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LOCAL SPECTRAL ASYMPTOTICS
FOR METRIC PERTURBATIONS OF THE LANDAU HAMILTONIAN

TOMAS LUNGENSTRASS AND GEORGI RAIKOV

We consider metric perturbations of the Landau Hamiltonian. We investigate the asymptotic behavior
of the discrete spectrum of the perturbed operator near the Landau levels, for perturbations of compact
support, and of exponential or power-like decay at infinity.

1. Introduction

Let
Hy = (—iV — Ap)?

with Ag = (Ao,1, Ao2) := %b(—xz, x1) be the Landau Hamiltonian, self-adjoint in L?*(R?), and essentially
self-adjoint on C§° (R?). In other words, Hy is the two-dimensional Schrodinger operator with constant
scalar magnetic field b > 0, that is, the Hamiltonian of a two-dimensional, spinless, nonrelativistic
quantum particle subject to a constant magnetic field. As is well known, the spectrum o (Hy) consists of
infinitely degenerate eigenvalues A, :=b(2q +1),q € Z :=1{0, 1,2, ...}, called Landau levels (see,
e.g., [Fock 1928; Landau 1930]).

In the present article we consider metric perturbations of Hy. Namely, let

m(x) = {mjx(x)}jr=12, xe€R?

be a Hermitian 2 x 2 matrix such that m(x) > 0 for all x € R2. Throughout the article we assume that
miy € Cgo(Rz), Jhk=12ie,mj € C*®(R?), and the entries m ji together with all their derivatives
are bounded on R2. Set 5
I,:=—i——Agp;, j=1,2, 1-1
Jj 8xj 0,j J ( )
so that Hy = 1'[% + 1'[%. On Dom H), define the operators

Hy= " T £mj)Tl = Hy+ W,
jok=1,2
where W := Z.i,k=1,2 IT;m j; Iy; in the case of H_, we suppose additionally that sup, g2 [m(x)| < 1.
Thus, the matrices g+ (x) = {gjik (x)}jk=1,2 with gjtk :=d i == m j are positive definite for each x R2.
Under these assumptions, the operators H. are self-adjoint in L?(R?), and essentially self-adjoint on
Cy° (R?) (see the Appendix).
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From a mathematical physics point of view, the operators H4 are special cases of Schrodinger operators
with position-dependent mass, which have a long history (see, e.g., [Bastard et al. 1975; von Roos 1983]),
but have received increased attention during the last decade (see, e.g., [Midya et al. 2010; Gadella
and Smolyanov 2008; Killingbeck 2011]). We would like to mention especially [de Souza Dutra and
de Oliveira 2009], where the model considered is quite close to the operators Hy discussed here.

The operators Hy admit also a geometric interpretation, since they are related to the Bochner Laplacians
corresponding to connections with constant nonvanishing curvature (see, e.g., [Rosenberg 1997; Colin de
Verdiere 1986]); we discuss this relation in more detail at the end of Section 2. Further, assume that

lim mj(x)=0, jk=1,2. (1-2)

|x]—o00

Thus m models a localized perturbation with respect to a reference medium. Under condition (1-2), the
resolvent difference H - Hy Visa compact operator (see the Appendix), and therefore the essential
spectra of Hy and Hj coincide:

oo
Oess(Hx) = 0ess(Ho) = 0 (Hp) = U{Aq}-

q=0
The spectrum o (Hy) on R\ UZO:(){Aq} may consist of discrete eigenvalues whose only possible accumu-
lation points are the Landau levels. Moreover, taking into account that W > 0, and applying [Birman and
Solomjak 1987, Section 9.4, Theorem 7], we find that the eigenvalues of Hy (resp. H_) may accumulate
to a given Landau level A, only from above (resp. from below). Fix g € Z. Let {2 q} be the eigenvalues
of H_ lying on the interval (A,_1, A,) with A_; := —o0, counted with multiplicities and enumerated in
increasing order. Similarly, let {)\,J; ;) be the eigenvalues of H, lying on the interval (A4, Ag41), counted
with multiplicities and enumerated in decreasing order.

The aim of the article is to investigate the rate of convergence of )L,f g —Dgas k — oo, withg € Z
fixed, for perturbations m of compact support, of exponential decay, or of power-like decay at infinity.

The properties of the discrete spectrum generated by perturbative second-order differential operators
with decaying coefficients have been considered also in [Alama et al. 1994; Boyarchenko and Levendorskit
1997; Briet et al. 2009; Raikov 2015].

The article is organized as follows. In Section 2 we formulate our main results and briefly comment
on them. In Section 3 we reduce our analysis to the study of operators of Berezin—Toeplitz type, and
in Section 4 we establish several useful unitary equivalences for these operators. Section 5 contains the
proofs of our results in the case of rapid decay, i.e., of compact support or exponential decay, while the
proofs for slow, i.e., power-like decay, can be found in Section 6. Finally, in the Appendix we address
some standard issues concerning the domain of the operators Hy and the compactness of the resolvent
difference H; - Hy L

2. Main results

First, we formulate our results concerning perturbations m of compact support. Denote by m _(x)
and m-. (x), with m - (x) < m- (x), the two eigenvalues of the matrix m(x), x € R
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Theorem 2.1. Assume that the support of the matrix m is compact, and its smaller eigenvalue m - does

not vanish identically. Fix g € 7. Then we have
ln(:t()\,fq—Aq))=—klnk+ O(k), k— oo. 2-1)

Remarks. (i) Under additional technical hypotheses on m >, we could make the asymptotic relation (2-1)
more precise. Namely, assume that there exists a nonincreasing sequence {s;} ey such thats; > 0, j € N,
lim;_, o, 5; =0, and the level lines

xeR* m_(x)=s;}, jeN,

are bounded Lipschitz curves. In particular, the existence of such a sequence follows from the Sard lemma
(see, e.g., [Sternberg 1964, Chapter 2, Theorem 3.1]) if we assume that m_ € C 2([RQQ). Further, denote
by 6> the logarithmic capacities (see, e.g., [Landkof 1972, Chapter II, Section 4]) of supp m>. Then we
have

b6~ n b6*
1+1In > k+o(k) <In(£(*;, —Ag)+klnk < | 1+In > k+o(k) (2-2)
as k — oo. We omit the details of the proof of (2-2), which is inspired by [Filonov and Pushnitski 2006].
(ii) Forg € Z4 and A > 0, set
Ny =#keZ, | i(xk%q —Ay) > AL (2-3)
Then, a less precise version of (2-1), namely
In (£, — Ag)) = —kInk(1+0(1)), k— oo,

is equivalent to
[In A|

NEQ) =
d ) In|lnA|

(140(1)), ar}0. (2-4)

Further, we state our results concerning perturbations of exponential decay. Assume that there exist
constants 8 > 0 and y > 0 such that

Inms(x) = —ylx|* + O(n|x|), |x| — oo. (2-5)

Remark. In (2-5), we suppose that the values of y and g are the same for m - and m~.. Of course, the
remainder O (In |x|) could be different for m . and m-..

