapping principle to solve the
nonlinear problem; or we use the solvability results from Section 2 for backward light cones from points
at future conformal infinity and glue the solutions on all these “static” parts together to obtain a global
solution. The first approach, which we will follow in Section 4A-4D, has the disadvantage that the
conditions on the nonlinearity that guarantee the existence of solutions are quite restrictive, however, if
the conditions are met, one has good decay estimates for solutions. The second approach, on the other
hand, detailed in Section 4E, allows many of the nonlinearities, suitably reinterpreted, that work on “static
parts” of asymptotically de Sitter spaces (i.e., backward light cones), but the decay estimates for solutions
are quite weak relative to the decay of the forcing term because of the gluing process.

4A. The linear framework. Let g be the metric on an n-dimensional asymptotically de Sitter space X
with global time function ¢ [Vasy 2010]. Then, following [Vasy 2013a, Section 4], the operator!?

P, = M—1/2Mi0/2—(n+1)/4(Dg . (%(n _ 1))2 _ Uz)u—ia/2+(n+l)/4u—l/2 (4-1)

extends nondegenerately to an operator on a closed manifold X which contains the compactification X
of the asymptotically de Sitter space as a submanifold with boundary Y, where Y = Y_ U Y has two
connected components, which we call the boundary of X at past and future infinity, respectively. The
expression “nondegenerately” here means that, near Y+, Py fits into the framework of [Vasy 2013a].
Here, u = 0 is the defining function of Y and p > 0 is the interior of the asymptotically de Sitter space.
Moreover, null-bicharacteristics of P, tend to Y4 as t — Fo00.

Following [Vasy 2014], let us in fact assume that X=C_UXU C is the union of the compactifications
of asymptotically de Sitter space X and two asymptotically hyperbolic caps C4; as Vasy explains, one

12 p in our notation corresponds to P; in [Vasy 2013a], the latter operator being the one for which one solves the forward
problem.
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might need to take two copies of X to construct X. For the purposes of the next statement, we recall that
variable-order Sobolev spaces H®(X) were discussed in [Baskin et al. 2014, Appendix A]. Then Py is
the restriction to X of an operator P, € Diff?>(X), which is Fredholm as a map

Py: % > ¥ ={ueH :Poue H'Y, ¥ 1=pH"1

where s € C°°(S *X ), monotone along the bicharacteristic flow, is such that s|y+y_ > % =30, s|N*y, <
% — 30, and s is constant near S*Y1. Note that the choice of signs here is opposite to the one in [Vasy
2014], since here we are going to construct the forward solution operator on X .

Restricting our attention to X', we define the space HS(X)* ™~ to be the completion in H*(X) of the
space of C°° functions that vanish to infinite order at Y_; thus, the superscripts indicate that distributions
in HS(X)*™ are supported distributions near Y_ and extendible distributions near Y. Then, define the
spaces

¥ ={ue H'(X) : Pouec H ' (X)>™}, ¥ 1= H1(X)".

Theorem 4.1. Fix 0 € C and s € C®(S*X) as above. Then Py : %5 — Y5~ is invertible and
P;U HSTY(X)®™ — HS(X)*™ is the forward solution operator of Pg.

Proof. First, let us assume 9io > 0, so semiclassical and large parameter estimates are applicable to P,
and let Ty € R be such that s is constant in {t < Ty}. Then, for any 77 < Ty, we can paste together
microlocal energy estimates for P, near C_ and standard energy estimates for the wave equation in
{t < T1} away from Y_, as in the derivation of Equation (3.29) of [Vasy 2013a], and thereby obtain

lull g1 <y < W Pottll o<ty (4-2)

thus, for f € C°°(X~), supp f C {t = T} implies supp ﬁ;lf C {t = T1}. Choosing ¢ € C>°(X) with
supportin { > T} and ¢ € C°°(A7) with support in {t < T}, we therefore obtain Wﬁa_lqﬁ = 0. Since
ﬁa_ !'is meromorphic, this continues to hold for all o € C such that Jo > %—s. Since 177 < Ty is arbitrary,
this, together with standard energy estimates on the asymptotically de Sitter space X, proves that P !
propagates supports forward, provided Py is invertible. Moreover, elements of ker P, are supported
inCy.

The invertibility of Py is a consequence of [Baskin et al. 2014, Lemma 8.3] (also see Footnote 15
there): let E : HS~1(X)*»~ — H*~! (f ) be a continuous extension operator that extends by 0 in C_ and

R: H* (f) — H®(X)™ the restriction; then R o ﬁ;l o E does not have poles, and, since

U H(r>TiHo™ c HS ()™
T1<Ty

(where e denotes supported distributions at { = 7} and Y_, respectively) is dense, R o ﬁg_ Yo E in fact
maps into H*(X)*™; thus P I'=Ro ﬁa_ o E indeed exists and has the claimed properties. ([

In our quest for forward solutions of semilinear equations, we restrict ourselves to a submanifold with
boundary Q C X containing and localized near future infinity, so that we can work in fixed-order Sobolev
spaces; moreover, it will be useful to measure the conormal regularity of solutions to the linear equation
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at the conormal bundle of the boundary of X at future infinity more precisely. So let HS¥ (f ,Y4)
be the subspace of H® (1\7 ) with k-fold regularity with respect to the \IJO()? )-module M of first-order
pseudodifferential operators with principal symbol vanishing on N *Y. A result of Haber and Vasy [2013,
Theorem 6.3], with sg = %—Sa in our case, shows that /'€ HS~1-k (X~, Yy, Pou= f with u a distribution,
in fact imply that u € HS* (X, Y4.). So, if we let H*** (£)*~ denote the space of all u € H*(X)*~ which
are restrictions to €2 of functions in H*¥ (f , Y4), supported in Q U C,, the argument of Theorem 4.1
shows that we have a forward solution operator S : H*® —LkQ)s— — HSk(Q)*~ provided

s <5 —J0. 4-3)

4A1. The backward problem. Another problem that we will briefly consider below is the backward
problem, i.e., where one solves the equation on X backward from Y4, which is the same, up to
relabelling, as solving the equation forward from Y_. Thus, we have a backward solution operator

Sy ¢ Hs—Lk Q)™ —> HSk (2)7* (where 2 is chosen as above so that we can use fixed-order Sobolev

spaces) provided s > % — Jo. Similarly to the above, — denotes extendible distributions at 32 N X° and

e denotes supported distributions at Y ; the module regularity is measured at Y.

4B. Algebra properties of HS** (2)*~. Let us call a polynomially bounded, measurable function
w: R" — (0, 00) a weight function. For such a weight function w, we define

H®W(®R") = {u e S'(R") : wii € L2(R")}.

The following lemma is similar in spirit to, but different from, Strichartz’s [1971] result on Sobolev
algebras; it is the basis for the multiplicative properties of the more delicate spaces considered below.

Lemma 4.2. Let wy, wp and w be weight functions such that one of the quantities

B w(f) )2
M “féi&/ (wl(mwz(s—n) .

_ w(E) )2d
M“‘iéi%?’nf (wlm)wz(s—n) s

is finite. Then HWD (R?) - H®2) (R") ¢ H®) (R").

(4-4)

Proof. For u, v € S(R"), we use Cauchy—Schwarz to estimate

]2y = / ()T E) de

2
-/ w(é)z( / wl(n)lﬁ(n)lwz(é—n)lf)(é—n)lwl(n)_lwz(é—77)_1dn) g

< Lz )( 25 2 2150 )2 )
<[ ([ o= ) @n)( [ 2laonfwat - o1s - mi an) as

2 2
< M2y 1013y
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as well as

2
ooty = [ ( [wste=mito - an)( [ (oY wamP dn) ds

2
= lolye [ wl(mzm(nnz( / (%) ds) dy

2 2
= M_[lull g 101 3 awn) -

Since S(R") is dense in H®1D (R") and H®2)(R"), the lemma follows. O
In particular, if
H & < 00, (4_5)
wmw(E—n) | reor2

then H™) is an algebra.

For example, the weight function w(£) = (£)* for s > %n satisfies (4-5), as we will check below, which
implies that H*(R") is an algebra for s > %n; this is the special case k = 0 of Lemma 4.4 below and is well
known; see, e.g., [Taylor 1997, Chapter 13.3]. Also, product-type weight functions wy (£) = (£/)5(£”)*
(where £ = (¢/,€”) e RAT(=d)) for 5 > %d and k > %(n —d) satisfy (4-5).

The following lemma, together with the triangle inequality (£)% < (n)% + (§ —n)* for & > 0, will often
be used to check conditions like (4-4).

Lemma 4.3. Suppose a, B > 0 are such that o« + 8 > n. Then

dn 0 (o
L, e —mp <5

Proof. Splitting the domain of integration into the two regions {(n) < (¢ —n)} and {(n) > (¢ — 1)}, we

obtain the bound
L wete e =2 L e
— <2 —,
e (M) (& —n)P g ()@ TA

which is finite in view of o + 8 > n. O

Another important consequence of Lemma 4.2 is that H*' (R") is an H* (R")-module provided |s’| < s
1
2
(with M4 as in the statement of the lemma, with the corresponding weight functions).

and s > 5n, which follows for s’ > 0 from My < oo, and for 5" < 0 either by duality or from M_ < co

Lemma 4.4. Write x € R" as x = (x', x") e RATO=D_Fors € R and k € Ny, let
YK R = {u € H(R"): DXyu € HYR")).
Then, for s > %d and s + k > %n, Oyfl.’k (R™) is an algebra.

Proof. Using the Leibniz rule, we see that it suffices to show that if u, v € oyz;k then D;‘,/quj//v e H¥,
provided |a| + |B| < k. Since D%,u € oy;,k—lal and Df,,v € Oyfl’k_lﬂ', this amounts to showing that

Yy C B if atb >k (4-6)
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Using the characterization Oyfi’a = H® for w(§) = (£)°(¢”)¥, Lemma 4.2 in turn reduces this to the
estimate

[ G i
(n)25(n")2e(& —n)2s(&" —n")?P

< dn 4 dn

~ (n//)Za (£ — 77)2s (£ — n//>2b (77>2s<71”)2a(§// _ 77”)2b

- dn/ dr’// dr]/ dr]//

=) e | e =y T e | g
where we choose %d <s' <ssuchthata+b+s—s > %(n —d), which holds if k +s > 2 (n—d) + 5/,
which is possible by our assumptions on s and k. The integrals are uniformly bounded in &: for the

n’-integrals, this follows from s" > %d ; for the n”-integrals, we use Lemma 4.3. O

We shall now use this (noninvariant) result to prove algebra properties of spaces with iterated module
regularity: Consider a compact manifold without boundary X and a submanifold Y. Let J( D W°(X) be
the W0 (X)-module of first-order pseudodifferential operators whose principal symbol vanishes on N*Y.
For s € R and k € Ny, define

H* (X, Y)={ue H (X): M*u e H (X)}.

Proposition 4.5. Suppose dim(X) = n and codim(Y) = d. Assume that s > %d and s + k > %n Then
HS*(X,Y) is an algebra.

