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CONDITIONAL GLOBAL REGULARITY OF SCHRODINGER MAPS:

SUBTHRESHOLD DISPERSED ENERGY

PAUL SMITH

We consider the Schrodinger map initial value problem

{az§0 =@ x Ag,
@(x,0) = @o(x),

with ¢y : R> — S? < R3 a smooth H o map from the Euclidean space R? to the sphere S? with
subthreshold (< 47) energy. Assuming an a priori L* boundedness condition on the solution ¢, we prove
that the Schrodinger map system admits a unique global smooth solution ¢ € C(R — H’) pr0v1ded that
the initial data ¢ is sufficiently energy-dispersed, i.e., sufficiently small in the critical Besov space 32 oo
Also shown are global-in-time bounds on certain Sobolev norms of ¢. Toward these ends we establish
improved local smoothing and bilinear Strichartz estimates, adapting the Planchon—Vega approach to such

estimates to the nonlinear setting of Schrodinger maps.
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1. Introduction

We consider the Schrodinger map initial value problem
{ dp =@ x Ag,
@(x,0) = @o(x),

with ¢g : R? - S? — RS,
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The system (1-1) enjoys conservation of energy,

Ew)i=5 [ ool (12

and mass,

M(p(t)) = fwwm — Q% dx,

where Q € S? is some fixed base point. When d = 2, both (1-1) and (1-2) are invariant with respect to
the scaling
Q(x, 1) > Ox,271), 1 >0, (1-3)

and in this case we call the equation (1-1) energy-critical. In this article we restrict ourselves to the
energy-critical setting.

For the physical significance of (1-1), see [Chang et al. 2000; Nahmod et al. 2003; Papanicolaou
and Tomaras 1991; Landau 1967]. The system also arises naturally from the (scalar-valued) free linear
Schrodinger equation

O +iANu=0

by replacing the target manifold C with the sphere S? < R3, which then requires replacing Au with
u*V);dju = Au— L (Au) and i with the complex structure u x -. Here _L denotes orthogonal projection
onto the normal bundle, which, for a given point (x, ), is spanned by u(x, t). For more general analogues
of (1-1), e.g., for Kihler targets other than S?, see [Ding and Wang 2001; McGahagan 2007; Nahmod
et al. 2007]. See also [Kenig et al. 2000; Kenig and Nahmod 2005; Bejenaru et al. 2011b] for connections
with other spin systems. The local theory for Schrodinger maps is developed in [Sulem et al. 1986; Chang
et al. 2000; Ding and Wang 2001; McGahagan 2007]. For global results in the d = 1 setting, see [Chang
et al. 2000; Rodnianski et al. 2009]. For d > 3, see [Bejenaru 2008a; 2008b; Bejenaru et al. 2007; 201 1c;
Ionescu and Kenig 2006; 2007b]. Concerning the related modified Schrodinger map system, see [Kato
2005; Kato and Koch 2007; Nahmod et al. 2007].

The small-energy (take d = 2) theory for (1-1) is now well-understood: building upon previous work
(see below or [Bejenaru et al. 2011c, §1] for a brief history), global well-posedness and global-in-time
bounds on certain Sobolev norms are shown in [Bejenaru et al. 2011c] given initial data with sufficiently
small energy. The high-energy theory, however, is still very much in development. One of the main goals
is to establish what is known as the threshold conjecture, which asserts that global well-posedness holds
for (1-1) given initial data with energy below a certain energy threshold, and that finite-time blowup is
possible for certain initial data with energy above this threshold. The threshold is directly tied to the
nontrivial stationary solutions of (1-1), i.e., maps ¢ into S? that satisfy

PxAp=0

and that do not send all of R? to a single point of S2. Therefore we identify such stationary solutions with
nontrivial harmonic maps R? — S2, which we refer to as solitons for (1-1). It turns out that there exist
no nontrivial harmonic maps into the sphere S? with energy less than 47, and that the harmonic map
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given by the inverse of stereographic projection has energy precisely equal to 4w =: E. We therefore
refer to the range of energies [0, E) as subthreshold, and call E the critical or threshold energy.

Recently, an analogous threshold conjecture was established for wave maps (see [Krieger et al. 2008;
Rodnianski and Sterbenz 2010; Sterbenz and Tataru 2010a; 2010b] and, for hyperbolic space, [Krieger and
Schlag 2012; Tao 2008a; 2008b; 2008c; 2009a; 2009b]). When .l is a hyperbolic space, or, as in [Sterbenz
and Tataru 2010a; 2010b], a generic compact manifold, we may define the associated energy threshold
Eit = Eqit(M) as follows. Given a target manifold J(, consider the collection & of all nonconstant
finite-energy harmonic maps ¢ : R — L. If this set is empty, as is, for instance, the case when .l is
equal to a hyperbolic space H™", then we formally set E . = +00. If & is nonempty, then it turns out that
the set {E(¢) : ¢ € ¥} has a least element and that, moreover, this energy value is positive. In such case
we call this least energy E;. The threshold E.; depends upon geometric and topological properties of
the target manifold /; see [Lin and Wang 2008, Chapter 6] for further discussion. This definition yields
Eit = 47 in the case of the sphere S2. For further discussion of the critical energy level in the wave
maps setting, see [Sterbenz and Tataru 2010b; Tao 2008a].

We now summarize what is known for Schrédinger maps in d = 2. Asymptotic stability of harmonic
maps of topological degree |m| > 4 under the Schrodinger flow is established in [Gustafson et al. 2008].
The result is extended to maps of degree |m| > 3 in [Gustafson et al. 2010]. A certain energy-class
instability for degree-1 solitons of (1-1) is shown in [Bejenaru and Tataru 2010], where it is also shown
that global solutions always exist for small localized equivariant perturbations of degree-1 solitons. Finite-
time blowup for (1-1) is demonstrated in [Merle et al. 2011a; 2011b], using less-localized equivariant
perturbations of degree-1 solitons, thus resolving the blowup assertion of the threshold conjecture. Blow-up
dynamics for equivariant critical Schrodinger maps are studied in [Perelman 2012]. Global well-posedness
given data with small critical Sobolev norm (in all dimensions d > 2) is shown in [Bejenaru et al. 2011c].
Recent work of the author [Smith 2012b] extends the result of Bejenaru et al. and the present conditional
result to global regularity (in d = 2) assuming small critical Besov norm le’ - In a different direction,
[Dodson and Smith 2013] shows that the L* norm considered in this paper is in fact a controlling norm
for critical Schrodinger maps. In the radial setting (which excludes harmonic maps), Gustafson and Koo
[2011] established global well-posedness at any energy level. In the equivariant setting, Bejenaru et al.
[2011a] established global existence and uniqueness as well as scattering given 1-equivariant data with
energy less than 47r. They note that, although these results are stated only for data with energy less than
47, their proofs remain valid for maps with energy slightly larger than 47, suggesting that the “right”
threshold conjecture for equivariant Schrédinger maps should be stated also in terms of homotopy class,
leading to a threshold of 87 rather than 47 in the case where the target is S?. See the introduction of
[Bejenaru et al. 2011a] for further discussion of this point. This global result has been extended to the
H? target in [Bejenaru et al. 2012], under the assumption that the initial data has finite energy.

The main purpose of this paper is to show that (1-1) admits a unique smooth global solution ¢ given
smooth initial data ¢ satisfying appropriate energy conditions and assuming a priori boundedness of a
certain L* spacetime norm of the spatial gradient of the solution ¢. In particular, we admit a restricted
class of initial data with energy ranging over the entire subthreshold range.
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In order to go beyond the small-energy results of [Bejenaru et al. 2011c], we introduce physical-space
proofs of local smoothing and bilinear Strichartz estimates, in the spirit of [Planchon and Vega 2009;
Planchon 2012, p. 1042-08; Tao 2010], that do not heavily depend upon perturbative methods. The
local smoothing estimate that we establish is a nonlinear analogue of that shown in [Ionescu and Kenig
2006]. The bilinear Strichartz estimate is a nonlinear analogue of the improved bilinear Strichartz estimate
of [Bourgain 1998]. These proofs more naturally account for magnetic nonlinearities, and we believe
the technique developed here to be of independent interest and applicable to other settings. For local
smoothing in the context of Schrédinger equations, see [Kenig et al. 1993; 1998; 2004; Ionescu and Kenig
2005; 2006; 2007b]. For other Strichartz and smoothing results for magnetic Schrédinger equations, see
[Stefanov 2007; D’ Ancona and Fanelli 2008; D’ Ancona et al. 2010; Erdogan et al. 2008; 2009; Fanelli
and Vega 2009] and the references therein. We also use in a fundamental way the subthreshold caloric
gauge of [Smith 2012a], which is an extension of a construction introduced in [Tao 2004].

To make these statements more precise, we now turn to some basic definitions and observations.

1A. Preliminaries. First we establish some basic notation. The boldfaced letters Z and R respectively
denote the integers and real numbers. We use Z, = {0, 1, 2, .. .} to denote the nonnegative integers. Usual
Lebesgue function spaces are denoted by L”, and these sometimes include a subscript to indicate the
variable or variables of integration. When function spaces are iterated, e.g., L>°L2, the norms are applied
starting with the rightmost one. When we use L* without subscripts, we mean Li .

We use S? = {x € R?: |x| = 1} to denote the standard 2-sphere embedded in 3-dimensional Euclidean
space. The ambient space R> carries the usual metric and S? the inherited one. Throughout, S' denotes
the unit circle.

We use 9, = (9y,, 0x,) = (91, 02) to denote the gradient operator, as throughout “V”" will stand for the
Riemannian connection on S2. As usual, “A” denotes the (flat) spatial Laplacian.

The symbol |9,|° denotes the Fourier multiplier with symbol [£|°. We also use standard Littlewood-
Paley Fourier multipliers P, and Py, respectively denoting restrictions to frequencies ~ 2% and < 2*; see
Section 3 for details. We use f to denote the Fourier transform of a function f in the spatial variables.

We also employ without further comment (finite-dimensional) vector-valued analogues of the above.

We use f < g to denote the estimate | | < C|g| for an absolute constant C > 0. As usual, the constant
is allowed to change from line to line. To indicate dependence of the implicit constant upon parameters
(which, for instance, can include functions), we use subscripts, e.g., f < g. As an equivalent alternative
we write f = O(g) (or, with subscripts, f = O(g), for instance) to denote | f| < C|g|. If both f < g
and g < f, then we indicate this by writing f ~ g.

Now we introduce the notion of Sobolev spaces of functions mapping from Euclidean space into S2.
The spaces are constructed with respect to a choice of base point Q € S?, the purpose of which is to
define a notion of decay: instead of decaying to zero at infinity, our Sobolev class functions decay to Q.

For o € [0, 00), let H° = H° (R?) denote the usual Sobolev space of complex-valued functions on R2.
For any Q € S?, set

H}) = {f :R*> > R’ such that | f(x)| =1 a.e. and f — Q € H}.
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This is a metric space with induced distance dé(f, g)=\f—gllge. For fe Hg we set || f ||H5 =dg(f, 0)
for short. We also define the spaces

H*® = ﬂH" and H5°:= ﬂHg

oeZ oeZ

For any time T € (0, 00), these definitions may be extended to the spacetime slab R? x (=T, T) (or
R2 x [T, TY). For any o, p € Z4, let H>*(T') denote the Sobolev space of complex-valued functions
on R? x (=T, T) with the norm

0
I fllsorcry == sup D I3 £, Olle,

te(=T.T) ;2
and for Q € S? endow
Hy? == {f:R*x (=T, T) — R’ such that | f (x,7)| = 1 a.e. and f — Q € H**(T)}
with the metric induced by the H?”(T) norm. Also, define the spaces

H*™(T)= () H*’(T) and HZ>(T)= () HJ"(T).

o,pel o,pely

For f € H* and o > 0 we define the homogeneous Sobolev norms as

£l e =11 FE) - 1E17 N2

We mention two important conservation laws obeyed by solutions of the Schrodinger map system
(1-1). In particular, if ¢ € C((T1, T») — Hg’) solves (1-1) on a time interval (77, T3), then both

/|<p(t)—Q|2dx and /|8x<p(t)|2dx
R2 R2

are conserved. Hence the Sobolev norms H, g and H é are conserved, as well as the energy (1-2). Note
also the time-reversibility obeyed by (1-1), which in particular permits the smooth extension to (—7', T')
of a smooth solution on [0, T).

According to our conventions,

0 =D o).
m=1,2

We can now give a precise statement of a key known local result.

Theorem 1.1 (local existence and uniqueness). If the initial data ¢g is such that o9 € H g’ for some
Q € S?, then there exists a time T = T(||(p0||Hés) > 0 for which there exists a unique solution ¢ in
C(-T,T]— Hg’) of the initial value problem (1-1).

Proof. See [Sulem et al. 1986; Chang et al. 2000; Ding and Wang 2001; McGahagan 2007] and the
references therein. ]
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1B. Global theory. Theorem 1.1 yields short-time existence and uniqueness as well as a blowup criterion;
as such it is central to the continuity arguments used for global results. In the small-energy setting, global
regularity (and more) was proved for (1-1) by Bejenaru, Ionescu, Kenig, and Tataru [Bejenaru et al.
2011c]. We now state a special case of their main result, omitting for the sake of brevity the consideration
of higher spatial dimensions and continuity of the solution map.

Theorem 1.2 (global regularity). Let Q € S2. Then there exists an o > 0 such that, for any ¢y € H 50 with
||8xg00||L§ < &0, there is a unique solution ¢ € C(R — Hg”) of the initial value problem (1-1). Moreover,
forany T € [0,00) ando € 7,

sup (O llmg So.T.lgolye 1-
te(~T.T) ¢

Also, given any o1 € Z, there exists a positive ) = €1(01) < &g such that the uniform bounds

supllg () g So llgoll s
teR

hold for all 1 < o < a1, provided |9y ¢oll 12 < €1.

A complete proof may be found in [Bejenaru et al. 2011c]. Among the key contributions of that work
are the construction of the main function spaces and the completion of the linear estimate relating them,
which includes an important maximal function estimate. A significant observation made in the same paper
is that it is important that these spaces take into account a local smoothing effect; the authors crucially use
this effect to help bring under control the worst term of the nonlinearity. Another novelty of [Bejenaru
et al. 2011c] is its implementation of the caloric gauge, which was first introduced by Tao [2004] and
subsequently recommended by him for use in studying Schrodinger maps [Tao 2006a]. As the caloric
gauge is defined using harmonic map heat flow, it can be thought of as an intrinsic and nonlinear analogue
of classical Littlewood—Paley theory. In [Bejenaru et al. 2011c¢], both the intrinsic caloric gauge and the
extrinsic (and modern) Littlewood—Paley theory are used simultaneously.

Our main result extends Theorem 1.2.

Theorem 1.3. Let T > 0 and Q € S%. Let ey > 0 and let ¢ € HEO’OO(T) be a solution of the Schrodinger
map system (1-1) whose initial data ¢y has energy Eo := E(@o) < Ecit and satisfies the energy dispersion
condition

sup|| Pxdx¢oll 2 < €o. (1-4)
keZ

Let I D (—T, T) denote the maximal time interval for which there exists a smooth (necessarily unique)

extension of ¢ satisfying (1-1). Suppose a priori that

D IPBlTs e < €5 (1-5)
kez ’
Then, for &g sufficiently small,
su Ol g SoT.leollze 1 (1-6)
te(_gnllrﬂ ez So. 700l
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forall o € Z,. Additionally, I = R, so that, in particular, ¢ admits a unique smooth global extension
peCR— Héo). Moreover, for any o € Z ., there exists a positive €1 = €1(01) < &y such that

91l Lo g w2y So 191 g r2) (1-7)
holds for all 0 < o < o1 provided (1-4) and (1-5) hold with &, in place of &y.

Note that the energy dispersion condition (1-4) holds automatically in the case of small energy. In such
case, our proofs may be modified (essentially by collapsing to or reverting to the arguments of [Bejenaru
et al. 2011c]) so that the a priori L* bound is not required. Such an L* bound, however, can then be seen
to hold a posteriori.

Using time divisibility of the L* norm, we can replace (1-5) with

2
keZ

for any K > 0 provided we allow the threshold for ¢y and the implicit constant in (1-7) to depend upon
K > 0. We work with (1-5) as stated so as to avoid the additional technicalities that would arise otherwise.
We now turn to a very rough sketch of the proof of Theorem 1.3; for a detailed outline, see Section 4.

Basic setup and gauge selection. It suffices to prove homogeneous Sobolev variants of (1-6) and (1-7)
over a suitable range. Thanks to mass and energy conservation, we need only consider o > 1. For o > 1,
controlling ||¢ () - is equivalent to controlling [|0,¢(?) || go-1. We therefore consider the time evolution
of d,¢, which may be written entirely in terms of derivatives of the map ¢. A more intrinsic way of
expressing these equations is to select a gauge rather than an extrinsic embedding and coordinate system.
We employ the caloric gauge, which is geometrically natural and is analytically well-suited for studying
Schrodinger maps. See [Smith 2012a] for the complete details of the construction. It turns out that
Sobolev bounds for the gauged derivative map imply corresponding Sobolev bounds for the ungauged
derivative map. We schematically write the gauged equation as

@ =My =N,

where 1 is d,¢ placed in the caloric gauge and N is a nonlinearity constructed in part from v and 0, .

Function spaces and their interrelation. To prove global results in the energy-critical setting, we of
course must look for bounds other than energy estimates to control the solution. Local smoothing estimates
and Strichartz estimates will be among the most important required. Our goal is to prove control over
Y within a suitable space through the use of a bootstrap argument. A standard setup requires a space,
say G, for the functions ¥ and a space, say N, for the nonlinearity N. In fact, we work with stronger,
frequency-localized spaces, G and N, to respectively hold Py and P N. We want them to be related
at least by the linear estimate

1P G, S NPy (0 =0)ll 2 + 1PNl -
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The hope, then, is to control || Pt N'||, in terms of || Py (r =0)|| 12 and ¢|| Pt ||g, (with & small), so that,
by proving (under a bootstrap hypothesis) a statement such as

1P G, S WPyt =0)ll 2 +ell PGy,

we may conclude

1P llG, S NPyt =0) 2. (1-8)

Once (1-8) is proved, showing (1-6) and (1-7) is reduced to the comparatively easy tasks of unwinding
the gauging and frequency localization steps so as to conclude with a standard continuity argument.

Controlling the nonlinearity. In this context, the main contribution of this paper lies in showing that we
may conclude (1-8) without assuming small energy. The most difficult-to-control terms in the nonlinearity
PN are those involving a derivative landing on high-frequency pieces of the derivative fields; we represent
them schematically as Aj,dvy,;. Local smoothing estimates controlling the linear evolution (introduced in
[lonescu and Kenig 2006; 2007b]) were successfully used in [Bejenaru et al. 2011c] to handle Ajodx Y.
These are not strong enough to control Aj,d, ¥ in the subthreshold energy setting. We instead pursue
a more covariant approach, working directly with a certain covariant frequency-localized Schrédinger
equation (see Section 5). Our approach is also physical-space based, in the vein of [Planchon and Vega
2009; 2012; Tao 2010], and modular.

2. Gauge field equations

In Section 2A we pass to the derivative formulation of the Schrodinger map system (1-1). All of the
main arguments of our subsequent analysis take place at this level. The derivative formulation is at once
both overdetermined, reflecting geometric constraints, and underdetermined, exhibiting gauge invariance.
Section 2B introduces the caloric gauge, which is the gauge we select and work with throughout. Both
Tao [2006a] and Bejenaru et al. [2011c] give good explanations justifying the use of the caloric gauge in
our setting as opposed to alternative gauges. The reader is referred to [Smith 2012a] for the requisite
construction of the caloric gauge for maps with energy up to E4.. Section 2C deals with frequency
localizing components of the caloric gauge. Proofs are postponed to Section 6 so that we can more quickly
turn our attention to the gauged Schrodinger map system.

2A. Derivative equations. We begin with some constructions that are valid for any smooth function
¢ :R>x (=T, T) — S?. For a more general and extensive introduction to the gauge formalism we now
introduce, see [Tao 2004]. Space and time derivatives of ¢ are denoted by d,¢ (x, ¢), where « =1, 2, 3
ranges over the spatial variables x1, x, and time ¢ with d3 = 9;.

Select a (smooth) orthonormal frame (v(x,t), w(x,t)) for the bundle T¢(x,,)§2, that is, smooth
functions v, w : R? x (=T, T) — T¢(x,,)§2 such that at each point (x, ) in the domain the vectors
v(x, 1), w(x, t) form an orthonormal basis for Tj ., ,)52. As a matter of convention we assume that v and
w are chosen so that v x w = ¢.
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With respect to this chosen frame we then introduce the derivative fields v, setting
Yo =V 00 +iw-0,0. 2-1)
Then 0,¢ admits the representation
00 = v Re ¥y +w Im iy (2-2)

with respect to the frame (v, w). The derivative fields can be thought of as arising from the following
process: First, rewrite the vector d,¢ with respect to the orthonormal basis (v, w); then, identify R? with
the complex numbers C according to v <> 1, w <> i. Note that this identification respects the complex
structure of the target manifold.
Through this identification the Riemannian connection on S? pulls back to a covariant derivative on C,
which we denote by
Dy :=0,+iAg.

The real-valued connection coefficients A, are defined via
Ay = w- 0,0, (2-3)
so that in particular
0,v=—¢Rey,+wA, and J,w=—¢Imy, —vA,.

Due to the fact that the Riemannian connection on S? is torsion-free, the derivative fields satisfy the
relations

DgYo = Do rp. (2-4)
or equivalently,
OpAa —0uAp =TmWYpVr,) =: gpa.
The curvature of the connection is therefore given by
[Dg, Dol :=DgDy — Dy Dg = iqpq. (2-5)

Assuming now that we are given a smooth solution ¢ of the Schrodinger map system (1-1), we derive
the equations satisfied by the derivative fields ¥,. The system (1-1) directly translates to

Y =iDy (2-6)

because
@ x Ap = J(p)(¢*V);d;0,

where J(¢) denotes the complex structure ¢ x and (¢*V); the pullback of the Levi-Civita connection V
on the sphere.