Given 8 > 0 and y > 0, set u := y(2/b)?, b > 0 being the constant magnetic field.
Theorem 2.2. Let m> satisfy (2-5). Fixq € Z.

() If B € (0, 1), then there exist constants f; = f;j(B, u), j € N, with f\ = u, such that

In (i(,\;fq —Ay) =— Z fik PVt L 0@nk), k— oo. (2-6)
I<j<1/(1-p)
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(i) If B =1, then
In (£, — Ag)) = —(n (1 4+ )k + O(Ink), k — oo. (2-7)
(iii) If B € (1, 00), then there exist constants g; = g;(B, ), j € N, such that
In (A, — Ag))
—1 —1-1 ;
= —’B—klnk+ (M)k — Z g kBT L 0@Ink), k- oco. (2-8)
p p 1<j<B/(B—1)
Remarks. (i) Let us describe explicitly the coefficients f; and g;, j € N, appearing in (2-6) and (2-8)
respectively. Assume first that § € (0, 1). For s > 0 and € € R, |¢| « 1, introduce the function
F(s;€):=s—Ins+eus’. (2-9)

Denote by s (¢) the unique positive solution of the equation s = 1 —e€f ws?, so that dF (s~ (€); €) /s =0.
Set

f(€):=F(s<(e); €). (2-10)
Note that f is a real analytic function for small |e|. Then f; := (1/j!) d’f(0)/de’, j eN.
Let now 8 € (1, 00). For s > 0 and € € R, |¢| < 1, introduce the function

G(s; €):=us? —Ins +es. (2-11)

Denote by s- (¢) the unique positive solution of the equation Bus? =1—es, so that 3G (s (¢€); €)/ds = 0.
Define

g(€) == G(s=(€); €), (2-12)
which is a real analytic function for small |€|. Then g; := (1/;!) dig(0)/de’, j e N.

(i1) If, instead of (2-5), we assume that
Inmz(x) = =y (1+o(1), |x| = o0, (2-13)
then we can prove less precise versions of (2-6), (2-7), and (2-8), namely

—ukP (14 0(1)) if Be(0,1),
In(£Gf, = Ag) = | —(n (1 + k(L +o(1)) if f=1, k — o0,
—%klnk(wo(l)) if Be(l,o0),

which are equivalent to

w PP (14 0(1) if Be (0, 1),

1 . _

N;E(A)z m”nM(l‘f'O(l)) if =1, A 0. (2-14)
B _lni|

B—11n|InA|

(14+0(1)) if Be(l1,00),
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Note that in (2-13), similarly to (2-5), we assume that the values of y and g are the same for m - and m-..
However, since the coefficient in (2-14) with 8 > 1 does not depend on v, in this case we could assume
different values of y > 0 for m_ and m...

Finally, we consider perturbations m which admit a power-like decay at infinity. For p > 0 recall the
definition of the Hormander class

PR = (Y € COR) | ID Y ()| < cafr) "7, x e R, @ € 23},
where (x) := (1 + |x|?)!/2, x € R?. Let ¢ : R? — R satisfy lim|y|— 00 ¥ (x) = 0. Set
Dy(A):=|{x e R | Y (x) > A}, A>0, (2-15)
where | - | denotes the Lebesgue measure. Fix g € Z., and introduce the function
Te(x) = %(Aq Trm(x) —2bImmip(x)), x € RZ. (2-16)
Note that 7, (x) > O for any x € R?>and g € Z,.

Theorem 2.3. Let mj; € PP(R?), j,k=1,2, with p > 0. Fix g € Z. Suppose that there exists a
function0 <1, € C (S such that

. X
lim [x|?T,(x) =14 — ).
|x|—o00 |x|

Then we have

+ b -2/
Ny ) = =g, (M)A +o(1)) <2777, 1] 0, (2-17)
27 1
which is equivalent to
b 2w
lim A*/P N7 (L) =6 :=—f 7,(cos 6, sin0)*/* de, (2-18)
A0 4 Jo
or to
£, — Ay =€k (1+0(1),  k— oo, (2-19)

Remarks. (i) Relation (2-17) could be regarded as a semiclassical one, although here the semiclassical
interpretation is somewhat implicit. In Propositions 4.1 and 4.3 below, we show that the effective
Hamiltonian, which governs the asymptotics of N’ ;t (1) as A | 0, is a pseudodifferential operator with
anti-Wick symbol wy j, := wy o R, defined by (4-8) and (4-31). Under the assumptions of Theorem 2.3,
T b :=T40Ry (see (2-16) and (4-31)) can be considered as the principal part of the symbol wy ,, while
the difference between the anti-Wick and the Weyl quantization is negligible. Then (1/27)®g, (1) =
(b/2m) Py, (1) is just the main semiclassical asymptotic term for the eigenvalue counting function for a
compact pseudodifferential operator with Weyl symbol 7, 5.

(i) There exists an extensive family of alternative sets of assumptions for Theorem 2.3 (see, e.g., [Ivrii
1998; Dauge and Robert 1987]). We have chosen here hypotheses which, for certain, are not the most
general ones, but are quite explicit and, hopefully, easy to absorb.
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Let us comment briefly on our results. Nowadays, there exists a relatively wide literature on the local
spectral asymptotics for various magnetic quantum Hamiltonians. Let us concentrate here on three types
of perturbations of Hy which are considered to be of particular interest (see, e.g., [Ivrii 1998; Mao 2012]):

o Electric perturbations Hy + Q where Q : R?> — R plays the role of the perturbative electric potential.

o Magnetic perturbations (—iV — Ay — A)2, where A = (A, Ay), and B := 0Ay/0x1 —dA1/0x7 is
the perturbative magnetic field.

e Metric perturbations Zj k12 11j(8jx +m )T, where m = {mj}; =12 is an appropriate pertur-
bative matrix-valued function.

Typically, the perturbations Q, B, or m are supposed to decay in a suitable sense at infinity. Slowly
decaying Q, for example Q € $~P(R?) with p > 0, were considered in [Raikov 1990], and the main
asymptotic terms of the corresponding counting functions N ;JIE (1) as & | O were found, utilizing, in
particular, anti-Wick pseudodifferential operators. In [Ivrii 1998, Theorem 11.3.17], the case of combined
electric, magnetic, and metric slowly decaying perturbations was investigated; the main asymptotic terms
of N' 25 (1) as A | 0, as well as certain remainder estimates were obtained. The semiclassical microlocal
analysis applied in [Ivrii 1998] imposed restrictions on the symbols involved, which, in some sense or
another, had to decay at infinity less rapidly than their derivatives. These restrictions excluded some rapidly
decaying perturbations, e.g., those of compact support, or of exponential decay with g > % (see (2-9)).