Proof. Away from Y, H*K(X,Y) is just H*+k(X), which is an algebra since s + k > 1 dim(X). Thus,
since the statement is local, we may assume that we have a product decomposition near Y, namely
X = IR;";, X Ri;d, Y = {x’ =0}, and that we are given arbitrary u, v € H** (X, Y) with compact support
close to (0,0) for which we have to show uv € HK(X,Y). Notice that, for f/ € H*(X) with such
small support, f € H**(X,Y) is equivalent to M’ / € H*(X), where M’ is the C*(M )-module of
differential operators generated by Id, d X! and xJ’. 8x;(, where ] <i<n—dand1=<j,k =<d.

Thus the proposition follows from the following statement: for s and k as in the statement of the

proposition,
H* R, R = (u e H*®R"): (x')¥D%DP,u e HS®"), |@| = |al, |o| + 18] <k}
is an algebra. Using the Leibniz rule, we thus have to show that
()& D% DE,u)((x"" DY, DS, v) € H* (4-7)

provided |&@| = ||, |77| =|y| and |a|+|B]+|y|+|8] < k. Since the two factors in (4-7) lie in HSK~1e|=Al
and HSk=IYI=18l " respectively, this amounts to showing that H%4 - H5®* ¢ H* for a + b > k. This,
however, is easy to see, since H*¢ C ¥’ for all ¢ € Ny and ¥’ -Oyfl’b C H*® was proved in (4-6). O

In order to be able to obtain sharper results for particular nonlinear equations in Section 4C, we will
now prove further results in the case codim(Y') = 1, which we will assume to hold from now on; also,
we fix n = dim(X).
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Proposition 4.6. Assume that s > and k > L(n—1). Then H*(X,Y)-H*~"*(X,Y)C H~Vk (X, Y).

Proof. Using the Leibniz rule, this follows from 03) Oys Lb C H571 for a+b > k. This, as before, can be

reduced to the local statement on R” = Ry, x R" g w1th Y = {x; =0}. We write £ = (£, &) e R1H=1)
and n = (177, 7) € R*T@=D_ By Lemma 4.2, the case s > 1 follows from the estimate

/ ()26 dn
()2 (/)24 (& —n)26—D (g —y)2b

dn dn
<
”/(n)z(n’)z“(é—n)z(s‘l)(é’—n’)”’+/(n)“(n’)z“(é’—n/)”

dn dn’ .
<2 L
= / (771)”/ ()2 e —yy2b < E

If % < s <1, then & and &' play different roles. Indeed, the background regularity to be proved is

by Lemma 4.3.

H*~!, s—1 <0, thus the continuity of multiplication in the conormal direction to Y is proved by “duality”
(using Lemma 4.2 with M_ < c0), whereas the continuity in the tangential (to Y') directions, where
both factors have k > %(n — 1) derivatives, is proved directly (using Lemma 4.2 with M < 00). So, let
ue Oysl’a and v € Oysl_l’b, and put

uo(§) = (£)° (&) u(®) € L*(R"),  wo(§) = (£) 7€) v() e L*(R").

Then
) 1—s

6770 = [ e o€~

hence, by Cauchy—Schwarz and Lemma 4.3,

/ ()26 D |mo(e) [ de

5/(/ )2b )(/‘/ o) uo(§ — n)vo(n)dmzdn’)dg
< JI([unte=or d’“)(/ <s>2<(1n>s2>(<ls_ S) >2s'”°(”)'2d’“)"’7 a

’ / 1
< [ 1ot =toa ([ G+ st 46 ) 4€'dn

2 2
< lullys allvlys—1.0-
1

since % <s<1,s01—s5>0and2s—1> 0, and the £;-integral is thus bounded from above by

1 | -
/ (E1—m)?s i (£1)20=9) (&) —1y)22s=D §1€ Ly,

The proof is complete. O
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For semilinear equations whose nonlinearity does not involve any derivatives, one can afford to lose
derivatives in multiplication statements. We give two useful results in this context, the first being a
consequence of Proposition 4.6.

Corollary 4.7. Let i € C°°(X) be a defining function for Y , i.e., |y =0, du #0on Y, and u vanishes
on Y only. Suppose s > % and £ € C are such that W + % > §. Then multiplication by Mﬁ_ defines a
continuous map H*(X,Y) — H*"VK(X,Y) for all k € Ny.

Proof. By the Leibniz rule it suffices to prove the statement for £ = 0. We have ,uﬁ_ € HMF1/2—€00(y )
for all € > 0: indeed, the Fourier transform of )((x)xfr on R, with y € C2°(R), is bounded by a constant
multiple of (£)~®¢~1 which is an element of (S)"L; ifand only if r —9HL—1 < —%, that is, if L+ % >7.
Hence, the corollary follows from Proposition 4.6, since one has R¢ + % —e€>s5—1 for some € > 0

provided R¢ + % > 5. O

Proposition 4.8. Let 0 < s', 51, 53 < § be such that s' < s; + s, — 3, and let k > $(n —1). Then
HSvk (X, Y)- H2k(X,Y) Cc HSK(X,Y).

Proof. Using the Leibniz rule, this reduces to the statement that Oy”;l - -Oyslz’b cH ifa+b>k. Splitting
variables € = (£1,€’), n = (91, '), Lemma 4.2 in turn reduces this to the observation that

/ (&) i
(n)2s1(n')2a(E —n)2s2 (&' — ) 2P
dn dn ) dn’
S (/ (n1)261= (&) — )22 +/ (n1)251(&) —ny)26275) / (')2a(&" —n)2b

is uniformly bounded in £ by Lemma 4.3, in view of s’ < s1 + 55 — % < min{sy, s»}, thus s; —s" > 0

and s, —s' >0, and 51 + 57, — 5" > %,as well asa + b > %(n—l). O

Corollary 4.9. Let peNand s =1 —e with0 <e <1/(2p), and letk > L (n—1). Thenu € H*(X,Y)
implies u? € H%*(X,Y).

Proof. Proposition 4.8 gives u? € H'/272¢=€2k for a]] €y >0, thus u’ € H/273e=€3k for a1l €; >0,
since €, > 0 is arbitrary; continuing in this way gives u” € H 1/2=pe=epk for all €, > 0, and the claim
follows. O

4C. A class of semilinear equations. Recall that, provided s < % — Jo, we have a forward solution
operator Sg : HS ™15 (Q)*~ — HS*(Q)*>~ of P,, defined in (4-1). Let us fix such s € R and o € C.

Undoing the conjugation, we obtain a forward solution operator
S = M—I/ZM—ia/Z—i-(n—i—1)/4S0Mia/2—(n+1)/4M—1/2
S : M(n+3)/4+30’/2Hs—l,k(Q)o,— _ M(n—l)/4+%0’/2Hs,k(Q)o,—
of Og — %(n —1)2 —02. Since g is a 0-metric, the natural vector fields to appear in a nonlinear equation

are O-vector fields; see Section 4E for a brief discussion of these concepts. However, since the analysis is
based on ordinary Sobolev spaces relative to which one has b-regularity (regularity with respect to the
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module Jl), we consider b-vector fields in the nonlinearities. In case one does use O-vector fields, the
solvability conditions can be relaxed; see Section 4D.

Theorem 4.10. Suppose s < % — 0. Let

q: M(n—l)/4+ﬁ”sa/2Hs,k ()" x M(n—l)/4+%a/2Hs,k—l (Q: b Q) — M(n+3)/4+%a/2Hs—1,k(Q)-,—

be a continuous function with q(0,0) = 0 such that there exists a continuous nondecreasing function
L :R>¢ — R satisfying

lg (. du) —gq(v,°dv) || < L(R)|u—vl, ull, [v] < R.

Then there is a constant Cp, > 0 such that the following holds: if L(0) < Cy, then, for small R > 0, there
exists C > 0 such that, for all [ € p®+3)/4+30/2 pps=Lk( @y~ with || f|| < C, the equation

(Dg — (%(n — 1))2 —02)u = f+qu, bdu)
has a unique solution u € p@=D/4+30/2 frs-k (Yo~ with ||u|| < R, that depends continuously on f .
Proof. Use the Banach fixed point theorem as in the proof of Theorem 2.25. O
Remark 4.11. As in Theorem 2.25, we can also allow nonlinearities ¢(u, °du, Ogu), provided

q: M(n—l)/4+%a/2Hs,k ()"~ x M(n—l)/4+$o/2Hs—1,k(Q;bT*Q).,— x M(n+3)/4+$0/2Hs—1,k(Q).,—

_ M(n+3)/4+530’/2HS—1,k (Q).’_
is continuous, ¢(0, 0,0) = 0 and ¢ has a small Lipschitz constant near 0.

4D. Semilinear equations with polynomial nonlinearity. Next, we want to find a forward solution of
the semilinear PDE

(O = (30— 1) —0)u = f +entu? X(w), “8)

where ce C °°(A7 )and X (u) = ]_[?:1 Xju is a g-fold product of derivatives of u along vector fields X; € M.
The purpose of the following computations is to obtain conditions on A, p and ¢ which guarantee that the
map u — cuuP X (u) satisfies the conditions of the map ¢ in Theorem 4.10. Note that the derivatives
in the nonlinearity lie in the module Jit (in coordinates: d, and 0,), whereas, as mentioned above, the
natural vector fields are O-derivatives (in coordinates: xdx = 2ud, and x0, = ul/ 29,) but, since it does
not make the computation more difficult, we consider module instead of 0-derivatives and compensate
this by allowing any weight ;4 in front of the nonlinearity.

Rephrasing the PDE in terms of Py using ii = pu!9/2=(+1/4+1/2); and f = p~1/2+i0/2=(n+1)/4 ¢
we obtain

q
Pyii = f +CMAM—I/Z-HO/Z—(n-i-l)/4M(p+q)(—i0/2+(n—l)/4)ap 1_[(](} + X’ja)
q j=1
= [+ena? T[]0+ X58),
j=1
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where fj € C*(X) and
(=A+(p+qg-D(-2ic+in-1)-1 (4-9)

Therefore, if i € H*K(Q2)*~, we obtain that the right-hand side of the equation lies in H**~1(Q)*~ if
S e W @), 5> 1. k > (n+ 1) —which, by Proposition 4.5, implies that H*¥~1(Q)*~ is an
algebra—and

R+1=A+(p+q—1)(330+F(n—1))— 5 >s, (4-10)

since this condition ensures that /,Le € H%°°(X), which implies that multiplication by ,ue is a bounded
map HS*=1(Q)*~ — HSk=1(Q)*~.13 Given the restriction (4-3) on s and Jo, we see that, by choosing
s > % close to % and Jo < 0 close to 0, we obtain the condition
4(1—-A)
pt+g>1+—m—. 4-11)
n—1

If these conditions are satisfied, the right side of the rewritten PDE lies in H5A~1(Q)*~ c HS~Lk(Q)*,
so Theorem 4.10 is applicable, and thus (4-8) is well posed in these spaces.

