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Chambert-Loir and Ducros have recently introduced a theory of real valued
differential forms and currents on Berkovich spaces. In analogy to the theory of
forms with logarithmic singularities, we enlarge the space of differential forms by
so called §-forms on the nonarchimedean analytification of an algebraic variety.
This extension is based on an intersection theory for tropical cycles with smooth
weights. We prove a generalization of the Poincaré—Lelong formula which allows
us to represent the first Chern current of a formally metrized line bundle by a
d-form. We introduce the associated Monge—Ampere measure u as a wedge-
power of this first Chern §-form and we show that u is equal to the corresponding
Chambert-Loir measure. The x-product of Green currents is a crucial ingredient
in the construction of the arithmetic intersection product. Using the formalism
of §-forms, we obtain a nonarchimedean analogue at least in the case of divisors.
We use it to compute nonarchimedean local heights of proper varieties.
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0. Introduction

Weil’s adelic point of view was to compactify the ring of integers 0k of a number
field K by the archimedean primes. Arakelov’s brilliant idea was to add metrics on
the “fibre at infinity” of a surface over Ok which gave a good intersection theory
for arithmetic divisors. This Arakelov theory became popular after Faltings used it
to prove Mordell’s conjecture. A higher dimensional arithmetic intersection theory
was developed by Gillet and Soulé. Their theory combines algebraic intersection
theory on a regular model 2" over &k with differential geometry on the associated
complex manifold X" of the generic fibre X of .2". Roughly speaking, an arithmetic
cycle on 2" is given by a pair (2, g,), where 2 is a cycle on 2" with generic fibre
Z and g, is a current on X" satisfying the equation

for a smooth differential form w, and the current of integration 6, over Z*". The
arithmetic intersection product uses the algebraic intersection product for algebraic
cycles in the first component and the x-product of Green currents in the second
component. This arithmetic intersection theory is nowadays called Arakelov theory.
It found many nice applications such as Faltings’s proof of the Mordell-Lang
conjecture for abelian varieties and the proof of Ullmo and Zhang of the Bogomolov
conjecture for abelian varieties.

It is an old dream to handle archimedean and nonarchimedean places in a
similar way. This means that we are looking for a description in terms of currents
for the contributions of the nonarchimedean places to Arakelov theory. Such a
nonarchimedean Arakelov theory at finite places was developed by Bloch—Gillet—
Soulé relying strongly on the conjectured existence of resolution of singularities for
models in mixed characteristics. The use of models also has another disadvantage
since they are not suitable to describe canonical metrics as for line bundles on
abelian varieties with bad reduction. A more analytic nonarchimedean Arakelov
theory was developed by Chinburg and Rumely, and Zhang in the case of curves. A
crucial role is played here by the reduction graph of the curve. Without any doubt,
the latter should be replaced by the Berkovich analytic space associated to the curve
and this was done by Thuillier in his thesis introducing a nonarchimedean potential
theory. Chambert-Loir and Ducros [2012] recently introduced differential forms
and currents on Berkovich spaces. These provide us with a new tool to give an
analytic description of nonarchimedean Arakelov theory in higher dimensions.

We recall the definition of differential forms given in [loc. cit.]. We restrict here
to the algebraic case. Let U be an n-dimensional very affine open variety which
means that U has a closed embedding into a multiplicative torus 7 = G/ over a

m
nonarchimedean field K. By definition, such a field K is endowed with a complete
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nonarchimedean absolute value |- |. Let ¢4, ..., #. be the torus coordinates. Then
we have the tropicalization map

trop: T*" — R", t+ (—loglty],..., —loglt|).

By the Bieri—Groves theorem, the tropical variety Trop(U) := trop(U?") is a finite
union of n-dimensional polyhedra. More precisely, Trop(U) is an n-dimensional
tropical cycle which means that Trop(U) is a polyhedral complex endowed with
canonical weights satisfying a balancing condition. Let xy, . . ., x, be the coordinates
on R”. Then Lagerberg’s superforms on R are formally given by

o= Z apdxi N nd'xip, nd"x A ~d X

where I (resp. J) consists of iy < --- < i, (resp. j1 <--- < jg), o;; € CP(R").
We have differential operators d’ and d” on the space of superforms given by

Z Z ”d/xl Ad'xiy A nd'xi A xj A Ad

l|=p, i=1
|J|=q

and

=y Z 1y d”xj ANd'xiy A nd'xi A xj A A d X

[=p, j=I

I/1=¢
They are the analogues of the differential operators d and d in complex analysis. The
space of superforms on R” with the usual wedge product is a differential bigraded
R-algebra with respect to d” and d”. The space of supercurrents on R” is given as
the topological dual of the space of superforms.

Every superform « induces a differential form on U?" and two superforms «, o’
induce the same form if and only if they restrict to the same superform on Trop(U).
In general, a differential form on an n-dimensional variety X is given locally for the
Berkovich analytic topology on very affine open subsets by Lagerberg’s superforms
which agree on common intersections (see [Gubler 2016] for more details). The
wedge product and the differential operators can be carried over to X*" leading to a
sheaf A~ of differential forms on X?". Integration of superforms leads to integration
of compactly supported (n, n)-forms on X*". The space of currents D" (X?") is
defined as the topological dual of the space of compactly supported forms.

A major result of Chambert-Loir and Ducros is the Poincaré—Lelong formula for
the meromorphic section of a line bundle endowed with a continuous metric || -||.
Note that in this situation, c{ (L, || - ||) is only a current, while a smooth metric allows
one to define the first Chern form in A"!(X?"). For a smooth metric, ¢; (L, |- )"
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is a form of top degree and hence defines a signed measure called the Monge—
Ampere measure of (L, ||-||). In arithmetic, metrics are often induced by proper
algebraic models over the valuation ring. Such metrics are called algebraic. They
are continuous on X", but not smooth. This makes it difficult to define the Monge—
Ampere measure as a wedge product of currents. In the complex situation, one needs
Bedford-Taylor theory to define such a wedge product. In the nonarchimedean
situation, Chambert-Loir and Ducros use an approximation process by smooth
metrics to define this top-dimensional wedge product of first Chern currents.

The main theorem in [Chambert-Loir and Ducros 2012] shows that the Monge—
Ampere measure of a line bundle endowed with a formal metric is equal to the
Chambert-Loir measure. The latter was introduced in [Chambert-Loir 2006] before
a definition of first Chern current was available. It is defined as a discrete measure on
the Berkovich space using degrees of the irreducible components of the special fibre.
Chambert-Loir measures play a prominent role in nonarchimedean equidistribution
results. For example, they occur in the nonarchimedean version of Yuan’s equidis-
tribution theorem, which has applications to the geometric Bogomolov conjecture.

In the thesis of Christensen [2013] a different approach to a first Chern form was
given. Christensen studied the example E? for a Tate elliptic curve E and he defined
the first Chern form as a tropical divisor on the skeleton of E2. Then he showed that
the 2-fold tropical self-intersection of this divisor gives the Chambert-Loir measure.

In this paper, we combine both approaches. We enrich the theory of differential
forms given in [Chambert-Loir and Ducros 2012] by enlarging the space of smooth
forms to the space of §-forms. They behave as forms and they have the advantage
that we can define a first Chern §-form for a line bundle endowed with a formal
metric. This leads to a direct definition of the Monge—Ampere measure as a wedge
product of §-forms and to an approach to nonarchimedean Arakelov theory.

This will be explained in more detail now. Throughout this paper K denotes
an algebraically closed field endowed with a nontrivial nonarchimedean complete
absolute value. Note that this is no restriction of generality as for many problems
including the ones discussed in this paper such a setup can always be achieved
by base change. This is similar to the archimedean case where analysis is usually
performed over the complex numbers. For sake of simplicity, we assume in the
introduction that tropical cycles have constant weights as usual in tropical geometry
(see Section 1 for details and for a generalization to smooth weights). A §-preform
on R’ is a supercurrent o on R" of the form

=) oA (0.0.1)
iel

for finitely many superforms «; and tropical cycles C; on R". Using the wedge
product of superforms and the stable intersection product of tropical cycles, we
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get a wedge product of §-preforms. Since the supercurrents of integration
are d’-closed and d”-closed, we can extend the differential operators d’ and d” to
5-preforms leading to a differential bigraded R-algebra. We refer to Section 2 for
precise definitions and generalizations allowing smooth tropical weights.

In Section 3, we extend all these notions from R” to a fixed tropical cycle C
of R". The balancing condition is equivalent to closedness of the supercurrent
8¢, which means that C is boundaryless in the sense that no boundary integral
shows up in the theorem of Stokes over C. Therefore we may view a tropical
cycle as a combinatorial analogue of a complex analytic space. Using integration
over C, we will see that a piecewise smooth form »n on the support of C induces a
supercurrent [1] on C. We apply this to a piecewise smooth function ¢ on C. In
tropical geometry, ¢ plays the role of a Cartier divisor on C and has an associated
tropical Weil divisor ¢ - C. The latter is also called the corner locus of ¢ as itis a
tropical cycle of codimension 1 with support equal to the singular locus of ¢. We
show in Corollary 3.19 the following tropical Poincaré—Lelong formula:

Theorem 0.1. Let ¢ be a piecewise smooth function on C and let 5.c be the
supercurrent of integration over the corner locus ¢ - C. Then we have

d'd"[¢] —[d'd"¢] = 8y.c
as supercurrents on C.

This is a statement about integration of superforms on tropical currents and its
proof relies on Stokes theorem. In fact, we prove a more general statement in
Theorem 3.16 involving integration of §-preforms on C.

Let X be an n-dimensional algebraic variety over K. We now define §-forms on
X similarly as differential forms, but replacing superforms by the more general
8-preforms. This means that a §-form is given locally with respect to the Berkovich
analytic topology on very affine open subsets by pull-backs of §-preforms with
respect to the tropicalization maps. The §-preforms have to agree on overlaps which
involves a quite complicated restriction process which is explained in Section 4.
Moreover, we will show that §-forms are bigraded, have a wedge product and
differential operators d’, d” extending the corresponding structures for differential
forms on X?". There is also a pull-back with respect to morphisms and so we see
that §-forms behave as differential forms on complex manifolds.

In Section 5, we study integration of compactly supported §-forms of bidegree
(n, n) on X*". To define the integral of such a §-form «, we choose a dense open
subset U of X with a closed embedding U — G/, such that « is given on U™"
by the pull-back of a §-preform ayy on R” with respect to the tropicalization map
trop;; : U™ — R’. Using the corresponding tropical variety Trop(U), we set

/ o= / ay.
an [Trop(U)]
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In Section 6, we introduce §-currents as continuous linear functionals on the space
of compactly supported §-forms. By integration, every §-form « induces a §-
current [a]. Similarly, we get a current of integration §, for every cycle Z on X.
As a major result, we show in Corollary 6.15 that [«] is a signed Radon measure
on X" for every « of bidegree (n, n). We deduce in Proposition 6.16 that every
continuous real function g on X" induces a §-current [g] on X*" which is defined
at a compactly supported 3-form « of bidegree (n, n) by integrating g with respect
to the corresponding Radon measure.

Now let f be arational function on X which is not identically zero. By integration
again, we will get a -current [—log| f|] on X?".

Theorem 0.2. Let cyc(f) be the Weil divisor associated to f. Then we have the
Poincaré—Lelong equation

5cyc(f) = d/d//[10g|f|]

of §-currents on X",

This is demonstrated as Theorem 7.2. The Poincaré—Lelong equation of Chambert-
Loir and Ducros is the special case of our formula where one evaluates the §-currents
at differential forms. The generalization to §-forms is not obvious and needs a more
tropical adaptation of their beautiful arguments. In Section 7, we introduce the first
Chern §-current [c1 (L, ||-||)] of a continuously metrized line bundle (L, | -||) on X.
As usual, we mean here continuity with respect to the Berkovich topology on X?".
In Corollary 7.8, we deduce from Theorem 0.2 that a nonzero meromorphic section
s of L satisfies the Poincaré—Lelong equation

d'd"[~log|ls|I] = [e1(L, |- ID] = 8eyecs) (0.2.1)

for §-currents on X",

In Section 8, we define piecewise smooth and piecewise linear metrics on L. We
show in Proposition 8.11 that a metric is piecewise linear if and only if it is induced
by a formal model of the line bundle. In Section 9, we introduce piecewise smooth
forms on X?". For a piecewise smooth metric |- || on L, the first Chern §-current
[c1(L, |- D] has a canonical decomposition into a sum of a piecewise smooth form
and a residual current. If ||-|| is smooth, then c;(L, ||-||) is a differential form
on X", We say that a piecewise smooth metric || -|| is a §-metric if the first Chern
s-current [c1(L, ||-]|)] is induced by a §-form c;(L, ||-]|) (see Definition 9.9 for
a more precise definition). In this situation, we call ¢1(L, ||-||) the first Chern
8-form of (L, ||-||). We will see in Remark 9.16 that every piecewise linear metric
is a §-metric. Canonical metrics on line bundles exist on line bundles on abelian
varieties, on line bundles which are algebraically equivalent to zero and on line
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bundles on toric varieties. It follows from our considerations in Section 8 that all
these canonical metrics are §-metrics (see Example 9.17).

In Section 10, we consider a proper algebraic variety X over K of dimension n
with a line bundle L endowed with an algebraic metric || -||. This means that the
metric is induced by an algebraic model of L. Based on the formal GAGA principle,
we show in Proposition 8.13 that an algebraic metric is the same as a formal metric
and hence this is also the same as a piecewise linear metric. As a consequence,
we note that || - || is a §-metric and hence ¢ (L, ||-]|) is a well-defined 5-form. We
deduce that ¢ (L, ||-]|)" is a §-form of bidegree (n, n) on X", which we may view
as a signed Radon measure on X?" by the above. We call it the Monge—Ampere
measure associated to (L, ||-||). Our Theorem 10.5 can be expressed as follows:

Theorem 0.3. Under the assumptions above, the Monge—Ampeére measure associ-
ated to (L, ||-||) is equal to the Chambert-Loir measure associated to (L, || -||).

As mentioned before, this theorem was first proved by Chambert-Loir and Ducros
in a slightly different setting (for discrete valuations, but their method works also
for algebraically closed fields). However, they have a different construction of the
Monge—Ampere measure. Since algebraic metrics are usually not smooth, they
have only a first Chern current ¢; (L, ||-||) available. In general, the wedge product
of currents is not well defined. In the present situation, they can use a rather
complicated approximation process by smooth metrics to make sense of the wedge
product ¢ (L1, ||-||1)" as a current leading to their Monge—Ampere measure. Our
Monge—Ampere measure is defined directly as a wedge product of §-forms based
on tropical intersection theory instead of the approximation process. This means
that our proof is more influenced by tropical methods.

In Section 11, we define a Green current for a cycle Z on the algebraic variety
X over K as a §-current g, such that

d/d”gz = [wz] — 8Z

for a §-form w, on X*'. By the Poincaré-Lelong equation (0.2.1), a nonzero
meromorphic section s of L induces a Green current gy, := —log||s|| for the Weil
divisor Y of 5. Here, we assume that || -|| is a §-metric on the line bundle L of X.
In case of proper intersection, we define gy * g, := gy A6, + wy A g, as in the
archimedean theory of Gillet—Soulé. It is an easy consequence of the Poincaré—
Lelong equation that g, * g, is a Green current for the cycle Y - Z. We show the
usual properties for such x-products. Most difficult is the proof of the commutativity
of the *x-product of two Green currents for properly intersecting divisors. It relies
on the study of piecewise smooth forms and the tropical Poincaré-Lelong formula
in Theorem 0.1.
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In Section 12, we define the local height of a proper n-dimensional variety X
over K with respect to properly intersecting Cartier divisors Dy, ..., D, endowed
with §-metrics on O (Dy), ..., O(Dy) as follows: Let gy, be the Green current for
the Weil divisor Y; associated to D; as above; then the local height is given by

)L[)O [)n(X) =gy, * -k gy, (1).

.....

We show that these local heights are multilinear and symmetric in the metrized
Cartier divisors Dy, ..., D,, functorial with respect to morphisms and satisfy an
induction formula useful to decrease the dimension of X. For algebraic metrics,
local heights of proper varieties are also defined using intersection theory on a
suitable proper model (see [Gubler 1998, §9]).

Theorem 0.4. Suppose that the metrics on O(Dy), ..., O(D,) are all algebraic.
Then the local height A Do.... D, (X) based on the *-product of Green currents is
equal to the local height of X given by intersection theory of divisors on K°-models.

The proof uses the observation that the induction formula holds for both defini-
tions of local heights and then Theorem 0.3 gives the claim (see Remark 12.7 for
more details and the proof).

In the introduction, we have presented the whole theory of §-forms based on
5-preforms as in (0.0.1) using tropical cycles with constant weights. However, the
theory can be extended to §-forms locally given by §-preforms allowing tropical
cycles with smooth weights. This will be done throughout the whole paper which
leads to slightly more complications, but it increases the class of §-metrics at
the end which makes it worthwhile. Observe that tropical cycles which arise as
tropicalizations from varieties always have integer weights. Therefore tropical
cycles are always considered with constant weights when they serve, as in Section 3,
as underlying spaces for supercurrents and §-preforms.

Notation and terminology. Throughout this paper K denotes an algebraically
closed field endowed with a complete nontrivial nonarchimedean absolute value | - |,
valuation ring K°, and corresponding valuation v = —log| - |. Let ' := v(K*) be
the value group.

In A C B, A is strictly smaller than B. The complement of A in B is denoted
by B\ A. The zero is included in N and in R.

The group of multiplicative units in a ring A with 1 is denoted by A*. An
(algebraic) variety over a field is an irreducible separated reduced scheme of finite
type. The terminology from convex geometry is explained in the Appendix.

1. Tropical intersection theory with smooth weights

In tropical geometry, a tropical cycle is given by a polyhedral complex whose
maximal faces are weighted by integers satisfying a balancing condition along the
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faces of codimension 1. In this section, we generalize the notion of a tropical cycle
allowing smooth real functions on the maximal faces as weights. This is similar
to the tropical fans with polynomial weights introduced by Esterov [2012] and
Francois [2013]. We generalize basic facts from stable tropical intersection theory
and introduce the corner locus of a piecewise smooth function.

Throughout this section N and N’ denote free Z-modules of finite rank r and r'.
We write Ng = N ®7 R and N, = N’ ®7 R. Every integral R-affine polyhedron o
of dimension n in the R-vector space Ng = N ®z R determines an affine subspace
A, with underlying vector space L, and a lattice N, =L, NN in L, (see A.2
in the Appendix). A smooth function f : 0 — R on a polyhedron o in Np is the
restriction of a smooth function on some open neighbourhood of ¢ in A,. For
further notation borrowed from convex geometry, we refer to the Appendix.

Definition 1.1. (i) A polyhedral complex % of pure dimension # is called weighted
(with smooth weights) if each polyhedron o € %, is endowed with a smooth weight
function m, : 0 — R. If all m, are constant functions, then we call them constant
weights. The support |(¢, m)| of a weighted polyhedral complex (%, m) of pure
dimension 7 is the closed set

(&, m)| = | supp(mo).

oEG,

The support |%’| of a polyhedral complex ¢ is the support of (¢, m), where m =1
is the trivial weight function. We have |(¢, m)| C |%|.

(ii) Let C = (¥, m) be an integral R-affine polyhedral complex of pure dimension n
with smooth weights in Nr. For each codimension-one face 7 of a polyhedron o € %,
we choose a representative w, ; € N, of the generator of the one-dimensional lattice
N, /N; pointing in the direction of 0. Then we say that the weighted polyhedral
complex C satisfies the balancing condition if we have

> mo (@) €L (1.1.1)

0EG,
o>T

for all T € 6,_1 and all w € t, where o > T means that 7 is a face of 0. This is a
straightforward generalization of the balancing condition for polyhedral complexes
with integer weights [Gubler 2013, 13.9].

(iii)) A tropical cycle C = (¢, m) of dimension n in Ng is a weighted integral
R-affine polyhedral complex of pure dimension n which satisfies the balancing
condition (1.1.1). In the following, we identify two tropical cycles (¥, m) and
(¢, m') of dimension n if | (¢, m)| = |(¢”’, m")| and if m; = m,- on the intersection
of the relative interiors of ¢ and ¢’ for all o € ¢, and ¢’ € €. A tropical cycle
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(¢, m) whose underlying polyhedral complex is a rational polyhedral fan in the
vector space Np is called a tropical fan.

(iv) Let C = (¥, m) be a tropical cycle of dimension #n. Given an integral R-affine
subdivision ¢’ of ¢, there is a unique family of weight functions m’ such that
(¢’, m’) is a tropical cycle and my |, = m. , holds for all " € %, and o € 6, such
that 0’ C o. If a tropical cycle C in Np is defined by a weighted integral R-affine
polyhedral complex (¢, m), we call € a polyhedral complex of definition for the
tropical cycle C.

(v) The set of tropical cycles with smooth weights of pure dimension n in Ng
defines an abelian group TZ, (Nr) where the group law is given by the addition of
multiplicity functions on a common refinement of the integral R-affine polyhedral
complexes. We denote by TZ¥(Ng) = TZ,_x(Nr) the group of tropical cycles of
codimension k.

Remark 1.2 (reduction from smooth to constant weight functions). In tropical
geometry, one usually considers tropical cycles with integer weights. However
it causes no problems to work instead with tropical cycles with constant but not
necessarily integer weights.

Many properties of these tropical cycles with integer or constant weights extend
even to tropical cycles with smooth weights by the following local argument in
w € |€|. We replace ¢ by the rational polyhedral fan of local cones in w (see A.6)
and we endow the local cone of o € %, by the constant weight m, (@). By definition,
these constant weights on the rational cones satisfy the balancing condition. We
illustrate the use of this reduction process in Remark 1.4(ii).

1.3. In tropical geometry, there is a stable tropical intersection product of tropical
cycles with integer weights. The astonishing fact is that this product is well-defined
as a tropical cycle in contrast to algebraic intersection theory or homology, where
an equivalence relation is needed. Constructions of a stable tropical intersection
product of tropical cycles with integer weights have been given by Mikhalkin [2006]
and Allermann and Rau [2010]. In both cases the construction is reduced to the
case of tropical fans. For tropical fans with integer weights, Mikhalkin uses the fan
displacement rule from [Fulton and Sturmfels 1997], whereas Allermann and Rau
use reduction to the diagonal and intersections with tropical Cartier divisors. It is
shown in [Katz 2012, §5; Rau 2009, Theorem 1.5.17] that both definitions agree.
This is based on a result of Fulton and Sturmfels [1997, Theorem 3.1] which shows
that the space of tropical fans, with integer weights and with a given complete
rational polyhedral fan ¥ as a polyhedral complex of definition, is canonically
isomorphic to the Chow cohomology ring of the complete toric variety Yy associated
to 2. Then the product in Chow cohomology leads to the stable intersection product
of tropical fans with integer weights and the usual properties in Chow cohomology
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lead to corresponding properties in stable tropical intersection theory. By passing
to a smooth rational polyhedral fan subdividing X, which means that Yy is smooth,
we may use the usual Chow groups instead of the Chow cohomology groups from
[Fulton 1984, Chapter 17].

Remark 1.4 (stable tropical intersection theory). As an application of the reduction
principle described in Remark 1.2, we get a stable tropical intersection theory for
tropical cycles with smooth weights. The reduction process leads to tropical fans
with constant weight functions. These weights are not necessarily integers, but it is
still possible to apply 1.3 by using Chow cohomology with real coefficients. We
list here the main properties:

(1) There exists a natural bilinear pairing
TZ(Ng) x TZ!(Ng) — TZ (Nr),  (C1,C2) = C1-Ca

which is called the stable intersection product for tropical cycles. It is associative and
commutative and respects supports in the sense that we have |C - Cy| € |C(|N|C,|.

(i) The concrete construction of the stable intersection product for tropical cycles
C1 and C; of codimension /1 and /; in N is based on the fan displacement rule (see
[Fulton and Sturmfels 1997, §4]). We choose a common polyhedral complex of
definition ¢ for C; and C, and write C; = (¢, m;) (i = 1, 2) for suitable families
of weight functions m; = (m; ;)< . Let 2 denote the polyhedral subcomplex of
% which is generated by 4/172. We choose a generic vector v € Ny for 2, a small
¢ > 0, and equip & with the family of weight functions m = (m;) o1+, , Where
m, : T — R is given by

me@)= Y [N: Ny +Nglmig (@) mse(w). (14.1)
(01,02)€€" 1 x €2
T=01N0y
o1N(o2+ev)#D
We will show that D = (2, m) is a tropical cycle whose construction is independent
of the choice of the generic vector v and a sufficiently small ¢ > 0. We use D as
the definition of the stable intersection product Cy - C,.
The proof illustrates the reduction to constant weights given in Remark 1.2. For
w € |F|, let 6, be the rational polyhedral fan of local cones in w of the polyhedra
in ¥. First, we note that 0 — p := LC,(w) is a bijective map from the set of
polyhedra in %€ containing w onto %,,. For i = 1,2 and o € %, with w € o, we
endow the local cone p = LC, (w) with the constant weight m; ,(®) := m; s ().
Since the weight functions m; , pointwise satisfy the balancing condition, we get a
tropical fan (%, m; (w)) with real weights.
We claim that m,(w) from (1.4.1) is the same as the weight of the stable in-
tersection product (%, mi(®)) - (6, ma(w)) in T € € i+l obtained from Chow
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cohomology as in 1.3. To see this, note that for a generic vector v € Ng, we choose
& > 0 so small that the condition o1 N (02 +¢€v) # & is equivalent to p; N (p2+v) #
for the corresponding cones p1, p2. Then (1.4.1) agrees with the formula in [Fulton
and Sturmfels 1997, Theorem on p. 336] for the product in Chow cohomology
of proper toric varieties. By definition, the same formula is used for the stable
intersection product of tropical fans with constant weights, proving our local claim.
It is well known in tropical geometry, and follows from the comparison with Chow
cohomology in [Fulton and Sturmfels 1997], that the definition of the stable tropical
intersection product of tropical fans with real weights is independent of the choice
of generic vector v, and hence the definition of D = (Z, m) is independent of the
choice of generic vector v € Nk and sufficiently small ¢ > 0.