Raikov and Warzel [2002] used a different approach based on the spectral analysis of Berezin—Toeplitz
operators and obtained the main asymptotic terms of N’ f]t (A) as 1 | O in the case of potential perturbations Q
of exponential decay or of compact support. In particular, in [Raikov and Warzel 2002], formulas of the
type (2-4) or (2-14) appeared for the first time. Here, we essentially improve the methods developed
in [Raikov and Warzel 2002]. These improvements lead also to more precise results for certain rapidly
decaying electric perturbations. Namely, assume that Q > 0 admits a decay at infinity which is compatible
in a suitable sense with the decay of m. Then the results of the article extend quite easily to operators of
the form

Hi+0, (2-20)

so that Hy &+ Q are perturbations of Hy having a definite sign. We do not include these generalizations
just in order to avoid an unreasonable increase of the size of the article due to results which do not require
any really new arguments.

Combined perturbations of Hy by compactly supported B and Q were considered in [Rozenblum
and Tashchiyan 2008], where the main asymptotic terms of N éﬁ (1) as A | 0 were found. Note that the
magnetic perturbations of Hy are never of fixed sign, which creates specific difficulties, successfully
overcome in [Rozenblum and Tashchiyan 2008].

To our best knowledge, no results on the spectral asymptotics for rapidly decaying metric perturbations
of Hy appeared before in the literature. We also included in the article our result on slowly decaying
metric perturbations (see Theorem 2.3), since it is coherent with the unified approach of the article and is
proved by methods quite different from those in [Ivrii 1998].
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Finally, let us discuss briefly the relation of Hy to the Bochner Laplacians. Assume that the elements
of m are real. In R? introduce a Riemannian metric generated by the inverse of g*, and the connection
I-form )~ , Ao, dx;. Set y+ := (det g*)~!/2. Then the standard positive-definite Bochner Laplacian,
self-adjoint in L2(RZ; y+ dx), is written in local coordinates as

Feo=yi' Y Tghyell.
k=12

Let Uy : L*(R?; y+dx) — L?*(R?; dx) be the unitary operator defined by Us. f := yi/zf. Then we have

Us$+Uy =Hi+ Q4 (2-21)

81n)/:|:81n)/:|: d 811’1)/:|:
(gfi" R R U '
k=12 Xk Xj )Cj Xk

Generally speaking, the functions Q1 do not have a definite sign coinciding with the sign of the operators
Hy — Hy; hence, the operators on the right-hand side of (2-21) are not exactly of the form of (2-20). The
fact that the symbol of a Toeplitz operator does not have a definite sign may cause considerable difficulties

where

0+ =

A

in the study of the spectral asymptotics of this operator if the symbol decays rapidly, and, in particular,
when its support is compact (see, e.g., [Pushnitski and Rozenblum 2011]). Hopefully, we will overcome
these difficulties in a future work, where we would consider the local spectral asymptotics of &.

3. Reduction to Berezin—Toeplitz operators

In this section we reduce the analysis of the functions N ;'E (1) as A | O to the spectral asymptotics for
certain compact operators of Berezin—Toeplitz type. To this end, we will need some more notations, and
several auxiliary results from the abstract theory of compact operators in Hilbert space.

In what follows, we denote by 1), the characteristic function of the set M. Let T be a self-adjoint
operator in a Hilbert space,' and $ C R be an interval. Set

Ng(T) :=rank 14(T),

where, in accordance with our general notations, 14(7') is the spectral projection of T corresponding to .
Thus, if $ Noess(T) = I, then Ng(T) is just the number of the eigenvalues of T lying on $ and counted
with their multiplicities. In particular,
N, ) =N, ap-0(H-), g€y, 2€(0,2D), (3-1)
NT () = Nag4an,(Hy), q€Zy, L€ (0,2b), (3-2)
the functions N qi being defined in (2-3). Let T = T* be a linear compact operator in a Hilbert space.

For s > 0, set
ni(s; T) := Ns,00) (£T);

1 All the Hilbert spaces considered in the article are assumed to be separable.
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thus, n4(s; T) (resp. n—(s; T)) is just the number of the eigenvalues of the operator T larger than s (resp.
smaller than —s), counted with multiplicities. If T; = Tj?k, j = 1,2, are two linear compact operators
acting in a given Hilbert space, then the Weyl inequalities

ni(s1+s2; T + 1) <ni(s1; Tr) +ns(sz; Tn) (3-3)

hold for s5; > 0 (see, e.g., [Birman and Solomjak 1987, Section 9.2, Theorem 9]).
Fix g € Z and denote by P, the orthogonal projection onto Ker(Hy — A,). Since the operator
Hy ! WH, !'is compact, the operator P,WP, = Aé P,Hy ! WH, 1Pq is compact as well. Similarly, the

operators H ! WH, 12 are compact, and hence the operators

PyWHL'W Py = NG Py(Hy ' WHL ) (H "W H D P,

are compact as well.

Proposition 3.1. Under the general assumptions of the article we have

ni((1+e)r; PB,WP, F P,WHL'WP,)+ O(1)
<NTO) np((L—e)h; WP FP,WHL ' WP)+0(1), 110, (3-4)

for each ¢ € (0, 1).

Proof. The argument is close in spirit to the proof of [Raikov and Warzel 2002, Proposition 4.1],
and is based again on the (generalized) Birman—Schwinger principle. However, since the operator
H, 1 ZWHO_ 2 is only bounded but not compact, we cannot apply the Birman—Schwinger principle to
the operator pair (Ho, H+), and apply it instead to the resolvent pair (H, L Hy 1. First of all, note that
there exist A_ and A with A_ € (0, Ag) if g =0, A_ € (Ay—1,Ay) if g €N, and Ay € (Ay, Ags1)
if g € Z, such that

Ny Q) =N a,—n(H-), 2e€(0,A;—A), (3-5)
N;;()») =N, +r00)(Hy), A€(0, A4 —Ay). (3-6)

Further, evidently,
N(A,,Aq—)»)(H—) = N((Aq_)\)fl’A:l)(H:l) = N((Aq_k)fl’A:l)(H()_l + T_), (3'7)
Neagsranpy(He) = Nyt gy (HED = Nyt iy (Hy ' =T, (3-8)
with 7_:= H~' — H, Vand 7, := H, - HJ:]. Note that the operators 7. are nonnegative and compact.