From (4-11) with A = 0, we see that quadratic nonlinearities are fine for n > 6, and cubic ones for n > 4.

To sum this up, we revert back to u = p*=1/4=10/2j and f = (+3)/4=i0/2 7.
Theorem 4.12. Let s > % and k > %(n + 1), and assume A € Rand p, q € Ny, p+qg > 2, satiify
condition (4-10). Moreover, suppose o € C satisfies (4-3), i.e., Jo < % — 5. Finally, let c € C®°(M)
and X (u) = ]_[q_l Xju, where Xj are vector fields in M. Then, for small enough R > 0, there exists a

constant C > 0 such that, for all f € p+3)/4+30/2 grsk( Q)= with || f|| < C, the PDE
(Og — (3(n— 1))2 —o?)u=f+ epu? X (u)

has a unique solution u € p—D/4+30/2 grsk(Qyo= with ||u|| < R, that depends continuously on f .
The same conclusion holds if the nonlinearity is a finite sum of terms of the form ¢ uAu® X (u) provided
each such term separately satisfies (4-3).

Proof. Reformulating the PDE in terms of # and f as above, this follows from an application of the
Banach fixed point theorem to the map

q
HYK Q)™ - HY* (@)™, i S, (f +uta? [+ Xjﬁ)),
ji=1

with £ given by (4-9) and f; € C % (X). Here, p +¢ > 2 and the smallness of R ensure that this map is a
contraction on the ball of radius R in HSk(Q)*~. O

131f one works in higher regularity spaces, s > % we in fact only need N¢ + > s, since then multiplication by /L isa

bounded map H*> k— L@~ c g1 k ()~ — AL k (2)*~. However, the solvablhty criterion (4-11) would be weaker,

namely the role of the dimension # shifts by 2, since in order to use s > % we need Jo < —1.
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Remark 4.13. Even though the above conditions force Jo < 0, let us remark that the conditions of
the theorem, most importantly (4-10), can be satisfied if m? = %(n —1)%2 + 0% > 0 is real, which thus
means that we are in fact considering a nonlinear equation involving the Klein—-Gordon operator (g — m?2.
Indeed, let 6 = i with ¢ < 0; then condition (4 10) with A=0and p+q =2becomes 5 >2—1 5(n—1)
(where we accordingly have to choose s > 5 close to dependlng on ¢), and the requirement & < 0
~2

forces n > 6. On the other hand, we want —(n —1)2 =52 = m? > 0; we thus obtain the condition

0<m?<(tn-1)*-(2-1n-1)?
for masses m that Theorem 4.12 can handle, which does give a nontrivial range of allowed m for n > 6.

Remark 4.14. Let us compare the situation in Theorem 4.12 with the situation for the static model of an
asymptotically de Sitter space in Section 2. First, we can solve fewer equations globally on asymptotically
de Sitter spaces and, second, we need stronger regularity assumptions in order to make an iterative
argument work: In the static model, we needed to be in a b-Sobolev space of order greater than %(n +2),
which in the non-blown-up picture corresponds to O-regularity of order greater than %(n + 2), whereas,
in the global version, we need a background Sobolev regularity greater than % relative to which we
have “b-regularity” (i.e., regularity with respect to the module .il) of order greater than %(n + 1). This
comparison is of course only a qualitative one, though, since the underlying geometries in the two cases
are different.

Using Proposition 4.6 and Corollary 4.7, one can often improve this result. Thus, let us consider
the most natural case of (4-8), in which we use O-derivatives X;, corresponding to the O-structure on
the not even-ified manifold X, and no additional weight. The only difference this makes is if there are
tangential O-derivatives (in coordinates: ,ul/ 28y) For simplicity of notation, let us therefore assume that
X; = /Ll/zX l<j=<a, and X; = Xj, o < j < gq, where the X] are vector fields in Jl. Then the
PDE (4-8), rewritten in terms of Py, & and f becomes

q
Poii = [+ cpta® [ [(f; + XjiD) (4-12)
j=1
with fj € C°°(/\7), where

{= %oz—i—(p—i—q—l)(—%(io)—i— %(n—l))—l.

First, suppose that there are no derivatives in the nonlinearity, so that p > 2 and ¢ = @ = 0. Then
ptiaP e HS~15(Q)*~ provided Re + % > 5> % by Corollary 4.7; choosing s arbitrarily close to %, this
is equivalent to

130+ 4(n—1)>0. (4-13)

This is a very natural condition: the solution operator for the linear wave equation produces solutions

with asymptotics ,u(” 1)/4+ic/2.

; see (2- 38) and recall that we are working with the even-ified manifold
with boundary defining function y& = x2. The nonlinear equation (4-8) should therefore only be well

behaved if solutions to the linear equation decay at infinity, i.e., if £30 + %(n —1) > 0. Since we need
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Jo < 0 to be allowed to take s > % condition (4-13) is equivalent to the (small) decay of solutions to the
linear equation at infinity (where u = 0).

Next, let us assume that ¢ > 0. Then the nonlinear term in (4-12) is an element of
Iue HS,k(Q)o,— . Hs,k—l (Q).’_ C Hs,k—l (Q).’_

by Proposition 4.6, provided R¢ + > s > >, which gives the condition

1
5 0+4(n—1)>1—

where we again choose s > arbltrarlly close to 2, so for ¢ = 2 we again get condition (4-13) and
for ¢ > 2 we get an even Weaker one.

Finally, let us discuss a nonlinear term of the form cu4u?, p > 2, in the setting of even lower
regularity 0 < s < 3, the technical tool here being Corollary 4.9: Rewriting the PDE (4-8) with this
nonlinearity in terms of Py, @i and f , we get

Poii = f+cpli?, L=A+(p-1(-%ic+in-1)-

Lets =1 —ewith 0 <e < 1/(2p). Then, if it € H'/27¢*(Q)*~ with k > 1(n—1), Corollary 4.9 yields
a? € HOk(Q)*~; thus
:U“Eﬁp c HO,k(Q)o,— C Hs_l’k(Q).’_

provided ¢ > 0, that is,
41-4) .
n>14+———-—230, (4-14)
p—1
where we still require Jo < % —§ = €, which in particular allows o to be real if € > 0.
In summary:

Theorem 4.15. Let p > 2 be an integer, 5 —1/(2p) <5 < k> 2(n — 1), and suppose o € C is

such that Jo < % — 8. Moreover, assume A € R and the dimension n satisfy condition (4-14). Then,

for small enough R > 0, there exists a constant C > 0 such that, for all f € pn+3/4+30/2 ps.k(Gye—
with || f|| < C, the PDE

(Og — ( (n— 1)) —02)u = f+cpdu?
has a unique solution u € ;L(”_l)/4+““’/2Hs’k (R)*~, with ||u|| < R, that depends continuously on f.

In particular, 1f <s < , 0<J0 < l —s and 4 = 0, then quadratic nonlinearities are fine for n > 5;
if 3o =0and 4 = 0, then they work for n=>6.

4D1. Backward solutions to semilinear equations with polynomial nonlinearity. Recalling the setting
of Section 4A1, let us briefly turn to the backward problem for (4-8), which we rephrase in terms of
Py as above. For simplicity, let us only consider the “least sophisticated” conditions, namely s > 1,
1
> E(l’l + 1),

A+(p+q-D(EJ0+1n—-1))—1>s, (4-15)
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and — this is the important change compared to the forward problem —s > % — o, where the latter
guarantees the existence of the backward solution operator S, . Thus, if Jo > 0 is large enough and
s > % satisfies (4-15), then (4-8) is solvable in any dimension.

In the special case that we only consider O-derivatives and no extra weight, which corresponds to

putting A = ¢q + %a, we obtain the condition

4(1—g—z0)—(p+g—D@-1)

Jo >
2(p+qg+1)

if we choose s > % — Jo close to % which in particular allows Jo > 0, and thus o2 arbitrary, if

p>1+4/(n—1) (so p>2is acceptable if n > 6) or ¢ + %oz > 1.
4E. From static parts to global asymptotically de Sitter spaces. Let us consider the equation
(Og —m*u = f+q(u,%du), (4-16)

where the reason for using the O-differential °d (see below) will be given momentarily. The idea is that
every point in X lies in the interior of the backward light cone from some point p at future infinity Y,
denoted Sp; that is, the blow-up of X at p contains the static part S » of an asymptotically de Sitter space,
where the solvability statements have been explained in Section 2. Consider a suitable neighborhood
Q) C [X'; p] of the static patch as in Section 2, so the boundary of p is the union of S, and an “artificial”
spacelike boundary, which on the non-blown-up space X all meet at the point p, and a Cauchy surface.
In fact, we may choose the €2, in a fashion that is uniform in p. We then solve (4-16) on €2, thereby
obtaining a forward solution u, and, by local uniqueness for (g — m? in X, all such solutions agree
on their overlap, i.e., up = ugy on 2, N Q4. Therefore, we can define a function u by setting u = u,
on 2, p € Y4, which then is a solution of (4-16) on X. To make this precise, we need to analyze the
relationships between the function spaces on the €2,, p € Y4, and X. As we will see in Lemma 4.16,
b-Sobolev spaces on the blow-ups €2, of X at boundary points are closely related to 0-Sobolev spaces
on X.

Recall the definition of 0-Sobolev spaces on a manifold with boundary M (for us, M = X) with
a 0-metric, that is, a metric of the form x~2¢ with x a boundary defining function, where g extends
nondegenerately to the boundary: If ¥o(M) = xV' (M) denotes the Lie algebra of O-vector fields, where
V(M) are smooth vector fields on M, and Difff (M) the enveloping algebra of 0-differential operators,
then

HE(M) = {u e L* (M, dvol) : Pu e L*(M,dvol), P e Diffk (M)}

and HY''(M) = xC HE(M). For clarity, we shall write L2(M) = L*(M, dvol). We also recall the
definition of the 0-(co)tangent spaces: if 9, denotes the ideal of C°°(M') functions vanishing at p € M,
then the O-tangent space at p is defined as °T, M = Vo(M)/$, - Vo(M), and the O-cotangent space
at p, OT; M, as the dual of °T, M . In local coordinates (x, y) € Ry x [RR;_I near the boundary of M,
we have dvol = f(x, y)(dx/x)(dy/x"!) with f smooth and nonvanishing, and V(M) is spanned
by x0x and xdy; also, xdx and xayj, j=2,...,n, form a basis of 0TPM (for p € 0M, which is the
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only place where 0-spaces differ from the standard spaces), and dx/x and dy;/x, j =2,...,n, form a
basis of OTP*M . The exterior derivative d induces the first-order O-differential operator °d on sections
of A°T M ; this follows from

d d
df = @ f) dx + Oy /) dy = (305 ) = + ()

Now, let @ C X be a domain as in Section 4A. Moreover, let 8, : 2, — X be the blow-down map.
We then have:

Lemma 4.16. Let k € Ny and £ € R. Then there are constants C > 0 and Cg > 0 such that, for all § > 0,

*

” f”Héf.é—(n—l)/Z—s Q) = C8 PseuYI)+ ”:31) f”kuf (Qp)*— =< CC5 “f”Héff Qe 4-17)
Here,  indicates supported distributions at the “artificial” boundary and — extendible distributions at all
other boundary hypersurfaces.

