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SEMICLASSICAL TRACE FORMULAS AND HEAT EXPANSIONS

YVES COLIN DE VERDIERE

In a recent paper (J. Phys. A 43:47 (2011), 474028), B. Helffer and R. Purice compute the second term of a
semiclassical trace formula for a Schrodinger operator with magnetic field. We show how to recover their
formula by using the methods developed by Riemannian geometers in the seventies for heat expansions.

Introduction

There is a strong similarity between the expansions of the heat kernel as worked out by people in
Riemannian geometry in the seventies, starting with the famous “Can one hear the shape of a drum?”
by Mark Kac [1966] and continuing with [Berger 1966; McKean and Singer 1967] (see also the books
[Berger et al. 1971; Gilkey 1975]), and the so-called semiclassical trace formulas developed by people
in semiclassical analysis, starting with [Helffer and Robert 1983]. In fact, this is not only a similarity,
but, as we will prove, each of these expansions, even if they differ when expressed numerically for some
example, can be deduced from the other one as formal expressions of the fields.

Let us look first at the heat expansion on a smooth closed Riemannian manifold of dimension d, (X, g),
with the (negative) Laplacian Agl. The heat kernel e(¢, x, y), with ¢t > 0 and x, y € X, is the Schwartz
kernel of exp(t Ag): the solution of the heat equation u; — Agu = 0 with initial datum u, is given by

u(t.x) = /X et x. y)uo(y) [dylg.

The function e(t, x, x) admits, as t — 07, the following asymptotic expansion:
e(t.x,x) ~ @r) (1 +ay ()t + - +ay ()t +---).

The a; are given explicitly in [Gilkey 2004, p. 201] for / < 3, and are known for / <5 [Avramidi 1990; Ven
1998]. See also the related works [Hitrik 2002; Hitrik and Polterovich 2003a; 2003b; Polterovich 2000].
They are universal polynomials in the components of the curvature tensor and its covariant derivatives.
For example, ag = 1 and a; = 14 /6, where 14 is the scalar curvature.

The previous asymptotic expansion gives the expansion of the trace by integration over X and has
been used as an important tool in spectral geometry:

o0
trace(e’2¢) = / e(t,x,x)|dx|g = Z Ml
X
k=1
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In this note, we will not follow the usual sign convention of geometers, but the convention of analysts
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where —A; =0 < —A, <--- < —Aj <--- is the sequence of eigenvalues of —A, with the usual convention
about multiplicities. If d = 2, this gives

2 x(X)

1
trace(e'2¢) = T (Are X))+ 3
wt

r+oa%)
where x(X) is the Euler characteristic of X .

There is an extension of the previous expansion in the case of Laplace type operators on fiber bundles:
the coefficients of the expansion are then polynomials in the covariant derivatives of the curvature of the
metric and of the connection on the fiber bundle. The heat expansion can be reinterpreted as an expansion
of the Schwartz kernel of f(—#%Ag) on the diagonal x = y in powers of # with f(u) = exp(—u) and
t = h2. This is a particular case of the semiclassical trace.

Let us describe the semiclassical setting in the flat case: I-AI;, is a self-adjoint %-pseudodifferential
operator with Weyl symbol H (x, £) in some open domain X in R4, or more generally on a Riemannian
manifold. Let /" € ¥(R) and look at f’(ﬁh). Under some suitable assumptions (ellipticity at infinity in &)
on H, f (ﬁh) is a pseudodifferential operator whose Weyl symbol f™*(H) is a formal power series in
h, given, using the Moyal product denoted by «, by the following formula (see [Gracia-Saz 2005] for
explicit formulas and Section 4.2 therein for a proof; see also [Charles 2003]) at the point zg € T* X:

S Go) = @y Y 31 SO H ) (H = Ho)™ o). (1)
=0 "~

From the previous formula, we see that the symbol of f(}AI;,) at the point z depends only of the Taylor
expansions of H at the point z and of f at the point H(z). Helffer and Purice [2010] have studied the case
of the magnetic Schrodinger operator whose Weyl symbol is H, y(x,§) = Z;i=1 & —aj (x)% + V(x)
and show that the Schwartz kernel of f (I:i;,’a,y) at the point (x, x) admits an asymptotic expansion of
the form

[f (Hpa))(x.x) = Qnh)~ th“(Z / SOUEN? +Vx)0F, (x,snda)

j=0

where the leV (x, &) are polynomials in & calculated from the Taylor expansions of the magnetic field
B =da and V at the point x. The proof in [Helffer and Purice 2010] uses a pseudodifferential calculus
adapted to the magnetic field.
We will give a simplified version of the expansion replacing the (non-unique) Q 1 (x ) by functions
(x) which are uniquely defined and are given by universal O(d)-invariant polynomlals of the Taylor
expansmns of B and V at the point x. We present then two ways to compute the P ’

e we can first use Weyl’s invariant theory (see [Gilkey 2004]) in order to reduce the problem to the
determination of a finite number of numerical coefficients; then simple examples, like harmonic
oscillator and constant magnetic field, allow to determine (part of) these coefficients.



SEMICLASSICAL TRACE FORMULAS AND HEAT EXPANSIONS 695

e The PB’V are related in a very simple way to the coefficients of the heat expansion; it is possible to

compute the PB 4

from the knowledge of the a; for j + 1 </ < 3j. This is enough to recompute
the coefficient of h2 and also, in principle, the coefficients of % in the expansion, because the a; are

known up to / = 6 in the case of a flat metric (see [Ven 1998]).

In this note, we will first describe precisely the semiclassical expansion for Schrédinger operators (in
the case of an Euchdean metric) and the properties of the functions P / (x) Then, we will show how
to compute the P b (x) using an adaptation of the method used for the heat kernel (Weyl’ s theorem on
invariants and exp1101t examples). Finally, we will explain how the a; are related to the P i (x) This
gives us two proofs of the main formula given in [Helffer and Purice 2010]; this paper was the initial
motivation to this work.

1. Semiclassical trace for Schrodinger operators

In what follows, X is an open domain in R4, equipped with the canonical Euclidean metric, and Qk(x)
will denote the space of smooth exterior differential forms in X. Let us give a Schrédinger operator,
with a smooth magnetic field B =<, <4 bijdx; A dx; (a closed real 2-form) and a smooth electric
potential V' (a real-valued smooth function) in X'. We assume that V is bounded from below. We will
assume also that the 2-form B is exact and can be written B = da and we introduce the Schrodinger
operator defined by

hod
Hpay = Z(?a—xj—a](x)) + V(x).

j=1

The Weyl symbol of H, 4.1 is Hy p(x,§) = ||§ — a(x)||?> + V(x). We denote by I-Alh,a,y a self-adjoint
extension of Hj 4 in L*(X,|dx|). Let us give / € #(R) and ¢ € C°(X) and consider the trace of
of (I-AI;,’a,V) as a distribution on X x R (the density of states):

Trace(f (Fpap) = /X Zhaw @)X dx].

where Zj 4 1(g)(x) is the value at the point (x, x) of the Schwartz kernel of f(PIh,a,V).

Theorem 1. We have the following asymptotic expansion in powers of h:

Zha,v(g)(x) ~

[=3j
(k)™ d[ [, f(||é||2+V(x))ldél+Zh2’( > e f(’)(||§||2+V(x))|dél)]
=1 I=j+1

We have the explicit formulas

BV BV
Py =—¢(AV+IBIP), Py =—1lIVVIR

Pl = —5(8IVB|* + |ld* B|* + 12{AB|B) + 3AV).
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Here |B||?> = di<i<j<d bl.zj, d* : Q%(X) — QU(X) is the formal adjoint of d used in the definition of
the Hodge Laplacian on exterior forms. If d = 3, || B|| is the Euclidean norm of the vector field associated
to B.