It is easily seen that the definition of D is compatible with subdivisions and
hence C| - C, is a well-defined tropical cycle. The properties in (i) follow from the
corresponding properties of the stable tropical intersection product of tropical fans
with real weights.

(iii) Let F : Ny — Np be an integral R-affine map. Let C' = (¢”, m’) be a weighted
integral R-affine polyhedral complex in NJ, of pure dimension n. After a suitable
refinement we can assume that

F,¢' :={F(z') |30’ € €, such that T’ < ¢’ and F|, is injective} (1.4.2)
is a polyhedral complex in Ng. We equip F,¢”’ with the family of weight functions

myiv =R, my@) = Y [Ny :Le(Np)Imp (Flod ™ (@) (14.3)
o'e%),
F(o")=v
for v in (Fy¢"),, where Lr denotes the linear morphism defined by the affine
morphism F. The weighted integral R-affine polyhedral complex

F.C' = (F.%¢',m)

in Ny of pure dimension 7 is called the direct image of C’ under F.

(iv) Let F : Ny — Npg be an integral R-affine map. There is a natural push-forward
morphism
Fi :TZn(N[/R)ﬁTZn(N[R), C'— F.C',

which satisfies | F,.C'| € F(|C']). Given a tropical cycle C” in TZ, (N},), we write
C’ = (¢, m") for a polyhedral complex of definition ¢” such that F,%” from (1.4.2)
is a polyhedral complex in Ng. One defines the direct image F.C’ = (F.%’, m)
as in (iii) and verifies that F,C’ is again a tropical cycle. The formation of F, is
functorial in F. For further details see [Allermann and Rau 2010, §7] or [Gubler
2013, 13.16].
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(v) Let F : Ny — Ng be an integral R-affine map. There is a natural pull-back
F*: TZ'(Ng) — TZ(N}), C+— F*(C)

which satisfies | F*C| € F~'(|C|). The formation of F* is functorial in F. For a
tropical cycle C in TZ! (Ng), there is a complete polyhedral complex of definition
¢ and we write C = (¢, m). After passing to a subdivision, there is a complete,
integral R-affine polyhedral complex ¢” of Ny, such that for every y’ € ¢”, there
isao €% with F(y") C 0. We choose a generic vector v € Ng and a sufficiently
small ¢ > 0. For y’ € (¢")!, 0 € ¢" with F(y') Co and ¢’ € (¢")° with y’ C ¢”,
we define

mg/y

+ . |IN:Lr(N)+ N,] if F(o') meets o + v,
o otherwise.

These coefficients may depend on the choice of the generic vector v, but the
following smooth weight function m, on y’ € (¢’ )/ does not:

my (@) =Y ml, mg(F@)), (14.4)

where (¢/, o) ranges over all pairs in (¢”)° x ¢! with y' C ¢’, F(y') C o and
where o’ € y’. By [Fulton and Sturmfels 1997, 4.5-4.7], (¢")=' equipped with
the smooth weight functions m, is a tropical cycle in TZ (Ng), which we define
as F*(C).

Let p; (resp. p2) be the projection of Ny x N to N, (resp. Ngr) and let I' be
the graph of F in Ny x Nr. Using the stable tropical intersection product from (ii)
and [Fulton and Sturmfels 1997, 4.5-4.7], we deduce

F*(C) = (p1)«(p3(C) - TF). (1.4.5)
Proposition 1.5. Let F : N — N be an integral R-affine map.
(1) For tropical cycles C and D on Ng we have
F*(C-D)=F*(C)-F*(D).
(ii) For tropical cycles C on Ng and C’ on Nj, we have
F.(F*(C)-C')=C-F(C).

Proof. We reduce as in Remark 1.2 to the case where our tropical cycles are tropical
fans with constant weight functions. Since both sides of the claims are linear in the
weights of the tropical fans, we may assume that the weights are integers. In this
situation, the claims were proven by L. Allermann [2012, Theorem 3.3]. (]
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Definition 1.6. Let Q be an open subset of an integral R-affine polyhedral set
P in Ng. We call ¢ : Q — R piecewise smooth if there is an integral R-affine
polyhedral complex ¢ with support P and smooth functions ¢, : 0 N Q2 — R for
every o € € such that ¢|, = ¢, on o N Q. In this situation, we call € a polyhedral
complex of definition for the piecewise smooth function ¢. We call ¢ piecewise
linear if each ¢, extends to an integral R-affine function on A,.

Remark 1.7. The balancing condition (1.1.1) for smooth weights shows easily that
a tropical cycle of codimension 0 in N is the same as a piecewise smooth function
defined on the whole space Ng.

Proposition 1.8. Ler ¢ be a piecewise smooth function on the open subset Q of the
integral R-affine polyhedral set P in Nr and let 2 be any open subset of Ng with
QN P = Q. Then there is a piecewise smooth function on Q which restricts to ¢
on 2.

Proof. We first show the claim in the special case when Q2 = P is the support of
a rational polyhedral fan ¢ of definition for ¢ and Q = Ng. After passing to a
subdivision of ¢, we can easily find a complete rational polyhedral fan ¢’ in Ny
which contains €. After suitable subdivisions of ¢’ (and ¢’) we may furthermore
assume that all cones in ¢” are simplicial. Now we will extend ¢ inductively by
ascending dimension from the cones in % to the cones in €.

Let o be a cone in ¢’ of dimension m. We are looking for an extension ¢ of
¢ to 0. By our inductive procedure, we can assume that ¢ is defined already on
all faces of codimension one of o. After a linear change of coordinates, we may
assume that o is the standard cone R’} in R™. Let us assume that ¢ is given on
the face {x; = 0} of o by the smooth function ¢; (x1, ..., xXi—1, Xi+1, ..., Xp). For
any 1 <i; <--- <ix <m, the restriction of ¢ to the face {x;, =---=x;, =0} of
o is given by a smooth function ¢;,...;, depending only on the coordinates x; with
J €1{i1, ..., ix} which agrees with the restrictions of the functions ¢;,, ..., ¢;, to
this face of codimension k. We consider all these functions ¢;, ...;, as functions on o
depending only on the coordinates x;. Then an elementary combinatorial argument
shows that

= ¢i—Y i+ =D D g+ (D,
4 1<j <<l
is a smooth extension of ¢ to o.

Finally, we prove the claim in general. There is a finite open covering (£2;);e;
of @ such that ; = Q; N (LC,, (P) + w;) for the local cone LC,, (P) of P at a
suitable w;. Let us choose an open covering (ﬁi)ie ; of Q such that S~2i NP =.;.
There is a partition of unity (p;) jes on € such that every p; has compact support
in ’s”z,-(j) for a suitable i(j) € I. We choose v; € C*°(Ng) with compact support
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in ﬁ,-( /) such that v; =1 on supp(p;). Then the special case above shows that the
piecewise smooth function v;¢ on P has a piecewise smooth extension qgj to Ng.
Even if J is infinite, we note that only finitely many rational fans of definition
occur and the above construction gives piecewise smooth extensions @ with finitely
many integral R-affine polyhedral complexes of definition. By passing to a common
refinement, we may assume that they are all equal to a complete integral R-affine
polyhedral complex 2. We conclude that ¢ = > jes 0j ¢] is a piecewise smooth
extension of ¢ to Q with 2 as a polyhedral complex of definition. ]

Remark 1.9. Let X be a rational polyhedral fan of Ng and let ¢ : |[X| — R be
a piecewise linear function with polyhedral complex of definition X. Then ¢
is the restriction of a piecewise linear function on Nr with a complete rational
polyhedral fan of definition. The argument is a little different: By toric resolution of
singularities, one can subdivide ¥ until we get a subcomplex of a smooth rational
polyhedral fan X’ of Ng (see A.7 for the connection to toric varieties). We may
assume that ¢ (0) = 0. Let A be a primitive lattice vector contained in an edge of
3’ with A ¢ |Z| and let ¢ (A) € Z. Then there is a unique piecewise linear function
¢’ on Ny with ¢’ = ¢ on |Z| and ¢'(1) = ¢ (1) for all primitive lattice vectors A as
above.

Similarly to [Esterov 2012; Frangois 2013], we introduce the corner locus of a
piecewise smooth function.

Definition 1.10 (corner locus). Let C = (¢, m) be a tropical cycle with smooth
weights of dimension n. We consider a piecewise smooth function ¢ : || — R with
polyhedral complex of definition ¥. Given t € %,,_1 we choose for each o € €,
with T < 0 an w, ; € N, as in Definition 1.1(ii). For w in t, we define

wr = Z Mg (W)we.r € L.

0EG,
<0

Note that w, depends on the choice of w. Viewing w,,; and w; as tangential vectors
at w, we denote the corresponding derivatives by

0o on
¢ = <d¢0sw0,f), and ¢

0we, ¢ dw;

= (d¢r, wy),

respectively. It is straightforward to check that the definition of the weight function

o 0.
Mot — R, me(w) —(ng(w) 0¢ ( )) Z’) (@) (1.10.1)

T

oEC),
<0

does not depend on the choice of the wy ;. The corner locus ¢ - C of ¢ is by
definition the weighted polyhedral subcomplex %" of ¢ generated by %;,— endowed
with the smooth weight functions m, defined in (1.10.1).
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Remark 1.11. Let ¢ : |¢| — R be a piecewise linear function on a tropical cycle
C = (¥, m) with integral weights. Then the corner locus ¢ - € is a tropical cycle
with integral weights which is the tropical Weil divisor of ¢ on C in the sense of
Allermann and Rau [2010, 6.5].

Esterov [2012, Theorem 2.7] showed that the corner locus of a piecewise polyno-
mial function on a tropical cycle with polynomial weights is again a tropical cycle
of the same kind. We have here a similar result for tropical cycles with smooth
weights:

Proposition 1.12. The corner locus ¢-C of a piecewise smooth function ¢ : |€| — R
on a tropical cycle C = (¢, m) of dimension n is a tropical cycle with smooth weights
of dimension n — 1. The corner locus is defined independently of the choice of the
polyhedral complex ¢ and ¢ - C depends only on the function ¢|c.

Proof. This follows from Remark 1.11 as explained in Remark 1.2. ]

Proposition 1.13. Let F : N, — N be an integral R-affine map. Let ¢ be a
piecewise smooth function on an integral R-affine polyhedral complex € on Np.
Suppose that C' = (€', m') is a tropical cycle on Ny with smooth weights m’ such
that F(|€"|) C|€|. Then we have the projection formula F,(F*(¢)-C')=¢-F(C'),
where F*(¢) is the piecewise smooth function on |€¢"'| obtained by ¢ o F.

Proof. This follows locally as in [Allermann and Rau 2010, Proposition 4.8] using
Remarks 1.2 and 1.11, and a linearization procedure (see proof of Proposition 1.14).
O

Proposition 1.14. Let C and C’ be tropical cycles on Ny with smooth weights. Let
€ be a polyhedral complex of definition for C and ¢ : || — Rand ¢ : |€| - R
piecewise smooth functions. Then we have the associativity law

¢-(C-Ch=(p-C)-C' (1.14.1)
and the commutativity law

¢-W-CO)=v-(¢-C) (1.14.2)
as identities of tropical cycles on Np.

Proof. Using Remark 1.11 it is shown in [Allermann and Rau 2010, Lemma 9.7,
Proposition 6.7] that (1.14.1) and (1.14.2) hold for tropical cycles C, C’ with integral
weights and piecewise linear functions ¢, ¥ : |4’| — R with integral slopes. As
both sides of (1.14.1) and (1.14.2) are linear in weights and slopes, both formulas
extend by linearity to tropical cycles with constant weight functions and piecewise
linear functions with arbitrary real slopes.

To reduce to the above situation, we use the procedure described in Remark 1.2.
We may assume that C and C’ are tropical cycles of pure dimension n and n’
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respectively. Let € be an integral R-affine polyhedral complex such that €<, and
% <n are polyhedral complexes of definition for C and C’. We write C = (¢<,,, m),
C'=(¢.,,m),and C-C" = (€<, m") withl :=n+n"—r. Given w € |%| we
denote by %, the rational polyhedral fan of local cones of % in w. There is a
bijective correspondence between the polyhedra o € ¢ with w € o and the cones
0y In €,. Each o € ¥ with w € o determines a canonical isomorphism of affine
spaces 1, : L, = A, with [,(0) = w. We obtain tropical fans with constant
weight functions C,, = (6, <p, m(w)), C., = (€, <n’, M (w)), and (C - C'),, =
(6w, <n, m"(w)). We have C,, - C, = (C - C"), by our construction of the stable
tropical intersection product with smooth weights. There is a unique piecewise
linear function ¢, : |¢,| — R such that for all o,, € €, the R-linear function ¢,
on L, determined by ¢,ls, = @0, |0, satisfies

(do,)(0) = (I;d$)(0)

in LY, . We write

¢-(C-C)=(C<i—1,m1), ¢o-(Cp-C,)= (6o <i—1, Me 1),
(@-C)-C'=(C<i—1,m2), (0 Co):Ciy = (Co,<i—1,Mw2).

The local nature of our definitions yields

miq(w) =my g, 0)

fori =1,2 and all 0 € F<4nw—r—1 With ® € o. Formula (1.14.1) for constant
weight functions and piecewise linear functions with arbitrary real slopes gives
My 1,0,(0) =my20,(0). Hence m; = m, and (1.14.1) is proven in general. The
reduction of (1.14.2) to the case of constant weight functions and piecewise linear
functions proceeds in exactly the same way. O

Corollary 1.15. Let F : N — Ng be an integral R-affine map. We consider a
tropical cycle C = (¢, m) with smooth weights on Nr and a piecewise smooth
function ¢ : |€| — R. We write F*C = (¢, m’), where F(|¢'|) C |€|. Then ¢
induces a piecewise smooth function F*(¢) : |€'| — R and we have

F*(¢)- F*(C) = F*(¢-C),
i.e., the formation of the corner locus is compatible with pull-back.

Proof. Using (1.4.5) giving pull-back as a stable intersection with the graph, the
claim follows by applying Proposition 1.13 and (1.14.1) in Proposition 1.14. [J

2. The algebra of delta-preforms

In this section we define polyhedral supercurrents on an open subset € in N for
some free Z-module N of finite rank. The polyhedral supercurrents are special



94 Walter Gubler and Klaus Kiinnemann

supercurrents in the sense of Lagerberg. We show that an analogue of Stokes’
theorem holds for polyhedral supercurrents with respect to the polyhedral derivatives
d}, and di;. Then we introduce the algebra of §-preforms on €2 which is going to play
a central role in this paper. These §-preforms are special polyhedral supercurrents
defined by tropical cycles and superforms. We show that §-preforms admit products
and pull-back morphisms, satisfy a projection formula and that the polyhedral
derivative of a §-preform coincides with its derivative in the sense of supercurrents.

Throughout this section N and N’ denote free Z-modules of finite rank r and r'.
We write Ng = N ®7z R and N, = N’ ®z R. We refer to the Appendix for the
notation from convex geometry.

2.1. Given an open ¢ subset Q in N, we denote by AP-4 () the space of superforms
of type (p, q) on Q, by A () the space of superforms with compact support
of type (p, g) on Q and by Dy I(Q) Dr—kr= ’(Q) the space of supercurrents of
type (k,[) on Q in the sense of Lagerberg [2012] (see also [Chambert-Loir and
Ducros 2012; Gubler 2016]). We have seen in the introduction that A := &5 pa AP
defines a sheaf of differential bigraded R-algebras with respect to the differentials
d' and d”. The bigraded sheaf D := P, , D" contains A as a bigraded subsheaf
and has canonical differentials d’ and d” extending those of A.

The sheaf A”-9 comes with a natural operator J?-9 : AP? — A9-P which extends
to JP4: DP9 — DP. The first one induces an involution J := ), , /"7 on
A which is determined by the fact that it is an endomorphism of sheaves of A%(-
algebras and that d’ o J = J od”. The extension of J to supercurrents is determined
by

(J(D), a) = (=D)(T, J())

for a € A’_P”_‘I(SNZ) and T € DP4 (S~2). Sections of AP-? (resp. D?-P) which are
invariant under the action of (—1)?J?-? are called symmetric superforms (resp.
symmetric supercurrents). Sections of A”-? (resp. D?>P) which are invariant under
the action of (— 1)+ J PP are called antisymmetric superforms (resp. antisymmetric
supercurrents).

2.2. Let  be an open subset of Ng. An integral R-affine polyhedron A of dimen-
sion n in N determines a canonical calibration

MA € |/\n|]_A| = OI‘(AA) Xil /\nﬂ_A

as in [Chambert-Loir and Ducros 2012, (1.3.5)]. Given a superform « € A’C””(S~2)

the integral
[a=[ @ua
A Nr
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was defined in [Chambert-Loir and Ducros 2012, §1.5] (see also [Gubler 2016, §3]).
The polyhedron A determines a continuous functional

AP(Q) - R, a.—>/a (2.2.1)
A

and a symmetric supercurrent 5 € D,w(ﬁ).

For Q := QN A, we define AY1(Q) as the space of superforms on the open
subset © Nrelint(A) of the affine space A given by restriction of elements in
AP4(Q). A partition of unity argument shows that this definition is independent of
the choice of €.

For a superform a € AX?(€ N A), the supercurrent

A AN € Dy pug(Q)

is defined by (@ A Sa, B) = (84, @ A B) forall B € AL 7" 4().

Definition 2.3 (polyhedral supercurrents). Let  be an open subset of Nr. A
supercurrent o € D(S) is called polyhedral if there exists an integral R-affine
polyhedral complex ¥ in Ny and a family (wa ) acw Of superforms ap € AA(fZ NA)
such that

= arnda (2.3.1)
A€e?

holds in D(S). In this case we say that € is a polyhedral complex of definition
for a. The polyhedral derivatives dj(«) and dp (o) of a polyhedral supercurrent
(2.3.1) are the polyhedral supercurrents defined by the formulas

dp(@) =) d'@a) Ada, dp(e) =) d"(@s) Ada.
Ae? Ae?
Remark 2.4. (i) We observe that the family of forms (@a)aew in (2.3.1) is uniquely
determined by o and %. Furthermore the support supp(«) of a polyhedral supercur-
rent « is the union of the supports of the forms a for all A € %

@i1) It is straightforward to check that the definitions of the polyhedral deriva-
tives dp (o) and dp («) do not depend on the choice of the polyhedral complex of
definition %.

(iii) We do not claim that the polyhedral derivatives of a polyhedral supercurrent o
coincide with derivative of a « in the sense of supercurrents. In fact the derivatives
of a polyhedral supercurrent in the sense of supercurrents are in general not even
polyhedral.

Definition 2.5. Let € denote an open subset of Ng. Let P C Q be an integral
R-affine polyhedral set in Ng. We choose an integral R-affine polyhedral complex
¢ in Ng whose support is P.
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(1) Leta € DO’O(F(VZ) be a polyhedral supercurrent such that supp(a) N P is compact.
After suitable refinements, we may assume that o admits a polyhedral complex of
definition 2 such that & is a subcomplex of &. In this situation we write

o= ZaA/\SA (2.5.1)
A€

as in (2.3.1) and define the integral of « over P as

= . 252
/Pa Z/AaA (2.5.2)

AeD

(i1) Let B € D1,0(8~2) be a polyhedral supercurrent with supp(8) N P compact.
Proceeding as in (i), we get B = ) s, Ba A 84 for a suitable subcomplex Z of ¢
and we define the integral of 8 over the boundary of P as

- , 2.5.3
/Bpﬂ > | Ba (2.5.3)

A€

where the boundary integrals on the right are defined as in [Chambert-Loir and
Ducros 2012, §1.5; Gubler 2016, 2.6]. We define the boundary integral (2.5.3) for
a polyhedral supercurrent 8 € Do,l(’SVZ) with supp(8) N P compact by the same
formula.

Remark 2.6. (i) The definitions in (2.5.2) and (2.5.3) do not depend on the choice
of the polyhedral complex 2.

(i) On the Borel algebra B(P), we get signed measures
pra B >R unan =Y [ ay
MNA

Ae9
and

wapp  B(P) >R, papp(M)=>" Ba.
N MNoA

(iii) We recall from A.5 that relint(P) denotes the set of regular points of a polyhe-
dral set P. Then supp(8) N P C relint(P) implies

/ B=0 (2.6.1)
P

as an immediate consequence of the definitions.

Proposition 2.7 (Stokes’ formula for polyhedral supercurrents). Let Q denote an
open subset and P an integral R-affine polyhedral subset in Ng with P C 2. Then

we have
/ P / ’ ./ b /
P apP P apP
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for all polyhedral supercurrents o € Dl,o(ﬁ) and B € Do,l(ﬁ) with supp(a) N P
and supp(B8) N P compact.

Proof. We choose a polyhedral complex of definition % for « such that a subcomplex
2 has support P. By linearity it is sufficient to treat the case @ = aa A da for a
superform ax € A"~ (QN A) and A € Z,. We get

/d}/’(a):/ d/(aA)/\(SA:/ d/(aA):/ OlAZ/ a,
P P A A P

using Stokes’ formula for superforms on polyhedra (see [Chambert-Loir and Ducros
2012, (1.5.7)] or [Gubler 2016, 2.9]). The formula for 8 follows in the same way. []

Remark 2.8. Let Q be an open subset of Ng. An integral R-affine polyhedral
complex C = (¢, m) with smooth weights of pure dimension n and a superform
o € AP9(Q2) determine a polyhedral supercurrent

anSc= ) (mp-ct|a) ASa € Dy pnq(R).
AEL,

In particular we get the polyhedral supercurrents [o] = o Ay, € Dr—p 4 (§~2) and
dc =1Néc € Dy p(R2).

Definition 2.9 (5-preforms). (i) Let Q be an open subset of Ng. A supercurrent
ae€eD,_p,y () is called a 8-preform of type (p, q) if there exist a finite set /, a
family (C;);e; of tropical cycles with smooth weights C; = (%;, m;) of codimension
n; in Ng, and a family (¢;);<; of superforms «; € Api"fi(ﬁ) such that p; +n; = p
and g; +n; =¢q for alli € I and

=) oA (2.9.1)
iel
holds in D, _ p,r_q(fi). The support of a §-preform is the support of its underlying
supercurrent.
(i) The §-preforms define a subspace P?-7 (?2) in D,_,,,,_q(’{z). We put

P"Q= P P
ptq=n
and P(S~2) = @neN P”(ﬁ). We denote by PC(?Z) the subspace of P(fl) given by
the §-preforms with compact support. A §-preform o € PP°? () of type (p, p)
is called symmetric (resp. antisymmetric), if the underlying supercurrent of « is
symmetric (resp. antisymmetric).

(iii) We say that a §-preform o has codimension [, if it admits a presentation (2.9.1)
where all the tropical cycles %; are of pure codimension /. The §-preforms of type
(p+1,q+1) of codimension [ define a subspace of DP9+ (Q) which we denote
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by PP4! (). As an immediate consequence of our definitions, we have the direct
sum

Pr= p P
p+g+2l=n
Example 2.10. It follows from Remark 1.7 that a §-preform of codimension 0 on
€ is the same as a superform on Q with piecewise smooth coefficients.

Remark 2.11. Let
o= Zai NS¢, € PPL(Q)
iel
be a é-preform as in (2.9.1). Let ¥ be a common polyhedral complex of definition
for the tropical cycles (C;);c;. Then the supercurrent « is polyhedral and ¥ is a

polyhedral complex of definition for . In fact we have C; = (¢, m;) for suitable
families of weight functions m; Ao on polyhedra A in %,_; and define

an =Y mia-(aila) € AR QN|A)).

iel
Then we get
dc;, = Z mi A NSa
AN S
and
o= Z oA ABA.
JANS

In order to compare §-preforms in P? gl (SNZ), presented as in (2.9.1),

Ol:Zai/\(SC,-a ,3225j/\30/’

iel jelJ
we choose a common polyhedral complex of definition % for the finite families
(Ci)ier and (D) ey of tropical cycles and obtain

a=B<=ap=Pa forall Ae% . (2.11.1)

Proposition 2.12. Let Q denote an open subset of Nr. Presenting §-preforms as in
(2.9.1), we can perform the following constructions:

(i) We have a canonical C oo(FSVZ)-linear map
APUQ) — PPIY(Q),  a> aAdy,
and a C*°(Ng)-linear isomorphism

TZ (Ng) = P*%L(Ng), Cr> 1Adc.
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(i1) There are well-defined C Oo(ﬁ)-bilinear products
Az PPELQ) @p PP (Q) — PPHPFIH (G
(ZaiABCi>/\(ZﬂjA8D1): Z (Oti/\ﬂj)/\gci.l)j.
iel jeJ (i,j)elxJ
(iii) An integral R-affine map F : N — Ng induces a natural pull-back
F* 2 PPOR@) — PPOR@), Y i nde, > ) (Frap) Aépec,
iel iel
for any open subset (94 of F~! (§~2).
(iv) The pull-back morphism F* in (iii) satisfies

F*(anp) = (Fra) A (F*B)
foralla, B € P(Q).

Proof. The proof of (i) is straightforward. For (ii), we have to show that the
definition

aABi= D (iAB)) NS, (2.12.1)

(i, j)elxJ
is independent of the presentations
a=Y aiAdc, € PPN, B=) Binbp € PPI(Q)
iel jelJ
given as in (2.9.1). We choose a common polyhedral complex of definition ¢ for

all tropical cycles C; and D;. Using Remark 2.11, we represent the §-preforms as
polyhedral supercurrents

A=Y A8 B= Y oAby (2.12.2)
oe%! oleg!
We choose a generic vector v and ¢ > 0 as in 1.4(ii). From (2.12.1) and (1.4.1), we
deduce
anf= Y D IN:Ny+Npl-tgAPBo Ab:, (2.12.3)

regl+l o0’

where o, ¢’ ranges over all pairs in ¢/ x ¢* with o N’ =t and o N (o' + V) # 2.
Then (ii) follows from (2.12.3) and from the uniqueness of the representations in
(2.12.2). Bilinearity is obvious.