Let us pause to note the following conventions regarding indices. Roman typeface letters are used to
index spatial variables. Greek typeface letters are used to index the spatial variables along with time.



610 PAUL SMITH

Repeated lettered indices within the same subscript or occurring in juxtaposed terms indicate an implicit
summation over the appropriate set of indices.
Using (2-4) and (2-5) in (2-6) yields

D =i Dy Diym + qim V1,
which is equivalent to the nonlinear Schrédinger equation
@0 + M)y = Ny, 2-7)
where the nonlinearity N, is defined by the formula
Non 1= =i A3 — 10 (Arm) + (Ar + AD Y — 190 Im (YY)
We split this nonlinearity as a sum N, = B,,, + V,;,, with B, and V,,, defined by

By = —i 01 (A1) — i A101¥m (2-8)
and

Vi i= (A + A Y — i Im(Y ), (2-9)

thus separating the essentially semilinear magnetic potential terms and the essentially semilinear electric
potential terms from each other.
We now state the gauge formulation of the differentiated Schrodinger map system:

Dy = i Dy Dy + Im(Y )1,
Dy g = Dgry, (2-10)
IM(Va¥s) = 8y Ag — Ip A

A solution v, to (2-10) cannot be determined uniquely without first choosing an orthonormal frame
(v, w). Changing a given choice of orthonormal frame induces a gauge transformation and may be
represented as

Y — e_ielﬁm and A, — A,, +9,,0

in terms of the gauge components. The system (2-10) is invariant with respect to such gauge transforma-
tions.

The advantage of working with this gauge formalism rather than the Schrodinger map system or
the derivative equations directly is that a carefully selected choice of gauge tames the nonlinearity. In
particular, when the caloric gauge is employed, the nonlinearity in (2-7) is nearly perturbative.

2B. Introduction to the caloric gauge. In this section we introduce the caloric gauge, which is the gauge
we shall employ throughout the remainder of the paper. Gauges were first used to study (1-1) in the
context of proving local wellposedness in [Chang et al. 2000]. We note here that the while the Coulomb
gauge would seem an attractive choice, it turns out that this gauge is not well-suited to the study of
Schrodinger maps in low dimension, as in low dimension parallel interactions of waves are more probable
than in high dimension, resulting in unfavorable high x high — low cascades. See [Tao 2006a] and
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[Bejenaru et al. 2011c] for further discussion and a comparison of the Coulomb and caloric gauges. Also
see [Tao 2006b, Chapter 6] for a discussion of various gauges that have been used in the study of wave
maps.

The caloric gauge was introduced by Tao [2004] in the setting of wave maps into hyperbolic space. In
a series of unpublished papers [2008a; 2008b; 2008c; 2009a; 2009b], Tao used this gauge in establishing
global regularity of wave maps into hyperbolic space. In his unpublished note [Tao 2006a], Tao also
suggested the caloric gauge as a suitable gauge for the study of Schrodinger maps. The caloric gauge was
first used in the Schrodinger maps problem by Bejenaru, Ionescu, Kenig, and Tataru [2011c] to establish
global well-posedness in the setting of initial data with sufficiently small critical norm. We recommend
[Tao 2004; 2006a; 2008b; Bejenaru et al. 2011c] for background on the caloric gauge and for helpful
heuristics.

Theorem 2.1 (the caloric gauge). Let T € (0, 00), Q € S?, and let ¢ (x,1) € Héo"’o(T) be such that
sup,e—r.1y E(@ (1)) < Ecrit. There exists a unique smooth extension ¢ (s, x, t) € C([0, co) — HgO’OO(T))
solving the covariant heat equation

dp=Ap+- 10,0 (2-11)

and with ¢ (0, x, t) = ¢ (x, t). Moreover, for any given choice of a (constant) orthonormal basis (Vso, Woo)
of TQSZ, there exist smooth functions v, w : [0, 00) X R2x (=T, T) — S? such that at each point (s, x, t),
the set {v, w, ¢} naturally forms an orthonormal basis for R, the gauge condition

w-0;v =0, (2-12)
is satisfied, and
107 F ()] Sp ()~ WD/ (2-13)
foreach f € {¢p — Q, v — Vs, W— W}, multiindex p, and s > 0.

Proof. This is a special case of the more general result [Smith 2012a, Theorem 7.6]. Whereas in [Smith
2012a] everything is stated in terms of the category of Schwartz functions, in fact this requirement may be
relaxed to H 50 "%°(T) without difficulty (at least in the case of compact target manifolds) since weighted
decay in L?-based Sobolev spaces is not used in any proofs. (I

In our application in this paper, E(¢(2)) is conserved. Therefore, we set Eg := E(¢p).
Having extended v, w along the heat flow, we may likewise extend A, along the flow. We record here
for reference a technical bound that proves useful; for the proof, see [Smith 2012a, §7.1].

Theorem 2.2. Assume the conditions of Theorem 2.1 are in force. Then we have the bound
IAx )22y Sk 1- (2-14)
Corollary 2.3 (energy bounds for the frame). Let ¢ be a Schridinger map with energy Eg < Ecit. Then

oxvllzeer2 Sk 1 (2-15)
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Proof. Because |v| = 1, we have v - 9,,v = 0. Therefore, with respect to the orthonormal frame (v, w, ¢),
the vector d,,v admits the representation

0nv=A, -w—Reyy, - @. (2-16)

The bound (2-15) then follows from using |w| =1 = |¢|, |[¥m ||L§ = ||8m<p||L§, energy conservation, and
(2-14) all in (2-16). [l

Adopting the convention dy = d;, and now and hereafter allowing all Greek indices to range over heat
time, spatial variables, and time, we define for all (s, x, ¢) € [0, 00) x R2 x (=T, T) the various gauge
components

Yo 1=V 00 +iw - 0,0,
Ay :=w - 0y,
Dy := 0y + Aq,
quop = 0gAp — 0gAq.
Fora =0, 1, 2, 3 we have
dep = v Re ¥y, +w Im g

The parallel transport condition w-dsv =0 is equivalently expressed in terms of the connection coefficients
as
A =0. (2-17)

Expressed in terms of the gauge, the heat flow (2-11) lifts to
¥s = Diyr. (2-18)
Using (2-4) and (2-5), we may rewrite the D,, covariant derivative of (2-18) as
dsWm = Dy Dy + i Im(Y Y)Y,
or equivalently
(@ — D)W = i A1y + i (Arm) — AL + 191 I Yim). (2-19)
More generally, taking the D, covariant derivative, we obtain
(05 = A) Yo = Uy, (2-20)

where we set
Uy 1= i Aj0i¥e +i01(AjVra) — A2 + i Im(P, ), (2-21)

which admits the alternative representation
Uy = 2i Aidira + i (91AD Ve — A3 e + iy Im(y ). (2-22)

From (2-5) and (2-17) it follows that
5 Ag =Im( Y5 Pq).
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Integrating back from s = oo (justified using (2-13)) yields

Ag(s) = — / OoInfl(%tﬁs)(s/) ds’. (2-23)

At s =0, ¢ satisfies both (1-1) and (2-11), or equivalently, ¥;(s = 0) = i (s = 0). While for s > 0 it
continues to be the case that vy = D;1; by construction, we no longer necessarily have v, (s) =i D;(s)(s),
i.e., ¢(s, x, t) is not necessarily a Schrodinger map at fixed s > 0. In the following lemma we derive an
evolution equation for the commutator W = vy, — i .

Lemma 2.4 (flows do not commute). Set W := ¢, — ivy,. Then

W = Dy DV + i Im(yr )y — Im(Ys Y)Y (2-24)
= Dy DV +i Im(W Y)Y + i Iy — Im(p ) v (2-25)
Proof. We prove (2-24), since (2-25) is a trivial consequence of it.
Applying (2-19) and (2-20) to ¥; and v; and collapsing the covariant derivative terms yields
Oy = DiDyyr +i Im(y Y)Y, (2-26)
dsvbs = DiDyps + i Im( ) . (2-27)
Multiply (2-27) by i to obtain the s-evolution of i;. Multiplication by i commutes with D;, but fails to
do so with Im(-), and thus we obtain
3t = Dy Dyivys — Im(Ys ) Y. (2-28)
Together (2-26) and (2-28) imply (2-24). O
2C. Frequency localization. Frequency localization plays an indispensable role in our analysis. In this
subsection we establish some basic concepts and then state some basic results for the caloric gauge.
Our notation for a standard Littlewood—Paley frequency localization of a function f to frequencies
~ 2K is P f and to frequencies < 2% is P—; f. The particular localization chosen is of course immaterial
to our analysis, but for definiteness is specified in the next section and chosen for convenience to coincide
with that in [Bejenaru et al. 2011c].
We shall frequently make use of the following standard Bernstein inequalities for R? with o > 0 and

1<p<gqg=<oc:
k
||P§k|ax|af||L§(R2) ,Sp,o 2° ||P§kf||L§(R2)-

+ +ok
1 Pel0x 1™ fll ey Spoo 277 NP f Nl e ey
21/ p—1
I P<k fll o2y Spag 2 (/p /q)”PSkf”Lf(Rz)'
21/ p—1
1Pef ey Spg 225VPVDNP S N Lo oy

A particularly important notion for us is that of a frequency envelope, as it provides a way to rigor-
ously manage the “frequency leakage” phenomenon and the frequency cascades produced by nonlinear
interactions. We introduce a parameter § in the definition; for the purposes of this paper § = % suffices.
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Definition 2.5 (frequency envelopes). A positive sequence {ay}rc7 is a frequency envelope if it belongs
to /2 and is slowly varying:
ar <a;2"0 jkez. (2-29)

A frequency envelope {ay}rcz is e-energy dispersed if it satisfies the additional condition

supay < €.
keZ

Note in particular that frequency envelopes satisfy the summation rules

S o¥a (-8, p>s, (2:30)
k'<k
S ey S (-8 M, p>s. (231)
k'>k

In practice we work with p bounded away from § — for instance, p > 24 suffices— and iterate these
inequalities only O (1) times. Therefore, in applications we drop the factors (p —8)~! appearing in (2-30)
and (2-31).
Finally, pick a positive integer o and hold it fixed throughout the remainder of this section. Results in
this section hold for any such o7, though implicit constants are allowed to depend upon this choice.
Given initial data g9 € H7y’, define for all o > 0 and k € Z

ce(@) := sup 2K Po ol 1. (2-32)
k'ez ’

Set ¢ := ¢ (0) for short. For o € [0, o1] we then have that
I8xgolGe ~ Y i) and [ Pidegoll iz < ex(o)2™K. (2-33)
keZ

Similarly, for ¢ € HBO’OO(T), define forallo >0 and ke Z

yi(o) := sup 270 KK 127K || Pug| e . (2-34)
k'eZ

Set yx := yi(1).

Theorem 2.6 (frequency-localized energy bounds for heat flow). Let f € {p, v, w}. Then for o € [1, o]
the bound

1P f () llper2 S 277 yi(o) (1 452772 (2-35)
holds and for any o, p € Z we have that

sup sup (145)7/227K(| Pdf f(5)l|oer2 < 0. (2-36)
keZ s€[0,00) !

Corollary 2.7 (frequency-localized energy bounds for the caloric gauge). For o € [0, o1 — 1], we have

1Pt ()l ooz 4 1 PeAm ()|l o2 S 227 %y (o) (1 + 527720 (2-37)
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Moreover, for any o € 7,

sup sup (148)7/227 275 (| Pe(d Y ()l e 2 + | Pe(Df A ()| 13012) < 00 (2-38)
keZ s€[0,00)

and

sup sup (1 48)7227K (| P @ Yy (D) | ooz + 1 Pe(@f A ()l 1o 12) < 0. (2-39)
keZ s€[0,00) :

We prove Theorem 2.6 and its corollary in Section 6. Corollary 2.7 has an elementary consequence:

Corollary 2.8. Foro € [0, o1 — 1] we have

1Py (0, -, 0l 2 S 27" i (o). (2-40)

3. Function spaces and basic estimates

3A. Definitions.

Definition 3.1 (Littlewood—Paley multipliers). Let 1o : R — [0, 1] be a smooth even function vanishing
outside the interval [—8/5, 8/5] and equal to 1 on [-5/4,5/4]. For j € Z, set

X () =m0 /2y =no(- /2771, x<; () =m0 /27).

Let P; denote the operator on L (R?) defined by the Fourier multiplier & — x4 (|&]). For any interval

X1 = Z Xj

jelnz

I C R, define the Fourier multiplier

and let P; denote its corresponding operator on L (R?). We shall denote P(_o,k] by P< for short. For
0 € S! and k € Z, we define the operators Py g by the Fourier multipliers & — (£ - 0).

Some frequency interactions in the nonlinearity of (2-7) can be controlled using the following lemma.

Lemma 3.2 (Strichartz estimate). Let f € L)ZC (R?) and k € Z. Then the Strichartz estimate

it A
e fllgs, S Nzz
1,x X

holds, as does the maximal function bound

it A k/2
le™ P fllzszse S 221 f N2

The first bound is the original Strichartz estimate [1977] and the second follows from scaling. These
will be augmented with certain lateral Strichartz estimates to be introduced shortly. Strichartz estimates
alone are not sufficient for controlling the nonlinearity in (2-7). The additional control required comes
from local smoothing and maximal function estimates. Certain local smoothing spaces localized to
cubes were introduced in [Kenig et al. 1993] to study the local well-posedness of Schrédinger equations
with general derivative nonlinearities. Stronger spaces were introduced in [lonescu and Kenig 2007a] to
prove a low-regularity global result. In the Schrodinger map setting, local smoothing spaces were first
used in [lonescu and Kenig 2006] and subsequently in [Ionescu and Kenig 2007b; Bejenaru et al. 2007,
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Bejenaru 2008a]. The particular local smoothing/maximal function spaces we shall use were introduced
in [Bejenaru et al. 2011c].

For a unit length # € S!, we denote by Hy its orthogonal complement in R? with the induced measure.
Define the lateral spaces Lg 1 as those consisting of all measurable f for which the norm

rlq 1/p
||h||LP~q = </ (/ [h(x16 4 x2, t)lq dX2dl) dxl) ,
o R \JH, xR

is finite. We make the usual modifications when p = o0 or g = oco. The most important spaces for our
analysis are the local smoothing space L 2 and the mhomogeneous local smoothing space L . To
move between these spaces we use the maximal function space LQ

Lemma 3.3 (local smoothing [Ionescu and Kenig 2006; 2007b]). Let f € LJZC (R?),keZ,and b €S". Then
le'"® Peg fll oz S 2721 f 12z

For f € L)ZC (RY), the maximal function space bound
le""® Pefll 2o S 247D £l

holds for dimension d > 3.

In d = 2, the maximal function bound fails due to a logarithmic divergence. In order to overcome this,
we exploit Galilean invariance as in [Bejenaru et al. 2011c] (the idea goes back to [Tataru 2001] in the
setting of wave maps).

For p,q €[1,00],0 € S', 1 € R, define Ly using the norm

rlq 1/p
Vil ps = 1T () s = < / ( f (14100 + %2, t)|‘1dx2dt) dx1> ,
' R Hg xR
where T,, denotes the Galilean transformation
To(f) (@, 1) = e 027 £ (x4 pu, 1),

With W C R finite we define the spaces Lg,’gv by

p, D,
Lyt => Lh, 1l = _ Y U fallgps.
reW Liew fi i Sy
ForkeZ, ¥ e 7, set

= {1 e [=2F, 2K : 2K+ e 7).

In our application we shall work on a finite time interval [—2% 227 in order to ensure that the W
are finite. This still suffices for proving global results so long as our effective bounds are proved with
constants independent of 7', J. As discussed in [Bejenaru et al. 2011c, §3], restricting 7T to a finite time
interval avoids introducing additional technicalities.
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Lemma 3.4 (local smoothing/maximal function estimates). Let f € Li([Riz), keZ,and® €S'. Then
e Peg fll o2 S22 fll2, (21 <27,
6,1 X

and if T € (0, 22", then
Nrn@e™ Pefll 2 S22 g2
0, Wit40

Proof. The first bound follows from Lemma 3.3 via a Galilean boost. The second is more involved and is
proven in [Bejenaru et al. 2011c, §7]. |

Lemma 3.5 (lateral Strichartz estimates). Let f € Li(Rz), keZ,and® eS'. Let2 < p <00,2<g <00
and1/p+1/q =1/2. Then
e Peg fllpe S2CPV2NFll, p=g,
e ® P fllppe Sp 2P V20 fll2, P =g

Proof. Informally speaking, these bounds follow from interpolating between the L* Strichartz estimate and
the local smoothing/maximal function estimates of Lemma 3.4. See [Bejenaru et al. 2011c, Lemma 7.1]
for the rigorous argument. O

We now introduce the main function spaces. Let T > 0. Fork € Z, let I, = {§ € R?:|&| e [2k1, 2k+17).
Let
LY(T):={f € L*(R* x [T, T]) : supp f(¢£.1) C I x [T, T1}.

For f € L>(R*> x [T, T)), let

1A pocry = 1 egenz + 1 e, + 2721 fllange +275 sup [ fll 36 ++2742 sup 112
peS! peS! +40

We then define, similarly to what is done in [Bejenaru et al. 2011c], Fi(T), G¢(T), N¢(T) as the normed
spaces of functions in L,%(T) for which the corresponding norms

IfllFry == inf sz, I fo g, -

Jomy,..., myely f= fml

2
1 Gy = 1f Il pocry +25/° sup sup||P,9f||Lm+2’</ sup sup sup [Pigfll 2,
[j—k|<20 geS! [j—k|<20 geS! |r|<2k—40

I fllnery == inf I fill o + 2"/6||f2||Lm o5 + 2k/6||f3||Lm o5

f=h +f2+f3+f4+f5+f6
T2 fall e +27 9| £l ssan 27 supllfell s
9eS! Wk—40
are finite, where (él, éz) denotes the canonical basis in R2.
There are a few minor differences between these spaces and those appearing in [Bejenaru et al. 2011c].
The space F, ,? now includes the lateral Strichartz space Lg’ﬁ, whereas in that reference, only Gy was
endowed with this norm. The net effect on the space Gy is that it is left unchanged. The space Fy,



618 PAUL SMITH

however, now explicitly incorporates this particular lateral Strichartz structure. Note though, that for fixed
6 € S', we have by enough applications of Young’s and Holder’s inequalities that

1/2 1/3
2—’</6||f||L3.6:z—k/6</ </ If(X19+x2,t)|6dx2dt> dxl)
o R \JHy xR

1/3
S27He (/ IF1Zs 1 Nge dx1>
R ot ‘

1/6 1/6
< /6 ( / 17178 dxl) ( / ||f||ioodx1)
R 0.t R 0.1

2/3 — 1/3 _
SIFIE 27900 F 1 e S 1N+ 272

We also make one change to the N, space: We explicitly incorporate L§/>3/2

Incorporating these extra lateral Strichartz spaces affords us greater flexibility in certain estimates: We
can avoid having to use local smoothing/maximal function spaces if we are willing to give up some decay.
This tradeoff pays off in Section 5, where as a consequence we can prove a stronger local smoothing
estimate for a certain magnetic nonlinear Schrodinger equation in the one regime where this improvement
is absolutely essential.

Proposition 3.6 (main linear estimate). Assume X € Z,, T € (0,2*"] and k € Z. Then for each uy € L?
that is frequency-localized to Iy and for any h € N (T), the solution u of

(0 +Au=nh, u(0)=muo,
satisfies

lullGery S 1Oz + Al Ner).-

Proof. See [Bejenaru et al. 2011c, Proposition 7.2] for details. Our changes to the spaces necessitate only

2/5’3/2 into the space N,?(T). U
2

The spaces G (T') are used to hold projections Py, of the derivative fields v, satisfying (2-7). The
main components of G(T) are the local smoothing/maximal function spaces Lg?iz, L;:%‘}MO, and the

. . . . 6/5,3/2
minor changes in their proof, as we must incorporate Lé/ /% and L
1

lateral Strichartz spaces. The local smoothing and maximal function space components play an essential
role in recovering the derivative loss that is due to the magnetic nonlinearity.

The spaces N (T) hold frequency projections of the nonlinearities in (2-7). Here the main spaces are
the inhomogeneous local smoothing spaces L é”%vk_m and the Strichartz spaces, both chosen to match those
of G(T).

The spaces G¢(T) clearly embed in F;(T). Two key properties enjoyed only by the larger spaces
Fi (T) are

I f I Eecry 2 N By

forkeZ and f € Fi,(T) N Fy41(T), and

I Pe@v)ll Fery S Nlullmy ey llvlligs,
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fork,k' € Z, |k —k'| <20, u € Fp(T), ve L¥(R? x [T, T]). Both of these properties follow readily
from the definitions.

In order to bound the nonlinearity of (2-7) in Ny (T'), it is important to gain regularity from the parabolic
heat-time smoothing effect. The desired frequency-localized bounds do not (or at least not so readily)
propagate in heat-time in the spaces G (T"), whereas these bounds do propagate with decay in the larger
spaces Fy(T). Note that since the F;(7) norm is translation invariant, we have

le 2 hll mery S (452252l gy, s >0,

for h € Fi(T). In certain bilinear estimates we do not need the full strength of the spaces F;(7T) and
instead can use the bound

1A ey S W ez + 0 F Nes G-
which follows from

< ~k/2
£z, S0z S 220 iz

We introduce one more class of function spaces. These can be viewed as a refinement of the Strichartz
part of F;(T). For k € Z and w € [0, 1/2] we define S;’(T') to be the normed space of functions belonging
to Lﬁ(T) whose norm

1A Nspery = 2 (1F 1l oo 20+ 1 g gpo + 2720 fl o 2o) (3-2)
is finite, where the exponents 2, and p,, are determined by
1
2,
Note that Fi(T) — SI?(T) and that by Bernstein we have
1 flsy iy S I lsprys @ <o

3B. Bilinear estimates.