The Pfl’V(x) are polynomials of the derivatives of B and V' at the point x. Moreover, if A, |, ¢ are
constants and we define \* () (x) = f(Ax), we have the following scaling properties:

AA*(B)A* (V)
(1) P

(x) =A% PJ.’?;V(AX). This will be used with x = 0.
@ PIPRY () = p2 =D PEY (o).

@) P50 = PV ().

@ PPV () =P (x).

(5) The Pfl’V are invariant by the natural action of the orthogonal group O(d) on the Taylor expansions
of B and V at the point x.

Remark 1. From the statement of the theorem, we see that the expansion of the density of states is
independent of the chosen self-adjoint extension.

As a consequence, we can get the following full trace expansion under some more assumptions:

Corollary 1. Let us assume that Eg = inf V < Eo = liminf,_,5x V(x) and that we have chosen
the Dirichlet boundary conditions. Let [ € C3°(] — 00, Ex|), then the trace of f(Hp q,y) admits the
asymptotic expansion

Tiace( (B ~ @ty [ ([ 7(lel? + Vo idel+-
1=3j

XY PR [ O veo g i)

j=1 I=j+1

The coefficient of h? can be written as

L[ SO + V) (AVe) +20BI?) i e,
X xR4

The expansion follows from [Helffer and Robert 1983]. An integration by part in x gives
fX SOUEN + VDIV [dx| =~ /X SPUEN + V() AV(x) [dx|.

2. Existence of the #-expansion of Z; ,

Using Theorem 2 in the Appendix, we can work in R? with @ and V compactly supported. The existence
of the expansion is known in general from [Helffer and Robert 1983] and the calculus of the symbol of
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S (Hpqp). We get

0o kj
/X Zhar (NG ldx| = @y 3 14 Y / (0D (Hyy (x.£)0;.1(x. &) |dx d]
[=0

j=0

where the Q; ;(x,&) are polynomials in the Taylor expansion of H, j at the point (x, £). The previous
expansion is valid for any (admissible) pseudodifferential operator. In the case of Schrédinger operators
we can make integrations by part in the integrals [ f ¢ )(Ha,V(x, £))Q;1(x.&) |d&| which reduces to a
similar formula where we can replace the Q; ;(x,&) by the P; ;(x). This is based on the expansion of
Q; 1 as a polynomial in £ in powers of (§ —a): odd powers give 0 and even powers can be reduced using

d (& —aj) f O (Ha )1 (0g,)dE) = 2018 —aj |* £V (Hap)de + O (Hy p)dE.

We have only to check that the powers of £ in Q; ;(x,&) are less than /: this is based on Equation (1).
The coefficients of the /-th Moyal power of H, (z) — H,,y(29) are homogeneous polynomials of degree
[ in the derivatives of H, 7 (z). At the point z = zo only derivatives of order > 1 are involved. They are
all of degree < 1 in £. Using gauge invariance at the point x (Section 3), we can assume that a(x) = 0.

3. Gauge invariance
If S : X — R is a smooth function, we have
Trace(pe SO f(Hy 4 1)e" S = Trace(df (Hp.a,p))

and
eISCR p(fy 0 eSO = f(Hyygsv).

Hence, we can chose any local gauge a in order to compute the expansion: using the synchronous
gauge (see Section 4), we get the individual terms

B,V
[ 1O PE o 1ae
for the expansion, where the PJ.BI’V(x) depend only of the Taylor expansions of B and V' at the point x.

4. The synchronous gauge

The main idea is to find an appropriate gauge a adapted to the point xo where we want to make the
symbolic computation. In a geometric language, we use the trivialization of the bundle by parallel
transportation along the rays: the potential @ vanishes on the radial vector field.? Here, this is simply the
fact that, for any closed 2-form B on R?, there exists an unique 1-form a = Z;l=1 ajdx;j sothat da = B

and Z;Ll xjaj =0.