Proof. Let us work locally near a point p € Y4 ; since Y = S”~! is compact, all constructions below
can be made uniformly in p. The only possible issues are near the boundary Y, = {x = 0}, with x a
boundary defining function; hence, let us work in a product neighborhood Y4 x [0, 2¢)x, € > 0, of Y,
and let us assume u is supported is Y4 x [0, €].

We use coordinates x, ys,..., Yy such that y; = 0 at p. Coordinates on S, are then x, z3,...,2p
with z; = y;j /x, thatis, Bp(x, z) = (x, xz), with the restriction Z?:z |z |2 < 1. Therefore,

dy

xn—l

d
181~ [ 183 st 0P Taz= [

Bp(Sp

dx dx
If(x,XZ)IZ—dZE/If(x,y)lz— ~ ||f||iz-
) X X 0

Adding weights to this estimate is straightforward. Next, we observe

x8x(,3;f)(x,z) =x0x f(x,x2) +2zx0y f(x,x2),
0z(B, f)(x,2) = x0) f(x,x2)

and, since |z| < 1, we conclude that ,3;f € Hb1 (Sp) is equivalent to f, xdx f, x0, f € L%(,B,,(Sp)),
which proves the second inequality in (4-17) in the case k = 1; the general case is similar.

(4-18)

For the first inequality in (4-17), we first note that the additional weight comes from the number of
static parts, i.e., interiors of backward light cones from points in Y, that one needs to cover any fixed
half space {x > x¢}. Namely, for 0 < xo <€, let (xg) C Y5+ be a set of points such that every point in
{x > xo} lies in S, for some p € #(x); then we can choose Z(x¢) such that |Z(x¢)| < Cxo_(n_l), where
| - | denotes the number of elements in a set. This follows from the observation that the area of the slice
x = xg of Sp within Y3 = S"~! (keeping in mind that we are working in a product neighborhood of Y.)
is bounded from below by cx(’)’_1 for some p-independent constant ¢ > 0. Indeed, note that null-geodesics
of the O-metric g are, up to reparametrization, the same as null-geodesics of the conformally related

metric x2g, which is a nondegenerate Lorentzian metric up to Y. See also Figure 5 below.
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Thus, putting o = %(n —1)+4, § > 0, we estimate

o, dx dy s o zdx
e === xS —
x<e X X . 2 i le<x<27Je X

Jj=0

dy
xn—l
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with the sum converging since 2o —n + 1 = 2§ > 0. Weights and higher-order Sobolev spaces are handled
similarly, using (4-18). O

In particular, this explains why in (4-16) we take d = °d : Hé"e (X) > Héc_l’Z (X;°T*X), namely
this is necessary in order to make the global equation interact well with the static patches.

Since we want to consider local problems to solve the global one, the nonlinearity ¢ must be local in
the sense that ¢(u, °du)(p) for p € X only depends on p and its arguments evaluated at p; let us, for
simplicity, assume that ¢ is in fact a polynomial, as in (2-43).

Using Corollary 2.28, we then obtain:

Theorem 4.17. Let 0 < € < €y with €y as in Section 2B, and s > max(% + €, %n + 1), s € N. Let

q(u,odu): Z qjauj l_[ Xo ku,

2<j+la|=d k=<|a|

where qj o € C+ Hg()?), Xok € Vo(M). Then there exists C > 0 such that, for all | € Hg_l’e (R)°
with || f|| < C, the equation
Qg —m*)u = f +q(u,’du)

has a unique solution u € (g Hg 6= (n=1)/2-3 (R2)* that depends continuously on f. Here, we allow

m = 0 if every summand of q contains at least one 0-derivative, and require m > 0 if this is not the case,
e.g.,if ¢ = q(u) is simply the sum of (multiples of ) powers of u.

The analogous conclusion also holds for Ogu = f + q(°du) provided € > 0, with the solution u being
in(Ns=o Hg’_(”_l)/z_‘s (R2)°. Moreover, for all p € Y, the limit uy(p) :=limy _, , pex u(p’) exists,
uy € CO€(Yy), and u —uy(p oty) € x€CO(X), where ¢ oty is identically 1 near Y.y and vanishes near
the “artificial” boundary of 2.

Proof. We start by proving the first part: If f € Hg_l’e (R)* then f, =B, f € H714(S),) is a uniformly

bounded family in the respective norms, by Lemma 4.16. We can then use Corollary 2.28 to solve

(Og —m2)up =/fp +q(up,bdup)
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Figure 5. Setup for the proof of uy € C%€(Y4); shown are the backward light cones
from two nearby points py, p, € Y4 that intersect within the slice {x = x¢} at a

point (xo, ).

in the static part S,, where we use that ¢ is a polynomial and the fact that bT;, Sp naturally injects into
OTEP( p,)Q for p’ € S, to make sense of the nonlinearity; we thus obtain a uniformly bounded family
up =tpls, € Hg *(Sp)™~. By local uniqueness and since f vanishes near Y_, we see that the function u,
defined by u(B,(p)) = up(p’) for p € Y4 and p’ € Sp, is well defined and, by Lemma 4.16, we indeed
have u € Hg’e_(n_l)/z_‘s(ﬂ)‘ for all § > 0.

For the second part, we follow the same strategy, obtaining solutions u, = cp(¢ o t;) + u;, of

Heup = fp +‘I(bdup),

where ¢, € C and u), € H.(Sp)*~ are uniformly bounded, thus u, is uniformly bounded in H; =8 (R)°
for every fixed 6 > 0 and, therefore, the existence of a unique solution u follows as before. Put uy(p) :=cp;
then uy(p) =limy s p pres, u(p’), since u;, € xECO(Sp) by the Sobolev embedding theorem. We first
prove that uy so defined is e-Holder continuous. Let us work in local coordinates (x, y) near a point
(0, yo) in Y4. Now, u;, is uniformly bounded in x¢C°(S,) and since, for xo > 0 arbitrary, we have
Cpy —i—u;,1 (X0, yx) =c¢p, +u},2 (x9, yx) forall py, p € Y5 provided | p1— p»| < cx¢ for some constant ¢ > 0,
which ensures that S, N S,, N {x = xo} is nonempty and thus contains a point (xo, yx) (see Figure 5),

we obtain

|cpy = Cpa| = |y, (X0, yx) — 1}y, (X0, y)| < Cx§  when |py— pa| <cxo
for all xq, thus
luy(p1) —uy(p2)|
|p1— p2l€

<C, p1, p2€Yy.

This in particular implies that

lu(x, y) —uy(0, yo)| = lu(x, y) —uy(0, )| + uy(0, y) —uy(0, yo)|
<C(y—yol*+x)—=0 as x—0, y— yo, (4-19)

hence we in fact have uy(p) = limy/— , prex u(p’). Finally, putting y = yo in (4-19) proves that
u—uz(poty) ex<CoX). d

The major lossy part of the argument is the conversion from f to the family g ; f: even though the
second inequality in Lemma 4.16 is optimal (e.g., for functions which are supported in a single static
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patch), one loses %(n — 1) orders of decay relative to the gluing estimate, i.e., the first inequality in
Lemma 4.16, which is used to pass from the family u, to u.

Observe on the other hand that the decay properties of «, without regard to those of f, in the first part
of the theorem are very natural, since the constant function 1 is an element of (s Hy* —(n=1)/2- (X),

thus u has an additional decay of € relative to constants.

Remark 4.18. For the proof of Theorem 4.17 it is irrelevant whether certain 0-Sobolev spaces are algebras,
since the main analysis, Corollary 2.28, is carried out on b-Sobolev spaces.

5. Lorentzian scattering spaces

5A. The linear Fredholm framework. We now consider n-dimensional nontrapping asymptotically
Minkowski spacetimes (M, g), a notion which includes the radial compactification of Minkowski space-
time. This notion was briefly recalled in the introduction (see p. 1811); here we restate this in the notation
of [Baskin et al. 2014, §3], where this notion was introduced.

Thus, M is compact with smooth boundary, with a boundary defining function p (we switch the notation
from t mainly to emphasize that p is not everywhere timelike) and scattering vector fields V € V. (M),
introduced by Melrose [1994], are smooth vector fields of the form pV”, V' € ¥, (M ). Hence, if the z; are
local coordinates on dM extended to a neighborhood in M, then a local basis of these vector fields over
C®(M)is p*d,, p9z; . Correspondingly, ¥'sc (M) is the set of smooth sections of a vector bundle **7'M,
which is therefore, roughly speaking, p®?TM . The vector field p?d p is well defined up to a positive factor
at p = 0 and is called the scattering normal vector field of M . The dual bundle of T M, called the
scattering cotangent bundle, is denoted by T *M . If M is the radial compactification of R”, obtained
by gluing a sphere at infinity via the reciprocal polar coordinate map (r, w) — (r~', w) € (0, 1) o X SZ)_I,
that is, adding p = 0 to the right-hand side (corresponding to “r = 00”), then V's.(M') is spanned by (the
lifts of) the translation-invariant vector fields over C*°(M).

A Lorentzian scattering metric g is a Lorentzian signature, taken to be (1,7 — 1), metric on T M,
i.e., a smooth symmetric section of S*T*M & °T* M with this signature with the following additional
properties:

(1) There is a real C°° function v defined on M with dv and dp linearly independent at “the light cone
at infinity”, § = {v =0, p = 0}.
(2) g(p?dp, p*3,) has the same sign as v at p = 0, i.e., p>d, is timelike in v > 0 and spacelike in v < 0.
(3) Near S, ~
2
gzvd%—(d—'g@)g-l-g@d—f)—%,
o o P p P P

where « is a smooth one-form on M,
a = 1dv+0()+0(p),

and / is a smooth 2-cotensor on M, which is positive definite on the (codimension-two) annihilator
of dp and dv.
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A Lorentzian scattering metric is nontrapping if:

(1) S = S+ U S_ (each a disjoint union of connected components) and in X = dM the open set
{v>0}N X decomposes as C+ U C_ (disjoint union), with dC4 = Sy and dC_ = S_; we write
Co={v<0}nX.

(2) The projections of all null-bicharacteristics in 7 *M \ o to M tend to S+ as their parameter tends
to £00 or vice versa.

Since a conformal factor only reparameterizes bicharacteristics, this means that, with ¢ = p?g, which is
a b-metric on M, the projections of all null-bicharacteristics of & in °T*M \ o tend to S+.. As already
pointed out in the introduction (see p. 1812), the difference between the de Sitter-type and Minkowski
settings is that at the spherical conormal bundle >SN *S of S the nature of the radial points is source or
sink rather than a saddle point of the flow at L 1 discussed in Section 2A.