Lemma 3.7 (bilinear estimates on Ni(T)). Fork, ki, k3 € Z, h € L? feF,(T),and g € G, (T), we

t,x?
have the following inequalities under the given restrictions on ky, k3:

1R Ny S Il 2 1R if |k — k| < 80. (3-3)
1PNy S 27 VORIl 2 N Flley oy ik < k= 80. (3-4)
1Peh) Inery S 27 B0 R 2 NlgllGe ) ifk < ks —80. (3-5)

Proof. Estimate (3-3) follows from Holder’s inequality and the definition of Fi(7T'), N¢(T):

IEfllpas < IF N2l fllps-
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For (3-4) and (3-5), we use an angular partition of unity in frequency to write
f=Fi Lo Mfillgs + gl S29°0flna,
s=giten lgilg+ gl S27 gl

Then

IBCE Pl S 27l +1F Plgae) S 2V (il + 1l 0)
| 2
S26OO B2l £l gy )

IPCF) lInery S 20 (IIF g1l aers + I F g2l 2ers) S 250N F Il 2 (g ||L63 +llg1 ||Lss)
0 [
<2¢ "1>/6||F||Lz||g||gk2m O

Lemma 3.8 (bilinear estimates on Ltz’x). Forky,ky, k3 € Z, f1 € F, (T), f2 € Fy,(T), and g € G, (T),
we have

If1- fallz, S Wil ol 20l mg @) (3-6)
1f g2, S27BY0N Fllg, gl ay  for ki < ks. (3-7)
Proof. 1t suffices to show that
18l S 1A g () Iglaiyry for ki > k, — 100, (3-8)
1£8llze S 2472 f o ) I8llGiycry - for ki < ka = 100. (3-9)

Estimate (3-8) follows from estimating each factor in L*. For (3-9), we first observe that, using a smooth
partition of unity in frequency space, we may assume that ¢ is supported in the set

{6118l e22", 27 and & - 6y > 2473
for some direction §y € S'. Then || fgll;» < ||f”LZ*6”g”Lg-3 < 2(k1—k2)/6”f”F£ o lgllonm- -
0 0 1

We also have the following stronger estimates, which rely upon the local smoothing and maximal
function spaces.

Lemma 3.9 (bilinear estimates using local smoothing/maximal function bounds). For k, ki, k € Z,

he Ltzx, f € Fi, (T), g € G, (T), we have, under the given restrictions on ki, ky:
1P vy S 27 2Rl 1 f pyay ik <k —80. (3-10)
I1f-glle, S22 Fllg oylgleya ik < ka. (3-11)

Proof. Estimate (3-10) follows from the definitions since
|PChf) vy S 2742 sup Ihfllye - 52742 sup Iz Wellzz,
0eS! - feS! '

The proof of (3-11) parallels that of (3-7) and is omitted (see [Bejenaru et al. 2011c, Lemma 6.5] for
details). U
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3C. Trilinear estimates and summation. We combine the bilinear estimates to establish some trilinear

estimates. As we do not control local smoothing norms along the heat flow, we will oftentimes be able to

put only one term in a G space. Nonetheless, such estimates still exhibit good off-diagonal decay.
Define the sets Z,(k), Z»(k), Zz(k) C Z> as follows:

Z](k) = {(kl, kz, k3) € Z3 : k], k2 <k —40 and |k3 —k| < 4}.
Zr(k) :={(ky, ko, k3) € 73 k,ky <ky—40 and |k, — k| < 45}. (3-12)
Z3(k) == {(k1, k2, k3) € 7 : |max{k, k3} — max{ky, kz}| < 40}.

In our main trilinear estimate, we avoid using local smoothing/maximal function spaces.
Lemma 3.10 (main trilinear estimate). Let Cy g, i, k, denote the best constant C in the estimate
I Pc (Pi, 1 Py 2 Pis 8) ety S Cll Py S I 7, () | P 2Nl By (1) I Prs 8 Nl Gy () - (3-13)
The best constant Cy i, k,.k, Satisfies the bounds

21RO if (kg ko, k3) € Zi (K),

2~ lk—k3/6 if (ki, ky, k3) € Z>(k),
Crkidadks S Y A1 akl/6 .
SRR e | oAk if (ki k2, k3) € Z5(k),
0 if (ki, ka, k3) € Z3\{Z (k) U Zo(k) U Z5(k)},

where Ak = max{k, k], kz, k3} — min{k, k], kz, k3} > 0.

Proof. After placing the term Py (Px, f1 Pk, f> P, g) in Lf’/f and then using Holder’s inequality to bound

each factor in Lf" ,» it follows from Bernstein that

Ch iy oy S 1, (3-14)

and so, in particular, for any choice of integers k, ki, k2, k3, such a constant Cy g, , k, €Xists.

Frequencies not represented in one of Z;(k), Z,(k), Z3(k) cannot interact so as to yield a frequency in
Ix. Over Z(k), we apply (3-4) and (3-7).

On Z,(k) we apply (3-4) if k > k3 and (3-5) if k < k3. We conclude with (3-6).

On Z3(k) we may assume without loss of generality that k; < k. First suppose that k3 < k and
|k — ko] < 40. If ky < k3, then use (3-4), applying (3-6) to Py, f>Pr,g. If k3 < ki, then use (3-6) on
Py, f1 Py, f> instead.

Now suppose that k3 > k and |k3 — k2| < 40. If k1 < k, then use (3-3), applying (3-7) to Py, f1Pr,g. If
kmin = k, then use (3-5) and (3-6). O

Corollary 3.11. Let {a}, {bk}, {ck} be 5-frequency envelopes. Let Cy k, k,.k; be as in Lemma 3.10. Then

Y Crhikaksibigcis S arbick.
(k1,ka,k3) €23\ Z, (k)
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Proof. By Lemma 3.10, it suffices to restrict the sum to (kq, k2, k3) lying in Z; (k) U Z3(k). On Z;(k),
the sum is bounded by

Z 2_|(k|+k2)/6_k/3|ak1bkzck3 < Z 9~ |(ki+k2) /6=k /3|98 |2k ki —kz\akbkck

~

(ky,k2,k3)€Z; (k) k1.,ko<k—40
< arbicy.

On Z3, we may assume without loss of generality that k, < ky. The sum is then controlled by

Z 2—\Ak|/6ak]bkzck3 < Z 27|k7min{k2,k3}|/6aklbkzck3 + Z 2*|k17min{kz,k}\/6aklbkzck3

(k1,ka,k3)€Z3 (k) ka<k ko <ki
k3<k ki>k
[k1—k|<40 |k3—k1|<40
—|k—min{ky,k3}|/6 —|ky—min{k,,k}|/6
< Z 2l {k2,k3}/ arbr,cr; + Z 9~ lki {k2,k}|/ ax, iy Ciy -
ko <k ky <k
k3<k ki>k

The first of these summands is controlled by

Z 2 Wkal/bg . cr + Z 2 Ik=kal/S g by e,

k3<ka<k ko <kz<k
< Z zf\k*k3|/625\k*kzlakbkclq+ Z 2*|k7k2|/625Ik*kzlakbkzck
k3<kr<k ko <k3<k
< Z 2(5*1/6)|/’<*k3Iakbkck3 + Z 2(5*1/6)|k*k2|akbkzck
k3fk k2<k
< Z 2@5=1/6)k~ks| 4 by o 4 Z 2@=1/O)lk—k2l b o
k3<k ko <k
<S akbyey.

The second is controlled by

Z 2_|kl_k|/6ak1bkzck1+ Z 2—‘k1—k2|/6aklbkzck1

k<ka<k ko <k<k;
—|k1—k| /86 |ko—k ki—k Slko—k
< Z 9~ lki—k1/48 Ik laklbkckl + Z 9 lki—k21/698 k2 laklbkckl
k<ky<k ka<k<k
§—1/6)|k1—k §—1/6)|k1—k
< 22( /6) 1k Iaklbkck] + Z 2(6=1/6)lky 2|ak1bk0k1
k<k; ko <k<kp
< Z 2(35—1/6)|k1—k|akbkck+ Z 2(35—1/6)|k1—kz\akbkck
k<k; ko <k<ky
< arbicy. O

Corollary 3.12. Let {a}, {bk} be 5-frequency envelopes. Let Cy i, i, ks be as in Lemma 3.10. Then
Z zrnax{k,kg}fmax{kl,kz}Ck’kl’kz,lqaklbkzck3

(k1,k2,k3)€ Z2(k)UZ3 (k)
Proof. On Zs(k), max{k;, k»} ~ max{k, k3}, and so the bound on Z3(k) follows from Corollary 3.11.

< agbicy.

~
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Note that max{ki, ko} > max{k, k3} on Z,, where the sum is controlled by

Z ymax k. ks}—max{k ,kz}z—lk—k3|/6aklbkzck3 < Z pmax{k,k3}—ki 2—|k—k3\/6aklbklCk3 ’

~

(ky,ka,k3)€Zs (k) k,k3<k—40
Restricting the sum to k3 < k, we get

—lk—ki|H—|k—k3|/6
Z o~ lk—kily—lk—ksl/ ax, i, Cis
k3<k<k;—40

< arbycy.

~

Over the complementary range k < k3 < k1 — 40, we have

Z 2—|k3—k1|2—|k—k3|/6aklbklck3 < akbkck Z 2—‘k3—k1|2_|k—k3|/6223\k1—k\25|k—k—3|.

~

k<k3z<k;—40 k<k3z<k;—40

Performing the change of variables j := k; — k3, [ := k3 — k, we control the sum by

Z 2—in—1/6728(j+) 8l < Z 2(25=1)jHB35—1/6) < | 0
J.1=0 J,1=0

Taking advantage of the local smoothing/maximal function spaces, we can obtain the following
improvement.

Lemma 3.13 (main trilinear estimate improvement over Z;). The best constant Cy , k,.k; in (3-13)
satisfies the improved estimate
Chokydoks S 9= Iki+k2) /2K (3-15)

when {k1, ko, k3} € Z1(k).

4. Proof of Theorem 1.3

In this section we outline the proof of Theorem 1.3, taking as our starting point the local result stated in
Theorem 1.1.

For technical reasons related to the function space definitions of the last section, it will be convenient to
construct a solution ¢ on a time interval (—2%*, 22%) for some given % € Z_ and proceed to prove bounds
that are uniform in ¥. We assume 1 < J{ € Z is chosen and hereafter fixed. Invoking Theorem 1.1, we
assume that we have a solution ¢ € C([-T,T] — Hg)) of (1-1) on the time interval [—7, T'] for some
T € (0, 2*"). In order to extend ¢ to a solution on all of (—22*, 22*) with uniform bounds (uniform in
T, ), it suffices to prove uniform a priori estimates on

sup [lo ()|l
te(~T,T)

for, say, o in the interval [1, o], with o7 > 1 chosen sufficiently large (o7 = 25 will do).

The first step in our approach, carried out in Section 2, is to lift the Schrodinger map system (1-1) to
the tangent bundle and view it with respect to the caloric gauge. Recall that the lift of (1-1) expressed in
terms of the caloric gauge takes the form (2-7), or, equivalently,
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with initial data v, (0). Here B,, and V,, respectively denote the magnetic and electric potentials (see
(2-8) and (2-9) for definitions).

The goal then becomes proving a priori bounds on ||¥, || Lo e . Herein lies the heart of the argument,
and the purpose of this section is not only to give a high level description of the proof of Theorem 1.3, but
also to outline the proof of the key a priori bounds. To establish these bounds, we in fact prove stronger
frequency-localized estimates. The argument naturally splits into several components, and we consider
each individually below.

Finally, to complete the proof of Theorem 1.3, we must transfer the a priori bounds on the derivative
fields ¥, back to bounds on the map ¢, thereby allowing us to close a bootstrap argument. Once the
derivative field bounds are established, this is, comparatively speaking, an easy task, and we take it up in
the last subsection.

We return now to (4-1), projecting it to frequencies ~ 2* using the Littlewood—Paley multiplier Py.
Applying the linear estimate of Proposition 3.6 then yields

I Pc¥mllGeery SN Pe¥m O 22 + I PeVinllvecry + I P B ll Ny - (4-2)

In order to express control of the G (T) norm of Py, in terms of the initial data, we introduce the
following frequency envelopes. Let o7 € Z be positive. For o € [0, o1 — 1], set

by (o) = sup 27K 27K P [l 6, 1) (4-3)
k'eZ

By (2-38), these envelopes are finite and in / 2 We abbreviate by (0) by setting by := by (0).
We now state the key result for solutions of the gauge field equation (4-1).

Theorem 4.1. Assume T € (0, 2%") and Q € S*. Choose o € Z positive. Let &1 >0 and let p € HEO’OO(T)
be a solution of the Schrodinger map system (1-1) whose initial data ¢ has energy Ey := E(¢o) < Ecrit
and satisfies the energy dispersion condition

supcg < ¢1. 4-4)
keZ
Assume moreover that
D NPTy pey <61 4-5)

kezZ
for any smooth extension ¢ on I, [—T,T] C I C (=2%",2%%). Suppose that the bootstrap hypothesis
b, < Sl_l/lock (4-6)
is satisfied. Then, for g sufficiently small,
bi(o) S c(o) (4-7)
holds for all o € 10,01 — 1] and k € Z.

Proof. We use a continuity argument to prove Theorem 4.1. For T’ € (0, T'], let

W(T') = supc; | Pevim (s = 0) |Gy (1v)-
keZ
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Then v : (0, T] — [0, oo) is well-defined, increasing, continuous, and satisfies
lim ¢ (T") < 1.
T7'—0

The critical implication to establish is

vy <e;" = wTH <,

which in particular follows from
br < ck. (4-8)
We also must similarly establish

bi(0) S ck(0) (4-9)

for o € (0, o1 — 1]. The next several subsections describe the main steps of the proof of (4-8) and (4-9),
to which the bulk of the remainder of this paper is dedicated. In Section 4E we complete the high level
argument used to prove (4-8) and (4-9). O

Corollary 4.2. Given the conditions of Theorem 4.1,

I Pecl0x” Om@ll Lo 2 (1. 1y xm2) S €k (0) (4-10)
holds for all o € [0, o1 — 1].

The proof we defer to Section 4F.
Together Theorem 1.1, Theorem 4.1, and Corollary 4.2 are almost enough to establish Theorem 1.3.
The next lemma provides the final piece. We also defer its proof to Section 4F.

Lemma 4.3. We have
D NPl ~ D I Pedspll]s

keZ keZ

Note that this lemma affords us a condition equivalent to (4-5) whose advantage lies in the fact that it
is not expressed in terms of gauges.

Proof of Theorem 1.3. Fix o1 € Z positive and let 1 = €1 (o) > 0. It suffices to prove (1-7) on the time
interval [T, T'] provided the estimate is uniform in 7. In view of Theorem 1.1 and mass-conservation,
proving

||8x(P||L[°01-'15((_T,T)XR2) So l19xell HE(R?) (4-11)

for o € [0, o1 — 1] with o1 = 25 is enough to establish (1-6).

By virtue of Lemma 4.3, the assumptions of Theorem 1.3 are equivalent to those of Theorem 4.1.
Therefore we have access to Corollary 4.2, which states that (4-10) holds for o € [0, o1 — 1]. Using (2-33)
and the Littlewood—Paley square function completes the proof of (4-11).

Global existence and (1-7) then follow via a standard bootstrap argument from Theorem 1.1 and from
the fact that the constants in (4-11) are uniform in 7. U
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The remainder of this section is organized as follows. In Section 4A we state the key lemmas of
parabolic type that are used to control the electric and magnetic nonlinearities. In Section 4B we state
bounds that rely principally upon local smoothing, including a bilinear Strichartz estimate; they find
application in controlling the worst magnetic nonlinearity terms.

In Section 4C we piece together the parabolic estimates to control the electric potential. In Section 4D
we decompose the magnetic potential into two main pieces and demonstrate how to control one of these
pieces.

In Section 4E we close the bootstrap argument proving Theorem 4.1. Here the remaining piece of the
magnetic potential is addressed using a certain nonlinear version of a bilinear Strichartz estimate.

Finally, in Section 4F, we prove Corollary 4.2 and Lemma 4.3.

4A. Parabolic estimates. By “parabolic estimates” we mean those that principally rely upon the smooth-
ing effect of the harmonic map heat flow. We include here only those that play a direct role in controlling
the nonlinearity N. These are proved in Section 7, where a host of auxiliary parabolic estimates are
included as well. As the proofs rely upon a bootstrap argument that takes advantage of energy dispersion
(4-4), these bounds rely upon this smallness constraint implicitly. On the other hand, L* smallness (4-5)
is not used in the proofs of these bounds, but rather only in their application in this paper.

Lemma 4.4. For o € [0, o1 — 1], the derivative fields v, satisfy
1 Pecm ) ey S (1452274277 by (o) (4-12)
fors > 0.

This estimate is used in Section 4D in controlling the magnetic nonlinearity, which schematically looks
like Adyyr. To recover the loss of derivative, it is important to take advantage of parabolic smoothing by
invoking representation (2-23) of A. Within the integral we schematically have v (s) D, (s), and hence
(4-12) allows us to take advantage of (3-3)—(3-7) in bounding this term. We prove (4-12) in Section 7A.

Lemma 4.5. For o € [0, o1 — 1], the derivative fields ; and connection coefficients A, satisfy
1P (Am ()Y | oy S (2781 45274) 7227~ Doy (). (4-13)

Like the previous estimate, this estimate is also used in Section 4D in controlling the magnetic
nonlinearity. Its proof is given in Section 7B. The need for this estimate arises from the need to control
D,y appearing in representation (2-23) of A.

The next several estimates are used in Section 4C to control the electric potential. In particular,
they provide a source of smallness crucial here for closing the bootstrap argument. They are proved in
Section 7B.

Lemma 4.6. For o € [28, o1 — 1], the connection coefficient A, satisfies

1A N2 Ssuphy- ) B, (4-14)
i jez keZ
IPAZO)2, S277*bi(0) - supb; - Y b} (4-15)

J lez
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Lemma 4.7. For o € [26§, o1 — 1], the connection coefficient A, satisfies

2
Az, < <1 +Zb§) D LAAOIE (4-16)
jez kez '
IPcAl 2 S <1 + be,)ékz‘“kbk(a). (4-17)
p

In subsequent estimates the following shorthand will be useful:

2
€= (1 + Zbﬁ) ZHPH//X(O)HZX + (1 + Zb}) sup b2, (4-18)
l

jez lez kez
Under the assumptions of Theorem 4.1, € is a very small quantity, being at least as good as 0(811 / 2).

4B. Smoothing and Strichartz. The key result of Section 5 is the following frequency-localized bilinear
Strichartz estimate.

Theorem 4.8. Suppose that ,, satisfies (2-7) on [—T, T]. Assume o € [0, 01 — 1]. Let the frequency
envelopes bj and c; be defined as in (4-3) and (2-32). Let € be given by (4-18). Suppose also that
2/7% < 1. Then
2T A+ 22D Pi(s) - P O3, S 272K (0) + €2b5bi (o). (4-19)
In Section 5B we split the proof into two cases: s = 0 and s > 0, the more involved being the s =0
case. In either case, if instead we only were to appeal to the local smoothing-based estimate (3-11) and
the frequency envelope definition (4-3), then we would get the bound

2 A+2DYP(s) - Pm O)I7, S D3R

In practice this sort of bound must needs be summed over j < k. When initial energy is assumed to be
small, as is done in [Bejenaru et al. 2011c], the sum ) j b? <« 1 is small, and consequently the resulting
term perturbative. In our subthreshold energy setting this is no longer the case, as in fact the sum may
be large. What (4-19) reveals, though, is that any b; contributions come with a power of ¢. In view
of additional work which we present in due course, this turns out to be sufficient for establishing that
bk S Ck.

An interesting related bound is the following local smoothing estimate, also proved in Section 5B. It
arises as an easy corollary of our proof of Theorem 4.8.

Theorem 4.9. Suppose that ,, satisfies (2-7) on [—=T, T]. Assume o € [0, 01 — 1]. Let the frequency
envelopes b (o) and c; (o) be defined as in (4-3) and (2-32). Also, let € be given by (4-18). Then

2% sup  sup || Pjo Pcim ||ioo,z <272k (0) 4+ €272k b2 (o) (4-20)
[j—k|<20 9eS! 0

holds for each k € Z.
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We note that (4-20) likely extends to Lgff for A satisfying |A| < 2740, though we do not prove this.
For comparison, note that from the definition of (4-3) we have

2" sup sup sup [Py Pyl S2727FB(0). (4-21)
[/ —k|<20 0eS! |r|<2k—40 6.4

On the other hand, while the right-hand side of (4-20) may indeed be large, it so happens thanks to our
hypotheses of energy dispersion and L* smallness that the b, (o) term is perturbative. For our purposes,
this is a substantial improvement over (4-21). However, it can be seen from the argument in Section 4E
that even an extension of (4-20) to LZT’A’Z spaces is not sufficient for proving by (o) < cx(0): it is important
that we can replace two “b;” terms with corresponding “c;” terms as in (4-19).

4C. Controlling the electric potential V.

Lemma 4.10. Suppose that o < é — 26. Then the electric potential term V,, satisfies the estimate
1PVl S (A2 + 1Az, + 192152 )2 bi(o). 4-22)

Proof. Letting f € {A;, A)ZC, wf}, we bound Py (f ) in N¢(T'). Begin with the following Littlewood—Paley
decomposition of P (f,):

Pe(f ) = Pe(Pai—s0f Pioscckys¥n) + Y PP fPoVs) + Y PelPiy f P,
|k —k|<4 |k1—k2|<90
ka<k—80 ki ky>k—80
The first term is controlled using Holder’s inequality:
1P (P<k—80.f Pr—5<-<kt5s¥u) INer) < 1Pk (P<k—s0.f Pr—5<<kss¥u)ll o3
< 1Pak—sofll 2 1 Pe—s<<krs¥ullps -

To control the second term we apply (3-4):

1Pe(Pr, f P V) ey S 270N Py £ll 2 1 P Wl Gy r)-

Using (4-3), (2-30), and o < 1/6 — 20, we conclude that

Yo R(PyfPu¥| S 27 b)) D 1Py fllg2,

[k —k|<4 Ni(T) [k —k|<4
ka<k—80

To control the high-high interaction, apply (3-5):

1Pe(Pr, f P V) ey S 247N Py Fll 2 1 Py Wl Gy r)-

Therefore, by (4-3),

D PP fPo¥I vy S Y, 25T ONP fll2 277 by, (o).

k1 —k2|<90 [k1—k2| <90
ki,ky>k—80 ki,kr>k—80
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Using Cauchy—Schwarz and (2-31) yields

1/2

> |Pk(Pk1ka2wx>||Nkm<2—“"bk(o—>( > ||Pklf||itzx) ,
k1 —k2|<90 k1>k—80 '
ki,kr>k—80

and so, by switching the Ltz’ . and I? norms, we get from the standard square function estimate that

> PPy £ PoU Iy S 1 F L2 27 be(o). O

[k1—k2| <90
ki,ko>k—80

Corollary 4.11. For o € [0, 01 — 1] we have
1PVl vy S €274 (o).
Proof. Given (4-22), this is a direct consequence of (4-14), (4-16), and the fact that

IF1Zs S D IPefITs -
keZ
Therefore the result holds for o < 1/6 — 28.