Similarly we show (iii). Given a §-preform « as above, we have to prove that

F*@) =Y (F*a;) Adp, (2.12.4)

iel
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is independent of the representation of « in (2.12.2). There is a complete, integral R-
affine polyhedral complex ¢” of Nj, and a complete, common polyhedral complex
of definition ¢ for all tropical cycles C; satisfying the following compatibility
property: for every o’ € ¢, there is a 0 € ¢ with F(0’) C 0. Using the coefficients
mgi’a from Remark 1.4(v), we deduce from (2.12.4) and (1.4.4) that

Fra)y= Y Y ml, Fas Aby, (2.12.5)

}/'6(66//)[ o-/,o-

where o’, o ranges over all pairs in (¢”)° x ¢! with ' C o', F(y') C o. Then (iii)
follows from (2.12.5) and uniqueness of the representation (2.12.2).
Note that (iv) is a direct consequence of our definitions. O

Remark 2.13. Let P be an integral R-affine polyhedral subset in N of dimension r.
Let C = (¥, m) be a tropical cycle with [C| = P or |¢| = P and o € P,(Np).
Observe that | p @ 1s in general different from /, Ne XA 8¢ as the latter integral takes
the multiplicities of C into account.

Proposition 2.14 (projection formula). Let F : N — Ng be an integral R-affine
map and C' a tropical cycle of dimension n on Ng. Let P be an integral R-affine
polyhedral subset and Q an open subset of Ng with P C Q. Leta € P(Q) be a 8-
preform such that supp(F*(a) ASc)NF “L(P)is compact. Then supp(aASF,c)NP
is compact. If a € P (Q), then

/ Ol/\(sF*(C/) =f F*(Ot)/\5c/. (2.14.1)
P F~1(P)
Ifa e P"*I*”(Q), then
f a/\ép*(c/) = f F*(a)A5C/. (2.14.2)
oP AF~1(P)

Proof. We consider first the case where o € P”’”(ﬁ). We may assume without loss
of generality that o € PP-P"/(Q), where n = p + 1. We write

o= Z a; A,
iel
for suitable «; € AP’P(EZ) and C; € TZ'(Ng) as in (2.9.1). We get
aASF, () = Z o ASF,(Frci.cry, FH (@) ANScr = Z F*(ct;) NSp=ci.cr
iel iel
by the projection formula, Proposition 1.5(ii). We choose common polyhedral

complexes of definition ¢” in N for C' and F*C; for all i € I and ¢ in N for
F,C’" and C; for all i € I. We may assume that F,(%”) is a subcomplex of ¢. After
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further refinements we can find polyhedral subcomplexes 2’ of ¢” with support
F~1(P) and 2 of € with support P. Then F, %’ is a subcomplex of & and we write

ZO!,‘ /\SF*(F*C,--C’) = Z Oy Ny, (2.14.3)
iel 0EG)
Z F*(0;) Apsc,.cr = Z O A Sy (2.14.4)
iel o'€%),

Consider o € ¢),. Given o’ € ¢, with F (o) = o there is a unique form &, € A, (o)
such that F*(@y') = ay in Ay/(c”). From (1.4.3), (2.14.3) and (2.14.4) we get

a0 = [Ny:Lr(N,)] do (2.14.5)
o'e?,
F(o')=0
and o,y =0forallo’ € %”[’) with dim F(c') < p. If 0 € Z,,, which means o C P, then
only the 0’ € 7,, contribute to the sumin (2.14.5). Since 0’ € 7, is equivalent to o’ C
F~1(P), we deduce from (2.14.5) and compactness of supp(F*(a) AS¢r) N F~1(P)
that supp(a A 8F,(c)) N P is compact. The above formulas show that

/};O{/\BF*(C/): Z fag: Z Z [NO':[LF(N(/;/)]/&O'/

0€D) 0ED) g’e‘g]’)
F(o)=0o

and hence the transformation formula of integration theory (see [Chambert-Loir
and Ducros 2012, (1.5.8); Gubler 2016, Proposition 3.10]) gives

/I)aA(SF*(CI): Z Z /Olg/= Z / aa“’=/}; F*(Ot)/\acf.
o’ o’

Rz U,E%;, (T’G@l’” -L(p)
F(o')=0
This proves (2.14.1). Formula (2.14.2) is proved in exactly the same way using the
transformation formula for boundary integrals in [Chambert-Loir and Ducros 2012,
(1.5.8)]. O

2.15. Given a tropical cycle C = (%, m) with constant weight functions, it follows
from Stokes’ theorem that the supercurrent 8¢ is closed under d’ and d” [Gubler
2016, Proposition 3.8]. The following proposition shows that this is no longer true
for tropical cycles with smooth weights.

Proposition 2.16. Let C = (¢, m) be a tropical cycle with smooth weights of pure
dimension n in Ng. Then we have

d'Sc=dmndy, d'8c=d"mAnésy
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in D.(NR), where the polyhedral supercurrent d'm A 8 is defined by

(dm NSy, a) = Z d'my Ao

oe%,”?
and the supercurrent d"m A 8¢ is defined analogously.

Proof. This is a direct consequence of Stokes’ formula for superforms on polyhedra
[Chambert-Loir and Ducros 2012, lemme (1.5.7)], [Gubler 2016, 2.9] and the
balancing condition (1.1.1). O

Remark 2.17. It follows from Proposition 2.16 that the subspace P'(Ng) of D" (NR)
of §-preforms is not closed under the differentials d’ and d” in the sense of super-
currents. We will address this problem again in 4.6.

Proposition 2.18. Let Q denote an open subset of Ng. Then we have
d'(B)=dp(B), d"(B)=dp(B)
for all §-preforms B € P(ﬁ).

Proof. 1t is sufficient to treat the case 8 = o A §¢ for a superform o € AP>4 ('KVZ) and
a tropical cycle C = (¢, m) of pure dimension n on Ng. We have

B= (mg-al) Abs.
A
From Proposition 2.16 we get
dB=dandc+(—DMandmAnsy = Z (mo -d'ale +d'mg Aatls) Ay
o0EC),
Then Leibniz’s rule shows
dp="Y dm, als) A8; =dp(p)
OTEG,

which proves the first equality. The second claim is proved similarly. (]

3. Supercurrents and delta-preforms on tropical cycles

In this section, we introduce supercurrents and §-preforms on a given tropical cycle
C = (¢, m) of pure dimension n with constant weight functions. Similarly to
complex manifolds, such tropical cycles have no boundary as d’8¢c = d”8¢ = 0.
In the applications, C will be the tropical variety of a closed subvariety of a
multiplicative torus. We build upon the results in Section 2. We will obtain the
formulas of Stokes and Green. The main result is the tropical Poincaré—Lelong
equation which will be used in Section 9 for the first Chern §-current of a metrized
line bundle.
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3.1. The space Ap 1(Q) of (p, q)- superforms on an open subset €2 in |¥| is defined
as follows. We choose an open subset Q of Ng such that Q = Qn |%’|. Elements
in A(f;q (€2) are represented by elements in AP-4 (Q) where two such elements are
identified if they induce the same element in AY'?(Q N A) (see 2.2) for all maximal
polyhedra A in €. A partition of unity argument shows that this definition is
independent of the choice of Q. Observe furthermore that Af;iq (2) depends only
on the support |¢| of €. We will often omit the polyhedral complex ¢ from our
notation and write simply A”-9(2) instead of A%’q (2) when ¥ or at least |%]| is
clear from the context. The spaces AP9(f2) define a sheaf on |¥’|. Hence the
support of a superform in A”9(2) is defined as a closed subset of 2. We denote
by AZ7(Q) the space of superforms on £ with compact support.

Definition 3.2. We define the space of supercurrents D(g 4(2) of type (p, g) on
an open subset €2 in |%| as follows. An element in Dg (Q) is glven by a linear
form T € Homp(A?" q(Q) R) such that we can find an open set Q of Ng and a
supercurrent 7’ € Dp’q(Q) such that @ = QN |€¢| and T (n]q) = T'(n) for all
n e Af’q(SNZ). As in 3.1 we often omit ¢ from the notation and write D), ,(£2)
instead of Diq(Q). We also use the grading DP9(Q2) := D, ,4(2).

Remark 3.3. In the situation of Definition 3.2 we fix an open subset Q of N with
Q = QN |%). It follows from a partition of unity argument that in the definition of

D, 4(£2) we may use this Q. We may identify D, ,(£2) with a subspace of D, , (Q)
using the canonical map T + T'. Indeed, this map is well defined and injective
since T (n]g) = T'(n) holds for all n € A?9($2). Furthermore the differentials d’
and d” on D(Q) induce well-defined differentials @’ and d” on D().

A polyhedral supercurrent &’ on Qisin D(Q) if and only if supp(a’) is contained
in 2. The corresponding element « in D(S2) is called a polyhedral supercurrent
on Q. Using Definition 2.3, the polyhedral derivatives dpa and dpa are again
polyhedral supercurrents on €2. Definition 2.5 yields integrals |’ pa= / p o’ and
boundary integrals fa po = fa p o' of polyhedral supercurrents o in Do(£2) and
D1 (2), respectively, over an integral R-affine polyhedral subset P of €2, provided
that supp(«) N P is compact.

Definition 3.4. Let Q2 be an open subset of |%’| and consider an open subset Q
of Ng with Q = QN |¢|. For any §-preform & € P(ﬁ) on '{z, the supercurrent
@ Adc on € lies in the subspace D(€2) of D(?Z) We will denote the corresponding
element in D(S2) by alg A supercurrent o € D(2) is called a S-preform on Q if
there is an open subset Q of Nr with Q = Qn || and a @ € P(Q) witha =a Aéc.
The space of é-preforms on €2 is denoted by P (£2) and the subspace of compactly
supported §-preforms is denoted by P.(€2). Note that these spaces depend also on
the weights m of the tropical cycle C = (¥, m) and not only on the open subset €2
of |€].
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Remark 3.5. (i) A partition of unity argument again shows that P (2) is the image
of the natural morphism

P(Q) — D(Q), ar dlg:=aAdc

for any open subset Q of N with 2 =QN|%|. We give P(£2) the unique structure as
a bigraded algebra such that the surjective map P(ﬁ) — P(£2) is a homomorphism
of bigraded algebras. Similarly, we define the grading by codimension on P (£2).
For §-preforms o = & A 8¢ and o' = &' A 8¢ on €, their product is given by the
formula

anad =ana Néc.

(i1)) By Remarks 2.11 and 3.3, « = & A §¢ € P(2) is a polyhedral supercurrent
on Q. After possibly passing to a subdivision of ¢, we have

o= arAdae D),
Ae®
with ap € AA (2N A). It follows from Proposition 2.18 that
dpe =d'a and dpa=d"a, (3.5.1)
where we use the polyhedral derivative introduced in Definition 2.3 on the left-hand
sides, and the derivative of currents in D(£2) on the right-hand sides.

(iii)) Now we assume that « € P™"(€2) and that P is an integral R-affine polyhedral
subset of €2 such that supp(«) N P is compact. By passing again to a subdivision,
we may assume that ¢” has a subcomplex 2 with |Z| = P. Using the definition of
the integral of polyhedral supercurrents on €2 in Remark 3.3 and a decomposition

of « as above, (2.5.2) gives
o = A .
=2,

Ae9

A similar formula holds for the boundary integral fa pa fora e P"1(Q) or
a e PPHQ).

Proposition 3.6 (Stokes’ formula for §-preforms). Let P be an integral R-affine
polyhedral subset of the open subset Q2 of |€|. Then we have

Jote= e fre=],e
P aP P aP

for all §-preforms o € P" " (Q) and B € P™"~1(Q) with supp(a) N P and
supp(B) N P compact.

Proof. This follows from Proposition 2.7 and (3.5.1). (]
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The following result will be important in the construction of §-forms on algebraic
varieties.

Lemma 3.7. Let Q be an open subset of |€|. Given d’-closed (resp. d"-closed)
8-preforms y and y' on Q, their product y Ay’ is again d’'-closed (resp. d"-closed).
Proof. Consider an open subset € of Ng with Q= QN|¢| and d’-closed 8-preforms
y and y’ on . We may assume that y (resp. y’) is of codimension [ (resp. [’) and
that y has degree k + 21 (resp. kK’ + 2I). We choose §-preforms y = ) . a; A,
and p':=3 ;o A 8¢y for superforms o; € A (), o € A¥ (Q) and tropical cycles
C; = (%, m;), C; = (¢, m/j) of codimension [, I’ with smooth weight functions
such that y = 7 A 8¢ and y' = 7' A 8¢. We have to show that the supercurrent

YyAY =7 AP Aéc € D(RQ)

is d’-closed. After suitable refinements we may assume that the polyhedral com-
plexes ¢, %j/ and ¥ are all subcomplexes of a complete integral R-affine polyhedral
complex 2 in Nr. We choose generic vectors v, w € Ng in order to compute stable
tropical intersection products as in Remark 1.4 for tropical cycles with polyhedral
complex of definition 2. We have CJ’. -C=(P<p-r, m}’). For p € 2,_y and w € p,
we have

m,(w) = Z Corn Mo (@) M
p=0'NA

for small ¢ > 0, where (o, A) ranges over ' x D, and cg'p =[N : Ny + N if
o' N (A +¢ev) # & and ¢, p = 0 otherwise. In the same way we write
C; -CJf -C = (D<p-i-r, m:’]’)
Fort € 9,_;_y and w € 7, we have
mjl (@)= Y copmig(w)m, (@)
T=0Np

for small ¢ > 0, where (o, p) ranges over D' x D,_y and Cop =[N : Ny + N, if
o N(p+ew) # @ and ¢,, =0 otherwise. Combining the last two formulas, we get

mji @)= > Cooamio(@)m, (@) ma (3.7.1)

T=0No’'NA

!
where (o, ', A) ranges over ' x 9" x 2, and
Coo’'A = Co,0'NA * Co'A- 3.7.2)

We observe that by associativity and commutativity C; - (CJ/. -C) = C} -(C; - O).
This implies

Coo’A = Co’',06NA " CoA- 3.7.3)
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Now we use dp(y Adc) =d'y =0in D(R2). For every p € Z,_;, we get
Z Z cond'(migmpc;) =0 (3.7.4)
i p=ocNA
on N p. Similarly, we use dp(y' Ad¢c) =d'y’ = 0. For every p' € Z,_y, this
gives

Yo Y condmmae)) =0 (3.7.5)

j p'=0'NA
on N p’. We have to show that
dy ny)=dF AP Asc) =) d(a; Aatj A 5¢,.ci-c) (3.7.6)
ij

vanishes in D(€2). Since d’ agrees with d}, on §-preforms, we deduce

ijt o;

d'(o; N ASc,crc) = > o d'(ml o Aetj) NSy (3.7.7)
T

By (3.7.1) and Leibniz’s rule, we can split this into the sum of

Y > coonmad(micar) Amly el A6 (3.7.8)
T t=0No’'NA
and

DY YT coonmamigay Ad(m),0)) AS:. (3.7.9)

T t=0No’'NA
Note that here and in the following, we use our standing assumption that the weight
mp of C is constant. From (3.7.3) and (3.7.4) we get

/ / /
E E E Cooraa d (Misa;) A0

ij T t=0No’'NA
- ¥ ( ) chwmm,aa,)) ) =0,
j T t=0'Np p=0NA i
In the same way we get
Z Z Z Coo'AMAMigOi Ad' (mja,oz]) =
ij T t=0No’'NA
from (3.7.2) and (3.7.5). These two equations and (3.7.6)—(3.7.9) prove the vanishing

of d'(y Ay'). In the same way, one derives d”(y A ') = 0 from the vanishing of
d"(y) and d"(y"). O

Corollary 3.8. Let Q be an open subset of |€'|. We consider B =nAy € P*(Q) and
B =n' Ny € PX(Q) for superforms n, 7' € A(Q) and 8-preforms y,y' € P(S).
Ifd'y =d'y' =0, then d'B is again a §-preform with

dB=dnny and dBAB)Y=dBAB +(=DFBAdP.
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Ifd"y =d"y’ =0, then d”B is again a §-preform with
d'B=d"nAy and d"(BAB)Y=d"BAB +(=DFBAd"B.
Proof. Given a superform n € AP(2) and a supercurrent T € D(£2), we have
dAT)=d'n AT+ (—1)PnAd'T. (3.8.1)

This implies the first formula and hence d’g is a preform. Combined with Lemma 3.7,
we deduce the second formula as well. Similarly, we prove the corresponding claims
for d”. O

Proposition 3.9 (Green’s formula for §-preforms). Let 2 be an open subset of | €|
and let P be an integral R-affine polyhedral subset of 2. We consider symmetric
8-preforms B; € PP-Pi(Q) fori =1, 2 with p1+ p» =n—1 such that B; =n; \y; for
superforms n; € A(Q2) and 8-preforms y; € P(Q) withd'y =d'y'=d"y =d"y’ =0.
Then we have

/P(,Bl ANd'd" By — By nd'd"By) = /ap (Bind"By—Band"By),

if we assume furthermore that supp(B81) Nsupp(B2) N P is compact.

Proof. As in [Chambert-Loir and Ducros 2012, lemme (1.3.8)], the formula is
obtained as a direct consequence of Proposition 3.6 and the Leibniz formula in
Corollary 3.8. (]

Definition 3.10. Let P be an integral R-affine polyhedral subset in Ng. A piecewise
smooth superform o« on an open subset 2 of P is given by an integral R-affine
polyhedral complex 2 with support P and smooth superforms ap € AA(R2 N A)
for every A € 2 such that ap restricts to «, for every closed face p of A. In this
case we call 2 a polyhedral complex of definition for «. The support of a piecewise
smooth superform « as above is the union of the supports of the forms as for all A
in 2. We identify two superforms «, o’ on € if they have the same support and
if ap = o), on AN A"NQ for all polyhedra A, A’ of the underlying polyhedral
complexes 7, 7'.

Remark 3.11 (properties of piecewise smooth superforms). Let €2 denote an open
subset of an integral R-affine polyhedral subset P in Ng.

(i) The space of piecewise smooth superforms on €2 is denoted by PS(£2). It
comes with a natural bigrading and has a natural wedge product. We conclude
that PS™'(Q2) is a bigraded R-algebra which contains A~ (£2) as a subalgebra. We
denote by PS_"(£2) the subspace of PS™'(£2) given by piecewise smooth superforms
with compact support.
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(ii) Let N’ be also a free abelian group of finite rank and let F : Nj; — Ng be an
integral R-affine map. Suppose that €’ is an open subset of an integral R-affine
polyhedral subset Q in Ny with F(Q) € P and F(Q') C Q. For a piecewise
smooth superform « on €, there is an integral R-affine polyhedral complex 2’
with |2'| = Q and a polyhedral complex of definition & for « such that for every
AN € 9, there is a A € 9 with F(A") C A. Then we define a piecewise smooth
superform F*(«) = o’ on Q' with 2’ as a polyhedral complex of definition by
setting a,, 1= F*(ap) € Aa(2' N A’) for every A’ € Z'. In this way, we get a
well-defined graded R-algebra homomorphism

F*:PS""(Q) — PSS ().

In particular, we can restrict « to an open subset of an integral R-affine polyhedral
subset of P.

(iii) Let o € PSP9(Q2) be given by an integral R-affine polyhedral complex 2
and smooth superforms ap € AP9(2N A) for every A € 2. Then the superforms
d'ap € AZH’q(Q N A), with A ranging over 2, define an element in PSP+19(Q)
which we denote by dpo. Similarly, we define dyor € PS? 4*1(2). One verifies
immediately that PS”" (W) is a differential graded R-algebra. with respect to the
differentials

dp : PSP (Q) — PSPTL(Q),  df : PSPI(Q) — PSPITI(Q).  (3.11.1)

(iv) The elements of PS®?(2) are the piecewise smooth functions on the open
subset 2 of P from Definition 1.6.

3.12. Now we apply the above to an open subset 2 of the polyhedral set P := |¥|
for the given tropical cycle C = (¥, m) with constant weight functions. A piecewise
smooth superform « as above defines a polyhedral supercurrent

[a] := Y anAba
At
and the derivatives in (3.11.1) coincide — as suggested by the notation — with the
polyhedral derivatives introduced in Definition 2.3. Note that these differentials of
piecewise smooth superforms are not compatible with the corresponding differentials
of the associated supercurrents. We define the d’-residue of « by

Resy (o) :=d'[a] — [dpa].
Similarly, we define residues with respect to the differential operators d” and d’d”.

3.13. Given o € PS(€2) and a polyhedral supercurrent 8 on the open subset €2
of |%|, there is natural bilinear product @ A 8 which is defined as a polyhedral
supercurrent on 2 as follows. After passing to a subdivision of 4, we may assume
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that ¥ is a polyhedral complex of definition for & and 8. Then ¥ is a polyhedral
complex of definition for a A B and for every A € € we set

(@AB)A:=0aa ABar € AA(RAA),

where «, B are given on 2 by ap, Sa € AA(2AA). Fora € PSk(Q), the Leibniz-
type formula
di(a@ A B) =dpa A B+ (=1)ra AdpB (3.13.1)

is a direct consequence of our definitions. An analogous formula holds for dj.

There is no obvious product on the space of polyhedral currents which extends
the given products on the subspaces P (£2) and PS(£2). The next remark shows that
such a product exists for a canonical subspace PSP(£2) of the space of polyhedral
currents.

Remark 3.14. The linear subspace PSP(2) of D(£2), generated by currents of the
form o A B with o € PS(R2) and with 8 € P(£2), will play a role later. Note that
PSP(2) has a unique structure as a bigraded differential R-algebra with respect dj,
and df extending the corresponding structures on PS(€2) and P(2). To see that the
wedge product is well defined, we can use the same arguments as for P(£2). The
crucial point is that for a piecewise smooth form @ as in 3.12 and T < A € %, the
restriction of ap to 7 is ooz. This allows us to use the arguments in Proposition 2.12
which show that A is well defined on PSP(£2).

If F: Np — Ngisan integral R-affine map and if & is an open subset of
the prelmage of the open subset € of Ng, then we have a unique pull-back F* :
PSP(Q) — PSP(Q/) which extends the pull-back maps on piecewise smooth forms
and on §-preforms and which is compatible with the bigrading and the wedge
product. Again, the argument is the same as in the proof of Proposition 2.12.
Moreover, it is clear that the projection formulas in Proposition 2.14 hold more
generally for o € PSP(Q).

3.15. Recall that C = (¥, m) is a tropical cycle on N of pure dimension n and
with constant weight functions. Let ¢ be a piecewise smooth function on |%’|. We
have seen in Proposition 1.12 that the corner locus ¢ - C is again a tropical cycle. It
induces a polyhedral supercurrent y.c € D,—1,—1(|%|) on |¢|. By Proposition 1.8,
there is a piecewise smooth function ¢ on Ny extending ¢. We have

5¢-C = 8¢~5-NR Ad¢

and hence é4.c is a 6-preform in PLL(1%)). By Remark 3.5, we obtain a §-preform
8p.c AP € PPOIHI(|%)) for any B € PP9L(|7)).

The following tropical Poincaré—Lelong formula and its Corollary 3.19 compute
the d'd”-residue of ¢.
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Theorem 3.16. We consider a 8-preform w € PP (|€)) such that d'w =0=d" w.
Let n € A"=P=I=1n=a=1=1(|1¢|) be a superform such that B = n A w has compact
support. Then we have

od'd’ B— / dl’gd{;qb AB= / 3p.c N B, (3.16.1)
| | 1%

where we use the integral of polyhedral supercurrents on |€| defined in Remark 3.3.

Proof. We may assume after suitable refinements that % is also a polyhedral complex
of definition for ¢ and w. From (3.13.1) and (3.5.1), we get

dp(¢d'B) +dp(dpp AB) = ¢ d"d' B +dpdpp A =dpdpp N —¢pd'd"B.

Let P denote the polyhedral set |¢’|. Stokes’ formula for polyhedral supercurrents,
Proposition 2.7, yields

/(d{;dffd)/\ﬁ—d)d’d”ﬂ):f (;5/\d/,8+/ dip A B. (3.16.2)
P P JaP

We write
w = Z w; N\ 8Ci
iel
for tropical cycles C; = (6<,—;, m;) with suitable smooth weight functions m; and
superforms w;. Then we have

dAd B = / dAd'nAw; N,
\/B‘P Z P ¢

iel

=Z Z / miaﬁbad/n/\wi-
do

iel 0€%,_

For each o € ¢,,_; and each face v € 6,,_;_; we choose an element w, ; asin (1.1.1).
We observe that the elements w; , used in [Gubler 2016, 2.8] to define the boundary
integrals |, 95 satisfy w; o = —wq ;. The definition of the boundary integral uses the
contraction ( -, wr o )({z—iy Of the involved superform of type (n — [, n —[) given by
inserting w; , for the (n —[)-th variable and leads to

/(;P¢/\d/,3:_z Z Z [(mia¢ad/77/\a)i7wa,r){n—l}-

iel T€6y—1—1 0E€EC,—1
T<0

Given i € I and t € %,_;—_1, the balancing condition (1.1.1) for C; gives us the
vector field

Wi = E MigWgr 1 T — L;.