By the generalized Birman—Schwinger principle (see, e.g., [Alama et al. 1989, Theorem 1.3]) we have

-1
Neag—ay-ra-H(Hy +T-)

—n(1; T )—dimKer(H_-—A_), (3-9)

_ —1\— 1/2 1/2 _ N - 1/2
(A=) =HyHY T —ny (1 TP AT = Hg YT
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and
-1
N(A’l,(A +)\)*1)(H -1y
—n (1 TP (Hy ' = (A g+ D' T = (1 T2 (H ' = AT ' T —dim Ker(Hy — A y). - (3-10)

Since the operators T+ are compact and A+ € o (Hy), we find that the two last terms on the right-hand
side of (3-9) and (3-10), which are independent of A, are finite. Next, the Weyl inequalities (3-3) imply

ny (14 T2 (A=) =HyHY T P, 1Y) =0 (e TP (A =) = HyH T (U = PHT?)
<ni(1; T”2((A —n = Hy YT
<ni(1—& T (Ag =0 = HyH ' P, T

ny (e T (A =0 = Hy Y1 = PHTY?) (3-11)

for any ¢ € (0, 1). The operator T_l/z((Aq . Ho_l)_1 I - Pq)T_l/2 tends in norm as A | O to the

compact operator
1/2( Z (A‘ . h-lp ) T2

J€Zi\{q}

Therefore,

1/2

na(e; T2 (Mg =0 = HyY ' d = PHTA =0@1), A0, (3-12)

for any € > 0. Next, for any s > 0 we have

n+(s Tl/2

(Mg =W = HyHY TP TY ) =0 (53 (Mg =07 = A D' TR, TV
=ny(sh(Ag—N)'AS PT_P). (3-13)
Hence, (3-9) and (3-11)—(3-13) yield
ny((1+eAAg — ) TASY P T_P) + O(1)
< N((A[I_M,I’Aiu)(Ho_l +T2) <ni((I—e)r(Ag—N)'AL P TP+ 0(1), 110, (3-14)
for any ¢ € (0, 1). Similarly, (3-10) and the analogues of (3-11)—(3-13) for positive perturbations imply
ny((L+er(Ag+ 07 AL P TP+ O(1)

< Njyo W(Hy ' =T <np((L=er(Ag +0)7'A Py TP+ O(1), 210, (3-15)

T (Ag+M)”
By the resolvent identity, we have 7o = H," ! WH, = Hy 'WHL IWH(; I so that
PyT+Py = A;*(PyW P, ¥ PyWHL'WP,).

Thus,
ny(s; PyTsPy) =ny(sA); P,WP, ¥ P,WHL'WP,), s >0. (3-16)

Putting together (3-5)—(3-8) and (3-14)—(3-16), we easily obtain (3-4). [l
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4. Unitary equivalence for Berezin—Toeplitz operators

Our first goal in this section is to show that, under certain regularity conditions on the matrix m, the operator
P,WP,,qeZ,,withdomain P, L*(R?), is unitarily equivalent to Pyw, Py with domain PyL?(R?), where
wy is the multiplier by a suitable function wy : R? — C. In fact, we will need a slightly more general
result, and that is why we introduce first the appropriate notations.

As usual, for x = (x1, x2) € R? we set z := x| +ix, and Z := x| — i X2, so that

d _1(9d .9 d _1( 9 4i 9
—==l—-1—), —==z—+i—).
9z 2 8x1 axZ 0z 2 8)61 8x2

Introduce the magnetic annihilation operator

a:= —2ie_b|x‘2/4i_eb|x|2/4 = -2 i_ + b_z
07 dz 4

and the magnetic creation operator

0 e —ieblla D b _ (9 b2
0z dz 4

with common domain Doma = Dom a* = Dom HOl /2 The operators a and a* are closed and mutually

adjoint in L?(R?). On Dom Hy we have [a, a*] = 2b and
Hy=a"a+b=aa*—b= %(aa*+a*a}. 4-1)

1/2
Moreover, on Dom HO/ we have

M= Sata®), Mh=L@—a, 4-2)
2 2i

the operators I1;, j =1, 2, being introduced in (1-1). Next, define the operator A : Dom HO1 212 (R%; C?)
by

%
Au = (a u) , u eDomHol/z.
au

Then, (4-1) implies that Hy = %A*A. Further, introduce the Hermitian matrix-valued function
Q= <w11 6012)
w21 W22
with wjy € LOO(RZ), j.k=1,2. Fix g € Z and define the operator
P,A*QAP, = A P Hy PA*QAH, 7P, (4-3)
which is bounded and self-adjoint in P, L*(R?). Utilizing (4-2), we easily find that

P,WP, = 1P,A*UAP,, (4-4)
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where
1 /1 1
=0"m0, 0:=— 4-
so that
uyy = 5(Trm —2Immy,),
U:(M” ulz) with u222=%(Trm+21mm12),
Uzy ux

U =uy = %(mn —ma —2i Remyy).
Introduce the Laguerre polynomials

g .
—1)/
L;’") ::E :(q+m)¥ teR, geZ,, meZ; (4-6)
; qg—J J:
Jj=0

as usual, we write Léo) =L, and for notational convenience we set gL, =0 for g = 0. By [Gradshteyn
and Ryzhik 1965, Equation 8.974.3] we have

q
YL@ =LV @), teR, geZy, meZ,. (4-7)
j=0

Proposition 4.1. Let Q be a Hermitian 2 x 2 matrix-valued function with entries w j; € Cp° (R?), J. k=12
Fix g € 7. Then the operator P;A*QA P, with domain PqLZ(IRz) is unitarily equivalent to the operator
Powy Py with domain PyL*(R?), where

Wy = wy (£2)
AN 9? .
_[2pa g (=5 Jon + 2L, (5 Jom —8ReLY (<55) 542 raz1 @)
2bL1( 2b>w“ ifqg=0

and A = Zj 12 82/8x2 so that, in accordance with (4-6), L(m)( A/(2b)) withs € Zy andm € Z is
just the differential operator ", i=0 (H’m) AT /(j1(2b)7) of order 2s with constant coefficients.

k)2
Po,k(X) 1= 4/ nyk' (b) ke P4 e R ke Z.,

$q.k(x) 1= (2b)q 1@)g0x(x), xeR’ keZy, geN.

Proof. Set

Then {@y t}rez, 1s an orthonormal basis of Pqu([Rz), sometimes called the angular momentum basis
(see, e.g., [Raikov and Warzel 2002] or [Bruneau et al. 2004, Section 9.1]). Evidently, for k € Z we
have

vV 2b — ) 2 19
a0k =206+ D1k, qE€Zy,  aggix= {0 T¥a-1k Z o (4-9)
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Define the unitary operator W : PqLQ([RZ) — PyL*(R?) by W : u — v, where

U=y i V=D ok lcihez, € CZy). (4-10)
keZ + keZ
We will show that
P, A*QAP, = W* Pyw, PyW. @-11)

For V € C°(R?), m,s € Zy, and k, £ € Z, set

Em,s(V; ka Z) = (V(pm,k’ @s,f)»

where (-, -) denotes the scalar product in L*(R?). Taking into account (4-9) and (4-10), we easily find
that

(PAA* QAP u, u) =2b Y Y ((q+ DEqr1g41(@11; k) +qEq 141 (@5 k, )ckéy

kEZ+ ZEZ+
+2bv/q(g+1)2Re Y D Bypigo1(@nik Oy (4-12)
keZ, teZ
if g > 1, and
(POA*QAPou, u) =2b Y > Bi1(wn; k. O)ckéy. (4-13)
keZ, teZ
Moreover,
(Powg Pov, v) = Y Y Boo(wg: k. O)ckée.  q € Zy. (4-14)
k€Z+ €€Z+