To extend the proof to larger o, we may mimic the proof of Lemma 4.10 by performing the same
Littlewood—Paley decomposition and then, with regard to the first and third terms of the decomposition,
proceeding as before in the proof of that lemma. The argument, however, must be modified in handling
the term

> Pu(Py f P, (4-23)

lki—k|<4
ky<k—80

where [ € {A;, A)%, wg}. We take different approaches according to the choice of f.
When f = Ai, we apply (3-4) and invoke (4-15) to obtain

Yo PP AP | S D 2RO P ATl 1P Yl )

|ky—k|<4 N (T) ki—k|<4
ko <k—80 ko <k—80
S Z 9 (ka—k) /6 —cky bkl (G)bkz - sup bj . Z b12
|ki—k|<4 J I
ko <k—80

S 27 bi(0) by supb; - Y b3,
j .
J

In the case where f = A;, we apply (3-4) and use (4-17) to conclude that
D> P(PLAPLY)| S 2—“’<bk<o)5kbk(1 + beU),
p

lky—k|<4
ky<k—80

Ne(T)

which suffices by Cauchy—Schwarz.
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Finally we turn to f = w%, which we further decompose as

F=2)" PiynPpy + Y PPy
[j1—k|<4 [j1—j21<8
Jo<k—80 J1,j2>k—80

To control the high-low term, we apply estimate (3-7) and get

D P Pl S ) 29700 ,07% D (0) S 27K bibi (o).
|j1—k|<4 [j1—k|<4
J2<k—80 J2<k—80

We turn to the high-high case. The full trilinear expression is given by

> Pk<Pkl( > lewxP,-zwx)-szwx)

[k —k|<4 1i—j2l=8
ko <k—80 J1,j2=k1—80

We can drop the Py, factor because of the summation ranges, obtaining

Do Y PPyYn Py Puv).
lk1—k|<4 |j1—j2|<8
ko <k—80 j1,j2>k1—80

We apply estimate (3-4) with h = P}, P, ¥, to get

> Y PP Py - P v
lki—k|<4 |ji—j21<8
ko <k—80 ji, jo>k1—80

S Y0 D 2P g, 1Py Y Pl 2

lki—k|<4 |ji—j21<8
ko <k—80 ji, jo>k1—80

Next we use (3-7) to control the L? norm:

S 2R g, Py Pt

ok 50 1 k180 K6kl o
2= < Z Z 2= lj1=kl/65—lj2—kal/6» 9Np; (0)bj,by,.
|ki—k|<4 |j1—j2]<8
ka<k—80 ji, ja=ki—80
In this sum we can replace the factor 271127%21/6 by the larger factor 2~*=*21/6_ from which it is seen that
the whole sum is controlled by

2 kb(o)by Y 2 KRS, <27k bib (o). O
ko <k—80

4D. Decomposing the magnetic potential. We begin by introducing a paradifferential decomposition of
the magnetic nonlinearity, splitting it into two pieces. This decomposition depends upon a frequency
parameter k € Z, which we suppress in the notation; this same k will also be the output frequency whose
behavior we are interested in controlling. The decomposition also depends upon the frequency gap
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parameter & € Z. How @ is chosen and the exact role it plays are discussed in Section 5B. There it is
shown that = may be set equal to a sufficiently large universal constant (independent of ¢, ¢y, k, etc.).
Define Ajonlo as

Amtonto(®) =~ / Im( P, Yim Py ) (s') dis”

ki ko<k—a ¥ 5
and Ahi\/hi as

Ampivhi(s) == Y / Im( P, Yrm Py 5) (s7) ds’,

max{k;,ky}>k—w ¢

so that A, = Ay lonlo + Am.hivhi- Similarly define Bioalo as

B lonlo = —i Z (31 (AL 10710 Pis ¥m) + At tonlod1 Py ¥im )
k3
and Bpjyni as

By bivhi = —i »_ (91(Apnivhi Pes Vi) + AlbivhiO Py ¥im) -
k3
so that By, = By 1onlo + B hivhi-
Our goal is to control P By, in Ny (T). We consider first Py By, pivhi, performing a trilinear Littlewood—
Paley decomposition. In order for frequencies k, k2, k3 to have an output in this expression at a frequency
k, we must have (ky, ky, k3) € Zr(k) U Z3(k) U Zy(k), where

Zo(k) := Z1 (k) N {(k1, ko, k3) € Z° 1 ki, ky > k — @) (4-24)

and the other Z (k) are defined in (3-12). We apply Lemma 3.10 to bound Py B, hivhi in Ni(T') by

[e.¢]
> /O 2" CL ks || Pl Y (DL 53, 1| Py (Dt )Ly | Py ¥ (0) 6, s,

(k1,k2,k3)€
Zr(k)UZ3(k)UZg (k)

which, thanks to (4-12) and (4-13), is controlled by

o0
Z MK O o ksr Do bk / (1 + 5221y =40k (022 =3/8 (1 4 02%k2)=2 g
0

(ky,k2,k3)€
Za(k)UZ3(k)UZo (k)
As o
/ (1 +s22k1)—42k2(s22k2)—3/8(1 +S22k2)—2 ds S 2—max{k1,k2}, (4_25)
0
we reduce to ik e
Z 2max{ ,k3}—max({k;, Z}Ck,kl,kz,k3bk1bk2bk3‘ (4-26)
(k],kz,kg) in
Zy(k)UZ3(k)UZo (k)

To estimate Py By, hivhi on Zo U Z3, we apply Corollary 3.12 and use the energy dispersion hypothesis.
As for Zy(k), we note that its cardinality |Zo (k)| satisfies |Zy(k)| < @w independently of k. Hence for
fixed o summing over this set is harmless given sufficient energy dispersion. We obtain a bound of

| P B mivhi ll v (1) S biby < €by. (4-27)
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Consider now the leading term Py By, 10nlo- Bounding this in V; with any hope of summing requires
the full strength of the decay that comes from the local smoothing/maximal function estimates. However,
such bounds as are immediately at our disposal — (3-10) and (3-11) —do not bring By, jorlo Within the
perturbative framework, instead yielding a bound of the form

Z b, bk, b,

ki,ky<k—w
lk3—k|<4

which is problematic since even ) | ~ ES = O(1) for k large enough. This stands in sharp contrast

J<k C?
with the small energy setting.

In the next section, however, we are able to capture enough improvement in such estimates so as to
barely bring B, joAlo back within reach of our bootstrap approach.

Finally, we need for o > 0 an estimate analogous to (4-27). Returning to the proof of (4-26),
we remark that any by; may be replaced by 270k; bi;; in order to obtain an analogue of (4-27), we
must make replacements judiciously so as to retain summability. In particular, for any (ki, k», k3) in

Zy(k) U Z3(k) U Zo(k), we replace by, with 2_”kmf“bkmax (o) so that (4-26) becomes

max{k,k3}—max{k,k —ok
E st Rl =maxtbn k2l € s kBl Dkia 2~ B (),
(k1 ko k3)e
Z2(k)\UZ3 (k) UZo (k)

where kmin, kmid, kmax denote, respectively, the min, mid, and max of {ky, k7, k3}. We have kpnax = k over
the set Z>(k) U Z3(k) U Zy(k) (see (3-12) and (4-24) for definitions), which guarantees summability due
to straightforward modifications of Corollaries 3.11 and 3.12. Therefore

I P B pivni | v my S 32”7 bi(0),
which, combined with (4-27) and the definition (4-18) of €, implies this:
Corollary 4.12. Assume o € [0, o1 — 1]. The term By, nivni satisfies the estimate
| Pe By piviill vy S €27 7% by (o). (4-28)

4E. Closing the gauge field bootstrap. We turn first to the completion of the proof of Theorem 4.1, as
we now have in place all of the estimates that we need to prove (4-8).

Using the main linear estimate of Proposition 3.6 and the decomposition introduced in Section 4D, we
obtain

I Pe¥mllGory S N Pe¥m Oz + | P Vinlln () + | Pe B hivni | v () + I Pe B jonto l very- - (4-29)
In Sections 4C and 4D it is shown that PV, and Py B, nivhi are perturbative in the sense that
1PV ll vy + 1| Pi B ivni v () S €27 7% b (o),
To handle Py B,y 10n10, We first write

Py By 1on10 = —101(Ar10n10 Pk ¥im) + R,
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where R is a perturbative remainder (thanks to a slight modification of technical Lemma 5.11). Therefore

I PctmllGory S 27 e (o) + €27%bi (o) 4 1191 (Artonto P || Nu(T)- (4-30)

Thus it remains to control —id;(A; jonl0 Pk ¥m), Which we expand as

o.¢]
—iPdy Y f Tm( Py, Y11 Py ) (s') Pay ¥ (0) ds, (4-31)
ki ky<k— V0
k3 —k|<4

and whose Ny (7)) norm we denote by Nj,. In the o = 0 case the key is to apply Theorem 4.8 to Py, ¥ (s”)
and Py, ¥, (0), after first placing all of (4-31) in Ny (T) using (3-10). We obtain

Nio < ok Z 2—|k—k2|/22—|k1—k3|/22—max{k1,k2}bk2 (Cklck3 +€1/2bk1bk3)

ki, ky<k—w
lks—k|<4

,-S 2k Z 2(k1+k2)/27k27 maX{kl,kz}bkz (Ckl Ck 4 61/2bk1bk).

ki,kr<k—w
Without loss of generality we restrict the sum to k; < kp:
> 2R hy (cryen + €' Pbi b).

ki<k,<k—w

Using the frequency envelope property to sum off the diagonal, we reduce to
Nio S Z (bjcjck +€1/2b§bk).
j<k—w

Combining this with (4-30) and the fact that R is perturbative, we obtain

bi S cetebit ) (bjcjci+e biby), (4-32)

j<k—w

which, in view of our choice of €, reduces to

br < cx +ck Z bjcj.
j<k—w

Squaring and applying Cauchy—Schwarz yields

b? < (1 +> bf)cg. (4-33)

j<k—w

Bk:=1+2b§
j<k

Setting

in (4-33) leads to
Biy1 < Bi(1+Ccp)
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with C > 0 independent of k. Therefore

m m

Biym < B[ [A+Cciyp) < B exp(C Zc,§+l) <k, Br.
I=1 =1

Since By, — 1 as k — —o0, we conclude that

Bk SEO 1
uniformly in k, so that, in particular,
dopis, (4-34)
jez
which, joined with (4-33), implies (4-8).
The proof of (4-9) is almost an immediate consequence. Instead of (4-32), we obtain

bi(0) Sci(0) +ebp(0) + ) (bjcjci(o) +€'Pbibi(0)),

j<k—w

which suffices to prove (4-9) in view of (4-34).

4F. De-gauging. The previous subsections overcome the most significant obstacles encountered in
proving conditional global regularity. All of the key estimates therein apply to the Schrodinger map
system placed in the caloric gauge, and a bootstrap argument is in fact run and closed at that level. This
final subsection justifies the whole approach, showing how to transfer these results obtained at the gauge
level back to the underlying Schrédinger map itself.

Proof of (4-10). To gain control over the derivatives d,,¢ in L;’OLi, we utilize representation (2-2) and
perform a Littlewood—Paley decomposition. We only indicate how to handle the term v - Re v,,,, as the
term w - Im 1/, may be handled similarly. Starting with

Pi(vRe ) = Y Pi(P<i_sv- P, Re i)

[ko—k|<4
+ Y PPyu-PyReym) + > PP Py Rety), (4-35)
[k —k|<4 [k1—k2|<8
ky<k—4 ki, kpy=k—4

we proceed to bound each term in L?OL)ZC.
In view of the fact that |v| = 1, the low-high frequency interaction is controlled by

D IP(P<ksv- Py Re vl S I1P<k—svlligs | Pl o2
lky—k|<4
SIPYmlore S ek (4-36)

To control the high-low frequency interaction, we use Holder’s inequality, Bernstein’s inequality, (2-33)
and Bernstein’s inequality again, and finally the bound (2-15) along with the summation rule (2-30):
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D PPy PoReW)ller2 S D Pyl Povmlliy

ey —k|<4 k1 —k|<4
ky<k—4 ky<k—4

k
S D IPvligere - 220 Povmll o

ki —k|<4
ko <k—4

S Y PG dllerr - 29 er, Sexe (4-37)

ki —k|<4
ko <k—4

To control the high-high frequency interaction, we use Bernstein’s inequality, Cauchy—Schwarz, Bernstein
again, (2-15), and finally (2-31):

k(g V- Ly RE Yy ) [[poop2 kU O RE Y|l Lot
| Pi(Peyv - Piy Re Y [l poor2 S 24| Phyv - Pry Re Yl o1

|k1—k2]| <8 [k1—ka| <8
ki ko zk—4 ki ko=k—4

k
S E 2 Py vll o2 | Py Y | oo 2
[k1—ka| <8
kl,k22k74

k—k
S E 27 Py 0x vl oo p2 || Py W | oo 2
k1 —ka|<8
ki,ko>k—4

< Z Q.k_kzck2 < . (4-38)
ko>k—4

Combining (4-36), (4-37), and (4-38) and applying them in (4-35), we obtain
| Pe(v Re )l 12 S e
As the above calculation holds with w in place of v, we conclude (recalling (2-2)) that
1 Pkdx@ll o2 S k-

Hence (4-10) holds for o = 0.
Now we turn to the case o € [0, o1 — 1]. Using Bernstein’s inequality in (4-36) and (4-38), we obtain

> IPe(Pai—sv- Piy Re Yl 2 S 2% er(0), (4-39)
lko—k|<4
D IP(Pyv- Py Rey)ller: S27 %o, (4-40)
[k1—k2|<8
ki,kr>k—4

as well as analogous estimates with w in place of v. Such a direct argument, however, does not yield the
analogue of (4-37). We circumvent this obstruction as follows. Let € € (0, co) be the best constant for
which

1 Pedsll poor2 < 6277% k(o) (4-41)
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holds for o € [0, o1 — 1]. Such a constant exists by smoothness and the fact that the ¢ (o) are frequency
envelopes. In view of definition (2-34) and estimate (2-35), we similarly have

1P, v(O)ll o2 S €277 i (o). (4-42)
Using (4-42) in (4-37), we obtain
> PPy Py Re ) [l or2 < 627 crcr (o). (4-43)
[k —k|<4
ky<k—4

From the representations (2-2) and (4-35), and from the estimates (4-39), (4-40), and (4-43), along with
the analogous estimates for w, it follows that

1Pdslloor2 S (14 c€)27 (o).

In view of energy dispersion (¢ < ¢) and the optimality of € in (4-41), we conclude that € < 14 %, so
that € < 1. Therefore

1 Pedg dmpll o1z ~ 27X | Pedmpll o2 S (o),
which completes the proof of (4-10). ]

It will be convenient in certain arguments to use the weaker frequency envelope defined by
by = sup 278 KK Pl 4 (4-44)
k'ez "
Proof of Lemma 4.3. Let us first establish

DINPlTe S D NPl .

keZ keZ

We use (2-1),1i.e., ¥, = v - 0@ +iw - d,,¢, but for the sake of exposition only treat v - d,,¢. We start
with the Littlewood—Paley decomposition

Piym(0) = Y Pi(P<t-s5v- Piydm@) + Y PelPiv- Piodwg) + Y PelPiv- Piydn).
lky—k|<4 |ki—k|<4 ki —k2| <8

ky<k—4 ki,kr>k—4
In view of |v| =1, the L;‘, . horm of the low-high interaction is controlled by Ek (see (4-44)). To control
the high-low interaction, we use Holder’s and Bernstein’s inequalities along with (2-15):

Y PP Podn®lls S D I Pyvllzess - 1P dn@ll o
[k1—k|<4 ki —k|<4
ko<k—4 ko<k—4
ki/2 ko /2
S Y 2Pl 22 P el s
k1 —k|<4
ko<k—4
. o
< D 2NPGllperabi S bi

|ki—k|<4
ky<k—4
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To control the high-high interaction, we use Bernstein, Holder, Bernstein again, and (2-15):

Y NPPuv-Podn@ls S Y 2P Podngllsg

|k1—k2| <8 |k1—ka|<8
ki, ky>k—4 ki, kry>k—4

S D 2Pl Podnells,

|k1—k2| <8
ki,kr>k—4

k+k1)/2
S D 29O P vl e || Pedmpll s

|k1—ka| <8
ki,ko>k—4

S 2 2ROl Padnels < ) 24 b, S b

|k1—ky|<8 ky>k—4
ki, kry>k—4

Therefore
1 PcYm )3, < b
and
IR O S5~ D I PdneO)l]s .
kez T kez kez ’
By using (2-2), creating an L* frequency envelope for P;d,,¢(0), and reversing the roles of ¥, and d,¢
in the preceding argument, we conclude the reverse inequality

D PO 74 S D I Pebm O - -

kez kez
5. Local smoothing and bilinear Strichartz

The main goal of this section is to establish the improved bilinear Strichartz estimate of Theorem 4.8. As
a by-product we also obtain the frequency-localized local smoothing estimate of Theorem 4.9.

Our approach is to first establish abstract local smoothing and bilinear Strichartz estimates for solutions
to certain magnetic nonlinear Schrodinger equations. These are in the spirit of [Planchon and Vega 2009;
2012; Tao 2010]. We shall then apply these to Schrodinger maps, in particular to the paralinearized
derivative field equations written with respect to the caloric gauge.

We introduce some notation. Let

LR ={ eR: &l €[22} and  Toony = 1.
J<k

For a d-vector-valued function B = (B;) on R¢ with real entries, define the magnetic Laplacian Ap,
acting on complex-valued functions f, via

Apf =@ +iB) (3 +iB)f)=Af +i(dB)f +2iBid f — B f. (5-1)

For a unit vector e € S, denote by {x - e = 0} the orthogonal complement in R? of the span of e,
equipped with the induced measure. Given e, we can construct a positively oriented orthonormal basis
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e,el,...,eq 1 of R?sothate,...,e;_; form an orthonormal basis for {x - e = 0}. For complex-valued
functions f on R4, define E,( f):R—>Ras

E¢(f)(x0) 1=/

x-e

|12 dx’ =/ |f (xoe + xje )12 dx’, (5-2)
=0 Rd-!

where the implicit sum runs over 1, 2, ..., d — 1, and dx’ is the standard (d — 1)-dimensional Lebesgue
measure. We also adopt the following notation for this section: for z, { complex,

IAE i=2C —7¢ = 2i Im(z¢).
5A. Key lemmas.

Lemma 5.1 (abstract almost-conservation of energy). Let d > 1 and e € S?~!. Let v be a C>®(H®)
function on RY x [0, T] solving
(9, + Ag)v = A, (5-3)

with initial data vy. Take d; to be real-valued, smooth, and bounded, with A y4 defined via (5-1). Then

. (5-4)

T
2 2
||v||LwL2§||uo||L2+’// b A Ay dxdi
b * 0 JRd

Proof. We begin with
%Bt/|v|2dx=/lm(58,v)dx,

which may equivalently be written as

iat/lvlzdxz—/v/\iatvdx.

i8,/|v|2dx:/v/\(A&w—Av)dx.

Substituting from (5-3) yields

Expanding A 4 using (5-1) and using the straightforward relations
(wAidv) =vAI(ADV+ Vv A2iA;0v and 0;(v A Jv) = v A Av,

we get

i8,/|v|2dx=/81(v/\81v)dx+f81(vAiﬂlv)dx—/vAﬂ%vdx—/v/\Ade.