€G-
<0
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We observe that ¢, |; = ¢, for all T < o yielding
f pAdB==> > /aﬁfd/nml,w”)m p=0
iel T€6,-1

as a superform contracted with a vector field with values in L, restricts to zero on t.
Using this in (3.16.2), we obtain

¢d/d”,3—/ d{,d{i(b/\ﬂ:—/ dpp A B. (3.16.3)
%] %] a|7|
Our claim is then a consequence of the following lemma. (]

Lemma 3.17. Let ¢ be a piecewise smooth function on |€|. For any §-preform
B € PP=1n=L(|€|) with compact support, we have

f dfa’dmﬁ:—/ 8p-c N B, / d{,d)Aﬂ:/ SpcAB.  (B.17.1)
017 %] 817 %

Proof. We prove only the first formula. The second formula follows by applying
the first one to J*(B) and using the symmetry of the supercurrent of integration.
We use the notation introduced in the proof of Theorem 3.16. We may assume that
B € pr=I=1n=I=L(|€)) and that

,3=277i/\5ci

iel
for tropical cycles C; = (¥<,—;, m;) with suitable smooth weight functions m; and
superforms n; € AMI=ln=l=1(12)). Since B is a §-preform on C, we may assume
that there is a tropical cycle 51' of codimension / in Nk such that C; = 5,-.C for
every i € I. Recall that 9/0w, ; denotes the partial derivative along the tangential
vector w, ;. An exercise in linear algebra gives

0
(d" s ANiy 0o 1) 2n—21—1} = 86?” AN +d" o A (i o) 2n—21-2)
o,T

foralli € I, o € ¢,_; and all faces T of o of codimension one. Furthermore one
sees easily that

0
/d//¢r/\<77i,wiz){zn—zz—z} = / ¢ A1
T

ow;¢

Let ¢ - C; = (¥<n—i—1, m;) denote the corner locus of ¢ on C; introduced in
Definition 1.10. Using the last two formulas and the definition of the weight
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functions m;, of the corner locus in (1.10.1), we get

> /(min d" ¢ AMi, @oc)2n-21-1)
T

€G]
a¢g 7
=) : AT+ A Y om;
K(mta EY) ni d d)r <7717 mtawa,r>{zn212}>

<0
o, T

0EGCn-1 0EC-1
<0 <0
09, ¢
= % [ (mog2e nni— 325 am)
vez, Ut W, v Wit
T<0
0 0
:/< 2 m"f’a% _ad)-r)A""
LI Wo,t Wit
T<0

=/mir77i
T

forall i € I and T € 6,,—;—. For the polyhedral set P :=|%¢|, we have

/BPd1/>/¢/\/3=Z Z /a mig d"¢pg A1

iel 0€%,—

= _ Z Z Z /;(mia d" o A1, wa,f){znle—l}

iel 1€6,1-10€%,—;

T<0
=2 3 [
icl €6, "7
=—Z/ Ni A g.c;-
iel VP

We get 84.c; = 0,.¢,.c = 8¢, /\ 8¢.c from Proposition 1.14. Hence

Z/ 77i/\5¢~c,-=/(Zﬂi/\5’c”,~)/\3¢~C:/3¢~C/\l3
P P P

iel iel
yields our claim. U

Remark 3.18. In the situation of Lemma 3.17 we consider a é-preform g €
Pr=1n=1(|1%£]) on C. However we do no longer assume that § has compact sup-
port. Instead we make the weaker assumption that the polyhedral supercurrents
dyp A B € D1,o(I€]) (resp. dpp A B € Do, 1(I€])) and 8g.c A B € Do,o(|€]) have
compact support. Then the first (resp. second) formula in (3.17.1) still hold for 8.
In order to prove this, one chooses a function f € A%(|¢|) which is equal to 1 on
the above compact supports and applies Lemma 3.17 to f- B.
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Corollary 3.19. Let C = (¢, m) be a tropical cycle with constant weight functions
of pure dimension n on Ng and ¢ : |¢| — R a piecewise smooth function with
corner locus ¢ - C. Then we have

d'd"($] — [dpdid) = 84.c (3.19.1)
in DY_, (%)
Proof. Both sides of (3.19.1) have support in |%’|. Hence it suffices to show that
(d'd"[¢] — [dpdp ]) (@) = 8.c ()
holds for all @ € A’;_l’"_l(l%l), and this is a special case of Theorem 3.16. [l

Corollary 3.20. Let ¢ : |€¢| — R a piecewise linear function on C. Then we have
d'd"[¢p]l =84.c (3.20.1)

in DY . (Ng).

Proof. This follows from Corollary 3.19. O

4. Delta-forms on algebraic varieties

Let X be an algebraic variety over K of dimension n and X*" the associated
Berkovich space.

We introduce the algebra B(W) of §-forms on an open subset W of X*". We
use tropicalizations as in [Chambert-Loir and Ducros 2012] and [Gubler 2016] to
pull-back algebras of §-preforms to X?". After a suitable sheafification process we
obtain the sheaves of algebras B and P of §-forms and generalized §-forms. We
show that B is a sheaf of bigraded differential R-algebras with respect to natural
differentials d" and d”.

4.1. Consider a tropical chart (V, ¢y) on X as in [Gubler 2016, 4.15]. It consists
of a very affine Zariski open U in X. Recall that U is called very affine if U has a
closed immersion into a multiplicative torus. Then there is a canonical torus Ty
with cocharacter group

Ny =Homz(6(U)* /K™, Z),

and a canonical closed embedding ¢y : U — Ty, unique up to translation (see
[Gubler 2016, 4.12, 4.13] for details). We get a tropicalization map

oy an  trop
tropy : U™ —= T — Ny g

associated with ¢y. The second ingredient of a tropical chart is an open subset
V € U?" for which there is an open subset 2 of Ny g with V = tropa1 (2).
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The set trop,, (U*") is the support of a canonical tropical cycle Trop(U) =
(Trop(U), my) with integral weights. It is the tropical variety associated to the
closed subvariety U of Ty equipped w1th its canonical tropical welghts (see [Gubler
2013, §3, §13]). Note that V = tropU (€2) for the open subset Q2 := Q N Trop(U)
of Trop(U).

Definition 4.2. Let f : X’ — X be a morphism of algebraic varieties over K. We
say that charts (V, ¢y) and (V', ¢y/) of X and X’ respectively are compatible with
respect to f, if we have f(U’) C U and f™(V')C V.

4.3. Let f: X’ — X be a morphism of algebraic varieties over K. Given compatible
charts (V, ¢y) and (V’, ¢y) of X and X', we obtain a commutative diagram

trop

V ;)(U )dn—>TU/ —)NU/

J/fanlvl lf&nluén lw lF

f Yu trop
Ve U Ty Nur

where ¢ : Tyy — Ty is the canonical affine homomorphism of tori induced by
0*(U) - ¢*(U’) and F : Ny»g — Ny is the induced canonical integral I'-
affine map. These maps are unique up to translation, but this ambiguity will never
play a role. If Q' is the open subset of Trop(U’) with trop(_],1 (') = V/, then
Q' < F~Y(Q) N'Trop(U").

We define deg(f) = [K(X') : K(X)] if f is dominant and the extension of
function fields is finite. Otherwise we set deg(f) = 0. Let Y be the schematic
image of f and f’': X’ — Y the induced morphism. Then a formula of Sturmfels
and Tevelev [2008] which was generalized by Baker, Payne and Rabinoff [2016,
Section 7] to the present setting gives

F, Trop(U’) = deg(f") - Trop(f (U")) (4.3.1)
as an equality of tropical cycles (see [Gubler 2013, Theorem 13.17]).

Definition 4.4. Let us consider a tropical chart (V, ¢y) of X. As above, we consider
the open subset 2 := trop;; (V) of Trop(U). We choose an open subset Q of
Ny r with Q = Qn Trop(U) and a §-preform & € P74 (). For any morphism
f X’ — X of varieties over K and a tropical chart (V’, ¢y) of X’ compatible with
(V. pu), we define Q' := trop,;,(V’). We choose an open subset Q' of F~1(Q)
with €' N Trop(U’) = Q. By Proposition 2.12, we have F*(&) € P?: (). We
denote by N79(V, ¢y) the subspace given by elements & € PP 4($2) such that
we have F* ()| =0 € PP4(Q') for all compatible pairs of charts as above (see
Definition 3.4 for the definition of the restriction). We define

PPV, gy) := PP9(Q)/NPI(V, gp).
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A partition of unity argument shows that this definition is independent of the choice
of Q. We call an element in PP (V, ou) symmetric (resp. antisymmetric) if it can
be represented by a symmetric (resp. antisymmetric) é-preform in P77 (). We
define

PPV, gy) = PPOYQ) /(PPN @) MNPV, gu))

using the é-preforms on € of codimension / from Definition 2.9.

Remark 4.5. (i) The A-product descends to the space

P(V,pu):= P PV, 9u)
p.q=0
and we get a bigraded anticommutative R-algebra which contains A (€2) as a bigraded
subalgebra.

(ii) If (V’, gy) and (V, ¢y) are compatible charts with respect to f : X’ — X as
in Definition 4.2, then we get a canonical bigraded homomorphism

f PV, ou)— PV, ou)

of bigraded R-algebras which is defined for « € PP9(V, ¢y) as follows: By
definition, « is represented by some & € P74 (Q). Let Q' := trop, (V') and
choose an open subset Q' of F~1(Q) with @' = &' N Trop(U’). Then we define
f*(a) € PP9(V’, py) as the class of F*(&) € PPa(Y). If X = X’ and f=id,
then (V’, @y) is a tropical subchart of (V, ¢y) and we write «|y- for the pull-back
of x € PPI(V, @py).

Note that the definition of f*(«) does not depend on the choice of the represen-
tative .

However, the elements of PP-4(V, ¢y) do not only depend on the restriction

oo =alg :dA(STrOp(U)eP”’q(Q)gD”’q(Q) 4.5.1)

to 2 as Example 4.22 below shows that it might happen that two different elements
o, B e PPI(V, py) satisfy a|g = Blg € PP4(2). The purpose of our definition
of P(V, ¢y) is to have a pull-back as above at hand. Here we use the fact that we
always have a pull-back from tropical cycles on Ny g to tropical cycles on Ny g,
but there is a pull-back available from tropical cycles on Trop(U) to tropical cycles
on Trop(U’) only if these tropical varieties are smooth (see [Francois and Rau
2013]). To have a pull-back available, we consider all morphisms f : X" — X of
varieties over K in the definition of N?-4(V, ¢y) and not only open immersions.

4.6. As mentioned already in Remark 2.17, we have the problem that the differential
operators d’ and d” are not defined on the algebra P(V, ¢y ). For @ in P71(V, ¢y)
and every compatible tropical chart (V’, ¢y) with respect to f: X' — X, we use the
above notation. We get a §-preform f*(«)|q = F*(@)|qy € PP9(2'). Recall that
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f*(a)|q is a supercurrent on ©'. We differentiate it in the sense of supercurrents
to get d'[ f*(a)|r] € D(2'), but it need not be a §-preform on Q'. In the following
construction, we pass to a convenient subalgebra of P(V, ¢y) which is invariant
under d’ and d".

As an initial step, we consider the elements w of PP9(V, ¢y ) and PPOLV, op),
respectively, satisfying the closedness condition

d'[f*())a]=d"[f* (wla]l=0¢e D(Q) (4.6.1)

for every tropical chart (V', ¢y) which is compatible with (V, ¢y) with respect
to f: X' — X. These elements form subspaces Z”4(V, ¢y) of PP4(V, ¢y) and
ZP9l(V , @y) of PPTL(V, @), respectively, and we define

ZV.pu) =P z2"(V.o0)= @ 2"V, 9u)

P,q=0 P,q,1=0
as usual.

Proposition 4.7. Using the notation above, Z(V, ¢y ) is a bigraded R-subalgebra
of P(V, gu).

Proof. The only nontrivial point is that Z(V, ¢y ) is closed under the A-product.
This is a direct consequence of Lemma 3.7 applied to §-preforms on the tropical
cycle Trop(U’) for any tropical chart (V’, ¢y) compatible with (V, ¢y). O
Example 4.8. Every tropical cycle C = (¢, m) on Ny r with constant weight
functions induces an element in Z(V, ¢y). Indeed, if (V', ¢y) is a tropical chart on
X' compatible with (V, ¢y) as above, then F*(8¢)|q is given by the restriction of
8F+(C)-Tropu?y to . Since F*(C)-Trop(U’) is a tropical cycle with constant weight
functions, the associated current is d’- and d”-closed [Gubler 2016, Proposition 3.8].
Definition 4.9. Let AZ(V, py) be the subalgebra of P(V, ¢y) generated by A(2)
and Z(V, ¢y). An element 8 € AZ(V, py) has the form

B=) airw (4.9.1)
iel

for a finite set / with all o; € A(R2) and w; € Z(V, py). We define

dp:=Y d)rw, d'p:=) d'e) o

iel iel

It follows from the closedness condition (4.6.1) that d’B and d” B are well-defined
elements in AZ(V, ¢y). By definition, we have

Z(V,u) ={a € AZ(V, py) | d'(@) = d"(a) = 0}.

Anelementin AZ(V, ¢y ) is called symmetric (resp. antisymmetric) if it is symmetric
(resp. antisymmetric) in P(V, ¢p).
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The following result shows that AZ(V, ¢y) is a good analogue of the algebra of
complex differential forms.

Proposition 4.10. The space AZ(V, ¢y) is a bigraded differential R-algebra with
respect to the differentials d' and d”'.

Proof. This follows easily from Leibniz’s rule 3.8(ii) and Proposition 4.7. ]

Proposition 4.11. Let f : X' — X be a morphism of varieties over K. Let (V, ¢y)
and (V', gy be tropical charts of X and X' respectively which are compatible
with respect to f. Then the pull-back homomorphism f*: P(V, y) — P(V’, oyr)
maps Z(V, ou) to Z(V', py) and AZ(V, y) to AZ(V', py»).

Proof. This follows directly from the definitions. We leave the details to the reader.
O

Proposition 4.12. Let (V, oy) be a tropical chart of X and Q := tropy (V). Let
(2))ic1 be a finite open covering of Q. Fori € I, let V; := trop{,l(SZi) and let
o; € P(Vi,py). Foralli, j € I, we assume that ailviny, = ajlviny;- Then there is
a unique a € P(V, oy) with aly, = «; for every i € I. If a; € AZ(V;, y) for every
i€l thena e AZ(V, gy).

Proof. 1t is a straightforward consequence of our definitions that « is unique. In
order to construct o we choose for each i € I an open subset S~2i in Ny g such that
§'z,~ N Trop(U) = ©; and a §-preform ¢; € P(fZ,-) which represents «;. Let (¢;)ier
be a smooth partition of unity on Q= U; el ?2,- with respect to the covering (5,-)[E I
Observe that we may choose the same index set / as we do not require that the ¢;
have compact support. Then by our assumptions & :=) ;_; ¢i@; € P () induces
the desired element o in P(V, ¢p). If

a; = Z,Bij Nwij € AZ(V;, ou)

Jeli

as in (4.9.1), we choose representatives l§ij € A(?Zi) of Bi; € A(2;) and w;; in
P(2;) of wjj € Z(V, ¢y). Then we may choose &; as Zjel,- ¢iBij N @;j and

a= Z¢i5!i = Z Z¢i,3ij N @i
iel iel jel;
shows o € AZ(V, ¢y ), using the finiteness of /. O

Recall that the tropical charts (V, ¢y) of X form a basis for X" [Gubler 2016,
Proposition 4.16]. Hence we can use the algebras P(V, ¢y) and AZ(V, ¢y) to
define sheaves on X" as follows:
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Definition 4.13. For a fixed open subset W in X", the set of all tropical charts
(V,9y) on X with W C V is ordered with respect to compatibility and forms a
directed set. Then we get presheaves

W lim P(V, gy), W > lim AZ(V, gp) (4.13.1)

of real vector spaces on X*", where the limit is taken over this directed set with
respect to the pull-back maps considered in Proposition 4.11. The associated sheaves
P and B on X?" are by definition the sheaf of generalized §-forms and the subsheaf
of 6-forms. On an open subset W of X" the space of §-forms

BW)= P B"1 (W)= @ BP*'(W)

P,q>0 P-q,1>0

and the space of generalized §-forms

PW)= P Prew)= @ PP W)

p.q>0 P.q.1=0

carry natural gradings by the (p, ¢)-type of the underlying currents and the codi-
mension of the underlying tropical cycles (as defined in Definitions 2.9 and 4.4).
The wedge product on the spaces AZ(V, ¢y) (resp. P(V, ¢y)) induces a product
on B(W) (resp. P(W)). Moreover, the differential operators d’, d” on AZ(V, ¢y)
induce differential operators d’, d” on B(W). The symmetric and antisymmetric ele-
ments in P(V, ¢y ) define subsheaves of (generalized) symmetric and antisymmetric
é-forms in BP9 and P?-4 for all p,g > 0.

4.14. We conclude that a §-form § of bidegree (p, ¢) on an open subset W of X"
is given by a covering (V;);e; of W by tropical charts (V;, ¢y,) of X*" and elements
Bi € AZP4(V;, ¢y,) such that

Bilviav, = Bjlviny,
holds for all i, j € I. If B’ is another §-form of bidegree (p, g) on W given by
,B} € AZP1 (Vj/ , gon/) with respect to the tropical charts (Vj/ , <pUj/) jes covering W,
then B and B’ define the same §-forms if and only if

/3i|v,-mvj’ = ﬂ}|v,-mvj!
holds for all i € I and j € J. A similar description holds for generalized §-forms.

Proposition 4.15. (i) The sheaves P and B are sheaves of bigraded anticommu-
tative R-algebras.

(i) We have natural monomorphisms of sheaves of bigraded R-algebras A — B
and B — P.
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(iii) The differentials d',d” : B — B turn (B,d’,d") into a sheaf of bigraded
differential R-algebras.

Proof. Only the injectivity of the natural morphism A — B does not follow directly
from what we have shown before. The injectivity of A — B can be checked on
the presheaves (4.13.1). For each tropical chart (V, ¢y) of X the natural map from
A(V)to AZ(V, ¢p) is injective as the associated map A(2) — AZ(V, py) = D(L2)
for 2 = trop,; (V) is injective. This directly yields our claim. (]

4.16. Let f : X’ — X be a morphism of varieties over K. For an open subset W of
X and an open subset W’ of f~!(W), we have a canonical pull-back morphism
f*: P(W) — P(W’) which respects products and the bigrading. Furthermore
it induces a homomorphism f*: B(W) — B(W’) of bigraded R-algebras which
commutes with the differentials d’ and d” on B. They are induced by the pull-back
f*:P(V,py) — P(V', gy ) for compatible charts (V’, ¢y) on W and (V, ¢y)
on W given in Proposition 4.11.

Lemma4.17. Let (V, py) be a tropical chart on X. Let (V;);c; be an open covering
of 'V by tropical charts (V;, gy,) on X which are compatible with (V, ¢y ). There
are canonical integral T'-affine morphisms F; : Ny, p — NU’R such that tropy =
F; otropU We choose open subsets 2 in Ny r and ?2 in F;~ (?2) such that V =
tropU (SZ) and V; = tropU (Q Yforalli € 1. Let ay € P(Q) be a S—preform Then
Ay A Strop(uy vanishes in D(Q) if F¥(ay) A Strop(u;) vanishes in D(Q ) for every
iel.

Proof. We write @y =) jes @ NS¢, for suitable superforms o; € A(£) and tropical
cycles C;. We have F;, Trop(U;) = Trop(U) by (4.3.1). The projection formula
(Proposition 1.5) gives

Fi(FCj - Trop(U;)) = C; - Trop(U).
By the same arguments as in the proof of Proposition 2.14, the vanishing of

F @) Adteopwn = Y FH (@) ASExc; Trop(un
jelJ
in D(ﬁi) for all i € I yields that
GU A Strop(w) = ) @ ASF (¢ Trop()
jeJ
vanishes in D(ﬁ). U

Proposition 4.18. Given a tropical chart (V, ¢y) on X, we have by construction
natural algebra homomorphisms

tropy, : PP9(V, @y) — PP9(V), trop}, : AZP1(V, py) — BP9(V)
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forall p,q > 0. These maps are injective.

Proof. We extend the argument in [Chambert-Loir and Ducros 2012, lemme (3.2.2)].
It suffices to show that the first map is injective. Let tropy;(ay) vanish for some
ay € P(V, ¢y). We obtain an open covering (V;);es of V by tropical charts (V;, ¢y,)
compatible with (V, (pU) such that ay/|y, =0 in P(V,, py,;) foralli e I. Let oy
be induced by ay € P(Q) for some open subset Qe Ny, with V = trop, (Q).
We have to show that @y € N(V, ¢y). Let f: X’ — X be a morphism of varieties
and (V’, @y) a tropical chart on X’ which is compatible with (V, ¢/). We obtain a
canonical integral I™-affine morphism F': Nyr g — Ny, such that trop;; = F otrop;,.
We choose an open subset Q' in F~1(S) such that V' = tropl_]l(ﬁ/). We have to
show that F*(ayy) A Strop(y’) Vanishes in D(Y).

For every i € I we choose an open covering (V/ )]EJ, of (f*™~1(V;)NnV’ by
tropical charts (Vl’], ‘pU{,-) on X’ which are compatlble with (V’, ¢y) and (Vi, ¢p,).
For all i € I and j € J; we obtain a commutative diagram

(Ui/j)an (G (U/>an

Ml l o |

"
ume——— y™ Ny r —— Nur
tropy, Fij
Fij F
tropy,
Ny, r Nur

of canonical maps. We choose an open subset Q/ in (F’ )~ (Q )n (Flj)*l(fi-)
such that V/ = tropU, (Q/ ). We have (F/ )*F*(aU) A STmp(U/ y=0in D(Q’ ) by
the commutat1v1ty of the above diagram and the fact that ay|y, =0 in P(V,, o).
Now Lemma 4.17 applied to F*(a@y) on (V’, (pU~) and the covering ( l]),J of V/
yields the vanishing of F*(&y) A 8tropwry in D(2). O

4.19. Let W be an open subset of X?". By construction, the algebra A" (W) of
differential forms on W is a bigraded subalgebra of the algebra B~ (W) of §-forms.
In general, A?4(W) is a proper subspace of B?'4(W). The situation in degree zero
is quite different as we may identify §-forms of degree O with functions. We will
show that

A% w) = BOO(w). (4.19.1)

Clearly, this is a local statement and so we may consider a tropical chart (V, ¢y)
on W. It is enough to show

A%(Q) = AZ*O(V, g1) (4.19.2)
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for the open subset €2 := tropy; (V) of Trop(U). Let Q be any open subset of Ny R.
Since pull-back of functions is always well defined, we may identify the elements of
PY0(V, oy) with some continuous functions on € and a partition of unity argument
together with Example 2.10 shows

POV, o) = {¢la | ¢ € PPV} = (dla | ¢ € PS*O(Q)). (4.19.3)

To prove (4.19.2), it is enough to show that the elements of Z(V, ¢y ) are precisely
the locally constant functions on 2. By (4.19.3), we have to show that ¢|q is
locally constant for any ¢ € PSO’O(S’E) with ¢|q € Z(V, ¢y). This means that ¢ is a
continuous function on & with an integral R-affine complete polyhedral complex ¢
on N such that ¢|ona is smooth for every A € €. By refinement, we may assume
that a subcomplex Z of ¢ has support equal to Trop(U). Then the closedness
condition (4.6.1) yields that [¢|q] is d’- and d”-closed. We conclude that ¢|ona
is constant on every A € 2. By continuity, we deduce that ¢|g, is locally constant
proving the claim.

4.20. Let (V, @y ) be a tropical chart on X and Q = trop (V).

(i) If Qg is an open subset of €2, then Vj := trop{,l(Qo) is an open subset of V
and (Vp, gy ) is a tropical chart of X. We say that «y € P(V, ¢p) vanishes on the
open subset Qp if we have ay|y, = 01in P(Vp, ¢y) (see Remark 4.5). We define
supp(ay ), the support of ay € P(V, ¢y), as

{a) € Q| ay does not vanish on any open neighbourhood €2 of w in Q},

which is a closed subset of 2.

(i1) A (generalized) 6-form « on an open subset W of X?" has a well defined support
as a section of the sheaf B7-4 (resp. PP-4). We denote by BY*? (resp. by P/*?) the
subsheaves of forms with compact support.

(iii) Observe that compact support always implies proper support in the sense of
[Chambert-Loir and Ducros 2012, (4.2.1)] as our assumptions imply that we have
oW = & for each open subset W of X" (using that X*" is closed, meaning that it
has no boundary, see [Berkovich 1990, Theorem 3.4.1]).

Proposition 4.21. Let (V, ¢y ) be a tropical chart on X. Suppose that a generalized
S-forma € P(V) is given by ay € P(V, @y). Then ay is uniquely determined and
we have tropy (supp(«)) = supp(ay ). Furthermore o has compact support if and
only if ay has compact support.

Proof. This uniqueness follows from Proposition 4.18. The second statement
follows from Proposition 4.18 by the same arguments as in [Chambert-Loir and
Ducros 2012, corollaire (3.2.3)]. The last statement is a direct consequence of the
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continuity and properness of the tropicalization map trop;; (see [Baker et al. 2016,
Remark in 2.3]). [l

Example 4.22. We construct a tropical chart (V, ¢y) and a nonzero §-form o €
AZ(V, py) \ {0} with a|g = 0 for Q := tropy (V). This example announced
in Remark 4.5 justifies the functorial definition of (generalized) delta-forms in
Definition 4.4.

We work over the ground field K = C,, for some prime number p # 2, 3 and
consider the affine curve X in A%( defined by the affine equation

f,y) =xy+ px®+ py’.

We consider the very affine open subset U = X \ ({x = 1} U {y = 1}). The only
singularity of the rational cubic X is the origin 0 = (0, 0), which is an ordinary
double point. The normalization of X may be seen as an open subset of [P’}( and can
be obtained as the blowup of X in (0, 0), as in [Hartshorne 1977, Example 1.4.9.1].
This description leads to a surjective morphism

—u —u?
0: Pp\{51.62.8) > X, ur (xz Pt p(1+u3)>
for a suitable affine coordinate u on [P’}(, where &; are the roots of w+1=0.
It is clear that all & have absolute value 1 and we may choose £, = —1. Note
that o' ({x = 1}) = {p1, p2, p3} for the roots p; of pu® +u+ p =0in K and
e !X\ {y=1) = {pfl, p{l, ,o;l}. Moreover, we have ¢~ (0) = {0, co}.
The method of the Newton polygon [Neukirch 1999, Proposition 11.6.3] shows
that pu’ +u+p = Q has one root p; of absolute value | p|, and two roots p2, p3 of
absolute value |p|~ 2. We put

oy Ay oo hg) = (61, &2, &3, 1. P2, 03, 01 4 05 4 03 )
and get
Wi=¢p ' (U)=P \{(}: D ]i=0,...,8)}.

The abelian group O(W)* /K™ is free of rank eight with generators b; = U—hi

i=1,...,8. We deduce from [Liu 2002, Proposition 7.5.15] that utl
OW)* ={f e OW)* | f(0) = f(c0)}.

We conclude that My := O(U)* /K™ is a free abelian group of rank seven.