In [Bruneau et al. 2004, Lemma 9.2] (see also the remark after Equation (2.2) in [Bony et al. 2014]), it

was shown that

A
Epm(Vik, 0) = Eo,o(Lm (—ﬂ)v; k, e), mez,. (4-15)

Now (4-13), (4-15) with m = 1 and V = w;1, and (4-14) with ¢ = 0 imply (4-11) in the case g = 0.
Assume g > 1. By (4-15), we have

A
Eg+1q+1(w11; k, €) = Eo,0 (Lq+1 (_E>w“; k, E), (4-16)
~ ~ A
Ey—1,g-1(@n: k, £) = Eoo| Ly—1 % wuik, ). 4-17)
Let us now consider the quantity E,41,4,-1(V; k, £). Using (4-9), we easily find that, for ¢ > 2, we have
1 —1
Byt g1 (Vik )= ——-B, . (V,a*l; k, )+ [L==E, . 2 (V; k, £), 4-18
q+1l,q 1( ) G + 1) q.9 1([V,a™] ) g+1 q.q 2( ) ( )

- - —1
Eqq-1(V, a1k, &) = Ey-1.4-1([V, a1, a*1; &, €) + |4 StV @k 0. (@-19)

1
V2bg
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Moreover, [V, a*]| =2idV /dz, and

. 32V
[[V,a"],a"] = —4——. (4-20)
072
Using (4-19), it is not difficult to prove by induction that
.
Eyq1([V,a* ]k, £) = Z g;;(lV,a*l,a*l; k,€), ¢q=>1. (4-21)
Now (4-15), (4-20), and (4-7) imply
qj g, ([lV,a*],a*1; k, £) —qil Eool —4L;( — o’y k, ¢
. ~7,] ,a |,d |5 K, _' =0,0 ] 2b 825 )
Jj=0 Jj=0
A\ 2%V
= ar [ = . _
= ._40,0< 4Lq—l< Zb) 52 ik, E). (4-22)
Setting
A\ 92
a1 (_2V T -
Dy = 4Lq_1( 2b)8z , q€N, (4-23)
we find that (4-21) and (4-22) imply
1
Egq-1([V,a" T k, £) = mm,o(@qv; k, ). (4-24)
Bearing in mind (4-18), (4-15), and (4-24), it is not difficult to prove by induction that
1 q
g (Vik, )= ———=  E00(@,V:k 0 (4-25)
Sg+1l,q9—1 s Ny - —(0), s Ry .
B 2b/q(q+1) =
Note that (4-7) and (4-25) imply
q 2
A\ 0
gt (_=2)Y2 _
S g, = 4Lq_1< 2b> s (4-26)

s=1

Now, (4-25) and (4-26) entail

AN 92
2bv/q(g + D Eqi14-1(@213 k, £) = uoo( L (——)%-k 6). (4-27)

Finally, (4-12) and (4-14) combined with (4-16), (4-17), and (4-27) yield (4-11) with g > 1. [l
In the rest of the section we establish two other suitable representations for the operators P,V P,,q € Z,

with V : R?> — C.

Proposition 4.2. (i) [Ferndndez and Raikov 2004, Lemma 3.1; Bony et al. 2014, Section 2.3] Let

Ve Ll (R?) satisfy lim |0 V(x) = 0. Then, for each q € 7, the operator P,V P, is compact.

loc
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(i) [Raikov and Warzel 2002, Lemma 3.3] Assume in addition that V is radially symmetric, i.e., there
exists v : [0, 00) — C such that V (x) = v(|x|), x € R2. Then the eigenvalues of the operator P,V P, with
domain PqLZ(RZ), counted with multiplicities, coincide with the set

{Veq.k> 9q.k) kez, - (4-28)

In particular, the eigenvalues of PyV Py coincide with

00 1
% v((%)z)ewk dt, keZ,. (4-29)
- JO

Remarks. (i) Let us recall that, if f is, say, a bounded function of exponential decay, then

Mf)(z) = /‘OO for'dt, zeC, Rez>0,
0

is sometimes called the Mellin transform of f. Some of the asymptotic properties as k — oo of the
integrals (4-29), which we will later obtain and use in the proofs of Theorems 2.1 and 2.2, could possibly
be deduced from the general theory of the Mellin transform.

(i) Combining Propositions 4.1 and 4.2, we find that, if the matrix-valued function €2 is radially symmetric
and diagonal, then the operator P,A*QAP, acting in Pqu([Rz) is unitarily equivalent to a diagonal
operator in £2(Z..). If Q is just radially symmetric, then P,A*QAP, is unitarily equivalent to a tridiagonal
operator acting in £>(Z..).

The last proposition in this section concerns the unitary equivalence between the Berezin—Toeplitz
operator PyW Py and a certain Weyl pseudodifferential operator. Let us recall the definition of Weyl
pseudodifferential operators acting in L*(R). Denote by I"(R?) the set of functions 1 : R — C such that

A"y (y, 1)

ayza)’)m < Q.

[V lr@we == sup  sup
(y,r])esz,mZO,l

Then the operator Op" (v), defined initially as a mapping between the Schwartz class ¥(R) and its dual
class ¥ (R) by

O e =5 [ [0 )0 e dy an. y e

extends uniquely to an operator bounded in L?(R). Moreover, there exists a constant ¢ such that

10p" (W)l < cllY @ (4-30)
(see, e.g., [Boulkhemair 1999, Corollary 2.5(1)]).

Remark. Inequalities of the type (4-30) are known as Calderon—Vaillancourt estimates.

01
— _p12 -
Rp :=—b (1 O>’ (4-31)

Put
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and, for V : R? — C, define
Vp(x) :=V(@Rpx), xeR> b>0.

Moreover, set 4(x) := e‘|x|2/n, x € R%.

Proposition 4.3 [Pushnitski et al. 2013, Theorem 2.11, Corollary 2.8]. Let V € L'(R?) + L™(R?). Then
the operator PyV Py with domain PyL2(R?) is unitarily equivalent to the operator Op" (V) x ).

Remark. The operator Op®” (v/) := Op™ (¢ * 9) is called a pseudodifferential operator with anti-Wick
symbol ¥ (see, e.g., [Shubin 2001, Section 24]).