The first two terms on the right-hand side vanish upon integration in x; the third is equal to zero because
5&,2 is real. Integrating in time and taking absolute values therefore yields

T/
/ / v A Ay, dxdt
0 Rd

for any time 7’ € (0, T']. O

/4|U(T/)|2 ool dx
R
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Lemma 5.2 (local smoothing preparation). Letd > 1 and e € S Let j,keZand j =k + O(1). Let
em > 0 be a small positive number such that en29M « 1. Let v be a C°(H) function on RY x [0, T]
solving

({0, + Ay)v = Ay, (5-5)

where A is real-valued, smooth, and satisfies the estimate
k
[l < em2”. (5-6)

The solution v is assumed to have (spatial) frequency support in Iy, with the additional constraint that
e-&e[2/71, 2% for all & in the support of 0. Then

T
/ f vA A, dxdt
0 Jx-e>0

M, (1) ::/ lv(x, 1)|? dx.
x-e>0

T T
2J f E.(v)dt < ||v||iooL2 + 42/ / E,(v+i2778,v)dt. (5-7)
0 r 0

Proof. We begin by introducing

Then
0 < Me() < 11072 g0y < 101720121700 (5-8)
Differentiating in time yields
iM,(t) = / VA ((,v)dx = / VA (Agv— Ay)dx,
x-e=0 x-e>0
which may be rewritten as

iMe(t)=/ Bl(v/\(al—l-i&ﬁl)v)dx—/ VA Ay dx. (5-9)

-e>0 -e>0
By integrating by parts,
/ al(v/\(81+i&dl)v)dx:—/ VA (0ev +ie- sAv)dx’,
x-e>0 x-e=0
and therefore (5-9) may be rewritten as
—/ v/\(8ev+ie-&iv)dx/=iMe(t)+/ vAA,dx. (5-10)
x-e=0 x-e>0

On the one hand, we have the heuristic that d,v ~ i2/v since v has localized frequency support. On the
other hand, since A is real-valued, we have

T T
/ / vAie-&ﬁvdx’dt:Zf / e-&ﬁ|v|2dx’dt (5-11)
0 Jx-e=0 0 Jx-e=0

and hence by assumption (5-6) also

T T
f/ |&Q||v|2dx’dt§8m2k// lv|? dx'dt. (5-12)
0 Jx-e=0 0 Jx-e=0
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Together these facts motivate rewriting v A d,v as
VAU =22/ [v]? +v A Qv —i2/0). (5-13)

Using (5-11), (5-13), and the bounds (5-12) and (5-8) in (5-10), we obtain by time-integration that

T
/ / v A A, dxdt
0 Jx-e>0

Applying Cauchy—Schwarz to the last term yields

T T
(1—sm2k—f)2ff Ec(v)dit <||v]|7 ;0 + +2-2J’// lv+i277 9ev| |v] dx'dt.
0 e 0 Jxe=0

T T T
21'// |v+i2_jaev||v|dx’dt58-2j/ Ee(v+i2_jaev)dt+%-2j/ E,(v)dt.
0 Jx-e=0 0 0

Therefore (5-7). U
We now describe the constraints on the nonlinearity that we shall require in the abstract setting
Definition 5.3. Let % be a fixed finite subset of {1 < p < oo}. A bilinear form B(-, -) is said to be

adapted to % provided it measures its arguments in Strichartz-type spaces, the estimate

SB(f. 9)

T
/ f A gdxdt
0 JRd

holds for all complex-valued functions f, g on R? x [0, T], Bernstein’s inequalities hold in both arguments
of B, and these arguments are measured in L? only for p € ?. Given B(-,-) and e € S9! we define
Be( N ) via

Be(fa g) = B(fv X{x~220}g)-
Definition 5.4. Let e € SY~! and let s; be real-valued and smooth. Let v be a C°(H;*) function on
RY x [0, T] solving

(i + Ag)v = Ay

Assume v is (spatially) frequency-localized to I; with the additional constraint that e - & € [2/~!, 2/+1]
for all £ in the support of 0. Define a sequence of functions {v(’”)}fnoz1 by setting vV = v and

D =y 27T g,
By (5-1) and the Leibniz rule,

0+ Ag)v™ = Ay,

where
Ao 1= (140277 9) Ay +i277 (9,9 A; — 3 APV D — 27713, A4 90D,

The sequence {v™}%°_, is called the derived sequence corresponding to v.

Suppose we are given a form B adapted to %. The derived sequence is said to be controlled with
respect to B, provided that B,(v"™, A ,m) < oo for each m > 1.
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We remark that if the derived sequence {v(’”)}";":1 of v is controlled, then for all / > 1, the derived

sequences { v(’m};ff:l are also controlled.

Theorem 5.5 (abstract local smoothing). Letd > 1 and e € S~ Let j,k € Z and j =k + O(1). Let
em > 0 be a small positive number such that £,2°1 « 1. Let n > 0. Let P be a fixed finite subset of
(1, 00) with2 € P, and let B be a form adapted to P. Let v be a C°(H?*°) function on RY x [0, T'] solving

(10 + Ag)v = Ay, (5-14)
where ; is real-valued, smooth, has spatial Fourier support in I(_« k), and satisfies the estimate
sl Lo < em2". (5-15)

The solution v is assumed to have (spatial) frequency support in Iy. We take A, to be frequency-localized
to I(—xo k). Assume moreover that

e-5el(1-m2/, (1+m2’] (5-16)
for all & in the support of v.
If the derived sequence of v is controlled with respect to B,, then there exists n* > 0 such that, for all
0 < n < n*, the local smoothing estimate

T
2j/ Ec(v)dt S ||vll7eep2 + Be(v, Ay) (5-17)
0 t X

holds uniformly in T and j =k + O(1).

Proof. The foundation for proving (5-17) is (5-7), which for an adapted form B, implies

T T
ZJ/ E.(v)dt < ||v||iocL2 +Be(v,Av)+21/ E.(v+i27708,v)dt. (5-18)
0 P 0

Therefore our goal is control the last term in (5-18). This we do using a bootstrap argument that hinges
upon the fact that ¥ := v +i27/,v is the second term in the derived sequence of v, and that being
“controlled” is an inherited property (in the sense of the comments following Definition 5.4).

By Bernstein’s and Holder’s inequalities, we have

2/ /OTEe(v)dt 5221T||v||§?%§.
for any v. For fixed T > 0 and k € Z, let K1 > 1 be the best constant for which the inequality
2/ /0 B < Kri(Iv117: + Be(v, Av)) (5-19)
holds for all controlled sequences. Applying (5-19) to v results in

T
2 f Eo@)dt < Kr (1512, + Be(@., Ap)), (5-20)
0 X

and thus we seek to control norms of v in terms of those of v.
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Let ﬁk, P ;e denote slight fattenings of the Fourier multipliers Py, P; .. On the one hand, Plancherel
implies L
I +i27700) Py Pell 2 p2 S (5-21)

On the other hand, Bernstein’s inequalities imply
(142778 Pje Pellpppr S 1, 1< p<oo.
Therefore it follows from Riesz—Thorin interpolation that

e~ 2/p 2 <

o n < p < oo,
J . <

I(1+i2778e) PjePillprpr S {nz—Z/p l<p<2.

Restricting to p € %, we conclude that there exists a ¢ > 0 such that
I +i277 960 Pye Pell g S (5-22)

for all p € P and all n small enough.
Applying (5-22) and Bernstein to v yields

10ll2 S nfllvllzz,  Be(@, Ag) S n?Be(v, Ay),

which, combined with (5-20) and (5-18), leads to

T
2/ / E.()dt S A+n'Kr ) (07,2 + Be(v, Ay)).
O t X
As K7 is the best constant for which (5-19) holds, it follows that
Krpe S1+n7Krk

and hence that K7 ; < 1 for n small enough. ]

Corollary 5.6. Given the assumptions of Theorem 5.5, we have

T
2/ / Ee(v)dt ”UOHiz + B(v, Ay) + Be(v, Ay).
O X

Proof. This is an immediate consequence of Theorem 5.5 and Lemma 5.1. (Il

Corollary 5.7 (abstract bilinear Strichartz). Letd > 1 and e € S9! Seté = (—e, ) / V2. Let j. kel
and j =k+ O(1). Let ¢, > 0 be a small positive number such that en29M « 1. Let n>0.Let P bea
fixed finite subset of (1, 00) with 2 € P, and let B be a form that is adapted to .

Let w(x,y) be a C;’O(Hf"})function on R* x [0, T], equal to wy at t = 0 and solving

(0 +Ap)w = Ay,
where sy is real-valued, smooth, has spatial Fourier support in I(_o k1, and satisfies the estimate
k
stz , < em2".

Assume w has (spatial) frequency support in I, and that

é-£e[(1—m2/, (1+n2]



CONDITIONAL GLOBAL REGULARITY OF SCHRODINGER MAPS 643

for all & in the support of W. Take A, to be frequency-localized 1o I(—o k).

Suppose that w(x, y) admits a decomposition w(x, y) = u(x)v(y), where u has frequency support in
I, < k. Use ug, vy to denote u(t =0), v(t = 0). If the derived sequence of w is controlled with respect
to Bg, then

luvll?, < 29027 (Jluol 7z llvoll7 > + B(w, Aw) + Be(w, Aw)) (5-23)
uniformly in T and j =k + O(1) provided n is small enough.

Proof. Taking into account that

lwollzz , = luollz2 llvol 2.

we apply Corollary 5.6 to w at (x, y) =0 and get
T
2/ / Eg(w) dt < lluoll72llvoll7 + B(w, Ay)+ Ba(w, Ay). (5-24)
0 X X

We complete (—e, e)/ V/2 to a basis as follows:
(—e, €)/~2,(0,e1),.... (0, ea1). (e, €)/v/2, (e1,0), ..., (ea—1,0).

On the one hand, E;(w)(0) is by definition (see (5-2)) equal to
/ / u(0-e+re+xje;, t)v(0-e+re+yje;, 1)|*dx'dydr.
R JR2d-2

We rewrite it as

/R/Rd—l v(re+yje;, n*dy’ /[Rd_l lu(re +x;e;, 1)|* dx'dr. (5-25)

On the other hand,
luv|7, = /dlu(y, DI v(y, H*dy :/ /d l|M(Ve+yjej)|2|v(l”e+)’jej)|2dy/d”,
y R R JRd-
and by applying Bernstein to u in the y’ variables, we obtain

luvl|3, 52“‘“)// |v(re+yjej)|2dy'/ lu(re +xje;)|* dx'dr. (5-26)
y R Rd—l Rd—l
Together (5-26), (5-25), and (5-24) imply (5-23). O

5B. Applying the abstract lemmas. We would like to apply the abstract estimates just developed to the
evolution equation (2-7). We work in the caloric gauge and adopt the magnetic potential decomposition
introduced in Section 4D. Throughout we take € as defined in (4-18).

Our starting point is the equation

(i0; + AV = B tonlo + B hivhi + Vi (5-27)

Applying Fourier multipliers P, P; ¢ Py, or variants thereof, we easily obtain corresponding evolution
equations for Py, Pj g Py, etc. In rewriting a projection P of (5-27) in the form (5-3), evidently Ay,
should somehow come from AP, — P By, 10010, Whereas P By, pivhi + P Vy, ought to constitute the



644 PAUL SMITH

leading part of the nonlinearity A. Fourier multipliers P, however, do not commute with the connection
coefficients A, and therefore in order to use the abstract machinery we must first track and control certain
commutators. Toward this end we adopt some notation from [Tao 2001].

Following [Tao 2001, §1], we use Lo (f1, - - ., fm)(s, x, t) to denote any multilinear expression of the
form

Lo(fis--s fm)(s, x,0) := /K(YIa ce M) 108, x =y, ) oo (S, X = Yme), D dyr ... dyme),

where the kernel K is a measure with bounded mass (and K may change from line to line). Moreover, the
kernel of L does not depend upon the index «. Also, we extend this notation to vector or matrices by
making K into an appropriate tensor. The expression Lo (f1, ..., fn) may be thought of as a variant of
O(f1, ..., fm)- It obeys two key properties. The first is a simple consequence of Minkowski’s inequality;
see, for example, [Tao 2001, Lemma 1].

Lemma 5.8. Let Xy, ..., Xy, X be spatially translation-invariant Banach spaces such that the product
estimate

I f1-- fmllx < Coll fillx, -~ I fmllx,,
holds for all scalar-valued f; € X; and for some constant Cy > 0. Then

ILo(fis -y f)llx S (C™Coll fillx, -+ | finllx,,

holds for all f; € X; that are scalars, d-dimensional vectors, or d x d matrices.
The next lemma is an adaptation of Lemma 2 in [Tao 2001].

Lemma 5.9 (Leibniz rule). Let P be a C* Fourier multiplier whose frequency support lies in some
compact subset of I, (RY). The commutator identity

Pl(fg)=fPlg+Lo@d.f,27%g)
holds.

Proof. Rescale so that k = 0 and let m(£) denote the symbol of P so that

Poh(&) = m(E)h(@).

By the fundamental theorem of calculus, we have
(P(;(fg)_fp(;g) (SaxJ)=/dnv’l(Y)(f(s»x_y»f)_f(SaX,t))g(S,x_y»t)dy
R

1
=—/ /d’ﬁ(y)y-8xf(s,x—ry,t)g(s’x—y,t)dydr.
0 JR

The conclusion follows from the rapid decay of . U
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We are interested in controlling Py j Py, in L;’O’z over all # € S' and |j — k| < 20. In the abstract
framework, however, we assumed a much tighter localization than Py ; provides. Therefore we decompose
Py ; as a sum

P = Z Po i, (5-28)

I=1,..,0((n"~H

and it suffices by the triangle inequality to bound Py, ;; Pxv,,. We note that this does not affect perturbative
estimates since 1™ is universal and in particular does not depend upon ¢, €.
For notational convenience set P := Py j; P;. Applying P to (5-27) yields

(i0 + A)PYy = P (Bmjonio + Bumnivhi + Vin) -

Now

P B jonto = —i P Z (01 (A 10n10 Pis ) + AL 10A1001 Py W)
[ks—k|<4

as P localizes to a region of the annulus /;. Applying Lemma 5.9, we obtain

P By jonto = —i (01 (A 1on10 PVim) — 1 A110A100 PYim) + R,

where
R:= Y (Lo@:dALioror 27 Pis¥n) + Lo OxALiorlo, 27" Phs 0y m)). (5-29)
|k3—k|<4
Set
A = Am lonlo-
Then
(9 + Aa) PYin = P(Bu pivhi + Vi) + A3 Py + R. (5-30)

It is this equation that we shall show fits within the abstract local smoothing framework.

First we check that Lemmas 5.1 and 5.2 apply. The main condition to check is (5-6). Key are the
bound (2-14) and Bernstein, which together with the fact that s is frequency-localized to I(_ ] provide
the estimate

[ETIEs

fx N

To achieve the ¢, gain, we adjust @, which forces a gap between I and the frequency support of 4, i.e.,
we localize o t0 I(_o k—qr] instead. Thus it suffices to set @ € Z equal to a sufficiently large universal
constant.

There is more to check in showing that (5-30) falls within the purview of Theorem 5.5. Already we have
d=2,e=0,8, ~277, A = Ap lonlo, V= Py j i Pk, and Ay, = P (B hivhi + Vin) +&4§Pwm +R.
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Next we choose % based upon the norms used in N, with the exception of the local smoothing/maximal
function estimates. To be precise, define the new norms Ny via

”f”ﬁk(T) =
inf 43 + k/6 2|l ;372,605 + 2k/6 3l 372605 + 27k/6 4l 6/532 + 2k/6 50|, 6/532
P L P VA 15,y Il 155,

and similarly Gy via

106,y = 1 Negerz + 1 F s, 42720 fllgre + 279 sup | £l 30 +2"° sup  supl| Py f1l 2.

HeS! |/ —k|=20 geS!
Set ? ={2,3,3/2,4,4/3,6,5/6}. We define the form B(-, -) via
B(f. &) = Iflg,xl&l7. (5-31)
and By by
Bo(f, 8) == B(f, X{x-620)8) (5-32)

as in Definition 5.3. That By is adapted to % is a direct consequence of the definition.

Proposition 5.10. Let n > 0 be a parameter to be specified later. Let alsod =2,e =0, &, ~277,
i = A tortor V="Py") | Pcthm. Ay =P (B hivhi-t Vi) +542 P+ R, and P ={2,3,3/2,4,4/3,6,5/6}.
Let B, By be given by (5-31) and (5-32) respectively. Then the conditions of Theorem 5.5 are satisfied
and the derived sequence of v is controlled with respect to By so that conclusion (5-17) holds for
v= PQ(Z?, 1 Px¥m given n sufficiently small.

Proof. The only claim of Proposition 5.10 that remains to be verified is that the derived sequence of
v =Py ;1 Py is controlled with respect to By. In particular, we need to show that for each g > 1 we
have

By(v'?, Ayw) < o0,

where v(D := Py 1 Pim,
@D .— @ 4 i2_j39v(q),
and
Ay = (14+i2778p) Ay + 277 (1993l — dpsd?) v D — 2771 (Bg5)) 30D,
We first prove the following lemma.

Lemma 5.11. Let o € [0, 01 — 1]. The right-hand side of (5-30) satisfies
I P (B, nivhi + Vin) + 43 P + R 5, ) S €277Fbi (o).

Proof. We will repeatedly use implicitly the fact that the multiplier Py ;; is bounded on L?, 1 < p < o0,
so that in particular P obeys estimates that are at least as good as those obeyed by Px.

From Corollaries 4.11 and 4.12 of Sections 4C and 4D it follows that Py (B, hivhi + Vi) is perturbative
and bounded in ﬁk(T) by €27%by (o). The ﬁk(T) estimates on P V,, immediately imply the boundedness
of A2 P,.
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To estimate R, we apply Lemma 3.10 to bound P By, joa10 bY

o
f 2RISR 1t ks | Py Y () L, 1 Py (D (9D) | o | P Wi (0) [, s
(k1 ko ks)eZy (k) O

which, in view of (4-12), (4-13), and (4-25), is controlled by

Z Ch ko ks by D27 by (0).
(k1 ko ks) e Z, ()

Summation is achieved thanks to Corollary 3.11. (I

We return to the proof of the proposition, and in particular to showing that By (v, A,) < oo. With the
important observation that the spatial multiplier x,.g>0 is bounded on the spaces ﬁk(T), we may apply
Lemma 5.11 to control xy.>0Ay in ﬁk. Since by assumption P, is bounded in ak(T) (even in G (T)),
we conclude that By (v, A,) < o0.

Next we need to show By (v?, Aye) < oo for ¢ > 1. By Bernstein,

-1
10PN, S 109l -

Similarly,
II(1 ‘f‘izﬁ)a@AvW)”ﬁk(T) S ||Av<4*1>||ﬁk(T)-

Thus it remains to control i27/ (i 3y d;sd; — 893412)1)(”’) and 277 (9p54;) 9 v @ in ﬁk for each ¢ > 1. Both
are consequences of arguments in Lemma 5.11: Boundedness of 277 (359;54;)v@ and 277/ %1 (954;) 3;v?
follows directly from the argument used to control R and from Bernstein’s inequality, whereas boundedness
of 27/ (89&&12)1)(‘1) is a consequence of Bernstein and the estimates on &ﬁ)chlﬁm from Section 4C. O

Combining Lemma 5.11 and Proposition 5.10, we conclude that Corollary 5.6 applies to v = P,
with right-hand side bounded by 2720k, (0)?% 4+ €272k by (0)%. In view of the decomposition (5-28), we
conclude this:

Corollary 5.12. Assume o € [0, o1 — 1]. The function Pyyr, satisfies
sup _sup || Pjg Pitimll 2 S 27227 cr(o) + €227 by (0)).
|j—k|<20 geS! ¢

This proves Theorem 4.9.

Our next objective is to apply Corollary 5.7 to the case where w splits as a product u(x)v(y) where
u, v are appropriate frequency localizations of ¥, or ¥,,. First we must find function spaces suitable
for defining an adapted form. We start with (id; + Ag)w = A, and observe how it behaves with
respect to separation of variables. If w(x, y) = u(x)v(y), then the left-hand side may be rewritten as
u- ({0 +Ag )v+v- (@0 + Ay Ju. Let Ay := (0, + Ay, u and A, := (i9; + Ay, )v. Then

(0 + Ay)(mv) =ul, +vA,.
‘We control

T
/0 /Rz Rzu(x)v(y)(Au(x)v(y)+u(x)Av(y))dxdydz
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as follows: in the case of the first term u(x)v(y)A,(x)v(y) we place each v(y) in L;’oLz; we bound
u(x)A,(x) by placing u(x) in G; and A,(x) in ]Vj. To control u(x)v(y)u(x)A,(y), we simply reverse
the roles of u and v (and of x and y). This leads us to the spaces N ; defined by

1IN o) I=inf{||82j—1||/v,(r)||h2j—1||L,°0L§ +llg2jllLee 2 12§ o7y :

27
JeZyandf(x,y)= ) (82j-1()h2j—1(y) +gzj(x)h2j(y))},

p (5-33)
and the spaces (_}k’ ; defined via
”f”@,z(T) =S (x, Y)”(N;k(T)(y)Hél(T)(x)' (5-34)
We use these spaces to define the form B(-, -) by
B(f.9) = fllg, o185, - (5-35)
and the form Bg by
Bo(f. 8) = B(f, X{(x.y)-020,8); (5-36)

where ® := (-0, 0).

Proposition 5.13. Let n > 0 be a small parameter and @ € Z 1 a large parameter, both to be specified
later. Let j, k,leZ, j=k+ O0(),l Kk. Letd =2,e=0,¢, ~277, 3y := Ap.lonlo, V = P(,(’";JPkwm,
Ay = P(By hivhi + Vi) + &ﬁ)chlﬁm + R, and P =1{2,3,3/2,4,4/3,6,5/6}. Here R is given by (5-29).
Also, let u = Pl_wp, pefl,2}and A, = Pi(Bpnivhi + Vp) + &ﬁi Py, + R, where R’ is given by (5-29),
but defined in terms of derivative field {; and frequency [ rather than {,, and k.

Let w(x,y) :==ux)v(y), d := (Ay, dy), Ay := Ayv +ul,. Then, for @ sufficiently large and n
sufficiently small, the conditions of Corollary 5.7 are satisfied and (5-23) applies to u(x)v(x).

Proof. The frequency support conditions on & and A,, are easily verified. That the L°° bound on s
holds follows from (2-14) and Bernstein provided @ is large enough (see the discussion preceding
Proposition 5.10). In order to guarantee the frequency support conditions on w, it is necessary to make
the gap [ < k sufficiently large with respect to 7.

That Bg is adapted to P is a straightforward consequence of its definition. To see that the derived
sequence of w is controllable, we look to the proof of Proposition 5.10 and the definitions of the Ny,
(_}k,l spaces. O

In a spirit similar to that of the proof of Corollary 5.12, we may combine Lemma 5.11 and the proof
of Proposition 5.10 to control B(w, Ay,) + Be(w, Ay); in fact, in measuring A, in the 1\_/;(,1 spaces, it
suffices to take J = 1 (see (5-33)). Then we obtain B(w, Ay) + Be(w, Ay) < eij_‘kak(a). Using
decomposition (5-28) and the triangle inequality to bound Py, in terms of the bounds on PG(”]) 1 P, we
obtain the bilinear Strichartz analogue of Corollary 5.12. In our application, however, the lower-frequency
term will not simply be Pj_wl, but rather its heat flow evolution ITW(S).
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Corollary 5.14 (improved bilinear Strichartz). Let j, k € Z, j < k, and let
ue{Piyy, Piyy:j<k—w,l €{l,2}}.

Then for s > 0,0 € [0, 01 — 1],

lu(s) Peprn ()| 2 S 2970721 +522)74277% (cjcr(0) + €bbir(0)) - (5-37)
Proof. 1t only remains to prove (5-37) when s > 0. Let v := P;,,. Using the Duhamel formula, we write
N
u(s)v = (e**u(0))v(0) + / eCTIAY (s ds” - v(0), (5-38)
0

where U is defined by (2-21) in terms of u.