In the following, we would like to describe the canonical tropicalization Trop(U)
in the euclidean space R’ given by choosing a basis in My. This is rather com-
plicated and so we compute the tropicalization trop,_; ,_;(U) in R? using the
tropicalization map

trop, 1, 1: U™ > R%, g (—log|(x — D(g)], —log|(y — D(q)]).
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O*O/ 1/p1
e
P3 2
§ ot 4 2 e = (b 0,0)= F(§ 1)
|p|2
: <—<: & -
¢ (0.—3)= F(fl I’%)
1p|2 i 1/p3
1/p2 (-1,-D)=F(51)

Figure 1. Minimal skeleton S(W) and Trop,_; ,,_;(U).

This will be not enough for our purpose, but we will use the minimal skeleton
S(W) of W for the computation and as S(W) also covers Trop(U), we get a very
good picture of the latter. This method to compute tropicalizations is due to [Baker
et al. 2013; 2016] and we will refer to these papers for details of the following
construction. Skeleta are discussed in [Baker et al. 2013] and we refer to [Baker et al.
2013, Corollary 4.23] for existence and uniqueness of the minimal skeleton S(W)
of the smooth curve W. We recall that the skeleton S(W) has a canonical retraction
T: (P}()an — S(W) and hence S(W) is a compact subset of (P}()an. Similarly as
in the examples in [Baker et al. 2016, Section 2], we describe the minimal skeleton
S(W) and the tropicalization Trop,_; ,_(U) := trop,_; ,_;(U™) in Figure 1.
Using [Gubler et al. 2016, Section 5], there is a map F : S(W) — Tropx_lyy_l )
with F ot =trop,_; ,_; o™ such that F maps each segment (resp. leaf) of S(W)
by an integral Q-affine map onto a segment (resp. leaf) of Trop,_; ,_;(U). One
computes easily that these affine maps are all integral Q-affine isomorphisms. The
polyhedral set Trop,_; ,_;(U) carries a natural structure of a tropical cycle [Gubler
2013, Theorem 13.11]. All weights are one if not indicated otherwise in Figure 1.
Forr >0,let¢, € ([P’k)an be the supremum norm on the closed ball {|u| <r}, where
u denotes our distinguished affine coordinate on |]3’11<.
Let
5::{(x,y)eR2|x>—l, y>—%}

and Q:= QN Trop,_; ,_;(U). Let H: Nyr — R? be the canonical affine map
with Ny the dual of My . Moreover, we have a canonical surjective map G from

IThanks to Christian Vilsmeier for drawing the figure.
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the minimal skeleton S(W) onto the canonical tropicalization Trop(U) which is
affine on every segment and every leaf of the minimal skeleton and such that
trop;; o ¢*" = G o 1 for the canonical retraction 7 onto the skeleton S(W) (see
[Gubler et al. 2016, Section 5]). Using our description of O(U)*, we deduce that

G()p-1) =Got(00) =tropy0p™(00) and G (¢jp)) =G ot(0) =tropy op™ (0)

are equal as the right-hand sides are given in terms of units on U.

Using the fact that F' = H o G, we conclude that the fibre of the surjective map
H: Trop(U ) = trop,_; ,_;(U) over (0, 0) is one single point and that H maps
Q' =H" 1(Q) N Trop(U) homeomorphically and isometrically with respect to
lattlce length onto 2. We express this fact by saying that Q' is unimodular to .
This is all we need in the following.

Now we consider the tropical chart (V, ¢y) around the ordinary double point
0=(0,0) of U, where V := tropal(Q). We consider the unique function q~5 on
R? which is linear on each quadrant with ¢(1,0) = 1, $(0, 1) = —1 and which
is zero in the third quadrant. Let ¢ be the restriction of dptoQ. Letg :=¢oH
as a real function on Q'. It follows from the tropical Poincaré—Lelong formula in
Theorem 0.1 that d’d”[¢] is the supercurrent on 2 given by 8¢ -Trop, _, ,_,(U)» Where
¢ - Trop,_; ,_;(U) is the corner locus of ¢. Similarly, d’d"[¢'] = 8/ Trop(w)- It i
clear that ¢-Trop,_; ,,_;(U) is zero on €2\ {(0, 0)} as ¢ is linear there. By definition,
the multiplicity of ¢ - Trop,_; ,_;(U) in (0, 0) is the sum of the four outgoing
slopes, which is zero as well. We conclude that the corner locus ¢ - Trop,_; ,_(U)
is zero. Since we have shown that Q' is unimodular to 2, we conclude that the
corner locus ¢’ - Trop(U) is zero on Q' as well.

We note that the corner locus q§’ - Ny r of the function q;/ = qg o H on Ny
induces a §-preform &, v ON Ny r which represents a §-form o« on the tropi-
cal chart (V, ¢y). We have a € AZ"!(V, ou) € PLY(V, y). Tt follows from
Proposition 1.14 that

Ol|g2 = 8‘/;/'NU,[R AN 8Tr0p(U) = 8¢’-Trop(U) =0. (4221)

Now let us consider the open ball B := {|u| < |p|%} in [P’}(. It is clear that V" :=
B\ {p1} is mapped by F to N {x = 0}. The coordinate w :=u — p; on U” :=
P} \ {p1, oo} induces an isomorphism ¢y~ : U” — G,,. Note that (V”, gy») is
a tropical chart. Indeed, we have V’ = tropg,l,(Q” ) and trop,» (V") = Q" for
Q" := (3, 00). The tropical charts (V”, ¢y») and (V, ¢y) are compatible with
respect to the morphism ¢ and hence there is a canonical affine map £ : R — Ny g
with trop;; o ¢*" = E o trop,,. We have

¢* (@l = E* Gy, o =gy, ,lo
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It is clear that ¢” := E*(¢’) is a piecewise linear function on €” which is identically
zero on (%, 1] and which has slope 1 on [1, 00). It follows that ¢*(a)|or = §;.
We conclude that @ € AZL1(V, @y) is an example with «|g = 0, but o # 0 as

" (@)]gr #0.
5. Integration of delta-forms

We keep the notation and the hypotheses from the previous section. Our goal is to
introduce integration of generalized §-forms of top degree with compact support.
We proceed as in [Gubler 2016, 5.13]. A crucial ingredient in our definition of
the integral is Lemma 5.5 which shows that the support of a generalized §-form
of high degree is always concentrated in points of high local dimensions. This
allows us to compute the integral with a single chart of integration. We obtain a
well defined integral for generalized é-forms which satisfies a projection formula
and the theorem of Stokes.

5.1. Let (V, ¢y) be a tropical chart of X. As before we write V = tropU (Q) for
some open subset Q of Nygrand Q = Qn Trop(U). Recall n := dim(X).

(i) An element ayy in P(V, ¢y) is represented by a §-preform &y in P(Q) and
determines a §-preform

ayle = ay Adtopw) € P(2) € D(R2)
on 2 as in (4.5.1) which does neither depend on the choice of @y nor on the choice
of . Often, it is convenient to use the notation oy |Trop(v) for aylq.

(i1) Given oy in P™"(V, ¢y) and an integral R-affine polyhedral subset P of Q
such that P Nsupp(ay|g) is compact, we define

/OlU 32/ Ay A STrop(U) s
P P

where the right-hand side is defined as in Remark 3.5. As usual, we extend the
integral by O to the iy of other bidegrees.

(i) If oy in P (V, @y) and if the support of ay|q is compact, then we can
consider ay |g as a §-preform on Trop(U) with compact support and we write

/OlU I=/ avle,
Q [Trop(U)|

(iv) Given ayy in P*~1"(V, y) or P""~1(V, @) and an integral R-affine polyhe-
dral subset P of €2 such that P Nsupp(ay|q) is compact, we define

/ ay 1=/ Ay A S8Trop(U)»
P P

again using Remark 3.5.
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where the right-hand side is defined in Remark 3.5. We extend the boundary integral
by 0 to the aryy of other bidegrees.

5.2. In the next result, we look at functoriality of the above integrals with respect to
amorphism f: X’ — X of algebraic varieties over K. Let (V, ¢y) be a tropical chart
of X. Let U’ be a very affine open subset of X’ with f(U’) CU. Recall that there is a
canonical integral I™-affine morphism F': Ny» g — Ny, such that trop;; = F otrop;,.
Letting V' := (f*)~1(V) N (U™, we deduce easily that (V' ¢y) is a tropical
chart of X’ which is compatible with the tropical chart (V, ¢y). Let P be an integral
R-affine polyhedral subset of €2 := trop;; (V) and let Q := F~1(P)NTrop(U’). We
consider oy € P(V, ¢p) and its pull-back f*(ay) € P(V’, ¢y) (see Remark 4.5).
In the following, we will use the degree of a morphism as introduced in 4.3.

Proposition 5.3. Under the hypothesis of 5.2 and with n := dim(X), we assume ad-
ditionally that Q Nsupp(f*(ay)Itopw')) is compact. Then the following properties
hold:

(1) The set P Nsupp(ay ITrop(u)) is compact.
(11) If ay is of bidegree (n, n), then

dee () [ = [ sian. (53.1)
p o
(ii1) If ay is of bidegree (n — 1, n) or (n,n — 1), then
dee ) [ av=[ fa. (532)
ap 30

Proof. We choose an open subset Q of Ny r with Q = Qn Trop(U). We write
V' = tropgl(ﬁ’) for some open subset £ of Ng. Replacing Q by ' NF (D),
we may assume that €' is contained in F‘l(ﬁ). We write Q' = Q' N Trop(U").
If oy € P(V, gy) is represented by some element &y € P(ﬁ), then f*(ay) is
represented by the element F*(&y) in P(S~2’). We obtain from (4.3.1) and (2.14.1)
that P N supp(ay ITrop(v)) is compact. This proves (i).

If ay € P""(V, ¢y), then we obtain

deg(/) / & A Sreop(t = / F*ay A Sruopiar) (5.33)
P F-1(P)

if we combine (4.3.1) with the projection formula (2.14.1). By definition, (5.3.1) is
a direct consequence of (5.3.3). Equation (5.3.2) is derived in the same way from
(4.3.1) and (2.14.2) ]

Let W denote an open subset of X?". Note that a generalized 5-form on W is
locally given by elements of P(V, ¢y ) for tropical charts (V, ¢y). The following
corollary will be crucial for the definition of the integral of generalized §-forms.
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Corollary 5.4. We consider very affine open subsets U' C U in X. Let a =
trop}, (ay) for some ay € P(U™, py). Then there is a unique ay € P((U)™, ¢y-)
with a|ynm = tropy, (ay’). If a is of bidegree (n, n) and has compact support in

(U™, then we have
/ oy =/ ayr.
[Trop(U)| [Trop(U")|

Proof. Let F : Ny» r — Ny r be the canonical affine map with trop;; = F o tropy
on (U")*. Then o= is given by oy := F*(ay) € P((U)™, ¢yr). This proves
existence, and uniqueness follows from Proposition 4.18. To prove the last claim,
we use (5.3.1) for f =id, P = |Trop(U)| and Q = |Trop(U")|. ([l

In the following result, we need the local invariant d(x) for x € X" [Gubler
2016, 4.2]. This invariant was introduced in [Berkovich 1990, Chapter 9] and was
extensively studied in [Ducros 2012]. We note that d(x) < m if x belongs to a
Zariski closed subset of dimension m [Berkovich 1990, Proposition 9.1.3].

Lemma 5.5. Let W be an open subset of X*™ and let « € PP1(W). If x e W
satisfies d(x) < max(p, q), then x & supp(a).

Proof. The proof relies on a result of Ducros [2012, théoréme 3.4] which says
roughly that in a sufficiently small analytic neighbourhood of x, the dimension of
the tropical variety is bounded by d(x). The details are as follows. We choose a
tropical chart (V, ¢y) around x such that « is induced by a §-preform Zie 1 i N,
on Ny r. By linearity, we may assume that « is induced by a1 A ¢, for a superform
a in AP*9' (Ny g) and a tropical cycle C; of codimension ¢:=p—p' =g —¢q' >0
in Ny r. By definition of a tropical chart, there is an open subset Q of NuRr
such that V = trop{,l(ﬁ). By the mentioned result of Ducros (see also [Gubler
2016, Proposition 4.14]), there is a compact neighbourhood V, of x in V such that
tropy; (Vy) is a polyhedral subset of Ny g with

dim(tropy, (Vy)) < d(x) < max(p, q). (5.5.1)

We will show that a|y, =0. Let f: X’ — X be a morphism of algebraic varieties
over K and (V’, ¢y/) a tropical chart of X’ with f2 (V') C V.. By definition, we
have V' = trop;,l(Q’) for the open subset Q' := trop;, (V') of Trop(U’). In this
situation, we get a commutative diagram

V/(_> (U/)an &) TU/ s NU’,R

l o, l g l l . (5.5.2)

Ve vn 1, Nug
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as before. To prove the claim, it is enough to show that
fH(@)le = F*(a1) Adr+(cplar =0,

or equivalently
F*(a1) A8cr =0€ D(Q) (5.5.3)

for the tropical cycle C’ := F*(C) - Trop(U’) of codimension ¢ in Trop(U’). We
note that Q' = trop,,(V’) € F~!(trop; (Vy)). Let A’ be a maximal polyhedron
from C’ with A’N Q" # @. Then F(A'N Q') C tropy (Vy) and hence

F*(a1) ane = (Flane)™ (@1 Fanntopy (vi))- (5.5.4)
We will show below that
codim(F (A" N "), tropy (Vy)) = c. (5.5.5)

Then (5.5.3) follows from (5.5.4) by using (5.5.5) and (5.5.1). This proves x ¢
supp(w).

It remains to prove (5.5.5). By definition of the stable tropical intersection
product in Remark 1.4(ii), there are maximal polyhedra A6 and A/l of Trop(U’)
and F*(Cy), respectively, such that A" = A; N A. Moreover, Npy g and Ny, g
intersect transversely in Ny g which means that

Nayr+Na g =Ny . (5.5.6)

Similarly, the definition of pull-back of tropical cycles in Remark 1.4(v) shows
that there is a maximal polyhedron A of C| with F (A’l) C A and such that

Na, r+Lr(Nyr) = Ny g. (5.5.7)

It follows from (5.5.6) and (5.5.7) that Lp(N Ab’R) intersects Na, g transversely
in Ny r. Since the codimension is decreasing under a surjective linear map, we
easily get

Lr(Nar) =Lr(Nag g M Na ) =Lr(Nayg) N Na| R
and hence
codim(F(A'NQ), F(A;N Q")) = codim(Lr(Na'r), Lr(Nay r)) = ¢
by transversality. Using F(2") C trop;; (Vy), this proves (5.5.5). ([

Corollary 5.6. Let W be an open subset of X* and let U be an open subset of X.
Ifa € PP9(W) with dim(X \ U) < max(p, q), then supp(a) € WN U™,

Proof. If x € W\ U™, then the assumptions yield d(x) < dim(X \ U) < max(p, q)
and hence the claim follows from Lemma 5.5. O



A tropical approach to nonarchimedean Arakelov geometry 129

Proposition 5.7. Let o € PP4(X™) with compact support in the open subset W
of X",

(a) There is a nonempty tropical chart (V, ¢y) with supp(@)NU™ CV CU*NW
and ay € PP-4(U™, gy) such that a = tropy, (ay) on U™

(b) Given U, the element ay in () is unique.
(¢) If a is a 8-form, then we may choose ay € AZP1(U?, ¢y ).

(d) If max(p, q) = dim(X), then any nonempty very affine open subset U of X
with o|yax = tropy, (ay) for some ay € PP9(U™, @y) satisfies automatically
supp(a) C U*™. Moreover, ay has always compact support in Trop(U).

Explicitly, if supp(a) is covered by nonempty tropical charts (V;, ou,)i=1.....
and if a is given on V; by a; € PP 1(V;, @u.), then any nonempty very affine open
subset U of UiN---NUsand V= (Vi U---UV))NU™ fitin (a).

Proof. Since the support of @ is a compact subset of W, it is covered by tropical
charts (V;, ¢y, )i=1,....s describing « as above. Compactness again shows that for any
i=1,...,s, there is a relatively compact open subset 2! of €2; with corresponding
open subset V/ := tropgt_l(Qg) of V; such that supp(e) € V{/U---UV/. Let us
consider a nonempty very affine open subset U of U; N ---N U, of X and the open
subsets s s
vie=vrnl v/ cv=u"n v
i=1 i=1

of WNU. We have to show that V and U satisfy (a). Let F; : Nyr — Ny, r
be the canonical integral I'-affine map induced by the inclusion U C U; (see 4.3).
Then the open subsets

S )

Q"= Trop(U) N|_J F (@) € @ :=TropU) N | J F" (@)
i=1 i=1
of Trop(U) satisfy V = tropal(Q) and V' = tropL_,l(Q’) which means that (V’, ¢y)
and (V, py) are compatible tropical charts of X contained in W. Note that the
tropical chart (V; N U™, ¢y ) is compatible with (V;, ¢y,) and hence « is given on
(VinU™, gy) by o) = ai|y,ny=m € P(V; NU™, y). Using that Q; is relatively
compact in ;, we deduce that the closure S of ' in Trop(U) is contained in €.
We set V" := trop{,l(Trop(U )\ S) leading to the tropical chart (V”, ¢y). Since
o has compact support in W, we may view « as an element of P79(X*"). By
construction, we have supp(e) N U C V’. Using that V' and V" are disjoint, we
deduce that « is given on the tropical chart (V”, ¢y) by 0 € PP4(V”, ¢y). We note
that the tropical charts (V; NU™, ¢p)i=1...s and (V', ¢y) cover U™ and hence we
may apply the glueing from Proposition 4.12 to get the desired oy € PP (U™, ¢y)
from (a).
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Uniqueness in (b) follows from Proposition 4.18. If o € BY*? (X®"), then we may
choose o; € AZP9(V;, ¢y,) and hence we get (c).

If max(p, ¢) =dim(X), then (d) follows from Corollary 5.6 and Proposition 4.21.

O

Definition 5.8. Let W be an open subset of X and let « € P"(W), where
n:=dim(X). We may view « as a generalized §-form on X*" with compact support
contained in W. A nonempty very affine open subset U of X is called a very affine
chart of integration for a if a|yx = tropy;(ay) for some ay € P"" (U™, ¢y). By
Proposition 5.7, a chart of integration exists, and oy is unique and has compact
support in Trop(U). We define the integral of o over W by

f o :=/ ay,
W Trop(U)|

where the right-hand side is defined in 5.1. As usual, we extend the integral by O to
generalized §-forms of other bidegrees.

Proposition 5.9. Let W be an open subset of X*" and o € P""" (W) as above.

(1) If supp(a) is covered by finitely many nonempty tropical charts (V;, u,) such
that « is given on any V; by a; € P""(V;, gy,), then U := (); U; is a very
affine chart of integration for «.

(ii) The definition of the integral |, w o given in Definition 5.8 does not depend on
the choice of the very affine chart of integration for a.

(iii) The integral defines a linear map fW: P (W) — R.
(v) If f : X' — X is a proper morphism of degree deg(f) then the projection

formula
deg(f)/ o =/ ffa (5.9.1)
w (fem=1(w)

holds for all « € P*"(W).

Proof. The explicit description of U in Proposition 5.7 proves (i). We show (ii).
Let U be a very affine chart of integration for . Then every nonempty very affine
open subset U’ of U is a very affine chart of integration and it is enough to show
that U’ leads to the same integral. By uniqueness in Proposition 5.7, the pull-back
of oy with respect to the canonical affine map F : Ny» g = Ny R is equal to oy
and the claim follows from Corollary 5.4.

Claim (iii) is a direct consequence of our definitions. To prove (iv), we may
assume that dim(X’) = dim(X) = n. We choose a very affine chart of integration U
for @ and a nonempty very affine open subset U’ of X’ with f(U’) C U. Note that
f*(a) is given on (U")* by f*(ay) € P""(U’, gpy’) constructed in Remark 4.5.
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Since f" is proper as well, the support of f*(«) is compact. We conclude that U’
is a very affine chart of integration for f*(«) and

/ ffa= / fr (o).
(fay=L(w) [Trop(U")|

The projection formula in (iv) is now a direct consequence of (5.3.1). ([
In our setting, we have the following version of the theorem of Stokes.

Theorem 5.10. For o € BCZ"*1 (X) we have

/d’oz:/ d"a=0.

Proof. By Proposition 5.7, there is a nonempty very affine open subset U of X
such that supp(e) C U and oy € AZ?"il(Ua“, @y ) such that |y = tropy, (ay).
Then U is a chart of integration for d’a and d”« using d’ay and d”«ay on the
tropical side for integration. The claim follows from Stokes’ formula for §-preforms
on Trop(U) (see Proposition 3.6) by observing that boundary integrals |, 3[Trop(U)|
vanish as Trop(U) satisfies the balancing condition.

6. Delta-currents

In this section, we define §-currents on an open subset W of X?" for an n-dimensional
algebraic variety X over K. We proceed analogously to the case of manifolds in
differential geometry, endowing some specific subspaces of the space B.(W) of §-
forms with compact support in W with the structure of a locally convex topological
vector space. Then we define a §-current as a linear functional on B.(W) with
continuous restrictions to all these subspaces.

6.1. Let (V, ¢y) be a tropical chart of X with V. C W and let Q2 := trop;; (V) be as
usual. We recall from Definition 4.9 that an element 8 € AZ(V, ¢y ) has the form

B=) ajrw;jeP(V, o) (6.1.1)
jeJ
for a finite set J, a; € A(2) and w; € Z(V, ¢y).

Now we fix the family w; := (w;) je; and define AZ(V, gy, w;) as the subspace
of AZ(V, ¢y) given by all elements 8 with a decomposition (6.1.1) for suitable
aj € A(S2). For every s € N and every compact subset C of €2, we have the usual
seminorms pc s on A(2) measuring uniform convergence on C of the derivatives
of the coefficients of the superforms up to order s (see for example [Dieudonné
1972, (17.3.1)]). We get seminorms pc s ., on AZ(V, ¢y, w;) by defining

PCs.w,(B) = inf{max pe.s(@)) \ B=) ajrw; o€ A(sz)}.
jeJ e
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Letting s € N and the compact subset C of W vary, we get a structure of a locally
convex topological vector space on AZ(V, ¢y, ®;).

6.2. A §-form B on W is given by a covering (V;, ¢y, )ie; of W by tropical charts
and by B; € AZ(V;, ¢y,) such that 8|y, = trop}kjl_ (B;) for every i € I. Using 6.1, we
have a finite tuple wj, of elements in AZ(V;, ¢y,) such that 8; € AZ(V;, gu,, wy,)
for every i € I. Now we fix the covering by tropical charts and all @, and we
define B(W; Vi, ¢u,, wy, i € I) to be the subspace of B(W) given by the elements
B such that 8|y, = tropa (Bi) for some B; € AZ(V;, gy,, wy;) and for every i € I.
We endow B(W; V;, ¢y,, y, : i € I) with the coarsest structure of a locally convex
topological vector space such that the canonical linear maps

BW; Vi,ou,wy, :i €l)— AZV;, ou,, wy,)

are continuous for every i € I. Anelement 8 € B(W; V;, ¢y,, wy, : i € I) given as
above is mapped to B;, which is well defined by Proposition 4.18.

For a compact subset C of W, let Bc(W; Vi, oy, wy, : i € I) be the subspace
of B(W; Vi, ¢y,, wy, : i € I) given by the §-forms with compact support in C. We
endow it with the induced structure of a locally convex topological vector space.

Definition 6.3. A §-current on W is a real linear functional 7 on B.(W) such that
the restriction of 7' to Bc(W; V;, u,, wy, 1 i € I) is continuous for every compact
subset C of W, for every covering (V;, ¢y,)ic; of W by tropical charts and for every
finite tuple wy, of elements in Z(V;, ¢y,). We denote the space of §-currents on W
by E(W). A §-current is called symmetric (resp. antisymmetric) if it vanishes on
the subspace of antisymmetric (resp. symmetric) §-forms in B.(W).

6.4. Let W be an open subset of X*". Using that B.(W) = @p’q B (W) is
bigraded, we get E(W) = D, ; E,s(W) as a bigraded R-vector space, where a
d-current in E, (W) acts trivially on every Bl (W) with (p,q) # (r,s). We
set EP9(W) := E,_p n—q(W). The definition of §-currents in 6.3 is local and
hence E.. is a sheaf of bigraded real vector spaces on X?". This follows from
standard arguments using partition of unity if W is paracompact, and follows in
general from the fact that every compact subset C of W has a paracompact open
neighbourhood in W by [Chambert-Loir and Ducros 2012, lemme (2.1.6)]. The
argument is similar to that in [Chambert-Loir and Ducros 2012, lemme (4.2.5)] and
we leave the details to the reader.
There is a product

BPU(W) x EP'Y (W) — EPTPatd (W), (a0, T) > a AT 6.4.1)

such that
(AT, B) = (_1)(p+q)(p’+q’)T(a AB)
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for each B € B PP (),

Proposition 6.5. Let U be a Zariski open subset of X and let W be an open subset
of X*. If codim(X \ U, X) > min(p, q), then EP9(WNU*) = EP9(W).

Proof. Corollary 5.6 shows that every §-form on W of bidegree (n — p, n —q) has
support in W N U*". We conclude that every §-current 7 in E79(W NU?") is a
linear functional on B, ”""~7(W). It remains to prove that the restriction of T to
B "I (W3 V;, gy, wy, ti € 1) is continuous for every compact subset C of W,
for every covering (V;, ¢y,)ic; of W by tropical charts and for every finite tuple
wy, of elements in Z(V;, gy,).