2This gauge is sometimes called the Fock—Schwinger gauge; in [Atiyah et al. 1973], it is called the synchronous framing.
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We will do that for the Taylor expansions degree by degree. In what follows we will use a decomposition
for 1-forms, but it works also for k-forms.

Let us denote by Q’]‘\, the finite dimensional vector space of k-differential forms on R4 whose coefficients
are homogeneous polynomials of degree N and by W = Z;;l Xj 0/0x; the radial vector field. The

1

exterior differential induces a linear map from QX into Q% +_ and the inner product (W) a map from
p N N p p

1

Q]]‘\, into Q’;\,jrll. They define complexes which are exact except at k = N = 0. Moreover, we have a

situation similar to Hodge theory:
k k—1 k+1
Oy =dQn1 SUW)QET.

This is due to Cartan’s formula: the Lie derivative of a form w € Qé‘v satisfies, from the direct calculation,
PLww = (k + N)w, and, by Cartan’s formula, Lo = d((W)w) + «(W)dw. So

w = k-l—#N dW)w) +1(W)dw) .

It remains to show that this is a direct sum: if ® = do = «(W)y, we have t(W)w = 0 and dw = 0; from
the previous decomposition, we see that @ = 0. Let us denote by J ¥ w, where o is a differential form of
degree k, the form in QII‘V which appears in the Taylor expansion of w.

We get:

Proposition 1. If P(J%a, J'a,---, JNa) is a polynomial in the Taylor expansion of the 1-form a at some
order N which is invariant by a — a + dS, P is independent of J°a and

Ly oo Ny = p(L oL N )
PJla,--,J a)—P(th(W)B, e EAMIUAY:

is a polynomial of the Taylor expansion of B to the order N — 1.

S. Properties of the P; ;

5.1. Range of | for j fixed. From the scaling properties, we deduce that, in a monomial
D*' Bjy j, -+ D* Bjy j, pPry...pPny,

belonging to P;j;, we have k +2m = 2(I — j) and k + |aq| + -+ + |og| + |Bi| + -+ + |Bm| = 2/.
Moreover, for j > 1,k +m >1and |B8,| > 1. Hence j + 1 </ < 3j. The previous bounds are sharp:
take the monomials A/ V and ||V V ||%/ which give / = j 4+ 1 and [ = 3;.

5.2. Invariance properties.

(1) Let us assume that we look at the point x = 0 and consider the operator D, (f)(x) = f(ux). We
have

Dy o Hp gy 0 D1y = Hpjpu, 40D, VoD, -
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The same relation is true for any function f (}AIh, 4,v) and then we have, looking at the Schwartz
kernels and using the Jacobian ,ud of Dy:

RO [ O +vonlds = w2 PR o) [ rOqel + voy e,

(2) We have

. s
Hy a2y = 1 Hﬁ,a,V'

. . . . . . BV
(3) Changing V into V + ¢ gives a translation by c in the function f* but does not change the Pj’ ;-
(4) Changing B into — B gives a complex conjugation in the computations. The final result is real-valued.
(5) Orthogonal invariance is clear: an orthogonal change of coordinates around the point x preserves

the density of states.

5.3. The case d = 2. We deduce from the scaling properties and invariance by the orthogonal group,
that there exists constants ay, by, ¢z so that PlBéV(x) =agAV +bg||B||?, P13(x)=cq||VV]>

6. Explicit examples

The calculation for the harmonic oscillators and the constant magnetic fields allows to determine the
constants ag, by, c4.

2
6.1. Harmonic oscillators. Let us consider 2 = —hz% + x2 with d = 1. The kernel of P(t, x, y) of
exp(—¢£2) is given by the Mehler formula: ~

P(t,x,y) = Qnh sinh(2th))_%exp (— (cosh(2th)(x2 + 3 — 2xy)) .