To control the nonlinear term [ e®=*)2U(s")ds" - v(0) in L%, we apply local smoothing estimate
(3-11), which places the nonlinear evolution in F;(T) and v(0) in G, (T'). Using Lemma 7.11 to bound
the F;(T) norm, we conclude that

N
/ ST (s ds" v(0) | <2V 4 522) 427K p by (o). (5-39)
0 L7,
It remains to show that
I 2 uwyvll 2 S (1+452%)" 2707227k (¢ jc4(0) + €b b (o)), (5-40)

which is not a direct consequence of the time s = 0 bound. Let &, denote the spatial translation operator
that acts on functions f(x, t) according to I, f (x,t) := f(x —a,t). If

1T )T o)l S 297072277 (e jer(0) + ebjbr(o) (5-41)

can be shown to hold for all x1, x, € R2, then (5-40) follows from Minkowski’s and Young’s inequalities.
Consider, then, a solution w to

(10 + As(x, D)w(x, 1) = Ay (x, 1)
satisfying the conditions of Theorem 5.5. The translate J ,,w(x, t) then satisfies

(10 + Ag () (e,) (Trgw) (X, 1) = (T Aw) (X, 7).

The operator T, clearly does not affect L7, bounds or frequency support conditions. The only possible
obstruction to concluding (5-17) is this: whereas the derived sequence of w is controlled with respect to B,,
in the abstract setting it may no longer be the case that the derived sequence of J ., w is controlled. This
is due to the presence of the spatial multiplier in the definition of B,. Fortunately, as already alluded to in
the proof of Proposition 5.10, in our applications we do enjoy uniform boundedness with respect to any
spatial multipliers appearing in the second argument of an adapted form B,. Therefore Proposition 5.13
holds for spatial translates of frequency projections of i, from which we conclude (5-41). U

This establishes Theorem 4.8.
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6. The caloric gauge

In Section 6A we briefly recall from [Smith 2012a] the construction of the caloric gauge and some useful
quantitative estimates. In Section 6B we prove the frequency-localized estimates stated in Section 2C.

6A. Construction and basic results. In brief, the basic caloric gauge construction goes as follows.
Starting with H éo—class data ¢ : R? — S? with energy E(¢o) < Ecit, evolve ¢p in s via the heat flow
equation (2-11). At s = oo the map trivializes. Place an arbitrary orthonormal frame e(co) on T(p(S:OO)SZ.
Evolving this frame backward in time via parallel transport in the s direction yields a caloric gauge on
gﬂ*Tw(s:oo)Sz.

For energies E (¢g) sufficiently small, global existence and decay bounds may be proven directly using
Duhamel’s formula. In order to extend these results to all energies less than E, we employ in [Smith
2012a] a concentration compactness argument that exploits the symmetries of (2-11) via concentration
compactness.

In [Smith 2012a] the following energy densities play an important role in the quantitative arguments.

Definition 6.1. For each positive integer k, define the energy densities e of a heat flow ¢ by
ex = (@ V), ol
=@V - (@), 00, @7V (@7V) i, 0500), (6-1)

where ji, ..., jr are summed over 1, 2 and V denotes the Riemannian connection on the sphere, i.e., for
vector fields X, Y on the sphere VyY denotes the orthogonal projection of dxY onto the sphere.

Theorem 6.2 [Smith 2012a]. For any initial data ¢y € H 50 with E(pg) < Eci there exists a unique
global smooth heat flow ¢ with initial data @y. Moreover, ¢ satisfies the estimates

o0
//Sk_lek+1(s,x)dde§E0’k1, (6-2)
0 JR2

sup sk_]/ ex(s,x)dx Sgox 1,
IRZ

O<s<oo

sup skek(s,x) Skek 1,

O<s<oo
xeR?
o0
/ skl sup ex(s, x)ds Sgox 1, (6-3)
0 xeR?
for each k > 1, as well as the estimate
o0
/ / el (s, x)dx ds <g, 1. (6-4)
0 JR?

We employ (6-2), (6-3), and (6-4) below.

6B. Frequency-localized caloric gauge estimates. The key estimate to establish is (2-35) for ¢; most
of the remaining estimates will be derived as corollaries of it. Our strategy is to exploit energy dispersion
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so that we can apply the Duhamel formula to a frequency localization of the heat flow equation (2-11),
which for convenience we rewrite as

dsp = Ap +gey. (6-5)

Proof of (2-35) for ¢. Let o1 € Z, be positive and let S’ > S > 0. Let ¥ € Z, T € (0, 2%"] be fixed.
Define for each ¢ € (—T, T) the quantity

€S, 1) = up s;)ps]iug(l+s22k)‘”2"’<yk<a)*1||Pkso(s,-,t)uL;(Rz). (6-6)
o€ ,o01]s€|0, €

For fixed ¢ the function €(S, ) : [0, S'] — (0, co) is well-defined, continuous, and nondecreasing.
Moreover, in view of the definition (2-34) of y (o), it follows that limg_.o6(S,7) < 1. A simple
consequence of (6-0) is

1Pegp(s. - Dl 2wy < €S, (1 +52%) 77127 %y, (0) (6-7)

for0<s<S<¥.
Our goal is to show €(S, ) < 1 uniformly in S and # and our strategy is to apply Duhamel’s formula
to (6-5) and run a bootstrap argument. Beginning with the decomposition

Pi(per) = Y Pi(P<i-sp-Pne) + Y Pu(Po-P<ser) + > Pu(Pio- Poer),

|ko—k|<4 ki —k|<4 ki, ky>k—4
lk1—k2| <8

we proceed to place in Li each of the three terms on the right-hand side; we then integrate in s and
consider separately the low-high, high-low, and high-high frequency interactions.
Low-high interaction. By Duhamel and the triangle inequality it suffices to bound
A
LH(s, 1) := f e N P(Papsg(s' - 1) Poer(s'. - )2 ds'. (6-8)
0 lko—k| <4
By Holder’s inequality, |¢| = 1, and L?-boundedness of the Littlewood—Paley multipliers,

S
(e \H2k—2
LH(s, t)g/ o (s=s2 Z | P<i—s5@ll Ll Prerll 2 ds’
0 ko —k| <4

N
o \D2k—2
< / U IPger(s - )l 2 ds'.
0 lka—k| <4

To control the sum we further decompose Pje; = P;(9,¢ - 9x¢) into low-high and high-high frequency
interactions:

Pier=2 ) P(P<i_sd:¢- P0:¢) + Y Pi(Py0:¢- PLdcp). (6-9)
|l —1|<4 I1,L>1—4
[l1—l2|<8

Low-high interaction (i). We first attend to the low-high subcase. For convenience set E;; equal to the
first term of the right-hand side of (6-9), i.e.,

Ein(s, X, 1) == ) Pi(P<_505(s, x, 1) - Pdp(s, x, 1)).
[lh—=1<4
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By the triangle inequality, Holder’s inequality, Bernstein’s inequality, the definition (6-1) for e (s, -, ¢),

and (6-7), it follows that

1B, Ollz S Y IP(Per—s0s@ - PLds@)llz S > IP<i—s50:0llee | Pyl 2

[hi=1l<4 [h—1l<4
1 )
S D IP<so:0ll=2" 1 Phgll: S IVerlle2 Y 1Pyl
[h=l<4 [h=l<4

S Ier(s, -, DllLx227 () 6(S, 1)(1 +52%) 7.

As we apply this inequality in the case where [ = k;, |k, — k| < 4, we have

S
[ e i las
0 S
<2827y (0)€(S, 1) / e O Jer(s!, L D)l (14522 ds'.
i :

Apply Cauchy—Schwarz. Clearly
1/2

N
1/2
(/ ”’\/el(sla"t)”%fgo ds/> S ||el(‘7'7t)||L/lLoo'
O s X

We postpone applying (6-3) with k =1 to (6-11). As for the other factor, we have

K 1/2
</ e_(s_s )22k—1(1 +S/22k)—20'|ds/> S (S(l +s22k—1)—20|(1 +s22k)—1)1/2
0

since

S
f e O A s’ <s(L+As) (L4 As)"!
0

(6-10)

(6-11)

(6-12)

fors > 0,0 <A <A/, and @ > 1. Hence, applying Cauchy—Schwarz to (6-10) and using (6-11) and (6-12),

we get

N
(s—s\22k=2
/ e OB L D2 ds
0

<27 (o) €(S, D25 2 (14 5227 T (14522972 ey ()1}
Discarding s1/22k(1 4 522172 < 1, we conclude that

S
C(s—g"\02k=2 _ —1\— 1/2
/ e B (Dl ds” S 27 (@) 6, D1+ 522D T ler (D) g0 s1m2)-
0 s LY s

LIL®([0,s]xR2)"

(6-13)

Low-high interaction (ii). We now move on to the high-high interaction subcase, setting Ej;, equal to the

second term of the right-hand side of (6-9):

Enn(s,x, 1) =Y Pi(PL0:(s, %, 1) - Pho(s, x, 1))

l1,b>1—4
[l —l2|<8

By the triangle inequality, Bernstein, and Cauchy—Schwarz,
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1Bl S Y IP(PLcg- Phos@)lie S D 2'11Pydce- PLdcplipy

l1,122174 ll,lzzl74
[h—1]<8 [l1—l2|<8
)
S D0 2Pl Pydegll 2.
l1,Lb>1—4
[li—l|<8

At this stage we apply Bernstein twice, exploiting |/; — /5| < 8, and get

1P, 0x@ll 21| P dcll 12 S 221 Py 0wl 2 Il Poll e S TP 10 Pl 21 Pogoll 2

So
1Emnllz2 S2° D7 1P 10: Pl 2| Pl 2

11,lr>1—4

[l —l2|<8
Applying Cauchy—Schwarz yields

1/2 1/2 1/2
||Ehh||L;§2’( > ||Ph|ax|2go||i%) ( > ||Plz€0||i§) 5|||ax|2go||L;2’< > ||Plz¢||i§> . (6-14)
L1>1—4 L>l—4 L>I—4

As ¢ takes values in S%, which has constant curvature, we readily estimate ordinary derivatives by
covariant ones:

0701 S Ve +er. (6-15)
Applying (6-15) in (6-14) and using (6-7), we arrive at

12
IEna(s. -, Ol S ||\/_ez+e1||L;2’( 3 ||P12<o||i§)

b>1—4

1/2
Sz +e) s, . Dl 22"6(S. 1) ( doa +s22’2)—2"12‘2”’2y§(a))

bh>1-4

1/2
5||<J6+e1)<s,-,r>||L;2’<6(S,r>(1+s221>—“1( > 2‘2"’2y§(a>) . (6-16)

hL>1—4

As o > § is bounded away from § uniformly, we may apply summation rule (2-31) in (6-16). Recalling
| = ky where |k, — k| < 4, we conclude that

1€ (s, - Dllzz S I(Vez+ e (s, -, Dl 22277 y(0)6(S, 1)(1 4 52%) 7.
Integrating in s yields
N
/ eI (s, DIz ds'
0

N
< 2F27k (o) 6(S. 1) / e O (Ve e (s, - 0 (4 522) 77 ds'. (6-17)
0 X
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We use the triangle inequality to write ||,/e; + e; 2 < ||@||L§ + lle1 |l 2 and split the integral in (6-17)
into two pieces. By Cauchy—Schwarz and (6-12),

N
\92k—2
/ e O ler(s', - D2 (145227 ds’

0 $ 172 § No2k—1 172
5(/ le(s’, -, O3, ds/) (/ e (T2 (] 4 5722720 ds/>
0 i 0

Sller®l 2, (s(1+s2%7H) 72 (1 4 52%)71) 12, (6-18)

To the remaining integral we also apply Cauchy—Schwarz and (6-12):

N
/ O e Dl (45227 ds'
i .

s 12 4 s - 12
S </ ”ez(s/’ ., t)”L}lc ds/) (/ e—(S—S )2 (1 +S/22k)—2(71 ds/>
0 0

S ey (s(1 452271721 (1452271 2, (6-19)

Hence, using Cauchy—Schwarz, (6-18), and (6-19) in (6-17), we conclude that

N
—(s—5)2%=2 —0 —1\—0o
/ e O (s L Ol ds’ 277 i (0)6(S, ) (145227 (ler ()12 +lex(Il,) ). (6-20)
O ’ 5,X

Low-high interaction: conclusion. Combining (6-13) and (6-20), we conclude in view of (6-8) and the
decomposition (6-9) that

LH(s. ) S 27 (@) €(S. (1 +52 D)™ (e 117 + le1 D2, +le20Il)). (6:2D)

High-low interaction. We now go on to bound the high-low interaction. By Duhamel and the triangle
inequality it suffices to bound

s
(e I\92k=2
HL(s, 1) := f e TN | Pe(Pg(s’ - 1) Pegser (s’ - )l 2 s’
0
|k1—k|<4

By Holder’s inequality, (6-7), and Bernstein’s inequality, we have

> PP (s, . 1) - Peser(s, - D)l 2

[k1—k|<4
S D 1Pa@lll P<ksenll o
ki —k|<4
SUP<ser(s. - Dl Y (14522771277 1y, (0)6(S, 1)
[k1—k|<4
S 2K Paiser (s, - Dl 227 yi(0)6(S, (1 452777
Hence

N
HL(s, 1) $ 227" yi(0)(S. 1) / eI (14528 ey (5, Dl 2 ds .
0
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Bounding the integral as in (6-18), we obtain

HL(s, 1) S 27 p(0)€(S. ) (1 + 2% )™ ey (1)l 12 - (6-22)
High-high interaction. We conclude with the high-high interaction. Set

N
HH(s, x, 1) := / e T N PPy (s, %, 1) - Prger (s, x, D)l 2 ds.
\ ;

ki, ky>k—4
|ky—k2| <8

By Bernstein, Cauchy—Schwarz, and (6-7),

Y PP Poedlz S Y 2N PuelliPuenll

ki, ky>k—4 ki, ky>k—4
|ky—k2| <8 |k1—ka2|<8
1/2 1/2
k 2 2
<2 ( > ||Pk1so||L§> ( > ||Pk2e1||L§)
ki >k—4 ko>k—4

1/2
§2k< D A2k, (o), t>2> lleiCs, -, Ol
ki1>k—4

1/2
= llex(s, -, D) 122°6(S, r)( > (1+s/22k1)—2012—2“k1y,q(a)Z) .
ki>k—4

We handle the sum as in (6-16), taking advantage of the frequency envelope summation rule (2-31), and
conclude that

HH(s, 1) 277 (o) 6(S, ) (1 + 52 )™ ler ()l 2. (6-23)
Wrapping up. For the linear term e*2 Pr¢ we have
le*2 Pegoll 2 < e 2 | Pegoll 2 < e 27K (o). (6-24)

Using (6-21)—(6-24) in Duhamel’s formula applied to the covariant heat equation (6-5), we have that for
any s € [0, S],t € (—T,T),
27K Pep (s, -, D)l 12 (1452797 S (o) +LL(Gs, ) +LH(s, 1) + HH(s, 1)
S (@) + 1@, D(ler D1 + eI, +ler®llzz,).

In view of (6-3) with k =1, (6-2) with k = 1, and (6-4), we may split up the s-time interval [0, c0) into
Og, (1) intervals I, on which

1/2 1/2
lex O\ o wrey N2OIT1G gy and  ller® 2z, <w2)

are all simultaneously small uniformly in . By iterating a bootstrap argument Og, (1) times beginning
with interval I}, we conclude that 6(s, ) < 1 for all s > 0, uniformly in ¢. Therefore

IPeo()ll o2 S (1+522)7727%% 94 (0) (6-25)

for s € [0, 00) and o > 24. |
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Remark 6.3. Having proven the quantitative bounds (2-35) for ¢, one may establish as a corollary the
qualitative bounds (2-36) for ¢ by using an inductive argument as in the proof of [Bejenaru et al. 2011c,
Lemma 8.3]. We omit the proof, noting in particular that the argument deriving (2-36) from (2-35) does
not require a small-energy hypothesis.

Proof of (2-35) for v, w. We begin by introducing the matrix-valued function
R(s, x, 1) 1= 35(s, x,1) - @(s,x, 1) — (s, x, 1) - ds(s, x, 1), (6-26)

where here ¢ is thought of as a column vector. The dagger “{” denotes transpose. Using the heat flow
equation (2-11) in (6-26), we rewrite R as

R=Ap -9 —¢-Ap' (6-27)
= 3 Onp 0" — ¢ ") (6-28)

and proceed to bound its Littlewood—Paley projections Py R in L%. Noting that by Bernstein we have

1P @ @Ome - @ DIz ~ 28 Pr(Omep - 91 12, (6-29)

we further decompose the nonlinearity Py (d,,¢ - ¢") as
Pe@np @) = Y Pekadn@ P9’ + Y Poom@ - Petag’+ D Pu(Podmg- Pue'). (6-30)
|ky—k|<4 |k1—k|<4 ky,ky>=k—4
|k1—k2| <8

By Holder’s and Bernstein’s inequalities, and by |¢| = 1 and (6-25) with Bernstein,

Y IP<sadng- Poolle S ) 28 Pk agllixll Pyl

|ky—k|<4 |ky—k|<4
<2k 4 5227127 (o). (6-31)
Similarly,
Y NPudne - Poaplle S ) P nel 2l Pk—agll L
k1 —k|<4 ki —k|<4
< 2k(1 45227127k, (o). (6-32)

Finally, by Bernstein and Cauchy—Schwarz, energy decay, (6-25), and frequency envelope summation
rule (2-31), we get
Y PPowe Popdliz S Y 281 Pk dmell 2l Prooll 2

ki, kry>k—4 ki, kp>k—4
|k1—ka|<8 |k1—ka|<8

k
S22 N1Puglp
ko>k—4

S2° ) (1452727, (o)
ki>k—4
< 2K 45277127 (o). (6-33)



CONDITIONAL GLOBAL REGULARITY OF SCHRODINGER MAPS 657

Using the decomposition (6-30) and combining the cases (6-31), (6-32), and (6-33) to control (6-29), we
conclude from the representation (6-28) of R that for fixed t € (—T, T),

27 PR (s, -, DIz S 22145227 y(0).
As this estimate is uniform in 7', it follows that

27K PR ()l o2 S 2%(1 4527y (o). (6-34)
By arguing as in [Bejenaru et al. 2011c, Lemma 8.4], one may obtain the qualitative estimate

sup ((1+9) 7272110797 R(5) |, 12 (1+9) 72107 9f R(5) | %) < 00. (6-35)

s>0

From the Duhamel representation of ¢ and the explicit formula for the heat kernel, one can easily show
the qualitative bound'

o
f ”R(Saat)”Lf,odS S./(ﬂl
0
as in [Smith 2012a, §7]. Hence we may define v as the unique solution of the ODE
v =R(s)-v and wv(o0) =0/, (6-36)

where Q' € S? is chosen so that Q - Q' = 0. This indeed coincides with the definition given in [Smith
2012a], since (6-36) is nothing other than the parallel transport condition (¢*V);v = 0 written explicitly
in the setting S? < R3. Smoothness and basic convergence properties follow as in [Smith 2012a], to
which we refer the reader for the precise results and proofs. Our goal here is to exploit (6-36) and (6-34)
to prove (2-35) for v.