We first state solvability properties, namely we show that, under the assumptions of [Baskin et al.
2014, §3], the problem of finding a tempered solution to dgw = f is a Fredholm problem in suitable
weighted Sobolev spaces. In particular, there is only a finite-dimensional obstruction to existence. Then
we strengthen the assumptions somewhat and show actual solvability in the strong sense that, in these
spaces, the solution w satisfies that, if / is vanishing to infinite order near C_, then so is w.

Let

L =p~=2/2,720, p=2)/2 ¢ Diff2 (M)

be the “conjugated” b-wave operator (as in [Baskin et al. 2014, §4]), which is formally self-adjoint with
respect to the density of the Lorentzian b-metric § = p?g; further, L = O g —V,where y € C®°(M) is
real-valued. Choose

me C®(°S*M) a variable (Sobolev) order function, decreasing along the direction

5-1
of the Hamilton flow oriented to the future, i.c., towards S. (>-1)

Remark 5.1. In the actual application of asymptotically Minkowski spaces, one can take m to be a
function on M rather than PS*M by making it take constant values near Cy (resp. C_) corresponding
to the requirements at R (resp. ?R_) below, and transitioning in between using a time function as in
the discussion preceding Theorem 5.3, i.e., making m of the form F o { for appropriate F. Since this
simplifies some arguments below, we assume this whenever it is convenient.

With
Ry ="SN*S, (resp. B ="SN*S_)

the future (resp. past) radial sets in bS*M — see [Baskin et al. 2014, §3.6] — and with
m+l<% at R, m+l>% at R_,
and m constant near R4+ U R_, one has an estimate

luell gons < C L L] g+ C ]| s (5-2)
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provided one assumes m’ < m,
i
m+1>% at®R_  and ueH""

To see this, we recall and record a slight improvement of [Baskin et al. 2014, Proposition 4.4]:

Proposition 5 2. Suppose L is as above.

Ifm+1 <> and ueH, o I(M) then R4 (and thus a neighborhood of R+) is disjoint from WF (u)
provided R ﬂWFm L l(Lu) = & and a punctured neighborhood of R, with R+ removed, in X ﬂbS*M
is disjoint from WFb (u)

On the other hand, if m' +1> Y m>m', u e H o0l (M) andWFm l(u) ﬂ?Ri = &, then Ry (and
thus a neighborhood of R1) is disjoint from WF?’ (u) provided R N WF;" Ll “(Lu) =

Proof. The first statement is proved in [Baskin et al. 2014, Proposition 4.4]. The second statement follows
the same way, but in that case the product of the required powers of the boundary defining functions,
,0_21 p2m*1 with p the defining function of fiber infinity!# as in Section 2A, in the commutant of
[Baskin et al. 2014, Proposition 4.4] provides a favorable sign, thus [Baskin et al. 2014, Equation (4.1)]
holds without the E term. However, when regularizing, the regularizer contributes a term with the opposite
sign, exactly as in [Vasy 2013a, Proof of Propositions 2.3-2.4]; this forces the requirement on the a
priori regularity, namely WF{)"/’I(u) N R+ = &, exactly as in those propositions; see also Proposition 2.1
above. O

Indeed, due to the closed graph theorem, (5-2) follows immediately from the b-radial point regularity
statements of Proposition 5.2 for sources and sinks, and the propagation of b-singularities for variable-
order Sobolev spaces, which is not proved in [Baskin et al. 2014], but whose analogue in standard
Sobolev spaces is proved there in [Baskin et al. 2014, Proposition A.1] (with additional references given
to related results in the literature) and, as it is a purely symbolic argument, the extension to the b-setting is
straightforward. (We refer to Proposition 2.1 here and [Baskin et al. 2014, Proposition 4.4] extending the
radial point results, Propositions 2.3-2.4, of [Vasy 2013a], from the boundaryless setting to the b-setting.)

One also has a similar estimate for L when one replaces m by a weight /71 which is increasing along
the direction of the Hamilton flow oriented towards the past,

ﬁ1+l~>% at Ry, n’7t+l~<% at R_,

provided one assumes 7’ < i,
171/+l~>% at Ry, ueH];W’l.
Further, L can be replaced by L*. Thus,

[[ul CIIL*ulle 17+ Cllull (5-3)

Hml = Hm’l

Just as in the asymptotically de Sitter and Kerr—de Sitter settings, one wants to improve these estimates
so that the space Hl;”’l and, respectively, Hb’”’[ on the left-hand side includes compactly into the error term

14This defining function is denoted by v in [Baskin et al. 2014].
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on the right-hand side. This argument is completely analogous to Section 2A using the Mellin-transformed
normal operator estimates obtained in [Baskin et al. 2014, §5]. We thus further assume that there are
no poles of the Mellin conjugate i(o) on the line o = —/. Then, using the Mellin transform and the
estimates for f,(a) (including the high-energy estimates, which imply that for all but a discrete set of /
the aforementioned lines do not contain such poles), as in Section 2A we obtain that, on [RR;)F x IM ,

Wil gt = CINCL) gt (5-4)

when m € C*°(S*dM) is a variable-order function decreasing along the direction of the Hamilton flow
oriented to the future, A 4+ (resp. A_) is the future (resp. past) radial set in S*dM , and with

m+l<i atAy, m+l>1 at A
One can take
m=mlrapm,

for instance, under the identification of 7*dM as a subspace of bT* M, taking into account that
homogeneous degree-zero functions on 7*dM \ o are exactly functlons on S*dM, and analogously
on bT M. However, in the limit 0 — oo, one should use norms depending on o, reflecting the
dependence of the semiclassical norm on /. We recall from Remark 5.1 that in the main case of interest
one can take m to be a pullback from M and thus the Mellin-transformed operator norms are independent
of 0. In either case, we simply write m in place of 7.

Again, we have an analogous estimate for N (L*):

vl ~<CIIN(L Il (5-5)

prov1ded —I is not the i imaginary part of a pole of L*, and prov1ded m satisfies the requirements above.
As L*(a) (L) (&), the requirement on —/ is the same as / not being the imaginary part of a pole of L.

At this point, the argument of the paragraph of (2-10) in Section 2A can be repeated verbatim to yield
that, for m with m+/ > % at R_ (with the stronger restriction coming from the requirements on m’ at R_,
m’ at Ry, and m’ <m —1, m’ < — 1; recall that one needs to estimate the normal operator on these
primed spaces) and m + [ < % at Ry,

||u||Hbml < C||Lu||Hbm—1,1 + C||u||Hbm'+1./—1, (5-6)

’ 1 . 1
" FLI-1 o compact (as we choose m’ < m — 1); this argument

where now the inclusion H," LN
required m, [ and m’ satisfied the requirements preceding (5-2), and that —/ is not the imaginary part of
any pole of L.

Analogous estimates hold for L*:
il 7 = CUL™ul yims.+ Cltl e i (5-7)

provided 1, [ and A7’ satisfy the requirements stated before (5-3), 71’ <m —1, and —1 is not the imaginary
part of a pole of L* (ie., [ of L).
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Via the same functional analytic argument as in Section 2A, we thus obtain Fredholm properties of L,
in particular solvability, modulo a (possible) finite-dimensional obstruction, in Hg" L

m+1>3 at R, m+l<—3 at Ry,

More precisely, we take 71 = 1 —m and [=—I,som+1< —% at Ry means i +1=1—(m+1) > %,
so the space on the left-hand side of (5-6) is dual to that in the first term on the right-hand side of (5-7),
and the same for the equations interchanged. Then the Fredholm statement is for

L: %m,l s gym—l,l
with
Y =H, X ={ue HY" : Lue HSTV).

Note that, by propagation of singularities, i.e., most importantly using Proposition 5.2, with Ker L C H;" <
and Ker L* C Hbl_m’_l a priori,

l

b b
Ker L C H""' and KerL* c H ™™ 7" if mP+1>1 at R_ and m" +1 <) at By (5-8)

We can improve this further using the propagation of singularities. Namely, suppose one merely has
m+l>% at R_, m+l<% at Ry, (5-9)

so the requirement at %, is weakened. Then let m# = m — 1 near R4 and m¥ < m everywhere, but
still satisfying the requirements for the order function along the Hamilton flow, so the Fredholm result
is applicable with m* in place of m. Now, if u € %mﬁ’l, Lu= fand f e y" 1 ¢ ym =Ll then
Proposition 5.2 gives u € ™! . Further, if Ker L and Ker L* are trivial, this gives that, for m and [ as
in (5-9) satisfying also the conditions along the Hamilton flow, L : 2" — @y™=1! is invertible.

Now, as invertibility (the absence of kernel and cokernel) is preserved under sufficiently small pertur-
bations, it holds in particular for perturbations of the Minkowski metric which are Lorentzian scattering
metrics in our sense, with closeness measured in smooth sections of the second symmetric power of ®7*M .
(Note that nontrapping is also preserved under such perturbations.)

For more general asymptotically Minkowski metrics we note that, due to Theorem 2.21 (which does
not have any requirements for the timelike nature of the boundary defining function, and which works
locally near C_ either by working on (extendible) function spaces or by using the localization given by
wave propagation as in §3.3 of [Vasy 2013a] or Section 4A here), elements of Ker L on H]:n ’l, with m
and / as above, lie in C° (M) locally near C_ provided all resonances, i.e., poles of 1:(0*), in Jo < —/
have polar parts (coefficients of the Laurent series) that map into distributions supported on Cy. As
shown in [Vasy 2014, Remark 4.17], when I:(a) arises from a Lorentzian conic metric as in'> [Vasy
2014, Equation (3.5)], but with the arguments applicable without significant changes in our more general

151n [Vasy 2014], the boundary defining function used to define the Mellin transform is replaced by its reciprocal, which
effectively switches the sign of o in the operator, but also the backward propagator is considered (propagating toward the past
light cone), which reverses the role of o and —o again, so in fact, the signs in [Vasy 2014] and [Baskin et al. 2014] agree for the
formulae connecting the asymptotically hyperbolic resolvents and the global operator, i(o),
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case, see also [Baskin et al. 2014, §7] for our general setting, and [Vasy 2013a, Remark 4.6] for a
related discussion with complex absorption, the resonances of ﬁ(cr) consist of the resonances of the
asymptotically hyperbolic resolvents on the caps, namely ¢, (0) and Rc_(—0), as well as possibly
imaginary integers o € iZ \ {0}, with resonant states when Jo < 0 being differentiated delta distributions
at S+ = dC4 while the dual states are differentiated delta distributions at S— = dC_ when Jo > 0; the
latter arise, e.g., as poles on even-dimensional Minkowski space. More generally, when composed with
extension of C° (C_ U Cy) by zero to C°°(X) from the right and with restriction to C_ U Cy from the
left, the only poles of i(o) are those of R¢_(—o) as well as the possible o € iN4. Thus, fixing [ > —1,
one can conclude that elements of Ker L are in C*° (M) locally near C_ provided ®¢_ () has no poles
in 36 > [. (The only change for / < —1 is that one needs to exclude the potential pure imaginary integer
poles as well.) The analogous statement for Ker L* on H{T”l is that, fixing [ > —1, elements are in
C(M) near C; provided R¢ +(0) has no poles in I5 > I. As I = —I for our duality arguments, the
weakest symmetric assumption (in terms of strength at C1 and C_) is that ¢, do not have any poles
in the closed upper half plane; here the closure is added to make sure L is actually Fredholm on Hl;" <
with / = 0. In general, if one wants to use other values of /, one needs to assume the absence of poles in
Jo > —|l| (if one wants to keep the hypotheses symmetric).