We consider the set S of x € W for which there is i € / and a compact neigh-
bourhood V, of x in W N V; with

dim(tropy, (Vy)) < max(n — p,n —q). (6.5.1)

Note that tropy;, (V) is a polyhedral subset of Ny g by [Ducros 2012, théoréme 3.2].
Obviously, S is an open subset of W. It follows from the proof of Lemma 5.5 that
S is disjoint from the support of any §-form in B"~P""4(W; V;, ¢y,, wy, i € I).
We conclude that

B P W Vi gy wy i€ D =By P W Vi gy, wg ii€1) (6.5.2)

for the compact subset D := C \ S of C. By the proof of Lemma 5.5 again, every
x € X¥\ U satisfies

d(x) <dim(X\U) <max(n — p,n—q)

and has a compact neighbourhood V, contained in some V; and satisfying (6.5.1).
This proves D € W N U?*. Using (6.5.2) and T € EP9(W N U*), we get the
continuity of the restriction of T to B """ 1(W; Vi, gu,, wy, :i € I). O

Proposition 6.6. A generalized 5-form n € PP9(W) determines a 5-current [n] €
EP-9(W) such that

([n],ﬂ)Z/ nAp
W

for each B € B """ (W).
Proof. We have to show that the restriction of [n] to every subspace
By PN WL Vi ou, 0y, i €1)

as in Definition 6.3 is continuous. By passing to a refinement of the covering by
tropical charts, we may assume that n is given on V; by n; € PP4(V;, ¢y,) for
every i € I. Since C is compact, there is a finite subset Iy of I such that ;. 1 Vi
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covers C. By Proposition 5.9(i), we may use U := (), Io

of integration for any y € B."(W; Vi, gu,, wy, 11 € I).
Similarly to the proof of Proposition 6.5, we consider the set S of x € W for

which there is an i € I and a compact neighbourhood V, of x in W N'V; with

U; as a very affine chart

dim(tropy, (Vy)) < n. (6.6.1)

It follows again from the proof of Lemma 5.5 that the open subset S of W is disjoint
from the support of n A B € P""(W) forany g € B" P""9(W; V;, oy, wy, :i € 1)
and that the compact set D := C \ § is contained in W N U?".

By definition, B € B;. """ 1(W; Vi, py,, wy, : i € I) is given on V; by B; =
Zje]i oij N\ wjj with ojj € A(€2;) and wij € Z(V;, QDU[), where Q; 1= tropUl_(Vl-).
Fori € Iy, let F; : Ny g — Ny, r be the canonical affine map with tropy, = Fjotropy
on U and let Q) := Fl._l(Q,-) N Trop(U) = tropy (V; N U*"). The definition of
fW n A B uses that n A 8 is given on U?" by a unique yy € P"" (U™, py) (see
Definition 5.8). Moreover, Proposition 5.7 shows that y; has compact support in
Uiz, $2; and that yy is characterized by the restrictions

Yulvinus = Z ni Atij A wijlv.nym € P""(Vi, @u,)
JjeJdi
for every i € Iy. Recall that D is a compact subset of W N U?*" with supp(y) C D.
By Proposition 4.21, trop;, (D) is a compact set of Trop(U) containing the support
of yy. Then there is an integral R-affine polyhedral subset P of Trop(U) with
tropy (D) € P and hence we have

(n). B) = / nAB= yy = / vo. 6.62)
Xan |Trop(U)| P

We use now that P is independent of the choice of g € Br" (W; Vi, gy, wy, ti €1).
If all the «;; are small with respect to the supremum-norm (of the coefficients),
then a partition of unity argument on Trop(U) shows that (6.6.2) is small, proving
the desired continuity. ([l

Remark 6.7. The maps P?9(W) — EP4(W) induce a map of sheaves P77 —
EP1, o+ [a] which fits into a commutative diagram

AP-acC BPac pr4

[[‘]D l[% (6.7.1)

DP4  EPA

There is an induced map PP 4(W) — DP4(W). For g € P?4(W), we denote the
associated current in D”9(W) by [B]p.
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There is no a priori reason that the canonical map from §-forms to currents or
8-currents is injective. However, we have the following functorial criterion:

Proposition 6.8. Let W be an open subset of X*" and let o, B € PP49(W). Then
a=pBifandonlyif [ f*()p=[f*(B)]lp € DP9 (W') for all morphisms f: X — X
from algebraic varieties X' over K and for all open subsets W' of (X')*™ with
fWHcw.

Proof. 1If « = B, then all pull-backs and also their associated currents are the
same. Conversely, we assume that the associated currents of all pull-backs are the
same for o and 8. There is an open covering (V;);c; of X*" by tropical charts
(Vi, @u,) such that o, B are given on V; by «;, Bi € PP1(V;, ¢y,). Let f: X' — X
be a morphism of varieties over K and let (V’, ¢y/) be a tropical chart of X’
which is compatible with (V;, ¢y,). Let Q" denote the open subset trop; (V') of
Trop(U’). It follows from our definitions that o; = B; in P(V;, ¢y,) if we show
)| = f*(B)|q € DP4(R) for all morphisms f and all charts (V’, ¢y/)
compatible with (V;, ¢y,). By assumption, we have [f*(a)]lp = [f*(B)]p in
DP?-9(V’). We conclude that f*(«;)|or = f*(B)|q € PP9(Q) C DP9(Q') and
get a; = B; € P(V;, ¢y,) proving the claim. |

6.9. As usual, we define the linear differential operators d’ : EP4 (W) — EPT1.4(W)
and d” : EP4 — EP4T1(W) by
(d'T, B):= (=D UT, d'B), (d"T,B):= (=P *TUT, d"B).

Note that d’ and d” induce continuous linear maps on the locally convex topological
vector spaces introduced in 6.2 and hence it is easy to check that d’ and d” are
well-defined on §-currents. Moreover, the natural maps from Remark 6.7 fit into
commutative diagrams

[-] [-]

BPd — " y EP4 BPd4 — "y EP4
l p l p l ” l ” (6.9.1)
BPtla L) EPtla BPratl L) EP-a+1

of sheaves. As usual, we define d :=d’ +d” also on E.

6.10. If f : X’ — X is a proper morphism of algebraic varieties, then we get a
push-forward f, : E,,S(f_l(W)) — E, (W) as follows: For T’ € Em(f_l(W)),
the push-forward is the §-current on W given by

(fe(T), B) == (T, f*(B))

for B € B*(W). It is easy to see that pull-back of §-forms induces continuous
linear maps between appropriate locally convex topological vector spaces defined
in 6.2 and hence the proper push-forward of §-currents is well defined.
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Example 6.11. In Definition 5.8, we introduced | yan B for B € P2"(X). Setting
(6x, B) = fxan B, we get the 8-current 8y = [1] € E%%(X®). We call it the §-
current of integration along X. Using linearity in the components and 6.10, we get
a §-current of integration 8, for every algebraic cycle Z on X.

Proposition 6.12. Let f : X' — X be a proper morphism of algebraic varieties
and let Z' be a p-dimensional algebraic cycle on X'. Then we have the equality
f*(st = Sf*z/ in E,,,p(X"‘“).

Proof. This is a direct consequence of the projection formula (5.9.1). O

Proposition 6.13. Let W be an open subset of X*". We equip the space C.(W) of
continuous functions f : W — R with compact support with the supremum norm
| - |w and its subspace A?(W) of smooth functions with compact support with the
induced norm. Then for each a € P!"" (W) the map

A%W) — R, f.—>/f-a
w

is continuous and extends in a unique way to a continuous map C.(W) — R.

Proof. We may assume that « is of codimension /. We observe that the Stone—
Weierstrall theorem [Chambert-Loir and Ducros 2012, proposition (3.3.5)] implies
that AS(W) is a dense subspace of C.(W). Consider f € AS(W) and o € P (W).
Our claims are obvious once we have obtained a bound C,, such that the inequality

Jote

holds. We are going to prove this inequality in four steps.

<Cq-|flw (6.13.1)

First step: The definition of the bound C,. We fix a very affine chart of integration
U for o which means that there is ay € P (U™, ¢y ) with trop}; (oy) = o and we
set N := Ny. Then ay is represented by a é-preform ay € P" (Nr) of the form

ay = Zag Ay (6.13.2)

as a polyhedral supercurrent, where o ranges over ¢ for a complete integral R-
affine polyhedral complex ¢ of N and where «, € AZ_”""(G). The definition
of the bound C, will depend on the choice of U and of the lift &y, but not on
the choice of ¢. The restriction o, of o, to an (n — [)-dimensional face 7 of o
is an element of A?*I'"*l(r). As this is a superform of top-degree, we have a
well-defined compactly supported superform |« | of degree (n — [, n —[) with
continuous coefficient on t. This single coefficient is independent of the choice of
an integral base of L, and it is given by the absolute value of the coefficient of «.
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After passing to a refinement, we may assume that Trop(U) is given by the tropical
cycle (¢<,, m). Then we define

= Y [N:Na+N, ]mA/|a,,f| (6.13.3)

(A,0)

where (A, o) ranges over all elements of %, x ¢! such that Ln + L, = Ng and
such that T := ANo is (n —[)-dimensional. Here, the integral of a superform of
top-degree with continuous coefficient is defined as in [Chambert-Loir and Ducros
2012, (1.2.2), (1.4.1)].

Second step: A first estimate for the integral. By definition of a smooth function,
there is a covering of W by tropical charts (V Pu; 1) jes such that f| v/ = tropU,(¢ )
for smooth functions ¢ on the open subsets Q’ = tropU/(V ) of Trop(U ). Any
given compact subset C of W containing the support of o« will be covered by
(V) je, for a finite subset Jo of J. By Proposition 5.9, U":= U N[, U isa
very affine chart of integration for o and for fa. Let N':= Ny and let F: N — Np
be the canonical integral R-affine map. Since the restriction map & (U)* — 0(U’)*
is injective, it follows that F' is surjective. After refining ¢, there is a complete
integral R-affine polyhedral complex ¢” on Ny, such that Trop(U’) = (¢.,, m’) and
such that A := F(A’) € ¢ for every A’ € €. -

For V' .= Uje/o Vi N (U")*™, note that by Corollary 5.6, (V’, ¢y) is a tropical
chart of W containing C N (U’)* and the support of «. The pull-backs of the
functions qﬁ} with respect to the canonical affine maps F; : Nj — NU;,R glue to a
well-defined smooth function fyr on ' := trop;;,(V’). By definition, we have

/ Sfa Z/ fu F*(@u) I Tropu)- (6.13.4)
w Trop(U")]
Using that F is surjective, we deduce from (6.13.2) and (2.12.5) that

F*@y) =Y [N :Lr(N') + Nol- F*ag Ao,

o/

where o’ ranges over all elements of (¢”)! such that o := F(c¢”) is of codimension
in N. We choose a generic vector v’ € Nf,. It follows from (2.12.3) that

F*@)ltopwny = Y O [N't Niy + NN : Lp(N') + Nolma Frag Ady,
v (Ao')

where 7’ ranges over ¢, _, and (A’, ¢’) ranges over all pairs in €, x (¢")! such
that 7/ = A’N o’ and such that A’ N (o’ + ev’) # & for all sufficiently small £ > 0.
Additionally, we assume that o := F(c¢’) is of codimension [ in Nk as above. For
degree reasons, we may restrict the sum to those t” with 7 := F(z’) of dimension n—I.
Note that this is equivalent to restricting our attention to those A’ with A := F(A")
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of dimension 7. Since « has support in V’, the restriction of F*«, to o’ has support
in Q'No’. By (6.13.4), we have

f fa=2 Z [N/N/A’+N(/7’][NH-F(N/)+No']mA’/ fU’F*aU-
w ' (A,o!) T/

We deduce the following bound:

for

slflwz Z [N’:N’A/—I—N(’,,][N:[LF(N’)+N(,]mA//|F*oc(,,|. (6.13.5)
T (Ao v

The transformation formula shows
/ |F*aor| =[N : H—F(Nl/-/)]/ |otoe |
T/ T

and hence the sum in (6.13.5) is equal to

> [N,:[LF(N;,)][N/:N/A,+N;,][N:mF(N/)+NU]mA,/ o], (6.13.6)
T (A,o') T

Third step: The following basic lattice index identity holds:
[Ny : Lp(N)IN' : Ni + NN : Le(N') + N, ]

=[N : NA+ Ny][Na :Lp(Na)]. (6.13.7)
In the basic lattice index identity (6.13.7), (A’, o) is a pair in € x (¢”")" such that
A N (o' 4 ev') # @ for ¢ > 0 sufficiently small and such that o := F(c”) is of
codimension [ in N. We have also used A := F(A’), v/ :=A'No’ and 7 := F(7)).
Since F is a surjective integral R-affine map, all lattice indices in the claim of

the third step are finite. Setting P’ := N, and Q := N,, the basic lattice identity
(6.13.7) follows from the projection formula for lattices in Lemma 6.14 below.

Fourth step: The desired inequality (6.13.1) holds. To prove (6.13.1), we note that
v:= F (V) is a generic vector for . We have 7 = ANo and AN (0 +¢€v) # <.
The basic lattice index identity (6.13.7) yields that the sum in (6.13.6) is equal to

Y D IN:Nao+NolINa:Lrp(Ny)Ima f e . (6.13.8)

v (A,o)

The Sturmfels—Tevelev multiplicity formula (4.3.1) gives

Y INa:Lp(Np)Imar = ma,
A/
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where A’ ranges over all elements of 4, mapping onto a given A € 4. Using this,
one can show that (6.13.8) is equal to

> D [N:NA+Na]mA/|am|, (6.13.9)
T (A0) ‘

where the sum is over all pairs (A, o) € %, X %' such that A N (o +&v) # @ and
T =ANo. Now (6.13.1) follows from (6.13.3)—(6.13.9). [l

The basic lattice index identity (6.13.7) is a special case of the following pro-
Jection formula for lattices. Note that it is stronger than the projection formula for
tropical cycles in Proposition 1.5. The latter would not give the required bound in
the fourth step above.

Lemma 6.14. Let F : N' — N be a homomorphism of free abelian groups of finite
rank and let P' C N’, Q C N be subgroups. We assume that tk(F (N')) =rk(N) =
tk(F(P’) + Q). Then we have the equality

[F(PYrNQ: F(P'NF Y (ONIIN": P'+ F/(Q)IIN : F(N) + O]
=[N:F(P)rNN+ QIF(PH)rNN:F(P)], (6.14.1)

where all involved lattice indices are finite.
Proof. The assumptions show easily that all lattice indices are finite. Using
F(P'NF(Q)=FP)NQ
and the isomorphism theorem A/(AN B) = (A + B)/B for abelian groups, we get
(F(PYrNQ)/F(P'NF~(Q)) = (F(P)rNQ+ F(P)/F(P).
Similarly, F(P)rNQ + F(P') = F(P)r N (F(P') + Q) yields
(F(PHrNN)/(F(PrNQ+ F(P)) = (F(PYrNN+ Q)/(F(P) + Q).

Multiplying (6.14.1) by [F (P )rNN+Q : F(P’)+ Q], the above two isomorphisms
show that the claim is equivalent to

[N': P+ F Y (Q)IIN: F(N)+ Q]=[N: F(P)+ Ql. (6.14.2)
Using F(P')+ QNF(N')=(F(P')+ Q)N F(N’), we have
N'/(P'+F~ (@) = F(N)/(F(P)+ QNF(N) = (F(N)+ Q)/(F(P)+ Q)
and hence (6.14.2) holds. This proves the claim. O

We recall that on a locally compact Hausdorff space Y, the Riesz representation
theorem gives a bijective correspondence between positive (resp. signed) Radon
measures on Y and positive (resp. bounded) linear functionals on the space of
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continuous real functions with compact support on Y, endowed with the supremum
norm.

Corollary 6.15. Let W be an open subset of X*". For each o € P!"" (W) there is a
unique signed Radon measure uy, on W such that

/f-a=/ fdpe (6.15.1)
w w

for all smooth functions f on W with compact support.

Proof. This is a consequence of Proposition 6.13 and Riesz’s representation theorem.
O

Proposition 6.16. Let W be an open subset of X™ and let f be a continuous
function on W. Then the map

LF1: B (W) — R, om/ Fdpia
w

is a 8-current in EOO(W).

Proof. The integral is well defined by Corollary 6.15 using that supp(«) is com-
pact. Obviously, [f] is a linear map. We have to show that the restriction of
[f] to any subspace B{"(W; Vi, ¢y, wy, i € I) as in 6.2 is continuous. For
i €1, let Q; :=tropy. (Vi). For every x € C, there is an i(x) € I with x € V().
We choose a polytopal neighbourhood P;(x) of tropy,  (x) in Ny, such that
P;(xy N Trop(U;(x)) € Qi) and we denote the interior of Pj() by Qj(). There
is a finite set ¥ of X such that the open sets tropail(x)(Q[(x)), x € Y, cover the
compact set C. By Proposition 5.9, U := (),.y Uix) Works as a very affine
chart of integration for every o € BZ"(W; Vi, gy, wy, : i € I). Then we have
ay € AZX" (U, py) with tropy;(ay) = a. By the Sturmfels—Tevelev multiplicity
formula (4.3.1) and by degree reasons, one can show that oy has support in the
compact subset
Cy = U U Ai()c) N F,'?xl)(Pi(x))
xX€Y Ajx)

of Trop(U), where A;(y) ranges over all n-dimensional faces of Trop(U) such that
Aixy N F, ile)(Pi(x)) is mapped onto an n-dimensional face of Trop(U;(y)) by the
canonical affine map Fj() : Ny,r = Ny, r. Using the supremum seminorm | f'|c

on C, we get
/ fdug
w

To see this, we note first that supp(uy) € C. There is a smooth function g on
W with 0 < g <1, with g = 1 on C and with compact support in a sufficiently
small neighbourhood of C [Chambert-Loir and Ducros 2012, corollaire (3.3.4)].

<Cu-l|flc- (6.16.1)
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Then (6.16.1) follows from applying (6.13.1) to compactly supported smooth
approximations of fg using the Stone—Weierstral theorem in [Chambert-Loir and
Ducros 2012, corollaire (3.3.4)].

Now we deduce the claim from the definition of the bound C, in (6.13.3): We
seti :=i(x) for x € Y and we may assume that |y, is given by

Z o AN w;jj

JeJi
for o;; € A(£2;) with coefficients of small supremum seminorm p PO Trop(U;) olaij).
Noting that the w;; are fixed, this yields that every oy, in (6.13.3) has small

coefficient. Using that only the compact subset Cyy N T matters for integration, we
deduce that C, is small and hence (6.16.1) shows that [ f] is continuous. O

7. The Poincaré-Lelong formula and first Chern delta-currents

The Poincaré—Lelong formula in complex analysis is of fundamental importance
for Arakelov theory. Chambert-Loir and Ducros [2012, §4.6] have shown that the
Poincaré-Lelong formula holds as an identity between currents on Berkovich spaces
while Theorem 7.2 below enhances the Poincaré-Lelong formula as an equality of
8-currents. We use the Poincaré—Lelong formula to define the first Chern §-current
of a continuously metrized line bundle.

7.1. Let X be a variety over K of dimension n and let f € K(X) \ {0}. In
Example 6.11, we introduced the §-current of integration éx leading to the definition
of the §-current 6, for any cycle Z on X. Using that for the Weil divisor cyc( f)
of f, we get a §-current Scyc(r) on X",

On the other hand, the complement U of the support of the principal Cartier
divisor div( f) is an open dense subset of X. By Proposition 6.5, we get the §-current
[log| f1] € E®O(U™) = E®O(X™).

Theorem 7.2. For a nonzero rational function f on X, the Poincaré—Lelong equa-
tion

6cyc(f) = d/d//[10g|f|]
holds in EV1(X™).

Proof. The proof is similar to that in [Chambert-Loir and Ducros 2012, §4.6],
but it is more on the tropical side as we do not have integrals of §-forms over
analytic subdomains at hand. We will first do some reduction steps and then we will
introduce some notation which allows us to use results from [Chambert-Loir and
Ducros 2012]. The claim is local on X*" and so we may assume that X = Spec(A)
and f € A. The latter induces a morphism f : X — Al. We may assume that the
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morphism is not constant as otherwise all terms are 0. Since A is a domain, the
property S; of Serre is satisfied.

Let us recall some results from [Chambert-Loir and Ducros 2012] before we
start the actual proof. Let W be an affinoid subdomain of X*" and let g : W — T"
be an analytic map for T = G),. Following [Chambert-Loir and Ducros 2012], we
call such a map to a torus an analytic moment map. We obtain a continuous map

Suwop :=tropo g : W — R".

We get an analytic map h:=(f, g): W — (A2 % T2 We denote the fibre of W
over t € (A1)® by W, with respect to the restriction of f to W. If I is an interval
in (0, 00), then W; := | f |*1(I )N W. We observe that W; and W; carry natural
structures of analytic spaces of dimension n — 1 and n respectively. It follows from
general results of Ducros [2012, théoréme 3.2] that the sets gyop(W;) and Aop(Wr)
are integral R-affine polyhedral sets of dimension less or equal to n — 1 and n
respectively. These polyhedral sets can be equipped with natural integral weights.
A construction of these so called tropical weights can be found in [Gubler 2016, §7]
or in [Chambert-Loir and Ducros 2012, §3.5] in the language of calibrations. We
observe that the tropical weights take the multiplicities of irreducible components
into account. The k-skeleton of a polyhedral set P of dimension at most k is by
definition the union of all k-dimensional polyhedra contained in P. By [Chambert-
Loir and Ducros 2012, proposition (4.6.6)], there exist a real number r > 0 and an
integral R-affine polyhedral complex ¢ in R" of pure dimension n — 1 with integer
weights m such that all polyhedra in ¢ are polytopes with the following properties:

(a) For every ¢ in the closed ball in (A")2" with centre 0 and radius r, the (n — 1)-
skeleton of gyop(W;) endowed with the canonical tropical weights is equal to
(¢, m).

(b) For every closed interval I C (0, r], the n-skeleton of o, (W) endowed with
the canonical analytic tropical weights is equal to (—log([), 1) x (¢, m) as a
product of weighted polyhedral complexes.

In fact, Chambert-Loir and Ducros formulated this crucial result in terms of canoni-
cal calibrations instead of analytic tropical weights. We refer to [Gubler 2016, §7]
for the definition and translation of these equivalent notions. The analytic space
Wy coincides with the closed analytic subspace of W determined by the effective
Cartier divisor div(f|w). Using (a) for t = 0, we see that (¢, m) is equal to the
(n — 1)-skeleton of gyop(div(f|w)) as a weighted polyhedral complex.

Having recalled these preliminary results, we proceed with the proof. Since
the §-currents 8cyc(r) and d’d”[log| f|] are symmetric, it is enough to check the
Poincaré-Lelong equation by evaluating at a symmetric « € B"~!"~1(X2"). The
d-form « is given by tropical charts (V;, ¢y,)ic; covering X" and symmetric
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a; € AZVEn (v, @y,). Since o has compact support, there are finitely many i
such that the corresponding V;’s cover supp(«). In the following, we restrict our
attention to these finitely many i’s and we number them by i =1, ..., m.

Let us consider the very affine open subset U :=U; N ---N U, \ supp(div(f))
of X. Let G; : Nyr — Ny, r (tesp. F : Ny r — R) be the canonical affine map
compatible with trop;, and trop,, (resp. —log|f1). Let xo be the coordinate on R
and let H; := (F, G;) : Nyr = R x Ny, r.

For every x € supp(a), thereis ani € {1, ..., m} such that x € V;. We choose an
integral I'-affine polytope A; of maximal dimension in Ny, g containing trop,, (x) in
its interior. We may assume that A; NTrop(U;) C tropy, (V;). Then W; :=tr0p5i] (A)
is an affinoid subdomain of X®" with x € Int(W;). Renumbering the covering and
using again compactness of supp(c), we may assume that i does not depend
on x, which means that the interiors of the affinoid subdomains Wy, ..., W, cover
supp(a). Note that W := [ J/L, W; is a compact analytic subdomain of X"

For every nonempty subset E of {1, ..., m}, the set Wg := ﬂieE W; is affinoid
(using that X*" is separated). Note that Ug := ("), U; is very affine and we set
Ve = ﬂi < Vi. We choose r > 0 sufficiently small such that (a) and (b) above
hold for every Wg and moment map g := ¢, . Note that the union of the integral
['-affine polyhedral sets

tropy, (W; NU™™) = Trop(U) N Gl._l(Ai) i=1,...,m) (7.2.1)

is equal to trop, (W NU*"). For every subset E of {1, ..., m}, we have a integral
[™-affine polyhedral set

tropy (Wg N U™ = Trop(U) N[ ) G; ' (Ai) = () tropy, (Wi NU™).  (72.2)
ieE ieE

For V := | J; V; N U™, it follows from Corollary 5.6 that (V,¢,) is a tropi-
cal chart containing the support of d”«. The §-form « is represented on V by
oy € Az b=l ¢y), 1.e., a = trop};(ay) on V. In fact, we have seen in
Proposition 5.7 that «;; extends by 0 to an element of Az bn=lyan, @y ), but the
support of this extension is not necessarily compact. We conclude that U is a very
affine chart of integration for log| | d’d” o and that

(d'd"log| f1], o) = —/ F*(xo)d'd"ay. (7.2.3)
tropy (V)
The minus sign comes from the tropical coordinates tropy, (F*(xp)) = —log| f|

as remarked above. Corollary 5.6 shows that the support of d”« does not meet
£~1(0). Since the support of d”« is compact, there is a positive s < r such that
| f(x)] > s for every x € supp(d”«). We consider the analytic subdomain of W,
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W(s):={x e W||f(x)| > s}, and the affinoid subdomains of W; and W,
Wi(s) :={x e Wi [ [f(x)[ = s} and Wg(s):={x € Wg||f(x)| = s}

It follows from (7.2.1) and (7.2.2) that their tropicalizations are integral R-affine
polyhedral sets such that the union of all

tropy, (W; (s) NU™) = Trop(U) N G; ' (A) N F ! ((—o0, —logs])  (7.2.4)
fori =1,...,mis equal to trop; (W (s) N U*") and such that
tropy (We(s) NU™™) = Trop(U) N m Gl-_l(Ai) N F~ (=00, —logs]). (7.2.5)
iek
In the following, we use integrals and boundary integrals of §-preforms over integral
R-affine polyhedral sets as introduced in Definition 2.5, Remark 3.5 and 5.1. By the

choice of s, we have supp(d”a) € W(s) N U*". We conclude that supp(d”c;,) S
tropy; (W (s) N U*") and hence

/ F*(xo)d'd" oy, :/ F*(xo)d'd"ay. (7.2.6)
tropy; (V) tropy (W (s)NUM)
By Green’s formula (see Proposition 3.9) and using d’d” F*(xg) = 0, the integrals

in (7.2.6) are equal to

/ (F*(x0)d"oy; — d"(F*(x0)) Aayy). (7.2.7)
a(tropy (W (s)NU))

By construction and (7.2.1), we have
supp(ey;) C relint(tropy, (W NU™M)).