5. Proofs of Theorems 2.1 and 2.2

In this section we complete the proofs of Theorems 2.1 and 2.2, concerning perturbations of compact
support and of exponential decay.
Let T = T* be a compact operator in a Hilbert space such that rank 19 ~)(7) = co. Denote by
{vi(T)}32, the nonincreasing sequence of the positive eigenvalues of 7', counted with multiplicities.
Recall that m - (x) <m- (x) are the eigenvalues of the matrix m(x) for x € R2. Since the matrix U (see
(4-5)) is unitarily equivalent to m, m> are also the eigenvalues of U. Next, we check that Proposition 3.1
implies the following:

Corollary 5.1. Under the general assumptions of the article, there exist constants 0 < cf < Cf < o0 and
ko € Z4 such that
+ * + + *
CVkyky (PP A"m _AP,) < :I:(kk’q —Ay) < Tk (P,A* M AP) (5-1)
for sufficiently large k € N.
Proof. 1t is easy to see that
0<P,WH'WP, <csP,WP, (5-2)
with
cx = [H PWHL ') < sup [m(x) (T £m(x)~"].
xeR?
Note that 0 < c_ < oo and 0 < c; < 1. Moreover, by (4-4) and the mini-max principle,
ny(2s; PAA*m APy) <ny(s; P,WP,) <ni(2s; P,A*m.AP;), s>0. (5-3)

Now, (3-4), (5-2), and (5-3) imply that, for any ¢ € (0, 1), we have

nyA(1+¢); PLA*m AP+ 0(1) < Ny ) =ni a1l —e); (1 + c)P,A*m AP, + O(1), (5-4)
ny QA1 —¢); P,A*m-APy) + O(1) > N;r(k) >n A1 +¢); (1 —c) P, A" m AP+ O0(1)  (5-5)
as A | 0, and estimates (5-4)—(5-5) yield (5-1) with

_ 1 _ 14+c_ n 1—cy n 1
cC.=—7~, .=—""7"T-"~=7 C(C_.=-~"/7""-, (=",
2(1+¢) 2(1 —¢) 2(1+e¢) 2(1 —e)

and sufficiently large ko € N. ]



1252 TOMAS LUNGENSTRASS AND GEORGI RAIKOV

Let us now complete the proof of Theorem 2.1. Let ¢ € CSO(RZ), £1>0,¢ =1 onsuppm-. Set
$2(x) = (maxy gz m= (¥))61(x), x € R2. Evidently, m-. < ¢ on R2, so that

V(P A*moAP,) < w(PAYGAPR,), kel (5-6)

Further, by Proposition 4.1, the operator P,A*¢,A P, is unitarily equivalent to the operator Py¢3 Py, where

=2b DL A L A
$3:=2b((q + L4411 ~% +qLly— ~% 0.

vk (PyAAP)) = vi(Pos3 Po), kel,. (5-7)

Therefore,

Let R- > 0 be so large that the disk Bg_(0) of radius R. centered at the origin contains the support of ¢3.
Then,

v (Pog3 Po) < max 183 v (Polp,_0)Po), keZ. (5-3)
Xe
Putting together (5-6), (5-7), and (5-8), we find that there exists a constant K. < oo such that

Uk(PqA*m>APq) < K>I)k(P()lBR> (O)PO), ke Z_;,_. (5-9)
On the other hand,
vk(PqA*m<APq) > vk(anm<a*Pq). (5-10)

Applying (4-9), we easily find that the operators P,am a* P, and 2b(q + 1) P, .1m . P, are unitarily
equivalent. Hence,

ve(Pgam .a*Py) =2b(q + D (Pypprim<Pyi1), keZ,. (5-11)

Further, since m . is nonnegative, continuous, and does not vanish identically, there exist ¢y > 0,
R_ € (0, 00), and x¢ € R? such that m_(x) > colpy_(xo)(X), x € R2. Therefore,

Uk(Pq+1m<Pq+1) > COVk(Pq+llBR<(xo)Pq+1), k e Z+. (5-12)

The operators Py111p,_(xg) Py+1 and Pyi11p,_(0) Py+1 are unitarily equivalent under the magnetic trans-
lation which maps xg into O (see, e.g., [Raikov and Warzel 2002, Equation (4.21)]). Therefore,

Ve (Py+11Bg_ (xo) Pg+1) = vie(Pg+11Bp_0) Py+1), k€ Z4. (5-13)
Combining (5-10)—(5-13), we find that there exists a constant K - such that
K vi(Pyi1lp,_0)Pys1) S i(PA*m APy, kelZy. (5-14)

By (5-9) and (5-14), it remains to study the asymptotic behavior as k — 00 of vi(Py1p0)Pn), With
m e Z4 and R € (0, co) fixed. This asymptotic analysis relies on the representation (4-28), and results
sufficient for our purposes are available in the literature. Namely, we have:
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Lemma 5.2 [Combes et al. 2004, Section 4, Corollary 2]. Let m € Z, R € (0, 00), b € (0, 00). Set
0:=bR?/2. Then
e*QQ7m+lk2mflgk

m!k!

Vi (P 1B Pn) = (140(1)), k— oo. (5-15)

Now, asymptotic relation (2-1) follows from (5-1), (5-9), (5-14), (5-15), and the elementary fact that
Ink!=kInk+ O (k) as k — oo.

In the remaining part of this section we prove Theorem 2.2 concerning perturbations m of exponential
decay. Assume that m satisfies (2-5). Then there exist §> € R, . < J-, and r > 1 such that

— 28 _ 28
xP<e M gy g 0y (1) Smo(x) <ms(x) < x| e Lo, g o) (x) +maxm ()15, o) (x),  x € R
yeR2
(5-16)
Let n>0 € C*®(R2; [0, 1]) be two radially symmetric functions such that n. 9 = 1 on R2 \ B,+1(0),
n<.o0=0on B,(0), and n- o =1 on R*\ B,(0), n-.0 =0 on B,_(0). For x € R? set

_ 28
ne1(x) = |x<e "My o(x),

_ 28
1=1(%) 1= x [ e 0 () + maxm () (1= 1,0(x):
ye
Evidently, n> € leo([Rz), and by (5-16),
Ne1(x) <mo(x), m-(x)<n-;1(x), xeR%.

Therefore, for k € Z, we have

1)k(PqA)km<qu) = Uk(PqA*n<,lAPq),
Ve (PeA*moAPy) < v (P,A - 1AP,).

A A
nz2:=2bl(q+ DLg+1| — % +qLlg—1 —35 ) )1z

According to Proposition 4.1, the operators P,A*n> 1AP,, g € Z,, and Pynx 2 Py are unitarily equivalent.