Note that, assuming dp/ p is timelike (with respect to ¢) near C_, one automatically has the absence
of poles of R¢_ in an upper half plane, and the finiteness (with multiplicity) of the number of poles
in any upper half plane, by the semiclassical estimates of [Vasy 2013a, §§3.2 and 7.2] (one can ignore
the complex absorption discussion there), so in this case the issue is that of a possible finite number of
resonances. There is an analogous statement if dp/p is timelike near Cy for R¢ i

Now, assuming still that dp/p is timelike at, and hence near, C_, it is easy to construct a function t
which has a timelike differential near C_, and appropriate sublevel sets are small neighborhoods of C_.
Once one has such a function t, energy estimates can be used to conclude that, in such a neighborhood,
rapidly vanishing solutions of Lu = 0 actually vanish in this neighborhood, so elements of Ker L have
support disjoint from C_; similarly, elements of Ker L* have support disjoint from C .

Concretely, with G the dual b-metric of g, let U_ be a neighborhood of C_ and let 0 < € <€, €>0
and 6 > 0 be such that {p <€, v > —e;} N U_ is a compact subset of U_ and, on U_,

~(dp d
p<€ and v>-—€ = G(—'O,—'O)>8,
~ ~(dp ~
p<é and —e<v<—¢ = G|—,dv])<0 and G(dv,dv)>0.
Jo

Such U- and constants indeed exist. First, there is U— and € > 0, €] > 0 such that {p <€, v>—€]}NU-
is a compact subset of U_ since C_ is defined by {p = 0, v > 0} in a neighborhood of C_ with dp # 0
there and dv # 0 near v = 0; we then consider € < € and €; < €] below. Next, since G(d,o/ 0,dp/p)
is positive on a neighborhood of C_ by assumption (thus, for any sufficiently small €; and € there is
a desired § such that the first inequality is satisfied) and G(d 0/ p,dv)|s_ = —2, any sufficiently small
€1 and € give G(d,o/,o, dv) < 0 in the desired region, and finally @(dv,dv) > 0 on Cy near S_ (as
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(A?(dv, dv) = —4v + 0(v?) there), so, choosing €; sufficiently small, €y < €1, and then € sufficiently small
we satisfy all criteria.

Now let e_ and €4 be such that 0 < e_ <e; <€, and let ¢ € C*°(R) have ¢’ <0, ¢ = 0 near [—¢q, 00),
¢ > € near (—oo, —¢1] and ¢’ < 0 when ¢ takes values in [e_, €4]. Then t = p + ¢(v) has the property
that, on U_,

t<e;x = p,op(v)<ex = p<é and v>—eyq,
and
vV=—€g = t=p.

Thus, on U_, if v > —¢g and t < €4 then dt is timelike as dp is such, while if v < —¢g and t < €4 then

G(dt, dt) = p*G (@, @) +2¢'(v)pG (@, dv) + (¢’ (v))2G (dv, dv)
b P o

and all terms are nonnegative in view of —e; < v < —¢€g and p < €, with the inequality being strict
when t € [e_, e4] (as well as in M° Nt~ ((—o0, €4])). Thus, near t~!([e_, e, ]) N U_, tis a timelike
function; the same is true on M° Nt~ ((—o0,€e,]) N U—. Choose x € C®(R) with ' <0, x =1
near (—oo, €—] and y = 0 near [e4, 00), and let x ot, defined by this formula in U_, be extended to M
as 0 outside U_; since ¢~ ((—o0, e4]) N U— is a compact subset of U_, this gives a C* function.
Further, p is also timelike, with dp/p and dt in the same component of the timelike cone; see Figure 6.
Correspondingly, one can apply energy estimates using the timelike vector field V = (yot)p—¢ @(d 0/ps");
see [Vasy 2013a, §3.3] leading up to Equation (3.24) and the subsequent discussion, which in turn is based
on [Vasy 2012, §§3-4]. Here one needs to make both —x’ large relative to y and £ > 0 large (making the
b-derivative of ,o_e large relative to p_e), as discussed in the Mellin-transformed setting in [Vasy 2013a,
§3.3], in [Vasy 2012, §§3-4], as well as in Section 2A here (with 7 in place of p, but with the sign of £
reversed due to the difference between b-saddle points and b-sinks/sources). Notice that taking £ large is
exactly where the rapid decay near C_ is used.

We have seen that the existence of appropriate timelike functions, such as t, in a neighborhood of C
and C_ is automatic (in a slightly degenerate sense at C themselves) when dp/p is timelike in these
regions; indeed these functions could be extended to a neighborhood of Cy if v is appropriately chosen.

Figure 6. Setup for energy estimates near C_; the shaded region is the support of x’ ot,
where —x’ is used to dominate x to give positivity in the energy estimate; near p = 0
and on supp(x o t), i.e., in the region between p = 0 and the shaded region, a sufficiently
large weight p—¢ gives positivity.
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In order to conclude that elements of Ker L and Ker L* vanish globally, however, we need to control all
of the interior of M. This can be accomplished by showing global hyperbolicity of M °, which in turn
can be seen by applying a result due to Geroch.!® Namely, by [Geroch 1970, Theorem 11] it suffices to
show that a suitable ¥ is a Cauchy surface, which, by [ibid., Property 6], follows if we show that ¥ is
achronal, closed, and every null-geodesic intersects and then reemerges from . In order to define ¥, it is
useful to define £ = ¥ otin U_, where y € C®(R), ' >0, ¥(t)=tneart <e_, ¥/'(t)>0fort <ey
and ¥/(t) =0 fort > e4; let T = ¥ (ey) > e_. Further, extend t to M as equal to T outside U_; since
U_Nt~'((—oo0, €4]) is compact, this gives a C* function on M. Thus, { € C%(M) is a globally weakly
timelike function, in that @(d t,d%) >0, and it is strictly timelike in M° Nt~ ((—o0, €4)). In particular,
it is monotone along all null-geodesics. Further, =0 at S_ and t = T' > 0 at S, and indeed near S
Then we claim that ¥ = t~!(e_) N M° is a Cauchy surface.

Now, & is closed in M ° since & is closed in M ; indeed, it is a closed embedded submanifold. By our
nontrapping assumption, every null-geodesic in M ° tends to Sy in one direction and S_ in the other
direction, so on future-oriented null-geodesics (ones tending to S..), t is monotone increasing, attaining
all values in (0, T']. Since at the ¢_ level set of t, and hence of E, dt is strictly timelike, the value e_
is attained exactly once for t along null-geodesics. Thus, every null-geodesic intersects & and then
reemerges from it. Finally, & is achronal, i.e., there exist no timelike curves connecting two points on ¥:
any future-oriented timelike curve (meaning with tangent vector in the timelike cone whose boundary is
the future light cone) in M° Nt~!((—o0, €4)) has t monotone increasing, with the increase being strict
near ¥, so again the value e_ can be attained at most once on such a curve. In summary, this proves
that M ° is globally hyperbolic, so every solution of Lu = 0 with vanishing Cauchy data on & vanishes
identically; in particular, by what we have observed, Ker L and Ker L* are trivial on the indicated spaces.

In summary:

Theorem 5.3. If (M, g) is a nontrapping Lorentzian scattering metric in the sense of [Baskin et al. 2014],
|| <1, and

(1) the induced asymptotically hyperbolic resolvents Rc_ have no poles in Jo0 = —|l|, and

(2) dp/p is timelike near Cy U C_,
then, for order functions m € C®(°S*M) satisfying (5-1) and (5-9), the forward problem for the
conjugated wave operator L, that is, with L considered as a map

Lgmd — qm=td

is invertible.

Extending the notation of [Baskin et al. 2014], especially §4, for m, [ € R and k € Ny, we denote
by H." Lk (M) the space of all u € H) L(M) (e, uep! H/™(M), where p is the boundary defining
function of M) such that M/ u € Hk’)"’l(M) for all 0 < j < k. Here, M C \I!é (M) is the \Ilg (M)-module
of pseudodifferential operators with principal symbol vanishing on the radial set %+ of the operator
L = p~=2/25=200, p=2)/2; in the coordinates p, v, ¥ as in [Baskin et al. 2014] (p being as above, v

161 Geroch’s notation, our M° is M.
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a defining function of the light cone at infinity within dM, and y coordinates within in the light cone
at infinity), Jl has local generators pd,, pdy, vdy, d,. Then Baskin’s results extend our theorem to the
spaces with module regularity.

Namely, [Baskin et al. 2014, Proposition 4.4], guarantees the module regularity u € Hgn o4k (M) of a
solution u of Lu = f if f has matching module regularity / € H," —LLk (M) and if u is in Hb’”"'k (M)
near C_. To be precise, that proposition is stated making the stronger assumption, [ € Hg”_”rk A (M).
However, the proof goes through for just f € Hg"_l’l k(M) in a completely analogous manner to the
result of Haber and Vasy [2013, Theorem 6.3], where (in the boundaryless setting, for a Lagrangian radial
set) the result is stated in this generality.

If fe H];" —LLk (M) then, in particular, f is locally in H];" =L pear C_, thus, taking into account
that m +/ > % already there, u is in Hg”"'k’l in that region by Proposition 5.2 (by the first case there, that
is, in the high-regularity regime). Thus, an application of the closed graph theorem gives the following
boundedness result:

Theorem 5.4. Under the assumptions of Theorem 5.3, L™ has the property that it restricts to

L7t H,;”_l’l’k — H;"’l’k, k>0,
as a bounded map.

In particular, letting Q = {f > 0}, where = £ —e_ so that it attains the value 0 within M \ (Cy UC_),
we have a forward solution operator S of L which maps H/"~!: Lk(Q)* into H]" Lk (Q)*, given that
m + 1 < 5; let us assume that m is constant in 2. Here, H;" l k(€)* consists of supported distributions
at BQDC(‘)’ ={t=0}

Remark 5.5. Using the arguments leading to Theorem 5.3 in the current, forward problem, setting, but
now also using standard energy estimates near the artificial boundary t = 0 of 2, we see that it suffices to
control the resonances of the asymptotically hyperbolic resolvent in the upper cap C+ in order to ensure
the invertibility of the forward problem.

5B. Algebra properties of H o0,k

. In order to discuss nonlinear wave equations on an asymptotically
Minkowski space, we need to discuss the algebra properties of H, m—ook _ = Uer H, m Lk Even though
we are only interested in the space Hy "0, k(Q) we consider Hy m, =00,k (M), Where m is constant
on M for notational simplicity, and the results we prove below are valid for H, m, =00k (£2)* by the same
proofs.