By the choice of s, it follows that supp(d”«,,) C relint(trop, (W (s) N U*")). Ap-
plying Remark 2.6(iii) to the integral R-affine polyhedral set trop,, (W (s) N U"), it
follows that

/ F*(x0)d"oy; = 0. (7.2.8)
3(tropy (W (s)NU™))
Combining (7.2.3) and (7.2.6)—(7.2.8) with (7.3.1) below, we get

(d'd"Tlog| f11, &) = (Seyes)» @), (7.2.9)
proving the claim. U

Lemma 7.3. In the situation of the proof of Theorem 7.2 above, we have

/ d"(F*(x0)) Aoy = (Seye(f)s ). (7.3.1)
3(tropy (W (s)NU™)
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Proof. For integers ¢ > 1, there are ¢y € C*°(R) with 0 < ¢y < 1, @¢(t) = 1
for t+ < —log(s) — 1/€ and ¢¢(t) = 0 for t+ > —log(s) — 1/(2¢). By construc-
tion, supp (¢¢(F*(x0))d"(F*(x0)) A ay; is contained in the relative interior of
tropy; (W (s) NU*") and hence

/ @e(F*(x0)) d"(F*(x0)) Aoy =0 (7.3.2)
a(tropy (W (s)NU))

as above. Setting ¥y := 1 — ¢, it follows from (7.3.2) that the left-hand side in
(7.3.1) is equal to

/ Yo (F*(x0)) d"(F*(x0)) Aoy . (7.3.3)
d(tropy (W(s)NU™))

Now we use the additivity of measures from Remark 2.6(ii). The decomposition
(7.2.4) of the polyhedral set trop;; (W (s) N U*") and Equation (7.2.5) show that
(7.3.3) is equal to

i(—l)f“ >
j=1

|El=j

/ Ye(F*(x0)) d"(F*(xo)) Aay. (7.3.4)
d(tropy (We (s)NU™))

We fix i € E. Let Gg : Nyr — Ny, r and Gg; : Ny, r — Ny, r be the canonical
affine maps which are compatible with the given moment maps. Let us consider
the closed embedding

hg = (f, gg) = ([ ¢y,) : Up \div(f) — Gy x Ty,

inducing the tropical variety hE,trop(UE \ div(f)), which we view as a tropical
cycle on R x Ny, r. The affine maps Hg := (F, Gg) : Nyr — R x Ny, r (resp.
Hg; :=1dr XGEg,; : R x Ny, g = R x Ny, r) are compatible with the moment
maps ¢, and hy (resp. hy and h;). The Sturmfels—Tevelev multiplicity formula
shows that

hg wop(Ue \ div(f)) = (HE)«(Trop(U)) (7.3.5)

(see [Gubler 2016, Proposition 4.11] for the required generalization of (4.3.1)). For
ap =ajly, € Az, @y, ), we have aly, = trop’{,E (o) and the definition
of ay does not depend on the choice of i € E. In the following, the weighted
integral R-affine polyhedral complex Xg(s) :=h (WE(s)) in R x Ny, r plays
a crucial role. Note that we have

BE(S) = hy op (U \ div(f)) N ﬂ Hy \((—o0, —log s] x A;). (7.3.6)

ieE

E ,trop

Let Pg : R X Ny, r = Ny, r denote the canonical projection. By definition, the
element t o of AZ"~1n= 1(VE, ¢y,) is represented by a §-preform @ on an open
subset g of Ny, r with Q e NTrop(Ug) = tropy, (Vg). Recall from (4.5.1), that
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oyl = &y A dtrop(uy denotes the §-preform on € := Trop, (V) induced by o, .
Using o, = G (o), we get

aylg = Gplap)lg = GE (@) Adtropw) = Hi P (@) A STrop(u)-

We consider the coordinate xo on R also as a function on R x Ny, g. Using
tropy, (W(s) NU*") = HEI (ZE(s)) NTrop(U) and (7.3.5), the projection formula
(2.14.2) shows that

/ Ve (F*(x0)) d"(F*(x0)) Ay
a(tropy (Wg (s)NUaM))

= HE (We(x0)d"x0) A Hf; PR (@) A STropu)
d(tropy (Wg (s)NUM))

= / Ye(xo) d"xo A PE(&g) Adn, . wendiviry-  (7.3.7)
(ZEe(s)
By construction of the functions ¢y, we have

Jim Ye(xo) d"xo A PE(@g) Adn,  wp\divs)
T JI(ZE()) '

= / PE(Gg) A dny ,,Widiviry- (7:3.8)
g (s)N{xo=—log|s|} '

By (7.3.6) and [Gubler 2016, §7], the analytic tropical weights on the n-skeleton of
the tropicalization X g (s) of the affinoid domain Wg(s) are the same as the tropical
weights induced by hE’tmp(UE \div(f)). Using that s <r and [ :=[s, r], it follows
from (a) and (b) that the n-skeletons of X g (1) :={w e X (s) | xo(w) € —log(/)} and
—log(I) x tropy, (div(f) N Wg) are equal even as a product of weighted polyhedral
complexes if we endow —log(/) with weight 1. Note that these tropicalizations
can differ from the n-skeletons only inside the relative boundary. As we have some
flexibility in the choice of the polyhedra A; and in the choice of s, we may assume
that X g (1) = —log(I) x tropy, (div(f) N Wg) and that this is of pure dimension n.
We conclude that (7.3.8) is equal to

/ . (7.3.9)
tropy, (div(/)NWENUE™)
Using (7.3.3)—(7.3.9), it follows that the left-hand side of (7.3.1) is equal to

m

PBCHEEDY

j=1 |El=j

/ aE-
tropy,. (div(/HNWENUZ"

Let Y be an irreducible component of div( f) and let

Ey:i=f{ie{l,....m}|UiNY # ).
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Then we use the very affine open subset Ug, to compute the following integrals
over Y by performing the above steps backwards:

S Y
j=1

|El=j

/ op :f oAy, :/ o, (7.3.10)
tropy, (YNW,NUA") topy, (YOWNU) ! Y

where we have used in the last step that W covers supp(«). Using linearity in the irre-
ducible components Y (see [Gubler 2013, Remark 13.12]), we get Equation (7.3.1).
O

Remark 7.4. Let f denote a regular function on the affine variety X. The proof of
Lemma 7.3 given above shows that Equation (7.3.1) holds more generally for any
generalized §-forms & on X** with compact support. If we permute the roles of d’
and d”, we obtain by the same argument that

—/ d'F*(x0) Aoy = (Seye(f), @) (7.4.1)
a(tropy (W (s)NU))

holds for all generalized §-forms & € P?~1n=1(X®). An elegant way to deduce
(7.4.1) is to apply (7.3.1) for J*(«) and to use the symmetry of the §-current of
integration.

7.5. Let ¢ denote an invertible analytic function on some open subset W of X",
Given x € W there exists by [Gubler 2016, Proposition 7.2] an open subset U of X,
an algebraic moment map f : U — (,, and an open neighbourhood V of x in
U™ N W such that —log|g| and —log| f| agree on V. It follows that the function
—log|¢| belongs to A°(W) and we get

d'd"-loglp|] = —[d'd" loglp|] =0 (7.5.1)

from (6.9.1) and the trivial case of the Poincaré-Lelong formula where f is invert-
ible.

7.6. Let L be a line bundle on X and let W be an open subset of X?". We fix
an open covering (U;);c; of X, a family (s;);c; of nowhere vanishing sections
si € T'(U;, L), and the 1-cocycle (h;;) with values in 0y determined by s; = h;js;.
Recall that a continuous metric ||-|| on L over W is given by a family (p;);ec; of
continuous functions p; : UM N W — R such that p; = |h;;|p; on (U; NU)™NW
for all i, j € I. An analytic section s € I'(V, L") on some open subset V of W
determines as follows a continuous function ||s|| : V — R. We write s = f;s; for
some analytic function f; on VU™ and define ||s|| =|fi|-p; on VNU. Observe
that we have p; = ||s;|| on UM N W.

7.7. Let L be aline bundle on X endowed with a continuous metric || - || over the open
subset W of X?". Then we define the first Chern current associated to the metrized
line bundle (L|w, ||-1|) as the 8-current [c{(L|w, ||-I)] € EY'(W) given locally
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on WNU™ by d'd"[—log||s|umnqy |I] for any trivialization U of L with nowhere
vanishing section s € I'(U, L). Here, we have used that a continuous function
defines a §-current as explained in Proposition 6.16. Since d’d”[—log|¢|] = O for
an invertible analytic function ¢, the é-current [c{(L|w, ||-]|)] is well-defined on
W and we may even use analytic trivializations in the definition. Obviously, the
formation of the first Chern current is compatible with tensor products of metrized
line bundles as usual.

If the metric is smooth then [c|(L, ||-||)] is the current associated to the first
Chern form ¢ (L|w, ||-||) defined in [Chambert-Loir and Ducros 2012]. In general,
the notion ¢ (L|w, |- ||) has no meaning as a form and we use brackets to emphasize
that [c; (L|w, ||-]])]is a -current. In Section 9, we will introduce metrics for which
c1(L|lw, ||-1I) has a meaning as a §-form.

Corollary 7.8. Let L be a line bundle on X endowed with a continuous metric || - ||
over the open subset W of X®". For every nontrivial meromorphic section s of L
with associated Weil divisor Y, the equality

[er(Llw, I D] =d'd"[~log||slw||]+ 8y Iw
holds in EY(W).

Proof. This can be checked locally on a trivialization U of L with a nowhere
vanishing sy € I'(U, L). Then there is a rational function f on X with s = fsy
and hence

|+d'd"[-log| flynym|]-

Using the definition of c;(L|wnya, ||-||) for the first summand and Theorem 7.2
for the second summand, we get the claim. U

d/d”[_lOgHs|WﬂUan ] = d/d”[—lOg”SU|Wr\Ua"

8. Piecewise smooth and formal metrics on line bundles

In this section, X is an algebraic variety over K. In the following, we consider an
open subset W of X",

We first introduce piecewise smooth functions and piecewise linear functions
on W. This leads to corresponding notions for metrics on line bundles. We prove
that a piecewise linear metric is the same as a formal metric. We show that canonical
metrics in various situations are piecewise smooth.

In Definition 1.6, we have defined piecewise smooth functions on an open subset
of an integral R-affine polyhedral set. Using tropicalizations and viewing tropical
varieties as polyhedral sets, we will define piecewise smooth functions on W as
follows:

Definition 8.1. A function f : W — R is called piecewise smooth if for every
x € W there is a tropical chart (V, ¢,;) such that V is an open neighbourhood of
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x in W and such that there is a piecewise smooth function ¢ on trop; (V) with
f=¢otrop, onV.

In a similar way, we will define a piecewise linear function on W. We recall
from Definition 1.6 that we have defined piecewise linear functions on integral
R-affine polyhedral complexes. As we are working with a variety over a valued
field, we will take the value group I' into account and in the definition of piecewise
linear functions we will additionally require that the underlying polyhedral complex
and the restriction of the functions are both integral I'-affine. Note however that
in Definition 8.1, the underlying polyhedral complex for ¢ is only assumed to be
integral R-affine.

Definition 8.2. A function f : W — R is called piecewise linear if for every x € W
there is a tropical chart (V, ¢;;) such that V' is an open neighbourhood of x in W
and a real function ¢ on trop;, (V) with f = ¢ otrop;; on V. We require that there
is an integral I"-affine polyhedral complex X in Ny g with trop;; (V) C |X| such
that ¢ is the restriction of a function on | X| with integral I™-affine restrictions to all
faces of X.

8.3. The space of piecewise smooth functions on W is an R-subalgebra of the
R-algebra of continuous functions on W. It contains all smooth functions on W.
The space of piecewise linear functions on W is closed under forming max and
min. Moreover, it is a subgroup of the space of piecewise smooth functions on W
with respect to addition. If ¢ : X’ — X is a morphism and W' is an open subset of
(™)~ (W), then for every piecewise smooth (resp. piecewise linear) function f
on W, the restriction of f o ¢ to W' is a piecewise smooth (resp. piecewise linear)
function on W’.

In the following result, we need the G-topology on W. It is a Grothendieck
topology build up from analytic subdomains of W and it is closely related to the
Grothendieck topology of the underlying rigid analytic space ([Berkovich 1993,
§1.3, §1.6]).

Proposition 8.4. Let f : W — R be a continuous function. Then f is piecewise
smooth (resp. piecewise linear) if and only if there is a G-covering (W;);c; by
analytic (resp. strict analytic) subdomains W; of W and analytic moment maps
@i : Wi — (T;)*" to tori T; := Spec(K[M;]) such that f = ¢; o ¢; wop on W; for a
smooth (resp. integral I'-affine) function ¢; : N; g — R, where N; := Hom(M;, Z)
as usual.

Proof. First, we assume that f is piecewise smooth (resp. piecewise linear). For any
x € W, there is a tropical chart (V, ¢;;) in W containing x such that f = ¢ o trop,
on V for a piecewise smooth (resp. integral [-affine function) ¢ on the open subset
Q:=tropy (V) of Trop(U). There are finitely many integral R-affine (resp. I-affine)
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polytopes A; in Ny g containing trop;, (x) such that | J; A; is a neighbourhood of
tropy (x) in €2 and such that ¢|a, = ¢;|a, for a smooth (resp. integral I"-affine)
function ¢; : Ny r = R. Note that the affinoid (resp. strictly affinoid) subdomains
Wi(x) = trop{,1 (A;) of W contain x and cover a neighbourhood of x. Letting x
vary over W, we get a G-covering of W with the desired properties.

To prove the converse, we assume that f is given on a G-covering (W;);¢; of
W by smooth (resp. integral I-affine) functions ¢; : N; g — R with respect to
analytic moment maps ¢; : W; — (T;)*". Piecewise smoothness (resp. piecewise
linearity) is a local condition and so we have to check that f is piecewise smooth in
a neighbourhood of x € X?". There is a finite Ip C I such that the sets (W;);¢, cover
a sufficiently small strict affinoid neighbourhood W’ of x in W. By shrinking W, we
may assume that x € W; for every i € Iy. In the following, we restrict our attention
to elements i € /. The definition of an analytic (resp. of a strict analytic) domain
shows that we may assume that all Wlf := W; N W’ are affinoid (resp. strict affinoid)
subdomains of W. Any analytic function on a neighbourhood of x in W/ can be
approximated uniformly on a sufficiently small neighbourhood of x by rational
functions on X. By shrinking W again, this shows that we may assume that ¢; |y
is induced by the restriction of an algebraic moment map ¢, : U; — T; for a dense
open subset U; of X with Wl.’ C (U;)™ (see [Gubler 2016, Proposition 7.2] for a
similar argument). Similarly, we may assume that there are affinoid coordinates
(xij) jes, on W/ which extend to rational functions on X. Clearly, we may assume
that |x;;(x)] = 1 for i € Ip and j € J;. There is a tropical chart (V, ¢;;) with
x €V C W, UC (g, U and such that all the functions x;; are in 0(U)*. We
may assume that tropU(x) = 0 and hence there is an open neighbourhood Qof 0in
Nygr with V = tropU (Q). By [Gubler 2016, 4.12, Proposition 4.16], ¢; |U is the
composition of an affine homomorphism ; : Ty — T; with ¢;,. By shrinking V
and using the Bieri—-Groves theorem [Gubler 2013, Theorem 3.3], we may assume
that there are finitely many rational cones (A ;) ;c; in Ny g such that

tropy (V) =2n | J A, (8.4.1)
jeJ
For every i € Iy and every j € J;, there is a linear form u;; € My with —log|x;;| =
u;j otrop;; on U*". The definition of affinoid coordinates yields
W/ N U™ = tropy,' (07) (8.4.2)
for

={we Nyr | ujj(w) >rijvjeJ}

and suitable r;; € R. Note that o; is an integral R-affine polyhedron. In the piecewise
linear case, we may choose always r;; =0 and hence o; is a rational cone. Using that
the sets Wl.’ N U cover V and equations (8.4.1), (8.4.2), we get the decomposition
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(oiNA;N ?2)5610,.,-61 of trop;; (V). Ono; NA; N 5, we choose the smooth (resp.
integral I'-affine) function ¢; ;= ¢; o ¥;. Using (8.4.2), we see that these functions
paste to a continuous piecewise smooth (resp. continuous piecewise linear) function
¢’ on tropy, (V) with ¢’ otrop;; = f on V. This proves easily that f is piecewise
smooth (resp. piecewise linear) on W. ([

Definition 8.5. Let L be a line bundle on X and let W be an open subset of X*". A
metric ||-|| on L|w is called piecewise smooth (resp. piecewise linear) if for every
x € W, there is a tropical chart (V, ¢;;) with x € V. C W and a nowhere vanishing
section s € I'(U, L) such that —log||s| || is piecewise smooth (resp. piecewise
linear) on V.

8.6. Since —log| f| is smooth for an invertible regular function f and even the
pull-back of a linear function with respect to a suitable tropicalization, the last
definition does neither depend on the choice of the trivialization s nor on the choice
of the tropical chart (V, ¢;;). Moreover, we may also use analytic trivializations in
the definition. By Proposition 8.4, the definition of a piecewise linear metric agrees
with the definition of PL-metrics in [Chambert-Loir and Ducros 2012, §6.2].

Note that every piecewise linear metric is piecewise smooth. It follows from
8.3 that every piecewise smooth metric is continuous, that the tensor product of
piecewise linear (resp. piecewise smooth) metrics is again a piecewise linear (resp.
piecewise smooth) metric and that the dual metric of a piecewise linear (resp.
piecewise smooth) metric is piecewise linear (resp. piecewise smooth). Moreover,
the pull-back of a piecewise linear (resp. piecewise smooth) metric on L|y with
respect to a morphism ¢ : X’ — X is a piecewise linear (resp. piecewise smooth)
metric on ¢*(L)|w- for any open subset W’ of ¢~ (W).

8.7. Recall that K° is the valuation ring of the given nonarchimedean absolute
value | | on K. Raynaud introduced an admissible formal scheme over K° as
a formal scheme 2" over the valuation ring K° which is locally isomorphic to
Spf(A) for a flat K°-algebra A of topologically finite type over K° (see [Bosch and
Liitkebohmert 1993, §1] for details). For simplicity, we require additionally that
Z has a locally finite atlas of admissible affine formal schemes over K°. Then 2~
has a generic fibre .Z; (resp. a special fibre Z;) which is a paracompact strictly
analytic Berkovich space over K (resp. an algebraic scheme over the residue field K)
locally isomorphic to .# (<) (resp. Spec(A Q- K )) for the strict affinoid algebra
o = A ®g- K (see [Berkovich 1993, §1.6] for the equivalence to rigid analytic
spaces over K with an affinoid covering of finite type).

A formal K°-model of X is an admissible formal scheme 2" over K ° with an
isomorphism 27 = X', For a line bundle L on X, we define a formal K°-model
of L as a line bundle . on a formal K°-model 2" of X with an isomorphism
Ly = L™ over 2, = X, For simplicity, we usually identify ., with L*".



152 Walter Gubler and Klaus Kiinnemann

8.8. Let L be a line bundle on X. A formal metric on L is a metric ||-||.& associ-
ated to a formal K °-model .Z of L in the following way: If . admits a formal
trivialization over % and if s € I'(%, £) corresponds under this trivialization to
the function y € 0y (%), then |s(x)|| = |y (x)| for all x € %;,. This definition is
independent of the choice of the trivialization and shows immediately that formal
metrics are continuous. The tensor product and the pull-back of formal metrics are
again formal metrics.

Proposition 8.9. Every line bundle L on X has a formal K°-model and hence a
formal metric.

Proof. This follows as in [Gubler 1998, Proposition 7.6] based on the theorem of
Raynaud that every paracompact analytic space has a formal K°-model (see [Bosch
2014, Theorem 8.4.3]). The argument for paracompact strictly K-analytic spaces
was first given in [Chambert-Loir and Ducros 2012, proposition (6.2.13)]. (]

Proposition 8.10. Let |- || be a formal metric on the line bundle L on X. Then
there is an admissible formal K°-model 2 of X with reduced special fibre Z;
and a K°-model £ of L on %" such that ||-|| = || ||¢. Moreover, the invertible
sheaf associated to £ is always canonically isomorphic to the sheaf on X" given by
{sel(L, %) | sl <1Vx € %} on a formal open subset % of Z.

Proof. This follows as in [Gubler 1998, Lemma 7.4 and Proposition 7.5]. O

Proposition 8.11. Let |- || be a metric on the line bundle L on X. Then the following
properties are equivalent:

(@) |- is a formal metric;
(d) |- is a piecewise linear metric;

(¢c) there is a G-covering (W;);cr of X*" by strict analytic subdomains W; of X*"
and trivializations s; € T'(W;, L*™) with ||s;(x)|| =1 forall x € W;,i € I.

Proof. 1f we use again Raynaud’s theorem to generalize to paracompact X",
the equivalence of (a) and (c) is proved as in [Gubler 1998, Lemma 7.4 and
Proposition 7.5]. The implication (a) = (c) can also be found in [Chambert-Loir
and Ducros 2012, exemple (6.2.10)]. It remains to see the equivalence of (b) and (c).
Suppose that (b) holds. Then there is a locally finite covering of X by trivializations
U; of L such that —log||s;|| is piecewise linear on (U;)*" for every i € I. By
Proposition 8.4, there is a G-covering W;; of (U;)*" and analytic moment maps
@ij : Wij — (T;;)™" such that —log||s; | = ¢;j 0 ¢ij wop On W;; for an integral I-affine
function ¢;; on N;; g. The definition of integral I*-affine functions shows that there
is an invertible analytic function y;; on W;; such that ||s;|| = |y;;| on W;;. Using
the trivialization yl.j_.lsi on W;;, we get (b) = (c). The converse is an immediate
application of Proposition 8.4. (]
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8.12. If X is proper over K, then an algebraic K °-model of X is an integral scheme
X which is of finite type, flat and proper over K° and with a fixed isomorphism
between the generic fibre 2, and X. We use the isomorphism to identify X, and X.
An algebraic K°-model of L is a line bundle £ on an algebraic K°-model X of
X together with a fixed isomorphism between £, and L. We define an algebraic
metric on L as in 8.8 by using an algebraic K°-model £ of L.

Proposition 8.13. On a line bundle on a proper variety over K, a metric is alge-
braic if and only if it is formal.

Proof. Passing to the formal completion along the special fibre, it is clear that every
algebraic metric is a formal metric. Using [Gubler 2003, Proposition 10.5], the
converse is true if X is projective. The same argument shows that the converse
is also true for proper X if the formal GAGA theorem in [EGA III; 1961, Theo-
rem 5.1.4] holds over K° and if X has an algebraic K°-model. In [EGAIII; 1961,
Theorem 5.1.4], the base has to be noetherian and hence it applies only for discrete
valuation rings. The required generalization is now given in [Fujiwara and Kato
2014, Theorem 1.10.1.2]. The existence of an algebraic K °-model follows from
Nagata’s compactification theorem. This was proved by Nagata in the noetherian
case and proved by Conrad in general (based on notes of Deligne, see [Temkin
2011] for another proof and references). O

Corollary 8.14. Let L be a line bundle on a proper variety over K. Then L has an
algebraic metric.

Proof. This follows from Proposition 8.9 and Proposition 8.13. U
We will show now that many important metrics are piecewise smooth.

Example 8.15. Let L be a line bundle on the abelian variety A over K. Choosing
arigidification of L at 0 € A and assuming L symmetric (resp. odd), the theorem of
the cube allows one to identify [m]*(L) with L& (resp. L®™). There is a unique
continuous metric [|-[lcan on L* with [m]*||- |lcan = |- ”gﬁiz (resp. [m]*[|-llcan =
|- 1&™) for all m € Z. In general, L®2 is the tensor product of a symmetric and an odd
line bundle, unique up to 2-torsion in Pic(A), and hence we get a canonical metric
I lcan on L which is unique up to multiples from |K *| if we vary rigidifications.
We claim that || - [|can is locally on X" the tensor product of a smooth metric and a
piecewise linear metric. In particular, we deduce that || - ||can 1S @ piecewise smooth
metric.

To prove the claim, we use the Raynaud extension of A to describe the canonical
metric on L (see [Gubler 2010, §4] for details). The Raynaud extension is an exact

sequence
1T 5 EL Bn_ 0 (8.15.1)
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of commutative analytic groups, where 7' = Spec(K[M]) is a multiplicative torus
of rank r and B is an abelian variety of good reduction. Moreover, there is a lattice
P in E with E/P = A*. More precisely P is a discrete subgroup of E(K) which is
mapped by a canonical map, val : E — Np, isomorphically onto a complete lattice
A of NR, where N is the dual of M. The map val is locally over B a tropicalization.
Note that the Raynaud extension is algebraizable, but the quotient homomorphism
p: E — A™ is only defined in the analytic category.

Let % be the abelian scheme over K ° with generic fibre B. By [loc. cit.] there
exists a line bundle . on % such that ¢*((J%))*") = p*(L*™"). Here, and in the
following, we use rigidified line bundles to identify isomorphic line bundles. Then
q*|l- || # is a formal metric on p*(L*"). On p*(L®"), we have a canonical P-action
a over the canonical action of P on E by translation. By [loc. cit.] there is a
l-cocycle Z in Z'(P, (R*)F) such that

(@*llay W)lo#)yx = Zy () - (g* W]l ) (8.15.2)

forally € P, x € E and w € (p*L*"),.. The cocycle Z depends only on the map val,
which means that there is a unique function z, : Ng — R with

i (val(x)) = —log(Z,(x)) (y € P, x € E, A =val(y)).

Moreover, there is a canonical symmetric bilinear form b : A x A — Z associated
to L such that

(@) =2,(0) +b(w, ) (w€ Ng, L€ A).
The cocycle condition

Zyy(x)=Z,(yx)Z,(x) (p,y €P, x€E)
shows that
Zn(0) =200 + 2, (0) +b(A, ) (A, u€AN),

which means that A — z,(0) is a quadratic function on A. There is a unique
extension to a quadratic function gg : Ng — R. We define a metric || - || on p*(L*")
by || || := e~90°Valg*|| .|| . Using (8.15.2) and that gy is a quadratic function with
associated bilinear form b, it follows easily that ||-| descends to the canonical
metric on L. We conclude from the descent with respect to the local isomorphism p
that the canonical metric on L is locally on A*™" the tensor product of a smooth
metric with a piecewise linear metric. This proves the claim.