1
2% sinh(2t#)
Hence

P(t,x,x) ~ uh) le ™ (/ e—’ézdg) (1=12(> =% /3 + 0(h%)).
R

Hence Py »(x) =—V"(x)/6 and Py 3(x) =—V'(x)?/12.
Similarly, in dimension d > 1, we get Py 5(x) = —AV(x)/6 and Py 3(x) = —|VV|?/12.

6.2. Constant magnetic field. Let us consider the case of a constant magnetic field B in the plane and
denote by Q(¢, x, y) the kernel of exp(—tHp ). We have (see [Avron et al. 1978])

B

t S —
Q. X, %) = o inh Bh

Hence the asymptotic expansion
0t.x.x) = ()2 [ exp(—tlEIP)dE1(1 ~ 24 B2/6-+ O(h)):

hence Py »(x) = —B?/6 and Py 3(x) =0.
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Using the normal form B = by,dx1 A dxy + b3sdxs Adxs + -+, we get in dimension d > 2 the
values Py 5(x) = —||B||?/6 and P; 3(x) = 0.

7. Heat expansion from the semiclassical expansions

We have tﬁl aV = flﬁ’ﬁa ;v Using the expansion of Theorem 1 with f(E) = e E, we get easily
the point-wise expansion of the heat kernel on the diagonal as ¢ — 0 :

[exp(—zﬁl,ayn(x,x)f»%e"V"‘)Z( > PfiV(x))(—z)l.

d
()2 1=0 M/3<j<I-1
In particular, a1 (x) = —V/(x) and the coefficient a,(x) is given by
az(x) = 3V(x)* = §AV(x) — ¢ | BOO)|I>.

This formula agrees with Equation (3) of Theorem 3.3.1 in [Gilkey 2004].
This gives another way to compute the P; ;: if, as power series in ¢,

(o,@] o0
S Dot = eV Y gy (o,
=0 =0

we have
B,V
Pj,l (x) = bj(x).
1/3<j<I-1
PJ.B I’V is the sum of monomials homogeneous of degree 2(/ — j) in b; where B and its derivatives have

we’ights 1 while V' and its derivatives have weights 2.

The heat coefficients a; on flat spaces are known for / < 6 from [Ven 1998]. This is enough to check the
term in /2 (uses @, and a3) in [Helffer and Purice 2010] and to compute the term in % in the semiclassical
expansion (uses the a; for 3 </ < 6).

We have also a mixed expansion writing tH haV = H Jih,Jia,tv> WE get a power series expansion in

powers of # and ¢ valid in the domain #%¢ — 0 and 0 < ¢ < ¢, for the point-wise trace of exp(—tﬁ haV):

L v 2j_pl pBYV
Z,’;,(x)'»We 1+ ; w0 P75V (x) ).
j+IJ§_l§3j

This shows that the integrals [, V(x)¥|dx| and [ PjBl’V(x) |dx| are recoverable from the semiclassical
spectrum.

Appendix: functional calculus in domains and self-adjoint extensions (after Johannes Sjostrand)

The content of this Appendix is due to Johannes Sjostrand. I thank him very much for this contribution.

Let X C R? be an open set. We say that a linear operator 4 is a WDO in X, with Weyl symbol a if,
for any compact K C X, A acts on functions supported in K as a WD O of Weyl symbol a.
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Theorem 2. Let Hy, 4,y be a Schridinger operator with magnetic field given by

4 (hd 2
Hyapy =) (l—@ —aj (X)) + V(x),

Jj=1

defined in some open domain X C R4, We assume that a and V are smooth in X and that V is bounded
from below, so that Hy, 4y admits some self-adjoint extensions on the Hilbert space L2(X,|dx|). One of
them will be denoted by I:\Ih,a’y. Then, for any | € ¥(R), f(I-AIh,a’V), given by the functional calculus,
is a semiclassical VDO in X whose symbol is given by Equation (1) and is independent of the chosen
extension.