We start with the following lemma:

Lemma 5.6. Let Iy, [, € Rand k > 1n. Then HY'VF . g2k o ghth=1/2k

Proof. The generators pd,, pdy, v0y, 0, of Jl take on a simpler form if we blow up the point (p, v) = (0, 0).
It is most convenient to use projective coordinates on the blown-up space, namely:

(1) Near the interior of the front face, we use the coordinates p = p > 0 and s = v/p € R. We compute
pdp = pds — 505, vdy = 505 and pdy = J; since (dp/p)dvdy = dpdsdy (this is the b-density
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from Hbo’l ), the space Hl? Lk becomes
kimtueplL2(dpdsdy): t/ue ' L*(dpdsdy), 0 < j <k},

where o is the C*°-module of differential operators generated by ds, 605 and 0.
Now, observe that 5! L2(d 5 ds dy) = p' =2 L2((d 3/ p) ds dy); therefore, we can rewrite

Ak = {uepl 1/2L2(d’0 dsdy) sﬁfue,ol 1/2L2(dp dsdy) 0<jy <k} T 1/ZHk(d’O dsdy)

In particular, by the Sobolev algebra property, Lemma 2.26, and the locality of the multiplication, choosing
k > Ln ensures that 5"t =1/2 gk pl2=1/2 gk  phitl=1 gk which is to say A/0k. Al2k ¢ gh+2=1/2k

(2) Near either corner of the blown-up space, we use v = v and ¢t = p/v (say, v > 0, ¢ > 0). We compute
pdp = 1ds, V3y = 05 — 13y, pdy = 105 — 120;; and, since (dp/p) dvdy = (dt/t)dv dy, the space
Hbo’l ** becomes

B = ue (ra)’Lz(% didy) :Hlue (zﬁ)’Lz(% didy), 0= j <k,

where % is the C°°-module of differential operators generated by 70¢, vdy and 0,. Again, we can rewrite
this as

Blk — [5l- 1/2Hk(@ dvd)
t

which implies that, for k > 1n,

di dv

Ik, plak ~ i+l i+b—1 prk L+h—1/2,k
Blvk. plak  itlylith Hb(szy)cB1 2-1/2:k,

To relate these two statements to the statement of the lemma, we use cutoff functions x4 and xp
to localize within the two coordinate systems. More precisely, choose a cutoff function y € C°(Ry)
such that y(s) = 1 near s = 0, x(s) = 0 for |s| > 2, and x!/2 € C°(Ry). Then multiplication with

0Lk gl Indeed, to check this, one simply observes that

x4(p,v) := x(v/p) is a continuous map H,>
MI x4 € L for all j € Ny. Similarly, letting xg(p,v) := 1 — x4(p, v), multiplication with xp is a
0Lk _, plk . Finally, note that we have ALk Blk H bk

Ok (i =1, 2); then

continuous map H,”
To put everything together, take u; € H,

uruy = (xau1)(xau2) + (xpu1)(xBu2) + (xau1)(xpuz) + (xpu1)(x4u2).

0,l1+1r—1/2,k

The first two terms then lie in H, . To deal with the third term, write

Ui+l k
(raun) (xpuz) = (0 2un) (Y xpuz) € Ak g2k c gOhth=1/2,

O.h+h=1/2.k , as claimed. O

and likewise for the fourth term. Thus, u u; € H”
Remark 5.7. The proof actually shows more, namely that

Lk Uk —-1/2 I+ .k
HPE YR ¢ p 2 gtk (5-10)
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where py is the defining function of the front face p = v =0, e.g., pr = (p* + vz)l/ 2. The reason that
(5-10) is a natural statement is that module- and b-derivatives are the same away from p = v = 0; hence,
regularity with respect to the module Jl is, up to a weight that is a power of p¢r, the same as b-regularity.

More abstractly speaking, the above proof shows the following: if p; denotes a boundary defining
function of the other boundary hypersurface d[M; S+ ]\ ff of [M ; S4], then

HEME = o2 (ppy)! HE(IM: S4)).

Note that one can also show this in one step, introducing the coordinates pg >0 and s =v/(p+ pgr) €[—1, 1]
on [M; S4] in a neighborhood of ff, and mimicking the above proof, which, however, is computationally
less convenient.

’ ’_
m,l,ngn,l k - Hgn,l-i—l 1/2,k

Remark 5.8. We can extend the lemma to H, for m € Ny using the Leibniz

rule to distribute the m b-derivatives among the two factors and then using the lemma for the case m = 0.

The following corollary, which will play an important role in Section SE, improves Lemma 5.6 if we
have higher b-regularity.

Corollary 5.9. Letk > 3n, 0<8§ < 1/nandl,!’ € R. Then:
(1) Hblal,kHl:)J,,k - Hb(),l-f-l/—l/2+5,k.
) Hbl,l,kHbl,l’,k C Hbl’l+l/_1/2+8’k.

Proof. If s = 1/(28) > %n, then
HELKk Ok o Ok, (5-11)

indeed, using the Leibniz rule to distribute the & module-derivatives among the two factors and cancelling
the weights, this amounts to showing that Hlf’o’kl H,?’O’kz C Hbo,o,o for k1 + ky > k; but this is true even
for ki = ky = 0, since H; is a multiplier on Ht? provided s > %n.

On the other hand, the lemma gives
1k Ak — U+ k
HY EY c pm 22tk (5-12)

Interpolating in the first factor between (5-11) and (5-12) thus gives the first statement.

For the second statement, use the Leibniz rule to distribute the one b-derivative to either factor; then
one has to show Hbl’l’ng’l/’k C Hl:)’l+l/_1/2+8’k
is what we just proved. O

and the same inclusion with / and !’ switched, which

Lemma 5.6 and Remark 5.7 imply that, for u € Hl;"’l’k, p=>1,withm>0and k > %n, we have
u? ¢ H;"’Pl_(p_l)/z’k; in fact, u? < ,of;(p_l)/zHg”’Pl’k; see Remark 5.7. Using Corollary 5.9, we can
improve this to the statement that u € H;”’l’k implies u? e HPI=(p=D/2+(p=D8k for 1y > 1.

For nonlinearities that only involve powers u?, we can afford to lose differentiability, as at the end of

Section 4B, and gain decay in return, as the following lemma shows.

Lemma 5.10. Leta > 1,/ € Rand k € No. Then pp® H* < pt/ 2~ HI V0K where p = (p2 +02)1/2,
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Proof. We may assume / = 0 and that u is supported in |v| < 1, p < 1. First, consider the case k = 0. Let
u € pg” Ht? and put
v
o) = [ utp.w.y)dw,
—00

so dyit = u. We have to prove yi € pl/z_"‘HI? if x = 1 near suppu, which implies u € Hb_l,
as dy : Ht? — H,~ 1" and the b-Sobolev space are local spaces. But

1 1
li(p. v, y)|* < (/ pi(p, w)z"‘lu(p,w,y)lzdw)/ pre(p, w) 2 dw; (5-13)

-1 -1

now,
1 1/p dz
—2a 1-2a 1-2a
it dw = p 2 [ <
/—1 : —1/p (1 +[z]2)®

for o > %, so, with the v integral considered on a fixed interval, say |v| < 2 (notice that the right-hand

side in (5-13) is independent of v!),

1y~ dp dp
Jf e a0 Lavay < [[f oo, 9P L dw .

proving the claim for k = 0. Now, pd, and 9, just commute with this calculation, so the corresponding
derivatives are certainly well behaved. On the other hand, d,i = u, so the estimates involving at least
one v-derivative are just those for u itself. O

Corollary 5.11. Let k, p € N be such that k > in and p > 2. Let | € R and u € H*'™. Then
uP e HWIp=(p=D/241/228k vith § = 0 if p > 3and § > 0 if p = 2.

Proof. This follows from u? € p (p=1)/2-8 H, Pk 2nd the previous lemma, using that Hp-D+6>1

with § as stated. O

1/2-8

In other words, we gain the decay p if we give up one derivative.

5C. A class of semilinear equations. We are now set to discuss solutions to nonlinear wave equations
on an asymptotically Minkowski space. Under the assumptions of Theorem 5.3, we obtain a forward
solution operator S : Hl:"_l’l’k (Q)* - Hg"’l’k (Q)* of P = p~=2/2p720, p=2/2 provided |/| < 1,
m+l<%andk20.

Undoing the conjugation, we obtain a forward solution operator

§ — ,O(n_Z)/ZS,O_Z,O_(n_z)/Z, S - Hgn—l,l+(n—2)/2+2,k(9). N H;”’l+(n_2)/2’k(§2)',

of Oy.
g
Since g is a Lorentzian scattering metric, the natural vector fields to appear in a nonlinear equation are
scattering vector fields; more generally, since the analysis is carried out on b-spaces, we indeed allow
b-vector fields in the following statement:

Theorem 5.12. Let
g Hl:n,l+(n—2)/2,k(9). XHgn—l,l+(n—2)/2,k(9;bT*Q)o N Hgn—l,l+(n—2)/2+2,k(9)o
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be a continuous function with q(0,0) = 0 such that there exists a continuous nondecreasing function
L :R>¢ — R satisfying

lg (. °du) —q(v,°dv) || < L(R)u—vl, ull. [v] < R.

Then there is a constant Cy, > 0 such that the following holds: if L(0) < Cr, then, for small R > 0, there
exists C > 0 such that, for all | € Hgn_l’l+(n_2)/2+2’k (2)* with || f|| < C, the equation

Ogu = f +q(u,du)

m,l+(n—2)/2,k
Hb

has a unique solution u € (2)°, with ||u|| < R, that depends continuously on f.

Proof. Use the Banach fixed point theorem as in the proof of Theorem 2.25. O

Remark 5.13. Here, just as in Theorem 4.10, we can also allow ¢ to depend on Cgu.

5D. Semilinear equations with polynomial nonlinearity. Next, we want to find a forward solution of
the semilinear PDE
Ogu = f 4 cu? X(u),

where ¢ € C®°(M), p € Ny, and X (u) = ]_[;?z1 pVj(u) is a g-fold product of derivatives of u along
scattering vector fields; here, V; are b-vector fields. Let us assume p + ¢ > 2 in order for the equation to
be genuinely nonlinear. We rewrite the PDE as

q
L(p D12y = = 0=D/272 52 =D 0=2/2 (=220 T oV (p1=2/2 p= =212y
j=1

Introducing & = p~#=2/2y and f = p~"=2)/2-2 1 yields the equation

q
Lii = f +cpP=D0=22=250 TT p"2( i + Vyit)
j=1

q
= [+ cpo=V=D/2ran2=240 TT( fidi + Vyi), (5-14)
j=1

where the f; are smooth functions. Now suppose that i € Hg" ’l’k(Q)' withm+7 <1, m>1andk > %n
(so that H];" _1’_°°’k(Q)' is an algebra); then the second summand of the right-hand side of (5-14) lies in
Hg”_l’e’k (2)*, where

t=3(p—D(n—=2)+5qn=2+pl=3(p—D+ql—3(¢—-1)—3.
For this space to lie in Hbm —LLk (2)* (which we want in order to be able to apply the solution operator S
and land in Hl:" o4k (£2)°, so that a fixed point argument as in Section 2 can be applied), we thus need £ >/,
which can be rewritten as

=D+ m=3)+q(l +in-1)>2. (5-15)
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Form =1and ! < % — m less than, but close to, —%, we thus get the condition
(p—Dm—-4)+q(n-2)>4.