Using f0°°||8f B;OR(S)HL;% ds < oo from (6-35), we conclude that

sup(1+9)TV21187 9/ (v(s) — Q)L < o0 (6-37)

s>0

for o, p € Z. Integrating (6-36) in s from infinity, we get

o0 o0
v(s) — Q’+/ R(s")-Q'ds' = —/ R(s) - (v(s) — Q') ds’, (6-38)
which, combined with estimates (6-35) and (6-37), implies
sup sup (1+5)7/227% | Ped v(s)ll 112 < 00, (6-39)
5>0 keZ

i.e., (2-36) for v. Projecting (6-36) to frequencies ~ 2* and integrating in s, we obtain

Pr(v(s)) = —/ Pi(R(s") - v(s")) ds’. (6-40)

I we may alternatively invoke (6-35) as in [Bejenaru et al. 2011c].
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Set

€1 (S.0):= sup  sup sup y(0) " (14525727 PuGs, -, 1) 2.
o€[28,01] s€[S,00) keZ :

That € (S, t) < oo follows from (6-39) and sup; 5 yk(a)_12_5‘k| < oo. Consequently, for s € [S, 00),
1Pcvo(s, - D2 SCi(S. (1 +522) 771277y, (o). (6-41)
We perform the Littlewood—Paley decomposition
PL(R($)V($) = ) PulP<k—aR(5) Pi,v(s))

k2 —k| <4
+ D PP R(5)P<k—av()) + Y Pi(Pok_aR(s)Piyv(s))  (6-42)
ey —k| <4 kozk—4

and proceed to consider individually the various frequency interactions. By Holder’s inequality, Bernstein’s
inequality, and (6-41),

D PP aR$) o)l S D IP<k—aR©) 12| Piyv(s) 10
lky—k|<4 lko—k|<4

SIRG N2 D 221 Poue)ll
|ky—k| <4

SIR® 222 (o) (1 4522716, (S, 1), (6-43)
By Holder’s inequality, |v| = 1, and (6-34),
> IPe(Py R() Pk—av(s)llz2 S I P<k—av(®) e Y P4 Rz

|k1—k|<4 |k1—k|<4
< 2% (1 45227127k (o). (6-44)
From Bernstein’s inequality, Cauchy—Schwarz, (6-41), and o > 2§ with (2-31), it follows that
D IP(PokaR) Pov)lie S Y 251 Pok—aR($) Piyu(s)l 1
ka>k—4 ky>k—4

SHRGIL2 25 D7 I1Puu(s)lz
ko>k—4

SR 25 Y 277y, (0) (1 452%%) 77 g (S, 1)
ko>k—4

SR 22 227Ky (o) (1 + 5227716 (S, 1). (6-45)

Using the decomposition (6-42) in (6-40) and combining the estimates (6-43), (6-44), and (6-45) gives

o0
2Pz = [ 2HIPRE Dz d

N

S [ P2 6 0m©) [ IR+ 52 s,
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Applying Cauchy—Schwarz in s, we obtain

o
2Pz S [ A

’ 00 1/2 / poo 12
+<@1<s,r)yk<o—>(/ ||R<s/>||izds/) (f 22"<1+s/22’<)—2"1+2ds/)

1/2
< 1(0) + €1 (5. (o) ( f IRGHIE, ds/) " (6-46)
As noted in (6-15), we have |Ag| < ,/e; + e, so it follows from the representation (6-27) of R that
IR(s,x, 1) < lei(s, x, )| + [/ex(s, x, 1)]. (6-47)
As (6-47) implies o
| IROIE ds S lealuy, + lenl

we therefore, in view of (6-2) with £ = 1 and (6-4), may choose S large so that the integral of the R term
in (6-46) is small, say < ¢. Then
€1(S,1) S14+e%1(S,1),

so that 6 (S) < 1 for such S. In fact, together (6-2) and (6-4) imply that we may divide the time interval
[0, 00) into Og, (1) subintervals I, so that on each such subinterval

/ IR()II7, ds < €.
I, >
Hence by a simple iterative bootstrap argument we conclude that
©1(0,1) < 1. (6-438)
As (6-48) is uniform in ¢, we have
IPevGs, -, Dll 2 S (1452%) 771277, (). (6-49)

By repeating the argument above with w in place of v (and appropriately modifying the boundary condition
at oo in (6-36)), we get

1Paw(s, -, Dz S (145227127 (o) (6-50)

and sup,.q supyez (1+8)7/227%(| Pedf w(s) | o2 < 00, and 50 (2-35) and (2-36) follow for w. O
Proof of (2-37). Recall that

Ym =V 0@ +iw- 0@ =—0,V-@ —i0,wW - Q. (6-51)

Our first aim is to control || Py || pop2. We start with a Littlewood—Paley decomposition of 9,,v - ¢:

P (v - )

= Y Pu(P<k—50mv- Pu@)+ Y Pu(PiOmv- P<i—s¢) + Y Pi(Pydwv- Pog). (6-52)

lky—k|<4 k1 —k|<4 ki,ko>k—4
|ky—k2| <8
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To control the low-high frequency term we apply Holder’s inequality, energy decay, and (6-25) with
Bernstein’s inequality:

Y IP(Pat50mv- Po@dlliz S Y I1P<ksmvll2l| Pogllis
|ky—k|<4 lko—k|<4

< (145227 012k27ky, (o). (6-53)
We control the high-low frequency term by using Holder’s inequality, |¢| = 1, and (6-49):

> PPy dnv - Pais@)llz S Y P dmvll 2|l P<isgllL
|k1—k|<4 |k —k|<4

< (1 +s2%)y=012k2=ky, (o). (6-54)

To control the high-high frequency term, we use Bernstein’s inequality and Cauchy—Schwarz, energy
conservation and (6-25), and (2-31):

Y IP(Pudnv-Po@llin S D 28 1Pqdmvll 2| Pl 2

k],kzzk—4 k],kzzk—4
[k1—ko| <8 [k1—k2|<8
S22 (14527%0) 7270y, (0)
kry>k—4
< (14522 7012k27ky, (o). (6-55)

We conclude using (6-53), (6-54), and (6-55) in representation (6-52) that
I Pe@mv - @)l 2 S (14527771227 y, (o). (6-56)

By repeating the argument with w in place of v, it follows that (6-56) also holds with w in place of v.
Therefore, referring back to (6-51), we conclude that

1Pcm 2 S (14522771227 y, (o).

As this bound is uniform in z, (2-37) holds for .
Recalling that

A =0,V -w,
and repeating the argument with w in place of ¢ and (6-50) in place of (6-25), we conclude that

IPcAx ()l o2 S (145277125277, (6). O

7. Proofs of parabolic estimates

The purpose of this section is to prove the parabolic heat-time estimates stated in Section 4A. Many of
these estimates have counterparts in [Bejenaru et al. 2011c]. Nevertheless, our proofs are more involved
since we only require energy dispersion, which is weaker than the small-energy assumption made in
[Bejenaru et al. 2011c]. Some of the L? estimates in Section 7B are new.
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Throughout we assume & energy dispersion on the initial data as stated in (4-4) and we assume that
the bootstrap hypothesis (4-6) holds. Let oy € Z be positive and fixed. We work exclusively with
o € [0, o1 — 1], even if this is not always explicitly stated. Set ¢ = 81/ > for short.

In this section we extensively use the spaces defined via (3-2). They provide a crucial gain in high-high
frequency interactions, which is captured in Lemmas 7.2 and 7.14.

Lemma 7.1. Let f € L{ (T), where |ky — k| <20, let 0 < ' < 1/2, and let h € L{(T). Then

I Pc(fONFcry S WA llgliegs,
k /
1P et oy S MM Ey )27 N8 270t e
ke k
1Al Les, + 25 Al 20 oo S 27 RN R -

L~
Moreover, for fi,, gk, belonging to Lil (T), Liz(T) respectively, and with |k — ka| < 8, we have

1Pk (fi 8k 5 1yns 27 S 2kl lIsg (1)1l gk, ||s£2<T)-
Proof. For the proofs, see [Bejenaru et al. 2011c, §3]. O

Lemma 7.2. Assume that T € (0,2%"], f, g € H®°(T), Py f € Fi(T)N SP(T), Prg € Fx(T) for some
wel0,1/2)and allk € 7, and

= > 1P fllFymynsecry,  Bx = > IPglle .
[ —k|<20 | —kl=<20
Then, for any k € Z,
1P sty S D2 (Brerj + o) +25 20700,
j=k jzk

Proof. For the proof, see [Bejenaru et al. 2011c, §5]. U

7A. Derivative field control. The main purpose of this subsection is to establish the estimate (4-12),
which states that

I P () || oy S (14522727 by (0).

In the course of the proof we shall also establish auxiliary estimates useful elsewhere. Estimate (4-12)

plays a key role in controlling the nonlinear paradifferential flow, allowing us to gain regularity by

integrating in heat time. The proof uses a bootstrap argument and exploits the Duhamel formula.
Recall that the fields ¥, Ay, @ = 1,2, 3, (V3 = ¥y, A3 = A,) satisfy (2-20), which states that

(as - A)wa =U,.
We use representation (2-22) of the heat nonlinearity:

Ug :=2i A1 Vo +i (3 AN Ve — A2V +i Im(Yo V) Y.
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Hence v, admits the representation

S
Vo (s) = e g (s0) + / ST (s)) ds’ (7-1)
50
for any s > s9 > 0.

For each k € Z, set
atk) = sup (1+52°)* 3" | Py ()| o)
5€[0,00) 12
m s
and for o € [0, o1 — 1] introduce the frequency envelopes
ax(o) = sup 2~ k=i12% 4 (). (7-2)
jez

The frequency envelopes ai (o) are finite and in 2 by (2-38) and (3-1).

Our goal is to show a (o) < by (o), which in particular implies (4-12).

Lemma 7.3. Suppose that . satisfies the bootstrap condition
1P ) st 2y < €5 201 +5229 7% (7-3)

Then (4-12) holds.

We can take ¢, = 811 / 10, for instance. As in [Bejenaru et al. 2011c], this result may be strengthened:

Corollary 7.4. The estimate (4-12) holds even when the bootstrap hypothesis (7-3) is dropped.
Proof. Directly apply the argument of [Bejenaru et al. 2011c, Corollary 4.4], which we omit. O

The sequence of lemmas we prove in order to establish Lemma 7.3 culminates in Lemma 7.11, which
controls the nonlinear term of the Duhamel formula (7-1) by 27Kai (o) along with suitable decay and an
epsilon-gain arising from energy dispersion. Its immediate predecessor, Lemma 7.10, controls P, U, in
Fi(T).

Referring back to (2-22) and seeing as how U, contains the term 2i A;0;v,,, we see that in order to
apply the parabolic estimates of Lemma 7.1 toward controlling P, U,,, it is necessary that we first control
Py A, in Fi.(T) in terms of the frequency envelopes {a;(0)}, and it is to this that we now turn.

For k, ko € Z and s € [2%k0~1 22%kot1) qet

—ko
Y ajaj(o) if k+ky <O,
bys(0) = § j=k

2k+k0a_k0ak (o) ifk+ky>0.
Let 6 be the smallest number in [1, 00) such that
1PeAm O sty < 60 +35229) 74277 by 5 (0) (7-4)

foralls €[0,00),keZ,m=1,2,and o € [0, o1 — 1]. While this constant is indeed finite, it is not a priori
controlled by energy. To show that € is indeed controlled by energy, we use the integral representation

An() == f I, (1 + Ay () dr (7-5)

=12
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and seek to control the Littlewood-Paley projection of the integrand in Fy(7T) N S,:/ 2(T). We treat
differently the two types of terms in (7-5) that need to be controlled. In Lemma 7.5 we bound terms
of the sort Py (wxwx) and Py (Yy ax@) in Fi.(T)N S,:/Z(T). In Lemma 7.6 we combine the estimate on
Py (Y. r,) with (7-4) to obtain control on Py (1,1, A,), gaining an epsilon from energy dispersion. Using
(7-5) and exploiting the epsilon gain from energy dispersion will lead us to the conclusion of Lemma 7.7:
€ < 1.

We use the following bracket notation in the sequel:

(f) =1+ fH"2

Lemma 7.5. Forany f, g € (Y, ¥, :m=1,2},r €[2272,22/%2], jeZ,i=1,2,and 0 €[0, 01 — 1],
we have the bounds

1PCF O sy S 27277 27 o jamaxi— ) (@) (7-6)
and
1PCF O8N g, rynstary S (27 P27 27 a2 (o) +27 aj(0). (7-7)
Proof. By Lemma 7.2 with w = 0 we have
1P sty S D 2owbr+ ) 2enfy. (7-8)
1<k 1>k

where, due to the definition (7-2), ox and Sy satisfy
a ST a(0), B S 27 . (7-9)

Turning to the high-low frequency interaction first, we have using (7-9) and the frequency envelope
property (2-29) that

> Ao < 1Bk ia Y 1) T8 g (o). (7-10)
1<k 1<k
Thus it remains to show that
> @Iy T8 2 gy (0) S amask,— ) (0), (7-11)
I<k
which follows from pulling out a factor of a; (o) or a_;(o), according to whether k + j >0 ork+j <0,
and then summing the remaining geometric series. In case k + j < 0 we pull out a factor of a_ (o) via
(2-29).
Turning to the high-high frequency interaction term, we have
Z 21011,81 S <2j+k>—82—6k2—ja_j Z<2j+l>—82j+123 U—Hla[(O'), (7_12)
1>k 1>k
and so it remains to show that

> @t T8 gy (0) < amaxik,— ) (0).- (7-13)
1>k
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When k + j > 0, we have, using (2-31),

D @I TR (0) Sar(o) Y 2PV S (o).
I>k 1=k

If k4 j <0, we control the sum with (2-30) if [ 4+ j < 0 and with (2-31) if / + j > 0. Hence (7-13) holds.

Together (7-8)—(7-13) imply (7-6).

To establish (7-7) we follow a similar strategy. By Lemma 7.2 with v = 0 we have

| PCS G sty S D 2 b+ ) 2ewpi+ ) 2y,
1<k 1>k 1>k
where for any o € [0, o1 — 1] we have

a S (2P o) and B S (27 TP ar(0).
Beginning with the low-high frequency interaction, we have
Y dap S @I b (0) Y (7)) 2,
I<k I<k

and so it remains to show that

> @it le $2a .
1<k

(7-14)

(7-15)

(7-16)

(7-17)

If k+ j <0, then (7-17) holds due to (2-30). If k + j > 0, then we apply (2-30) and (2-31) according to

whether /[ + j <Qorl/+4j > 0.
Turning now to the high-low frequency interaction, we have

Y ey S @) IR0 2R a(o) Y (@I 82kl gd Il

1<k 1<k
We need only check that
Z<2j+l>—821—k21+j25|1+j\ <1,
I<k
which can be seen to hold by breaking into cases k4 j <0 and k+ j > 0.
We conclude with the high-high frequency interaction:

D a7 I Y () Ty (0)a

I>k 1=k

5 <2j+k>—82—0'k2—2jajaj (O_) Z<2j+l>—8221+2j225|l+j“

1>k
Here

Z<2j+l>78221+2j225|l+j| <1,
1>k
which is seen to hold by considering separately the cases k + j >0, k+ j < 0.
Combining (7-16)—(7-20), we conclude (7-7).

(7-18)

(7-19)

(7-20)
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Lemma 7.6. Let
F) e, (M) :m,1=1,2}, gr)e{Au(r):m=1,2},

and r € [2%72,22/%2). Then

€627k 2 %a_;a_; (o) k+j<0
< J J —
||Pk(fg)(r)”Fk(T)ﬂS;/z(T) ~ {8(6 <2j+k>—82_gk2_2jbk’r(0—) k +J Z 0
Proof. We apply Lemma 7.2. By (7-6) and (7-4) we have
ap(r) S277F QYR g aman e, ) (0), (7-21)
and .
Br(r) S 627K/ Bpy (o), (7-22)

for any o € [0, 01 — 1].
We consider six cases, treating separately the low-high, high-low, and high-high frequency interactions,
which we further divide according to whether K+ j >0 or k+ j <O.

Low-high frequency interaction with k + j > 0. Using (7-21) and (7-22), we have
DY SCI T2y 0) ) 22V, (7-23)
I<k I<k

and so it remains to verify that
> 22%e Se. (7-24)
I<k

Taking o = 0 in the bounds (7-21) for «; and using (2-29), (2-31) yields

3 212%0; 5 32 822227 a_ e,

I<k 1<k
— Z 21+ja2 4 Z (2j+l>—821+ja jar < a2 ) +612 ) Z <2j+l)—82(1+8)(l+j) <g
-J - ~ = -J ~
I<—j —j<I<k —j<I<k

which proves (7-23).

High-low frequency interaction with k + j > 0. Taking 0 = 0 in the bounds for b; ,, we have
Y 2ap SCRI I 2y (o) Y (27 T8 ey, (7-25)
I<k <k

and so it remains to show that

Z<2J’+I )82 kp, <. (7-26)
I<k
We split the sum as follows:

—J
Z<2j+l>*8217kbl’r — Z (2]‘4’1)*8217]( Zag _|_ Z <2j+l>*8217k21+ja_jal‘

1<k I<—j q=l —j<l<k
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The first summand is controlled by

AR kzaagazjzzl k22—26<f+q><a2 <e.

I=—j l=—j
The second summand by may be handled similarly, thus proving (7-26).
High-high frequency interaction with k + j > 0. Taking o = 0 in the bound (7-22) for 8;, we have

22 arf <7 82]‘221 27 g (0) 62 a_ja

1>k I>k
S(@ <2j+k>_82_0'k2_2jbk,r (O’) Z<2j+l)-82l—k25(1—k)2l+ja_jal’ (7_27)
1>k
and so it remains to show that
Z<2j+l)—821—k28(l—k)2l+ja_jal 5 e, (7-28)

1=k
which follows, for instance, from pulling out a V1a (2-29) and summing.
In view of (7-23)—(7-28), it follows from Lemma 7.2, with w = 0 that
IPCfR O gy sty S €627 277827 by (0)  fork+j 20 (7-29)

as required.

Low-high frequency interaction with k + j < 0. In this case it follows from (7-22) that

—J
Br < @2k Z apap(o),
p=k
so that

—J
Y 2dop €2 *2Vaja ;Y apay(o) Yy (27H) 78
I<k p=k 1=k
S€272Ma_ja_j(0)-a; Yy a,2700tR Y "ol (7-30)
p=k I<k
It remains to show that
a_; Za 2=8(j+p) ZzH—J <eg,
1<k

which follows from pulling out a,, as an a_; via (2-29) and summing.

High-low frequency interaction with k + j < 0. In this case

Y A S62aja (o)) 2 Zap, (7-31)

1<k 1<k
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and so we need to show that iy

IR

I<k p=l
which follows by pulling out a* ; and summing.
High-high frequency interaction with k + j < 0. As a first step we write
2/( Z 2(l_k)/2al,31 — Zk Z 2(1—/()/2“1’3[ + 2k Z 2(1—/()/2“”3['
I>k k=l<—j Iz—j

The first summand is controlled by

—J
2k Z 2(lfk)/2alﬁl g %270k272]a_ja_j(6) Z 2(171()/22](4‘]2*0‘([7’{) Za[z)
k<l<—j k<l<—j p=l

We have

—J
(k) /2~ k+j A —o (I—k) 2 2 AGk+)))2 —28(j+1)
E 2 VAREW) E a,<Sa-;2 E 2 Se,

k<l<—j p=l k<l<—j

which establishes the desired control on the first summand.
The second summand is controlled by

2k Z 2(l_k)/2all3[ 5 2k Z 2(1_k)/2(2j+l)_82_012_ja,ja1(0)(€ <2j+l>_821+j(l,jal
Iz—j I=z—j

—okn—2j 1—k)/2nk+j A (1+8) I+
S€2 72 Ha_ja_j(o) Y 200D g,
I=—j
and so it remains to show that

Z 2(l—k)/22k+j2(1+8)(l+j)a_jal <e,
I>—j

which follows from pulling out a> ; and summing.
Combining (7-30)—(7-35), we conclude from applying Lemma 7.2 with w = 1/2 that

1 PeCf RO g sty < £6277%2"%a_ja_j(o) fork+j <0,
which, combined with (7-29) completes the proof of the lemma.
Lemma 7.7. For any k € Z and s € [0, 00) we have

1 PeAm O g sty S (4 +5229 7527 by (0).

Proof. From the representation (7-5) for A,, it follows that

o0
1Pk (), sy S f | PeC PN g, o5y

+ / | Pe YA sty

667

(7-32)

(7-33)

(7-34)

(7-35)

(7-36)
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Taking ko € Z so that s € [2%%0~! 22ko+1y and using (7-7), we see that the first term is dominated by

22j+1

> / P M) gy iy dr S22 QI ajano) +aja (@) (7-37)
jzke? 2 jzko

‘We claim that

D @I a (o) +ajaj(0)) S A +52%) b (0). (7-38)
Jj=ko

When k + kg > 0, it follows from (2-29) that the left-hand side of (7-38) is bounded by

2k0+k(l_k0ak(0') Z <2j+k>—8 (2j—k028(j—k0) + 2—k0—k23(j—k0)25(k+j))

Jzho S bes(o) 3 (2IH) B QUG 4 BNt 220G —k) - (7.39)
J=ko
and so it suffices to show that
Z (27K =820 —ko) < (J+koy—8 (7-40)

J=ko

which follows from series comparison, for instance.

Together (7-40) and (7-39), show that (7-38) holds for k 4 ko > 0.

If, on the other hand, k + kg < 0, then we split the sum in (7-38) according to whether j +k <0 or
Jj +k > 0. In the first case,

3@ a_ao)tasjaj(0) S 2O o o) + Y (27 e ja(o). (7-41)
ko<j<—k ko<j=<—k
Then
Yo @M ja) S YD @R aja (00270 ~ (14527 Ty (). (7-42)
ko<j<—k ko<j=<—k
When j + k > 0 we have
Y@M jao) +aja_j(0)) Sarar(o) Y (2T TEIQIUTR 4 9200,

j>—k j>—k
S by s(0). (7-43)

Therefore (7-41) and (7-42) imply (7-38) holds when k + ko <0 and j + k < 0 and (7-43) implies it
holds when both k +kp <0 and j +k > 0.
Having shown (7-38), we combine it with (7-37), concluding that

/ 1Pl VL) g st 2y dr S (14522974277 by 5 (). (7-44)
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We move on to control the second term in (7-36). By Lemma 7.6 and (7-38), this term is bounded by

22]+1

> [ IR OO A g

J=ko

S627%e Y (I BA_(k + jla_jaj(0) + Ly (k+ /)by 2 (0))
J=ko

S 6277k (20T B, ok (0). (7-45)
Together (7-36), (7-44), and (7-45) imply that

|| P A 277K (1 4 52%) by (o) (1 +6e),

m(s) ”Fk(T)ﬂSI/Z(T) ~
from which it follows that € < 1+ 6 and hence € < 1, proving the lemma. O

Lemma 7.8. We have

27k 27ia_;a_; fk+j<0
|PARO sty S {8 DN AR
e279 27 by pj(0) ifk+j>0.

Proof. We apply Lemma 7.2 with f = g = A; and w = 0 so that

| PACAT Dy sty S D 2owBr+ ) 2.