(5-17)

Further, set

Therefore,

vk (PyAnz 1APy) = wi(PonzoPy), kel,. (5-18)

Next, a tedious but straightforward calculation shows that

nz2(x) =nz3(x)(1+o(D)), |x| = o0, (5-19)
where
_ 53 gl |1 it B€(0,3%], 22\ (0
Nz3(x) = Cqplx[*= DD i pe(Log), TS \ 03,
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and C, g > 0 are some constants. Even though the exact values of C, g will not play any role in the

sequel, we indicate here these values for the sake of the completeness of the exposition:
2A

. 1
. . if ge(0,5),
_@2By) ) (_(Zﬂ)/) )) a1
Cop= 25((q + Dlgir (= 507) + Ly (=55 th=z
(2,3V)2(q+1) ) |
—(Zb)qq‘ if ,3 (S (i’ OO)
Hence, by (5-19), there exists R € (0, 0o) such that for x € R? we have
N<2 > 30<31p2\Br0) — C<LBr(0) = N<4(x), (5-20)
N>2 < 315 3100\ Be(0) + €5 1Be(0) =2 1> 4(x) (5-21)
with ¢z :=max, g2 [z 2(y)|. Thus, for any admissible k € Z,., we have

Vi (Pon<,2Po) = vii(Pon<,aPo),  vi(Pons,2Po) < vi(Pon-,4FPo). (5-22)
In order to complete the proof of Theorem 2.2, we need a couple of auxiliary results. For 8 > 0, u > 0,
and o > 0, set

00 5 o
. (k) :=/ e Mk dr, €,(k) :=/ e 'tk
0 0

t"dt, k> —1, (5-23)
and, for§ e R, cop > 0 and c; € R, put
CO},B, (k+5)+01% (k—3_)
Lk) =%g 11,05k; co, c1) := i NTESY @ ,  k>max{—-1, -8 -1},
where §_ := max{0, —4§}.
Lemmas53. Let 8 >0,u>0,0>0,c0>0,and§ e R, c; eR.
(1) The asymptotic relations
=Y izjo1yap fikPTVI 4+ O(Ink) if Be(0,1),
—In(1+wn)k+ O(Ink) if B=1,
In%(k) = _ 1 5-24
© —%klnk—kk(%) (5-24)

— D 1<j<B/(B-D) gikWP=Ditl L o(nk) if Be(1,00),

hold true as k — o0, the coefficients f; and g; being introduced in the statement of Theorem 2.2.
(i) We have &' (k) < 0 for sufficiently large k.

Proof. First, let § = 0. Assume § € (0, 1), k > 0, and make the change of variable ¢ — ks in the first
integral in (5-23). Thus we find that

}ﬂ,u(k) S /OO e*kF(s;kﬂ*I) ds.
0

(5-25)
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The function F(s; kf~') defined in (2-9) attains its unique minimum at s (kP=1), and we have
2F (s-(kP~1); kP=1)/8s> = 1 4+ o(1), k — oo. Therefore, applying a standard argument close to the
usual Laplace method for asymptotic evaluation of integrals depending on a large parameter, we easily
find that

o0
f e kPG g = () 2 RFO<WDRTD=12(1 1 o(1)), k — o0 (5-26)
0

Bearing in mind that F(s_ (k#~1); k#~1) = f(kP~1) (see (2-10)), f(0) =1, and
InC(k+1)=klnk—k+3Ink+0(l), k— oo, (5-27)

(see, e.g., [Abramowitz and Stegun 1964, Equation 6.1.40]), we find that (5-25)—(5-26) imply

o@ﬂ,u(k) 7 B—1
ln<—r‘(k+l))_k kf (k") + O(Ink)

1d
—k—k Z 'd{(O)k(ﬂ Di 4+ O(®nk)
0<j<1/01-p) 1 4€

1d

=— Y ‘df(O)k(ﬂ DI+ 4 O(Ink)
1<j<1/(1-8) J

=— Y KV Lok, k- 0. (5-28)
1<j<1/(1-8)

In the case 8 =1, we simply have

Fpulk) / oDk k-1,
Tk+1) F(k+1) Fdr=(et 1)

that is,

},B,M(k) _ _
In (m) =—(n(1+u)k+0(1), k— oo. (5-29)

Now let B € (1, 00). Making the change of variable 7 — k'/fs with k > 0 in (5-23), we find

$p.u(k) = k*FD/B / eTKOERIPD) g (5-30)
0

The function G(s; k'/#~1) defined in (2-11), attains its unique minimum at s (k'/#~1), and we have

392G

77 (0= (PD kP = B(up)P (1 +o(1)), k= oo,

Arguing as in the derivation of (5-26), we obtain

o0
/ e KGRI go — DB (up) VB kG- RIPNRIT 121 4 6(1Y), k= 00, (5-31)
0
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Bearing in mind that G (s~ (k'/#=1); k1/F=1) = g(k'/=1) (see (2-12)), and g(0) = (1 +1In (uB))/B, we
find that (5-30), (5-31), and (5-27) imply

Fpu®)y _ B-1 _ 1/8—1
ln<r(k+1)>_ G kInk k= kg7~ 4 0(nk)

1 1d ;
=—ﬁ7klnk+k—k > —Z8 0)k/B-Di 4 O(Ink)

_ jldel
0<j<B/(B-1)
-1
=———kInk+k(1-gO)— Y
p 1<j<p/6-1 7

—1 —1-1 ,
- _ﬂ—klnk+k<w> — Z g kP=DIt L o(nk), (5-32)
B B 1<j<B/(B-1)

as k — oo. Let us now consider general § € R. By (5-27),

1 d’ :
=SS OKIPDIH 1 0 (ink)

Ck+35+1)
—— = )| =8lnk+0(), k . 5-33
n( T D ) nk+ O(1) — 00 (5-33)
Putting together (5-28), (5-29), (5-32), and (5-33), we find that
k+48 k
(222K (25BN 500k, k> oo (5-34)
Ck+1) Ck+1)
Finally, by (5-15), we easily find that, for each fixed § € R, we have
Eolk —6_ k+6
ok =0) _ (e (5-35)
Ck+1) Ck+1)

The combination of (5-28), (5-29), (5-32), (5-34), and (5-35) implies (5-24).
For (ii), we have

P, k+8)  T'(k+1) Eyk—38-) T'(k+1)
Tk+1) _F(k+1)2§6’3’“(k+3))+61( T(k+1) T(k+1)2

o0 Q
gg,u(k)zf e Mtk In g dr, %’Q(k):/ e~'t“Int dt,
0 0

¥ (k) =co< %Q(k—é_)), (5-36)

and

I(k+1) 1 L
T k4 — 40K, Kk ,
Fha D) — nkFop F0k™), k—=co

(see, e.g., [Abramowitz and Stegun 1964, Equation 6.3.18]). Performing an asymptotic analysis similar to
the one in the proof of the first part of the lemma, we find that there exists a function ¥ = Wg , 5 such
that W (k) < O for k large enough, and

$pk+8)  T'(k+1)
F(k+1) T(k+1)?
Ey(k—38-) T'(k+1)
Tk+1) Tk+1)2

Pk +8) =W (k)(1+o0(1)), (5-37)

Eolk—5_) =0(¥(k)) (5-38)
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as k — oo. Putting together (5-36), (5-37), and (5-38), we conclude that &£'(k) < O for sufficiently
large k. (I

Taking into account the definition of the functions 1> 4 in (5-20)—(5-21), the mini-max principle,
representation (4-29), as well as Lemma 5.3(ii), we find that there exist constants ¢; > > 0, j =0, 1,
52 € R, and ko € Z such that

vk(Pon<aPo) =Ly o5 (k+ko; co<, —¢1,<)
A (5-39)
vk(PonsaPo) =%g , .5 (ki cos,c15),
for u =y (2/b)?, 0 = bR?/2, and sufficiently large k € Z ;.
Putting together (5-1), (5-17), (5-18), (5-22), (5-39), and (5-24), we obtain (2-6)—(2-8).
6. Proof of Theorem 2.3