If there are only nonlinearities involving derivatives of u, i.e., p =0, we get the condition g > 14-2/(n—2),
that is, quadratic nonlinearities are fine for n > 5, and cubic ones for n > 4.

Note that, if ¢ = 0, we can actually choose m = 0 and / < % close to % and we have Corollary 5.11
at hand. Thus we can improve (5-15) to (p — 1)(% + %(n — 3)) >2— %, ie., p>1+3/(n—2), hence
quadratic nonlinearities can be dealt with if n > 6, whereas cubic nonlinearities are fine as long as n > 4.
Observe that this condition on p always implies p > 1, which is a natural condition, since p = 1 would
amount to changing O, into (g —m? (if one chooses the sign appropriately). But the Klein—-Gordon
operator naturally fits into a scattering framework, as mentioned in the introduction (see p. 1812), therefore
requires a different analysis; we will not pursue this further in this paper.

To summarize the general case, note that & € H, mlk Q) is equivalent to u € Hg”’l +r=2/2.k(Q)e,
and f € H;”_l’l’k(Q)' to f € H];"_I’H(n_z)/HZBC(Q)'; thus:

Theorem 5.14. Let |/| <1, m+ [ < % k > %n, and assume that p, q € Nog with p + q = 2 satisfy
condition (5-15) or the weaker conditions given above in the cases where p =0 orq = 0; letm > 0
if ¢ = 0, otherwise let m > 1. Moreover, let ¢ € C®°(M) and X(u) = ]_[;?:1 Xju, where Xj is a
scattering vector field on M. Then, for small enough R > 0, there exists a constant C > 0 such that, for
all f € H:1_1’l+(n_2)/2+2’k () with || f|| < C, the equation

Ogu = f 4+ cu? X(u)

has a unique solution u € H;"’H(n_z)/z’k(ﬂ)'

, with ||u|| < R, that depends continuously on f.
The same conclusion holds if the nonlinearity is a finite sum of terms of the form cu? X (u) provided

each such term separately satisfies (5-15).

Proof. Reformulating the PDE in terms of # and f as above, this follows from an application of the
Banach fixed point theorem to the map

q
Q) > MR @), i S(f T eplr=DE=D/2kan2=25p T (fidi + V,—ﬁ))
j=1
with m, [ and k as in the statement of the theorem. Here, p + ¢ > 2 and the smallness of R ensure that

this map is a contraction on the ball of radius R in Hg" o1k (2)°. O

Remark 5.15. If the derivatives in the nonlinearity only involve module-derivatives, we get a slightly
better result, since we can work with # € HS o4k (2)*. Indeed, a module-derivative falling on & gives
an element of Ht? ohk—1 (2)°, applied to which the forward solution operator produces an element of
I AR () Sl AR (v}

The numbers work out as follows: In condition (5-15), we now take / < % close to % thus obtaining

(p—1DH(n—=2)+gn>4.
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Thus, in the case that there are only derivatives in the nonlinearity, i.e., p = 0, we get ¢ > 1 +2/n, which
allows for quadratic nonlinearities provided n > 3.

Remark 5.16. Observe that we can improve (5-15) in the case p > 1, ¢ > 1 and m > 1 by using the
d-improvement from Corollary 5.9, namely, the right-hand side of (5-14) actually lies in Hbm —1,€,k(9).’
where now

t=3(p—Dn=2)+35qn—2+pl—5(p—D)+(p—D8+ql—5(g—1)— 5+,
which satisfies £ > [ if
s(p=DU+0=3)+8)+q(l+350m-1))+5=2,
which for / < —% close to —% means (p—1)(n—4+28) +g(n—2)+25 >4, where 0 < § < 1/n.

Remark 5.17. Let us compare the above result with Christodoulou’s [1986]. A special case of his
theorem states!” that the Cauchy problem for the wave equation on Minkowski space with small initial
data in Hy x— (R""!) admits a global solution u € HIISC([R”) with decay |u(x)| < (14 (v/p)?)~"=2/2,
here, k = %n + 2, and 7 is assumed to be at least 4 and even; when n = 4, the nonlinearity is moreover
assumed to satisfy the null condition. The only polynomial nonlinearity that we cannot deal with using
the above argument is thus the null-form nonlinearity in 4 dimensions.

To make a further comparison possible, we express Hy s (R"~1) as a b-Sobolev space on the radial com-
pactification of R”~1: Note that u € Hy s (R"~1) is equivalent to ({x)Dy)%u € (x) S L2(R"" ), |a| < k.
In terms of the boundary defining function p of dR"—! and the standard measure dw on the unit sphere
§"2 ¢ R"!, we have L2(R""Y) = L2((dp/p?) (dy/p""2)) = p@=D/2L2((dp/p) dy), and thus
Hy s(R"1) = p=1/2+8 fk ({ = 0). Therefore, converting the Cauchy problem into a forward problem,
the forcing lies in Hé"(”_l)/z"'k_l’o(fz)' = an/2+2’n+l/2’0(9)‘. Comparing this with the space
Hbo’l +n=2)/24+2.n/241 " with | < %, needed for our argument, we see that Christodoulou’s result applies
to a regime of fast decay which is disjoint from our slow decay (or even mild growth) regime.

Remark 5.18. In the case of nonlinearities u?, the result of [Christodoulou 1986] implies the existence
of global solutions to Ogu = f 4 u? if the spacetime dimension n is even and n > 4 if p > 3; in even
dimensions n > 6, p > 2 suffices; the above result extends this to all dimensions satisfying the respective
inequalities. In a somewhat similar context— see the work of Chrusciel and feski [2006] — it has been
proved that p > 2 in fact works in all dimensions n > 5.

SE. Semilinear equations with null condition. With g the Lorentzian scattering metric on an asymp-
totically Minkowski space satisfying the assumptions of Theorem 5.3 as before, define the null-form
0(¢%du,*dv) = gjkajuakv and write Q(*°du) for Q(*°du, *°du). We are interested in solving the PDE

Ogu = O(%du) + f.

17Note that n is the dimension of Minkowski space here, whereas Christodoulou uses 1 + 1.
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The previous discussion solves this for n > 5; thus, let us from now on assume n = 4. To make the
computations more transparent, we will keep the # in the notation and only substitute #» = 4 when needed.
Rewriting the PDE in terms of the operator L = p~2p~®=2)/2g g p"=D/2 a5 above, we get

Lu = f+ ,0_(”_2)/2_2Q(scd(p(”_z)/zﬁ)),

where i = p~"=2/2y and f = p~1=2)/2=2 £ We can write Q(*°du) = %Dg(uz) —ulgu, so the PDE
becomes
Lii = j; + p—(n—Z)/2—2(%Dg(pn—2L~l2) _p(n—2)/2ﬁ|:|g(p(n—2)/2i~l))
= [+ 1L(p"P/2i?) — p= D2 L,

Since the results of Section 5B give small improvements on the decay of products of Hb1 “* functions
with Hg" * functions (m > 0), one wants to solve this PDE on a function space that keeps track of these
small improvements.

Definition 5.19. For / € R, k € Ny and @ > 0, define the space
ke = (v e HYTR Q) Lu e YR (Q)Y)
with norm

”U”%l,k,a = ||U||Hb1,1+a,k(9). + ”LU”HbO,l,k(Q). . (5'16)

By an argument similar to the one used in the proof of Theorem 2.25, we see that %!k is a Banach
space.
On %/%® with o > 0 chosen below, we want to run an iteration argument: Start by defining the
operator T : /o — Hbl’_oo’k (2)* by
T i S(f —p"=D%aLi) 4 Lpn=2/252,
Note that i € %% implies, using Corollary 5.9 with § < 1/n,
p(n—z)/zﬁz c p(n—z)/zHbl,2(l+oe)—1/2+5,k(Q). _ Hbl’2[+°‘+(”_3)/2+8+“’k(52)°,

p=D/25 i H];),Zl+a+(n—3)/2+8,k(s-2).’ (5-17)
S(p(n_z)/zﬁLa) c Hb1,21+05+(n—3)/2+8,k(9)0’

where in the last inclusion we need to require 1 + (2l + o+ %(n -3)+ 5) < %, which for n = 4 means
I <—1—L@+9): (5-18)

let us assume from now on that this condition holds. Furthermore, (5-17) implies that 7@ is in
H]:’21+“+(”_3)/2+8’k (R)°. Finally, we analyze

L(Ti;l) c H£,21+a+(n—3)/2+5,k(9). + %L(p(n—Z)/ZiZZ)
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Using that L is a second-order b-differential operator, we have
p(n—Z)/ZL(ﬁ2) c zp(n—Z)/ZaLﬁ + p(n—z)/2H;),l+a,k(9).H];),l+a,k(Q)-
c Hbo,21+a+(n—3)/2+5,k(9)._i_HbO,2(1+a)+(n—3)/2,k(Q).
_ Hé),zl+ot+(n—3)/2+min{oe,8},k(Q).’
which gives
L(,O(n_z)/zﬁ2) c L(,O(n_z)/z)ﬁz + p(n—Z)/ZL(ﬁZ) + p(n—Z)/ZHbl,l-Hx,k (Q).Hl;),l-‘r(x,k (Q).
c Hb1,21+¢x+(n—3)/2+8+oe,k(Q). +Hg),21+0t+(n—3)/2+min{oc,8},k(Q).
+ Hé),21+a+(n—3)/2+5+a(9).
_ 0=/ 2 minla 8Lk e
= H, .
Hence, putting everything together,
- 0,21 —3)/2+min{,8}.k /e

Therefore, we have T'ii € %k provided

2A+a+in-3)+8=1+a,
2l+a+%(n—3)+min{oz,8}zl,

which for 0 < @ < § and n = 4 is equivalent to

[>—3-36, 12—%—204. (5-19)
This is consistent with condition (5-18) if —% — (oz +8) > —5 —2a, that is, if & > 15
Finally, for the map 7" to be well defined, we need S f e %lke hence f e Rang k.« L, which
is in particular satisfied if f € Hg’l-"“’k(ﬂ)' Indeed, since 1 +/4+a <1 —5 — —(5 a) < % by
condition (5-18), the element S f € Hbl’l tak(Q)* is well defined.
We have proved:
Theorem 5.20. Letc € C, 0 <8< 1, 18 <a <8, andlet —3 —2a <1 < —1 — 1(a + 8). Then, for

small enough R > 0, there exists a constant C > 0 such that, for all fe H0 l+3+°‘ k(Q) with || f|| < C,
the equation
Ogu = f 4+ cQ(*du)

has a unique solution u € X' 7152 \with |u|| < R, that depends continuously on f.
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