1<k 1>k
where

ap <2702 B (o), B S @0 By

Case k 4+ j < 0. We first consider the case k + j < 0 and proceed to control the high-low frequency
interaction. We have

> 2o S277FD 2 by (0)by 2 $27 f’kza,,ap(a)z ZZaZ

1<k 1<k I<k q=l

< 2—<7k a_ja_; () 22—26(14-17) Zzl 2 Z 2—28(]+q) (7-46)

1<k

It remains to show that
—J
22 28(j+p) Zzl 2 22728(j+q) <e, (7-47)
1<k q=l
which follows from bounding a> ; by & and summing. To control the high-high interaction term we first

Y 2api s Y dap+ )y 2up. (7-48)

1>k k<l<—j I>—j

split the sum as



670 PAUL SMITH

The first summand is controlled by

> 2o 27 Y 2y pi(0)by e S277F27 Y 2f+lza a,,(a)zaj.

k<l<—j k<l<—j k<l<—j

Pulling out a> ja—j(0) and summing implies
Z doap <e27* 27 a_ja_;(0). (7-49)
k<l<—j
The second summand is controlled by
> 2o $277F Y2127 By i (0)by 2
I>—j I>—j

<ok Z 2127822 ey (o) S 2772 aja (o). (7-50)
[>—j

Combining (7-46)—(7-50), we conclude that

| P A7 e277%27a_ja_;(o) fork+j<O0. (7-51)

(r)”F (T)ﬂsl/z(T) N

Case k + j > 0. We now consider the case k 4+ j > 0 and turn to the high-low frequency interaction,
splitting it into two pieces:
Y <Y Qi+ Y Qb (7-52)
1<k I<—j —j<l<k
The first summand is controlled by
Y 2o S22 b (o) Y 22T By (7-53)
I=—j I<—j
and so we need to show that

> 2@y S, (7-54)
I=—j
which follows from

—J
Y 2h £ Y 2 Y 2 <a2, Y 2000 <
I<—j I=—j p=l I==j
The second summand in (7-52) is controlled by
D o S22 by () D (21T 20 TN g, (7-55)
—j<l<k Jj<l<k
where we note that

Z <2J+l>*8221+2ja_jal < afj Z <2j+l>*82(2+5)(1+j) <. (7-56)
—j<l<k —j<l<k
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We now turn to the high-high frequency interaction. We have

Y 2 <)y 227N 26 a0
1>k 1>k

< z_akz—j2k+ja_j Z ol—ko—0(l—k) <2j+l>—822(l+j)a_jalal (o)

1>k
—okn—j , JHN =8~ (14+8)(—k) 2(+)) ,, .
S277 27 by (o) Y (272 22D q. (7-57)
I>k
It remains to show that
Z<2j+l>—82(1+8)(l—k)22(H—j)a_jal < e, (7-58)
1>k
which follows from bounding a_ ja; by € and summing.
Together (7-52)—(7-58) imply that
||PkA12(r)||Fk(T)ms,j/2(r) < 82727 by i (o) fork+j >0,
which combined with (7-51) implies the lemma. O
Set _
27a_;a_; ifk+j <0,
oy = |2, Ao itk (7-59)
2*ta_jar (o) ifk+j=>0.
Lemma 7.9. Let r € [22/72,2% 2] and let
Fel{Al, 94, fg:1=1,2; f, 8 € (Y, ¥ :m=1,2}}.
Then
I PF () g st S 27 72 e (o). (7-60)

Proof. If F = A?, then (7-60) is an immediate consequence of Lemma 7.8 when k+ j < 0. Ifk+ j > 0,
then Lemma 7.8 implies

12 < 8270k27j2k+ja_ ia

2
”PkAl (r)”Fk(T)ﬂSk (T) ~ J _j(O'),

and multiplying the right-hand side by 2¥*/ yields the desired estimate.
Consider now the case where F' = 9;A;. By Lemma 7.7, we have

1P AN g sy S 2427 7027 by 21 (0). (7-61)
When k + j > 0, we rewrite (7-61) as

IPL@AD O g sty S (27T 7P277 2" 2 a_jan (o),
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which is the desired bound (7-60). If k + j <0, then (7-61) becomes

—J
|PC@AD D g gty S T2 apay (o)
p=k

< Ithy 8k Tig_a (o) = (27T 827 ¢y (o).

If F = fg, fg as in the statement of the lemma, then (7-60) follows directly from (7-6) when k+ j <0.
If k4 j > 0, then to get (7-60) we multiply the right-hand side of (7-6) by 2%/+2k, O

Set
di.j = (27T 827Kk (g () +-273KFD 2 (). (7-62)

Lemma 7.10. We have
1 PUn ()l sty S €627 7277 2% (@ (0) + 270 Ra_j(0)) =2 di .
Proof. Using now (2-21) instead of (2-22), i.e., taking now
Uy =i A10Va + 18 (AiVa) — Aivre +i Im(Yo 1) ¥,

we have that it suffices to prove that

| PCE G LD gy s 2y + 2T PECAKE F Dy 2y S s
where
Fe{A?, %A, gh:1=1,2; f,he€{¥m ¥, :m=1,2}}
and f € (Y, ¥,, : m =1, 2}. We consider the terms P;(Ff), and Py(Af) separately.

Controlling Py (Ff). We apply Lemma 7.2 to P,(Ff), handling the different frequency interactions
separately and according to cases. We record a consequence of (7-60):

e S (27827 (o),
Let us begin by assuming k 4 j < 0. For the low-high frequency interaction, we have

Z 2B <27%ar (o) Z 2l S27% (o) Z 27ia? 27722 (o). (7-63)
I<k I<k I<k
In a similar manner we control the high-low frequency interaction by
Y dap S2%a(0)Y Qa2 ajaj(0) Y 2a S22 a(0). (7-64)
1<k 1<k 1<k
The high-high frequency interaction we split into two sums:

26N 200y g <ok N 202y gy 408 N 20702 By (7-65)
1>k k<l<—j I>—j
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We control the first summand using the definition (7-59) of ¢ (o), the frequency envelope properties
(2-29), (2-30), and energy dispersion:

2k Z 2(l—k)/2allgl S 2k Z 2(1_]()/22_0101’]'(0’)611

k<l<—j ksi<—j
5 2—Uk2k—ja_j(o-)a_j Z 2(l_k)/2a[
k<l<—j
S2_0k2k_j2_(k+j)/2a_j(O’)Cl_j Z 2(l+j)/2al
k<l<—j
< g2k k=i~ kN2 (o). (7-66)

In like manner we control the second summand:

2/( Z 2(l_k)/20l[,31 5 2k Z <2j+l)—82(l—k)/22—alcl’j(o,)al

I=—j I=z—j
g 2k Z <2j+l>—82(1—k)/22—01221+ja_jal(O,)al
I>—j
< e27okpkmin= kD2 (o). (7-67)

Combining (7-63)—(7-67), we conclude that
1PCE () f D sty S 277277274 a_j(0), k+j <0. (7-68)
We now turn to the case k + j > 0. In the low-high frequency interaction case, we have

> 2y S I (0) Y (27 Ry
1<k 1<k

S <2j+k>78270k22kak (o) ( Z 2172k27ja%j + Z (2j+l>8212k21+ja_jal) . (7-69)
I<—j —j<l<k

To estimate the first term we use

a%] Z 21—k2—j—k S 82_(j+k) . 2_(j+k) <e, (7_70)
I=—j

and for the second
a; Z <2j+l>—823l+j—2kal —a_; Z (2j+l>—821+j221—2kal
—j<l<k —j<l<k

Sa_jap Yy (27H) T8RN0 < (7-71)
—j<l<k
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In the high-low frequency interaction case, we have

> 2 S (o) Y () R

1<k 1<k

S <2j+k>—82—ok22k+ja_jak(O.) Z<2j+l>—82lal
1<k
S <2j+k>*8270k22kak(o_)a%j
In the high-high frequency interaction case we have

Y 2ap $Y ()2 g 0)a

>k 1>k
< itk —8—ck JH\—85l 2A4j
S (I TRk ) T e (0)2 ajay

1>k
5 <2j+k>*8270k22kak(o_)a%j‘

From (7-69)—(7-73) we conclude that

| PeCE )N g sty < €7 P27 2% ar(0). k+j 2 0.

Controlling 2% P.(Af). We now apply Lemma 7.2 to Px(A; f). Note that
ar S (2717827 by, (0)

because of Lemma 7.7, and that
B S (277827 ay (o).

We begin by assuming k 4+ j < 0. The low-high frequency interaction is controlled by

—J
Z ZIaI,Bk 5 Z_Ukak (0) Z 2! Z 6112

<k 1<k p=I

—J
5 2_Uk2_8(k+j)a3ja7j (O') Z 21 Z 2_2(j+l7) .
i<k p=l
Summing yields

2N " dayp $2%2 k2 EHDPA2 (o).
I<k

Control over the high-low frequency interaction follows from

> dayp 27t Z apay(0) Y 2a

1<k 1<k

< zkz—f’kz—%(kﬂ)a_ jara—;().

(7-72)

(7-73)

(7-74)

(7-75)

(7-76)
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We now turn to the high-high frequency interaction. We begin by splitting the sum:

ok 22(l_k)/20ll,31 < ok Z 2(l—k)/2a”3[ 4ok Z 2(1—k)/2a113[.

1>k k<l<—j I>—j
Then _
—j

ok Z 2(l_k)/20!1,31 < 2k2—aka7j(0) Z 2 (I=k)/29—=8(j+]) Za?)

k<l<—j k<l<—j p=l
< 2k2_“k2_(k+j)/2a%,-a_j (o).

As for the second summand, we have

ok Z 2(1%)/20[”31 < ok Z <2j+l>782(lfk)/221+ja_jal(O_)zfalal
I=—j I=—j

$2h DG (o).

Combining (7-75)— (7-79) yields

2k||Pk(Al(r)f(r))”Fk(T)ﬂS]i/z(T) S 822k2—6k2—(k+j)/2a_j(0_), k +] E O.

675

(7-77)

(7-78)

(7-79)

(7-80)

Now let us assume that k 4+ j > 0. The low-high frequency interaction we first split into two pieces:

Y Yup Sy Qup+ ) Qup

1<k I<—j —j<i<k

For the first term, we have

—J
> dap S @ P2 a0) Y Y

I=—j I==j p=l _
—J
j+ky—8~—ck 2 I —28(j+p)
SR (o) Y 2P 2 .
I=—j  p=l
Then _
—J
Z 21 22—25(j+p) < Z 212—28(j+l) < 2—] < 2/(‘
I=—j p=l I=—j

As for the second summand,
Z Zldlﬁk S <2j+k>—82—(7kak(o_) Z (2j+l)_82121+ja,ja1
—j<l<k —j<i<k
S @R ka? ey (o).

The high-low frequency interaction is controlled by

Z 210!kﬁ1 rg <2j+k>782fok2k+ja_jak(o.) Z(2j+l>f8zlal
I<k I<k

< @277 (o).

(7-81)

(7-82)

(7-83)

(7-84)

(7-85)
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Finally, the high-high frequency interaction is controlled by

Zz’alﬂ, < Z(2f+’>—82’21+fa,,a12—“la,(o)
1>k 1=k

< ItHy T8k a aray (o).
Thus, in view of (7-81)—(7-86), we have shown that
2N PAN) f N sty S €@ 2772  ak(0), k+j 2 0.
Combining (7-68), (7-74), (7-80), and (7-87) proves the lemma.

Lemma 7.11. We have

<e(14 522427k g (0).
Fo(T)NSY*(T)

N
/ e(S—S,)APkUm (s/) dS/
0

(7-86)

(7-87)

Proof. Let kg € Z be such that s € [22ko—1 22ko+1y If k + ko < 0, then it follows from Lemma 7.10 that

92j+l

S E / | PeUp ()|l 12, dr
~ ; F(T)NS*(T
Fk(T)ﬂS]i/z(T) ‘<k0 22j-1 k( ) k ( )

s
f A PUL, (r) dr
0

S Z 22j82—(7k22k(ak(0.) +2—3(k+j)/2a_j(o.))

Jj=<ko

,S 82—0’kak(o_) Z 22k+2j(1 +2—3(k+j)/22—5(k+j))

J=<ko
< e27% a1 (0).

On the other hand, if £ + ko > 0, then

s/2
5/ le“2 PU,y ()] 12, dr
) 0 m F (T)NS,'~(T)

S
f eSIAPU,(r) dr
0

F(T)nS,?

S
+/w““&%mn
s/2

S Z 2_20(k+k°)22jdk,j + 22k0dk,k0
J=<ko

< 27 20(ko+k) Z X dy i+ 2K dy g,
Jj=<ko

By Lemma 7.10 and the fact that k + ko > 0, we have

2_2kdk,ko S 8<2ko+k>—82—akak(o,)

F (T)NSy*(T) dr

(7-88)
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and
7—20(ko+k) Z 22jdk’j < 2~ 20(ko+o) Z g (21 +ky=8p—okp2k (22jak(o_) + 2j/22—3k/2a_j(0))
J=<ko J=<ko
< 82—Ukak(o_)2—20(k()+k) Z <2j+k>—8 (22j+2k + 2(j+k)/223|j+k|)
J<ko
S e 27 gy (o),
which, combined with (7-88), completes the proof of the lemma. (I

Lemma 7.12. The following bound from (4-12) holds:
1P O sty S (322972778 by (@),

Proof. In view of (7-1), we have

Ptim(s) = ¢ Pt (0) + / e Py () dr.
0

Then it follows from Lemma 7.11 that
1P ) g, sty S 277 (1452297 li(0) +ear(0)). 0<o <o 1.
Therefore ai (o) < by (o) + €ax (o) and hence
ax(0) S b (o), (7-89)
as required. Il

7B. Connection coefficient control. The main results of this subsection are the L7 . bounds (4-14) and
(4-16), respectively proven in Corollary 7.19 and Lemma 7.21, and the frequency-localized Ltz’ . bounds
(4-15) and (4-17), respectively proven in Corollaries 7.20 and 7.22.

Lemma 7.13. Let s € [22/72,22/%2], Then
| PeCANS Wi )| g sty S £ 452297 (5229752427 by (o).
Proof. Using (7-80) and (2-29), we have
2N P(ALS) Ym O g sty S €227 27120 D gy (o). (7-90)
Combining (7-90), (7-87), and (7-89) then yields

e(s2%) 382k =kp (6)  ifk+j <O,

<
1PCALOYm N g 7)) S {8(1 + 522542k % (o) ifk+j >0,

which proves the lemma. ([
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Lemma 7.14 [Bejenaru et al. 2011c, §5]. Assume that T € (0,2%"], f, g € H*(T), Py f € SP(T), and
Prg e Lf’x for some w € [0, 1/2) and all k € Z. Set

=) P fllspary, ver= ) IIPglls -

|j—k|<20 |j—k|<20
Then, forany k € Z,
IPCfNs, S Y 2w+ ) 2020 4253 070U 0 0,
J<k <k Jj=k

Lemma 7.15. We have

1Pcrs Ol s, + 1 P ()¢, < 2k15k(1 + be).

J

Proof. We only treat v, (0) since ¥;(0) and v, (0) differ only by a factor of i. As ¥,(0) =i D;(0)y;(0),
we have

Yi(0) =i 91 (0) — A (0)(0).
Clearly
1oy Ol s, < 251 P ) s < 2D

For the remaining term, we apply Lemma 7.14, bounding P; A;(0) in Sjl./ 2 by > » bf,, which follows from

Lemma 7.7. We get

I P(AIO) YO 2, S 2 (Z bf,)z?k + ) 2kni2 (Z bf,)zs jH2E Y amuhr (Z b;)z; .
p p p

Jj<k Jj<k Jj=k
Therefore

1P (A Ol s < 2Ds (Z bﬁ). 0

Corollary 7.16. We have ’

| Pers Ol s+ I Pt Ol s S 2"2“’"bk<0>(1 + Zb?)-

J

Proof. Without loss of generality, we prove the bound only for ;. We have
1Py Ol s, S 25N Pex O S 2527 Fbi(o).

It remains to control Pr(A;(0)y;(0)) in Lf,x. The obstruction to applying Lemma 7.14 as we did in
Lemma 7.15 is the high-low interaction, for which summation can be achieved only for small o. If we
restrict the range of o to 0 < 1/2 — 26, then we ensure the constant remains bounded and can apply
Lemma 7.14 as in Lemma 7.15.

For o > 1/2 — 26§, we can still apply the bounds of Lemma 7.14 to the low-high and high-high

interactions. For the remaining high-low interaction, we bound A;(0) in Lf’ . and ¥;(0) in L;’f}. In
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particular, we have, thanks to (7-95) and Bernstein, that

> IR A Py ODl s S Y 1P AN 1P (0) s

[j1—k|<4 [j1—k|<4
Jask+4 Ja<k-+4

S D 2yb; @22 PO
lj1—k|<4
Ja<k+4

SJ Z Z_Ukbkbk(a)zjzbjz
Ja<k+4

S 27 Bbk(o) Y 2R < 07tk i (o). O
ja<k+4

Lemma 7.17. We have

IPrs )l s, + 1Pl s < (1 +s22’<>—22’<5k(1 + Zbﬁ).
J
Proof. We treat only ¥, (s) since the proof for ¥ (s) is analogous. From (7-1) we have

S
Ui(s) = ¢ 0) + / S AYL () dr.
0
We claim that

)
/ eSIAPUL(r) dr
0

< o(1+s2222kp, (1 b%), 7-91
Lﬁw( +527%) 7228y +;] (7-91)

which combined with Lemma 7.15 and a standard iteration argument proves the lemma.
As in the proof of Lemma 7.11, we take

Fel{Al, 94, fg:1=1,2; f, 8 € {(Ym, ¥ :m=1,2}}.
By (7-60) and (7-89) we have
| PF ()l gy S €2 (1452272522 752 by (7-92)
Moreover, by Lemma 7.7,
1PAI g1y S €21 +52%) 73522971 by. (7-93)

Applying Lemma 7.14 with w = 1/2 yields
IPLCE )Y () A+ 250 PCA Y )l e, S el +s22k>—2<s22’<>—7/82’<15k(1 +> b?) (7-94)
J
Integrating with respect to s yields
/Os(l + (s =25V A 422222 gr <272 (1 4522072,

which, together with (7-94), implies (7-91). [l
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Lemma 7.18. We have
1PcAR O 2 S 277 bibi(0). (7-95)

Proof. We have
IPcyn ()50 S (14522974277 by (o)

and
IPcDA) )l s S (1452%9) 72 (527752527 K (o).

Applying Lemma 7.14 with o = 0, we get

POl S /0 | P DA ds

I=1,2
o0
S277% > " bibi(o)2/ / (1+52%) 73 (52238 gs
Jj=<k 0 ~
+2708 “bi(o)b ;282 / (1 + 52%)~4(522) 7318 g
i<k 0
. . . o0 . .
+) 279 bj(0)b;2" 2% / (1452%)77(s2%) 738 gs.
jzk 0
Call the integrals I, I, and I3, respectively. Clearly I; and I3 satisfy I; <272 and I; <27%/. By
Cauchy—Schwarz, I, satisfies

0 . 1/2 00 , . 172 )
L < (/ (14522781 4 5224 ds) (/ (14 5227)~4(522/)73/8 ds> <27k,

Therefore 0 0

1PcARO) s S27%Fbi(0) Y (6,27 +b,20792) 427K Y "bj(0)b;25 7 S 27 bibi(0). O

’ j=k jzk
Corollary 7.19. We have
1AZO)ll 3, Ssupbi-) b
S L ez
Proof. 14202, STAxO7s <D IPAOT: Ssupbs- ) B O
T ez L ez
Corollary 7.20. Let o > 265. Then
IPLAZO) 2 S 27 bi(o) -supby - Y b].
J leZ

Proof. We perform a Littlewood—Paley decomposition and invoke Corollary 7.19.
Consider first the high-low interactions:

> PP AP A2 S Y 1P Adllsll Py Aslips S 27K bibi(o) Y b3

[j2—k|<4 [2—k|<4 Jj1<k=5
J1<k=5 J1<k—=5
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Next consider the high-high interactions:

> NIP(PAPLA2 S D 1P Aclls | Py Aslis S 27%bj(o)b.
J1ozk—4 J1azk—4 jzk—4
L1 =7l<8 L= hl<8

Using the frequency envelope property, we bound this last sum by

Z 27%bi(0)b] $27% (o) Z 270U=02U=0p3 <27Kp (o) sup b; Z b3

jk—4 j=k—4 Jzk=4 k4
It is in controlling this last sum that we use o > §+. U
Lemma 7.21. We have
2
1A Ol 2, S (1 +Zb§) Y NP O
j k
Proof. We begin with
o0
1A S f 1 - DY) ()2 ds. (7-96)
o~ ,
If we define
pi(s) = sup 27 KK Py () s and - vi(s) = sup 27 KK PUDiyn) ()l 4 (7-97)
k'eZ k'eZ
then
ORI FERES Z 1 (s) Y vi(s) + Z V() Y 1 (s). (7-98)
J<k j<k
From Lemmas 7.15, 7.12, and 7.13, it follows that
wic(s), ve(s) < (1452272255 (1 + Zb2> (7-99)
Combining (7-96), (7-98), and (7-99), we have
1A O, S Zuk(s) D ils)
<k
(1 + sz) Z2"bk > 27, f (14522721 + 5222 ds
J=k
(1 +Zb2) Zz"kaw / (1 + 5222 ds
<k

< (1+Zb§,) Zzzkégf (1+52%)%ds
p k 0
2 ~
< (1+Zb§) > bt O
r k

As a corollary of the proof, we also obtain this:
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Corollary 7.22. Let o > 265. Then

||PkAt ”L[Z_X S_, (1 + Z bi)gkz_gkbk(a).
p
Proof. We start by modifying the proof of Lemma 7.21, taking wu; and v as in (7-97). Then

[e.e]
IPcAl 2 S / 1 PP, - Dipn) ()l 2 ds
A ,
o0
S / (m(s) D i) vy i)+ st)vj(s))ds
0 J<k i<k j=k
Combining Lemmas 7.12 and 7.13 gives a bound on v of
o ()18 S (145277 (522 7/32°277F (o), (7-100)

which leads to

/ Vi ZM] (s)ds < (1 + Zb2>bk2_”"bk(o)
0

jsk
Also, by using (7-99) for uj and (7-100) for v yields

/ D wjs)vi(s)ds < (1+Zb2)222/2 %b;(0)b; / (14 52%)73(s22) =38 gs
0

izk izk

(1 —|—Zb2) Zz %Ib;(0)b,

Jjzk
<1+Zb2>2 Kbi(o) Y 207 Rp; < <1+Zb2>2 kb (o).
j=k p

Here we have used o > 2§. It remains to consider

/0 () ) vj(s)ds.

J=<k
Suppose that
we(s) < —|—s22k)_22k2_"kbk(0)(1 + Z bf,). (7-101)
p
Then
o0
f () Y vi(s)ds S (1+Zb2) 27%p, (a)sz/ (1+52*)72(1 4+ 52%)"22/b; ds
0 J<k j<k
< (1+Zb2) 2% bi(0)2" > " 27b; / (14522972 ds
Jj=k

<1+Zb2> 27K (0)2% by - 272 (1+Zb2> 27K by (0) by

p P
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Hence it remains to establish (7-101).

By Corollary 7.16, (7-101) holds when s = 0. To extend this estimate to s > 0, we proceed as in the
proof of Lemma 7.17, replacing bounds (7-92) and (7-93) with their o > 0 analogues as needed; that
these analogues hold follows from the bounds referenced in establishing (7-92) and (7-93). To obtain the
analogue of (7-94), we apply Lemma 7.14, choosing to use o > 0 bounds only over the high frequency
ranges. (I
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