The proof uses a multicommutator method already used by Helffer and Sjostrand [1984].

Proof. We introduce, for s € R, the semiclassical (%-dependent) Sobolev spaces
3=t e SR | 0ps (1 + 18172l 2 < 00}

with the norm
lulls == 10ps(1 + €13 2ull -

The (h-dependent) norm || A||s, s, is the norm of A as linear operator from %;1 to %22. A linear operator
K is smoothing if, for all 51, s2, | K|s,,s, = O(h*). This implies that the Schwartz kernel of K is
smooth with all derivatives locally O(A°°). We have the

Lemma 1. Let Y be an open set in R4, Let Pj = Pj(h), j =0,1 be two self-adjoint operators on Hilbert
spaces #j = L*(Xj, |dx|) with Y € Xo € X1 € R? and with domains Dj so that C°(Y) C9D; C ;.
Let us assume that, on C°(Y), Py = Py = Hy 4y (= P).

Then, for any f € CS°(R), f(Po)— f(P1) is smoothing on Y. In particular, the densities of states
[f(P)](x,x), j =0,1, coincide in Y modulo O(h*>).

Assuming Lemma 1, Theorem 2 follows by extending a and V' smoothly outside Y so that they have
compact support in R, We take Y € X = Xy C R = X;. It follows that P; is essentially self-adjoint
and the functional calculus for P follows then easily from [Helffer and Robert 1983]. The result is valid
even for f € ¥(R) because CJ° is dense in ¥ and the result of [Helffer and Robert 1983] is valid for

f € & and the resulting formulas for the symbols are continuous w.r. to the topology of &. O
Proof. Proof of Lemma 1 If x € C°(Y), then, for z ¢ R and j, k € {0, 1}, we have on L?(Y):
(Pj—z)"tox=yxo(Pr—2)"" = (P —2) [P, x)(Pr —2)7" 2

Let o < x1 <:-- < xn with,for/ =0,--- N, y; € C(Y) and, for/ =0,--- ,N—1, x;(1—x;4+1) =0.
By iterating (2) and using x;41[P, x;] = [P, x;], we find:

(Pr—z)toxo=x10(Po—2)""xo—x20(Po—2) '[P, x1)(Po—2) ' xo+ -
£ xN(Po—2)"[P. xn=1)(Po —2) '[P, xn—2]-- (Po—2)"" x0
F(P1—2) '[P xNI(Po—2) " (Po—2) " xo
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Let us give now xo, ¥ € C2°(Y') with disjoints supports. By choosing the y; for / > 0 with supports
disjoint from the support of ¥, we see, using Equation (2), that, for any N,
19(Pr =2 x0llo2 = OV |32/~ VD).
The standard a priori elliptic estimates
lulls+2,2, = C (I(P—2)u 5.21)
forze€ K €C and Q; € Q, € R?, allow to prove that, for any N, s, there exists M (N, 5) so that
19(Py =27 Xollss+n+2 = OGN |3z 7MH) 3)

Let x € C°(Y) so that x = 1 on the support of xo. Let us apply multiplication by x to the right and to
the left in (2) and choose ¥ with support disjoint from yg so that [P, x|y =[P, x]. Inserting ¥ this way
in (2), we get, using (3),

5,22 + ||Ll

xo(P1—2)""xo—x0(Po—2)"'xo = K,

and, for any N, there exists M (N) so that || K||—-y n = OHBN 3z7MN))y We now apply the formula
(known to some people as the “Helffer-Sjostrand formula”, proved for example in [Dimassi and Sjostrand
1999, p. 94-95]), valid for f € CS°(R) and f an almost holomorphic extension of f:

7y = [z ferp ==L,

where d L(z) is the canonical Lebesgue measure in the complex plane. From this, we see that f(Py) —
f(Py) is smoothing in Y. O
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