Estimates (3-4) combined with the Weyl inequalities (3-3) and the mini-max principle entail
n (L (1+€); PyW Py) + O(1)
<N, W) <y (1 —e)% PyWP) +ny(he(1—e); LWH-'WP) 4+ 0(1), (6-1)

and
ny(M(1+8)% P,WP) —ny(he(l+e); P,WH'WP,)+0(1)
<Ny () <ny((1—e); BLWP)+0() (6-2)

as A |} 0. It is easy to check that we have

P,WHL'WP, < Cy +P,A*(-)"*AP,

with
_ 2
Cix = | Hy 2 HZ 2|17 (sup (x)Pm- ().
xeR?
Therefore, for any s > 0,
ny(s; P,WHL'WP,) <ny(s; C1+ P,A*(-)"2PAP,). (6-3)

Further, by Proposition 4.1, the operator P, W P, (resp. P,A*(- )_2pAPq) is unitarily equivalent to
%Powq (U) Py (resp. Powgy((- y~2°T) Py). Hence, for any s > 0,

ny(s; PyWP,) =ny(2s; Powy(U)Py), (6-4)
ni(s; PyA* () T2PAP)) = n(s; Powg({-) ™" I)Pp) < ny(s; C2Po(- )" Py) (6-5)

with Cy := sup, g (x) 2 |wy ({x) 72°1)|. Now, write

%wq(U) =7y +J0:q’
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the symbol T, being defined in (2-16), and note the crucial circumstance that g g € $~P72(R?). Then the
Weyl inequalities (3-3) entail
ny(s(1+¢); PoTy Po) —n_(se; PoTy Po) < ny (255 Pywy(U) Py)
<ny(s(1—e); Py T Po) +ny(ses T P)  (6-6)
for any s > 0 and ¢ € (0, 1). Evidently,
n(s3 PoT g Po) <ny(s; C3Po(-) P72 P), 5> 0, (6-7)

with C3 :=sup, g2 (x)p+2|§q (x)]. Recalling Proposition 4.3, we find that we have reduced the asymptotic
analysis of N qi (1) as A | O to the eigenvalue asymptotics for a pseudodifferential operator with elliptic anti-
Wick symbol of negative order. The spectral asymptotics for operators of this type has been extensively
studied in the literature since the 1970s. In particular, we have the following:

Proposition 6.1. Let 0 < ¢ € P=P(R?), p > 0. Assume that there exists 0 < Yo € C®(S") such that
limy|— o0 [X|° (x) = Yo(x/|x|). Then we have

ny(; 0p™ () = 2m) ' oy (W) (1 +o(1)), 10, (6-8)
which is equivalent to
1 2
lim A%Pn . (A; Op™ (¥)) = €(Yo) := 5= |  Volcosd, sin)** dg.
240 4z J,

Proof. Evidently, for each ¢ € (0, 1) there exist real functions ¥ . € C (R?) such that

Yoo () SY0) S Ppe(), xeR%
_ =1y, —p X 2
Vie(x)=(1Fe) x| %(m), x eR% x| = R,
for some R € (0, 0o). Applying the monotonicity of the anti-Wick quantization with respect to the symbol
(see, e.g., [Shubin 2001, Proposition 24.1]), the mini-max principle, and the Weyl inequalities, we obtain
ny((1+&)x; OpY (Y- e)) —n—(eh; (Op™(¥— ) — Op“ (Y ¢)))
<ny (A Op™ (1Y) < ny (1 —&)&; OpY (V4.6)) + 1y (845 (Op™ (Yrpe) —Op™(Y1.6))).  (6-9)
By [Dauge and Robert 1987], we have the semiclassical result
4 (5 0pY (Y e)) = @) ' Dy, (WA +0(1), 24 0. (6-10)

Further, by [Shubin 2001, Theorem 24.1] the differences Op*" (¥4 .) — Op” (1 ) are pseudodifferential
operators of lower order than Op™ (/1 .), so that we easily obtain

13?01 APy (eh; (Op™ (Yae) —OpY (Y p))) =0, &> 0. (6-11)
Now, (6-9)—(6-11) imply

(14&)™76(Yo) < Himinf3"n (b; Op™ (¥) = limsup ¥/ 74 (4 Op™ (¥)) = (1= &)™ 6 (o)
140
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for ¢ € (0, 1). Letting ¢ | 0, we obtain (6-8). [l
By Propositions 4.3 and 6.1, we have
1 b
ny(A; PoT 4 Po) =n(A; Op™ (T g ) = 77 27, MU +o() =g, M) (1+o(D), 110, (6-12)
with T ), =T, o Ry, Ry being defined in (4-31). Finally, for pp > p, we have
ny (ks Po(- )P Po) = 00.7H7) = o(®g, (1), A1 0. (6-13)
Now, (2-17) easily follows from (6-1)—(6-8), (6-12), and (6-13). The equivalence of (2-18) and (2-19)
can be checked by arguing as in the proof of [Shubin 2001, Proposition 13.1].
Appendix: Compactness of the resolvent differences

A priori, the operators Hy and H., self-adjoint in L?(R?), could be defined as the Friedrichs extensions
of the operators =12 I"[? and ) jr=1211 jgﬁl'lk defined on C{° (R?). Such a definition implies
immediately that

Dom Hy/* =Dom H}* = {u € L*(R?) | Tju € L*R?), j =1,2},

—1/2 12 g 1

and that the operators H’ 12 H, '~ and H, /% are bounded. By [Gérard et al. 1991, Proposition A.2],
the operators Hy and Hy are essentially self—adjomt on Cgo([Rz) and have a common domain

Dom Hy = Dom Hy = {u € L*(R%) | 1, Tu € L*(R?), j, k=1,2}.
Let us now prove the compactness of the operator H, I Hy Uin L2(R?). Since we have
Hy'—-H'=+H,'WH;' =+H,'WH; 'HyH'
0 + = 0 + = 0 o oMt

it suffices to prove the compactness of H," ! WH, ! The operators H, ! WH, I= %HO_ "A*u AH, Uand
%HO_ IA*m>AHO_ !"are bounded, self-adjoint, and positive. Moreover,

Hy'A*UAH, ' < Hy 'A*m_AH,; . (A-1)
On the other hand,
Hy'A*m AHy ' = Hy'a*m.aHy ' + Hy 'am-a*H; . (A-2)
By (A-1) and (A-2), it suffices to prove the compactness of the operator m1>/ za*HO_ ! We have
1/2 *H 1_ 1/2H—1/2(H—1/2 *—|—2bH_1/2 *H )

The operator H, V2% 4 2bH, 1 za*HO_ ! is bounded, so that it suffices to prove the compactness of

m1>/ 2 H, /2 which follows from m- € L*¥(R?), lim|y | 0o m~ (x) =0, and the diamagnetic inequality (see,

e.g., [Avron et al. 1978, Theorem 2.5]).
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