Example 8.16. Let L be a line bundle on a proper smooth algebraic variety over
K which is algebraically equivalent to zero. Let A denote the Albanese variety of
X (see [Grothendieck 1966, théoreme 2.1, corollaire 3.2]). We fix some x € X (K)
and obtain a universal morphism ¢ : X — A from X to the abelian variety A with
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¥ (x) = 0. Furthermore L is in a canonical way the pull-back of an odd line bundle
on A along . It follows that L carries a canonical metric || ||can, Unique up to
multiples from |K*|. By [Gubler 2010, Example 3.7], there is an integer N > 1
such that ||- ||;9;{¥ is an algebraic metric and hence piecewise linear. We conclude
that || - ||can 1S @ piecewise smooth metric.

Example 8.17. Let L be a line bundle on a complete toric variety X over K.
Similarly as in the case of abelian varieties and using rigidifications, we have
[m]*(L) = L®™ and there is a unique metric || - [|can On L With [m]*[| - [|can = || - || S
for all integers m € Z (see [Maillot 2000, Section 3]). There is a canonical algebraic
K°-model 2" of K° and a canonical algebraic K°-model .# by using the same
rational polyhedral fan and the same piecewise linear function. Since || - ||can = || - || &,

the canonical metric on L is algebraic and hence a piecewise linear metric.

8.18. Finally, we consider the case where our variety X is defined over a ground
field F which is equipped with the trivial valuation. If L is a line bundle on X,
then we choose an algebraically closed extension field K endowed with a nontrivial
complete absolute value extending the trivial absolute value of F. Then F C K°
and the line bundle L ®r K° on X ®F K° is a canonical algebraic K°-model of the
line bundle Lg on Xg. We conclude that L has a canonical metric |- ||can.

The metric || ||can has the following intrinsic description. Let U = Spec(A) be
an affine open subset of X which is a trivialization of L given by the nowhere
vanishing section s € I'(U, L). We consider the formal affinoid subdomain U° :=
{xeU™||f(x)|<1Vf e A} of X*. Note that U° is the set of points in U*" with
reduction contained in U (see [Gubler 2013, §4] for more details). It follows that
[ls(x)|lcan = 1 for all x € U°. Since X is proper, such trivializations U° cover X"
leading to a description of || - ||can Which is independent of K.

For simplicity, we have considered only varieties in this paper. We may also
consider continuous metrics on L?" for a line bundle over a separated scheme X of
finite type over the ground field F. For such schemes X, the intrinsic description
above shows in particular that we still have a canonical metric || ||can On L in the
case of a trivially valued F.

9. Piecewise smooth forms and delta-metrics

We consider again an algebraic variety X over K of dimension x. In this section,
we first study piecewise smooth forms on an open subset W of X*". This leads
to a decomposition of the first Chern current of a piecewise smoothly metrized
line bundle (L|w, ||-]]) into the sum of a piecewise smooth form and a residual
current. We show that the residual current is induced by a generalized §-form. If the
first Chern current of (L|w, | -||) is induced by a é-form on W, then ||-|| is called
a §-metric and the é-form is called the first Chern §-form. We show that many
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important metrics are §-metrics. In the following sections, we will use §-metrics
for our approach to nonarchimedean Arakelov theory.

9.1. In Definition 3.10, we defined the space PS(£2) of piecewise smooth superforms
on an open subset €2 of a polyhedral subset. If (V, ¢,) is a tropical chart, then we
apply this definition for the open subset €2 := trop;, (V) of Trop(U). If o € PS(£2)
and (V’/, ¢y) is a tropical chart with V' C V and U’ C U, then we define «/|y-
as the piecewise smooth form on Q' := trop,;,(V’) given by pull-back of o with
respect to the canonical affine map Ny r = Ny Rr.

Definition 9.2. A piecewise smooth form on an open subset W of X*" may be
defined in a similar way as a differential form in A(W): A piecewise smooth
form o is given by an open covering (V;, ¢y, )ie; of W by tropical charts and
piecewise smooth superforms «; on €2; := trop, (V;) such that «;|v;,nv;, = a;lv;ny;
for all i, j € I. A superform o’ given by the covering (Vj/ , (pUj/) jes and piecewise
smooth superforms o} on Q'; := tropUJ((Vj/) will be identified with « if and only if
Oli|v,~mvj’ = Olj/-|v,~mvj’ for everyi € I and every j € J.

9.3. We denote the space of piecewise smooth forms on W by PS(W). It comes
with a bigrading and is canonically equipped with a A-product. We conclude easily
that PS> (W) is a bigraded A (W)-algebra on X?". It is clear that PS%0(W) is the
space of piecewise smooth functions on W. It coincides with the space P%*(W) of
generalized §-preforms of degree zero. The equality

pPS®0(w) = POO(w) (9.3.1)

is in fact a direct consequence of (4.19.3).

If ¢ : X’ — X is a morphism of algebraic varieties over K, then the pull-back of
piecewise smooth superforms from Definition 3.10 carries over to define a pull-back
f*:PSP9(W) — PSP4(W') for any open subset W’ of (X')* with f(W’') C W.
In the special case of X = X', f =1id and W' an open subset of W, we denote the
pull-back by «|y and call it the restriction of o« to W'.

9.4. In (3.11.1), we introduced differentials of piecewise smooth forms on open
subsets of polyhedral sets. If « € PS”'9(W) is given as in Definition 9.2, then the
polyhedral differential dpo € PS? +14(W) is locally defined by dpa; € PSP tha Q).
Similarly, we define dja € PS? g+ (W). Then PS~' (W) is a differential graded
R-algebra with respect to the polyhedral differentials dj, and dj.

9.5. The bigraded differential R-algebras PS(W) of piecewise smooth forms and
P (W) of generalized §-forms are not directly comparable except that they both
contain A(W) as a bigraded differential R-subalgebra. We construct a bigraded
differential R-algebra PSP(W) containing both spaces as follows.
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Recall from Remark 3.14 that we have obtained a bigraded differential R-algebra
PSP(Q2) with respect to dy,, dj for any open subset Q of Ng. We repeat now the
construction of generalized §-forms in Section 4 building upon the spaces PSP(Q)
instead of P (5). This leads first to spaces PSP(V, ¢;;) for tropical charts (V, ¢;)
of X and then to the desired space PSP(W). Note that PSP(W) is a differential
bigraded R-algebra with respect to the polyhedral differential operators dj, and
dp which extends the corresponding structure on the subalgebra P(W). To see
that PS(W) is a graded subalgebra of PSP(W), we use the obvious generalization
of Proposition 1.8 from piecewise smooth functions to piecewise smooth forms.
Obviously, PSP(W) is generated by the subalgebras PS(W) and P (W). Moreover,
the polyhedral differentials d}, and dj agree with the corresponding differential
operators on PS(W).

All properties of generalized §-forms from Section 4 and Section 5 extend
immediately to the sheaves PSP. Hence we have an integral fW o for any o €
PSP (W). As a special case, we obtain such an integral for a piecewise smooth
form with compact support on W. As in 6.4, this leads to a §-current [a] € EP9(W)
for any o € PSP”'9(W). In particular, this applies to a piecewise smooth «.

Remark 9.6. Note that the polyhedral differential djo of a piecewise smooth
form «, or more generally of any o € PSP(W), is not compatible with the corre-
sponding differential of the associated §-current. We define the d’-residue by

Resy (@) :=d'[a] — [dpa].
Similarly, we define residues with respect to d” and d'd”.

9.7. Now we consider a line bundle L on X endowed with a piecewise smooth
metric ||-|| over the open subset W of X*'. We are going to obtain a canon-
ical decomposition of the Chern current [c;(L|w, ||-|D] € ELN(X®™) (see 7.7)
into a piecewise smooth part c¢i(L|w, ||-1)ps € PS"Y(W) and a residual part
[er(Llw, [+ 1D]res € El’l(W)-

Let (U, s) be a trivialization of L, i.e., U is an open subset of X and s is
a nowhere vanishing section in I'(U, L). Then —log||s|| is a piecewise smooth
function on U* N W and hence —dpdy logl|s|yanw|l € PSS (U™ N W). Note
that this piecewise smooth form is independent of the choice of s by the same
argument as in 7.7 and hence we obtain a globally defined element of PS! (W)
which we denote by ci(L|w, ||-[)ps- Recall from 9.5 that we denote the as-
sociated é-current on W by [c1(L|w, ||-[)ps]. The same argument shows that
the residues Resy g7 (—loglls|y=nw|) paste together to give a global §-current
[ci(Llw, |- ID]res € EN1 (W) and we have

[er(Llw, I-IDT = [er(Llw, I+ Dps] 4 [er (Llw s - 1D Jres- 9.7.1)
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Proposition 9.8. Let || -|| be a piecewise smooth metric on L|w. Then there is a
unique B € PYY(W) with

[0*(B)] = [c1(@* (L) lwr, @*[I- N ]res € EHH (W)

for every morphism ¢ : X' — X from any algebraic variety X' over K and for
every open subset W' of ¢ ~\(W). The generalized 5-form B has codimension 1 (see
Definition 4.13) and will be denoted by c1(L|w, || - |)res-

Proof. Note that uniqueness follows from Proposition 6.8. By definition of a
piecewise smooth metric, there is an open covering (V;);c; of W by tropical
charts (V;, ¢y,), nowhere vanishing sections s; € I'(V;, L*") and piecewise smooth
functions ¢; on 2; := tropy, (V;) with —log||s;|| = ¢; o tropy, on V;. Passing to a
refinement of the open covering, we may assume that ¢; is defined on Trop(U;).
By Proposition 1.8, there is a piecewise smooth function ¢; on Ny, R restricting
to ¢;. By Proposition 1.12, the corner locus C; := (/3,- <Ny, r of <]3,- is a tropical cycle
of codimension 1.

The §-preform ¢, represents an element B; € P(V;, ¢y,) of codimension 1 (see
Definition 4.4). We have seen in Remark 4.5 that there is a pull-back f*(8;) €
PLY(V’ @yr) for every morphism f : X’ — X of algebraic varieties over K
and every tropical chart (V', ¢y) of X’ compatible with (V;, ¢y,). For the open
subset Q' := trop,; (V') of Trop(U’), we have f*(8;)|ler € P11 (Q) € DM1(Q)
(see (4.5.1)). Let F : Ny g — Ny, r be the canonical affine map with trop;, =
F otropy on (U")*. By Proposition 1.14 and Corollary 1.15, F*(C;) - Trop(U’) is
the corner locus of ¢’ :=¢; o F ITrop(u7y and hence we get

F*Bla = F*(8¢;) A Stropr) = 8¢ Tropwry € PH1(K).

Together with the tropical Poincaré—Lelong formula (Corollary 3.19), we get
F*B)le +dpdp¢'I =d'd"[¢'] € DV (Q). ©.8.1)

It follows from (9.8.1) that f*(B;)|q is independent of all choices. This yields
that B; lvinv, = Bjlviny, for all i, j € I. We get a well-defined generalized §-form
B € P11 (W) of codimension 1 given by §; € PL (v, oy,)on'V; forevery i € I.

It remains to check that [¢*(8)] = [c1(¢* (L) |w’, ™|l - ) ]res for every morphism
¢ : X’ — X and every open subset W’ of ¢~!(W). This has to be tested on « €
B'~1n=L(W"). The claim is local and a partition of unity argument in a paracompact
open neighbourhood of supp(a) shows that we may assume supp(a) ¢~ (V;) for
somei € 1.

There are finitely many tropical charts ( s Pu; )jes within W’ which cover
supp(«) such that & is given on every V/ by aJ e Az 1= I(V/ ouy)- We choose
a nonempty very affine open subset U’ of X’ contained in every U and in o~ N (U).
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By Proposition 5.9, U’ is a very affine chart of integration for both ¢*(8) A «
and d'd"«. By construction, V' := Ujej VJ./ N~ (V) N (U™ and ¢y form
a tropical chart in W’. By Proposition 5.7, « is given on Q' := trop; (V') by
ayr € AZ"1 1V ). In the following, we will use only the 8-preform o’ €
P~ 12=1(Q') induced by ay. For the tropical cycle C’ := Trop(U’) and the
canonical affine map F : Ny g — Ny, R, it follows as above that ¢*(8) is given on
V' by the element in P1-1(V’, ¢y) represented by 8(gioF)- Ny g € PLY(Ny ). For
@' := @i o Fl1rop(ur), We have seen that

©* (Bl = BgroF)-ny o)l = 8¢.cr € PHH(Q).

Note that supp(«) < |J jeJ Vj/ N~ 1(V;). We deduce from the generalizations of
Corollary 5.6 and Proposition 4.21 to PSP-forms (see 9.5) that the currents dp¢’ Ad’,
dpp' Aa!, d'd"a’, o ASg.cr have compact support in €. We write C' = (¢, m")
for an integral I'-affine polyhedral complex 4" and a family of integral weights m’.
To prove [c1(*(L)lw', @*II- D lres = [¢*(B)], we have to show that

f ¢/ Ad'd"o = / 8¢’~C’ N + f d{;dgdf N4 (982)
%] ] [

holds. If " has compact support in €', then this follows from the tropical Poincaré—
Lelong formula (9.8.1). In general, we still can deduce from the proof of the tropical
Poincaré-Lelong formula in Theorem 3.16 the formula (3.16.3) which here reads as

/ ! g 7 "/ / I /N /
' ANd'd =—/ dpp N +/ dpdp’ Nt
1’| ale’| i

as we have used only that d’a’ and dj¢’ A «’ have compact support. Now (9.8.2)
follows from Lemma 3.17 and Remark 3.18 using additionally that o’ A 84.c’ has
compact support. (I

Definition 9.9. A metric ||-|| on L|w is called a §-metric if for every x € W, there
are a tropical chart (V, ¢;;) such that x € V C W and a piecewise smooth function
¢ on Trop(U) satisfying the following properties:

(i) There is a nowhere vanishing section s of L over U such that ¢ o trop,; =
—log||s|| on V.

(ii) There is a superform y on Ny g of bidegree (1, 1) with piecewise smooth
coefficients such that djdp¢ and y |rop() agree on the open subset trop; (V)
of Trop(U).

Remark 9.10. Condition (i) just means that the metric is piecewise smooth. Note
that a superform on Ny g with piecewise smooth coefficients is the same as a
§-preform on Ny r of codimension 0 (see Example 2.10). Using 9.7, we deduce
easily that (ii) is equivalent to the condition that [¢1(L|w, || [)ps] 18 the §-current
associated to a generalized §-form on W (of codimension 0).
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Proposition 9.11. Let ||-|| be a piecewise smooth metric on L|y. Then | -|| is a
8-metric if and only if there is a p € BY1 (W) with

[0*(B)] = [c1(@* (L) lwr, ¢*II- N1 € EMT (W)

for every morphism ¢ : X' — X from any algebraic variety X' over K and for every
open subset W' of =L (W).

Proof. Suppose that || -|| is a §-metric. By Remark 9.10, there is y € PL1(W) of
codimension 0 such that [c{(L|w, |- )ps] = [y ]. Since y is of codimension 0, we
may handle y as a piecewise smooth form and hence we get

[0* ()] = [g*(c1(Llw, |- Dps)] = [e1(@* (L) lwr, @* |- IDps] € EXH(W).

Proposition 9.8 yields that 8 := ¢ (L, || - |)res + ¥ € P (W) and that

[0*(B)] = [c1(@* (L) lwr, * I Dres] +[@* )] = [e1(@* (L) lwr, ¢*II- D] € EM (W)

as claimed. It remains to show that 8 € B! (W). Let (V, @) be a tropical chart in
W and let ¢ be a piecewise smooth function on Trop(U) as in Definition 9.9 such
that B|y is given by By € P11(V, ¢,). For every tropical chart (U', py') of an
algebraic variety X" over K compatible with (V, ¢,,) with respect to the morphism
f X' — X and for Q" := tropy(V'), the last display yields

Lf*Bv)el=d'd"[¢po Fle D"1(Q)), 9.11.1)

where F : Ny g — Ny r is the canonical affine map. Since this supercurrent is
d’-closed and d”-closed on @', we conclude that 8 is given on V by an element of
Z(V, ¢y). This shows B € B:1(W).

To prove the converse, we use that [c{(L|w, ||-]))] = [B] for some 8 € PLI(W).
By Proposition 9.8, the §-current associated to 8 — c1(L|w, || - |)res € PLY (W) is
[ci1(Llw, II-1Dps]. By Remark 9.10, [|-|| is a §-metric. ([l

Definition 9.12. Let ||- || be a §-metric on L|w. By Proposition 6.8, the §-form
in Proposition 9.11 is unique. We call it the first Chern 5-form of (L|w, ||-1|) and
we denote it by ¢ (L|w, |- ).

9.13. We summarize the above constructions and definitions. A metric ||-| on L|w
is a §-metric if and only if every x € W is contained in a tropical chart (V, ¢;;) in
W with a piecewise smooth function ¢ on Ny g and a nowhere vanishing section s
of L over U such that

~log|s|l = ¢ o tropy,
on V and such that
dlgdlg((pltropU(V)) = V|tropU(V)
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for a superform y on Ng of bidegree (1, 1) with piecewise smooth coefficients.
Then the restriction of ¢1(L|w, || |Dres to V' is represented by the §-preform 4., 5
on Ny r, ci(Llw, lI-IDpslv is given by y and c1(L|w, |I-[D]v is represented by the
d-preform y +8¢.n, , On Ny r. A piecewise linear metric is a §-metric as we can
choose ¢ integral I"-affine (use Remark 1.9) and y = 0.

9.14. By construction, the §-current associated to ¢ (L|w, || -1|) is equal to the first
Chern current [c;(L|w, ||-]|)] defined in 7.7 which explains the notation used there.
It is an immediate consequence of (9.11.1) that the first Chern §-form ¢y (L|w, |- )
is d’-closed and d”-closed.

To be a §-metric is a local property and respects isometry. The tensor product of
8-metrics is again a §-metric and the dual metric of a §-metric is also a §-metric. If

a positive tensor power of a metric ||- || on L|w is a §-metric, then ||- || is a §-metric.
It is easy to see that the first Chern é-form c;(L|w, | -||) is additive in terms of
isometry classes (L|w, ||-||) for §-metrics || - ||.

Proposition 9.15. Ler ¢ : X' — X be a morphism of algebraic varieties and let L
be a line bundle on X endowed with a 5-metric || - || over the open subset W of X*".
Then ¢*|| - || is a §-metric on ¢*(L)|w' and we have

ct(@* (Dlw, ¢*1I-1) = ¢*c1(Llw. |- e BYH (W) (9.15.1)
for any open subset W' of o~ (W).
Proof. This follows from 8.6 and Proposition 9.11. ([

Remark 9.16. Smooth metrics and piecewise linear metrics are §-metrics, which
is clear from the definitions. It follows from Proposition 8.11 that every formal
metric is a §-metric. In particular, every algebraic metric on a line bundle of a
proper variety is a §-metric.

Example 9.17. All the canonical metrics in Examples 8.15, 8.16 and 8.17 are
s-metrics. Indeed, a positive tensor power of such a metric is locally the tensor
product of a formal metric with a smooth metric and hence the claim follows from
Remark 9.16.

10. Monge—-Ampere measures

We have seen in the previous section that formal metrics are §-metrics giving
rise to a first Chern §-form. The formalism of §-forms allows us to define the
Monge—-Ampere measure as a wedge product of first Chern §-forms. We recall that
Chambert-Loir has introduced discrete measures for formally metrized line bundles
on a proper variety which are important for nonarchimedean equidistribution. The
main result of this section shows that the Monge—Ampere measure is equal to the
Chambert-Loir measure.
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In this section X is a proper algebraic variety over K of dimension #.

10.1. Let Ly, ..., L, be line bundles on X endowed with §-metrics. Then the
wedge product (L)) A -+ Aci(Ly) of the first Chern 8-forms is a 8-form of
bidegree (n, n). By Corollary 6.15, the §-current associated to a §-form on X"
of type (n, n) extends to a bounded linear functional on the space of continuous
functions and defines a signed Radon measure on X®". The Monge-Ampére measure
is the signed measure associated to ¢ (LD A---Aci(Ly); it is denoted by

MA(ci(L1), ..., c1(Ly)).

Proposition 10.2. If ¢ : X' — X is a morphism of n-dimensional proper varieties
over K, then the following projection formula holds:

@ MA(c1(¢*L1), ..., c1(¢*Ly)) = deg(p) MA(c1(L1), ..., c1(Ly)).

Proof. The Stone—Weierstrall theorem [Chambert-Loir and Ducros 2012, proposi-
tion (3.3.5)] implies that A%(X®) is a dense subspace of C(X*"). For functions in
A%(X2) the desired equality follows from Proposition 9.15 and from the projection
formula for §-forms (5.9.1). This yields our claim. O

Proposition 10.3. If X is a proper variety of dimension n, then the total mass of
MA(ci(Li, 111, -+ - c1 (L, |I-11n)) is equal to deg;,

Proof. This follows as in [Chambert-Loir and Ducros 2012, proposition (6.4.3)].
They handled there only the case of smooth metrics, but our formalism of §-forms
allows us to obtain this result more generally for §-metrics. (]

.....

We recall the crucial properties of Chambert-Loir’s measures. They were intro-
duced in a slightly different setting by Chambert-Loir [2006].

Proposition 10.4. There is a unique way to associate to any n-dimensional proper

variety X over K and to any family of formally metrized line bundles L, . .., L, on
X a signed Radon measure p = up, - on X such that the following properties
hold:

(a) The measure y is multilinear and symmetric in L1, ..., L,.

®) If o : Y — X is a morphism of n-dimensional proper varieties over K, then
the following projection formula holds:

Ou(thyeL, i) = deg(@)ir,

(¢) If Z is a formal K°-model of X with reduced special fibre Z; and if the metric
oflTj is induced by a formal K°-model ; of Lj on X forevery j=1,...,n,
then
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where Y ranges over the irreducible components of Z and 8¢, is the Dirac
measure in the unique point Ey of X* which reduces to the generic point of Y
(see [Berkovich 1990, Proposition 2.4.4]).

(d) The total mass is given by u(X*") = deg,

Proof. For existence, we refer to [Gubler 2007, §3]. Uniqueness follows from (c)
alone as the existence of a simultaneous formal K°-model with reduced special

fibre is a consequence of [Gubler 1998, Proposition 7.5]. O
Theorem 10.5. For formally metrized line bundles L1, . . ., L, on the proper variety
X of dimension n, the Monge—Ampére measure MA(c (fl), .o, (ljn)) agrees

with the Chambert-Loir measure L, .

This theorem was first proven by Chambert-Loir and Ducros [2012, §6.9] for
their Monge—Ampere measures defined by a tricky approximation process with
smooth metrics. Their argument uses Zariski—-Riemann spaces, while we use here a
more tropical approach related to our §-forms.

10.6. In Lemma 10.8, we will consider a closed subvariety % of a torus T =
Spec(K°[M]) over K°. We will use the following notation: N is the dual of the
free abelian group M of finite rank. Let U be the generic fibre of % and let %; be
the special fibre.

The tropicalization trop : (Tx)*" — N (resp. trop : Ti" — Ng) with respect to
the valuation v on K (resp. the trivial valuation on K) leads to the tropical variety
Trop(U) (resp. Trop(%;)).

The local cone LCy(Trop(U)) at O is defined as the cone in Ng which agrees
with Trop(U) in a neighbourhood of 0. We endow it with the weights induced by
the canonical tropical weights on Trop(U).

10.7. For the proof of Theorem 10.5, we need a preparatory result. Let L be a
line bundle on the proper variety X over K. We consider an algebraic K °-model
(2, %) of (X, L). Then we get an algebraic metric |- || » on L. We have seen in
8.18 that the restriction .%; of .Z to the special fibre 2 has a canonical metric || - || can.
Note that the first metric is continuous on the Berkovich space X" with respect
to the given valuation v while ||- |can is continuous on the Berkovich space 2"
with respect to the trivial valuation on the residue field K. Since 2" is assumed to
be proper, we have a reduction map 7 : X*" — %;. For x € X*", w(x) is a scheme
theoretic point of Z5. Using the trivial valuation on the residue field of 7 (x), we
will view 7 (x) as a point of 2"

In the next lemma, we will show that || - ||can 1S piecewise linear in an neighbour-
hood of 7 (x) in Z*". This means that using a trivialization and a tropicalization,
the canonical metric is induced by a piecewise linear function on the tropical variety.
It will be crucial in the proof of Theorem 10.5 that we can use tropically the same
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piecewise linear function to describe the formal metric || - || .« in a neighbourhood
of x in X*. We now make this precise:

Lemma 10.8. Under the setup given in 10.7, we fix an element x € X*" and an
open neighbourhood V" of w(x) in 2. Then there is an open neighbourhood % of
w(x) in ¥ and a closed embedding % — T into a torus T = Spec(K°[M]) with
the following properties (using the notation from 10.6):

(a) We have 0 = trop(x) and the weighted local cone in 0 satisfies
LCo(Trop(U)) = Trop(%).
(b) There is an open neighbourhood Q of 0in Ng with
LCy(Trop(U)) N Q = Trop(U) N Q.

(c) There exist a complete rational polyhedral fan ¥ on Ngr and a continuous
function ¢ : Ng — R which is piecewise linear with respect to X (i.e., for every
o € X, thereis uy, € M with ¢ = u, on o).

(d) Z is a trivialization of £ with respect to a nowhere vanishing section s €
L%, ).

(e) We have —log||s|. = ¢ o trop on a neighbourhood of x in X*".

(f) We have —log||s||can = @ o trop on a neighbourhood of 7 (x) in Z3".

If w(x) is the generic point of an irreducible component of %y, then there is a % as
above with (a)—(d) and the following stronger properties:

(e') We have —log|s||.¢ = ¢ o trop on trop~! (&) C U™.
(f") The identity —10g||s ||lcan = ¢ o trop holds on %"

Proof. Let (%);c; be a finite affine open covering of 2" such that . is trivial
over any %;. The generic (resp. special) fibre of %; is denoted by U; (resp. %.s).
For every i € I, we choose a nowhere vanishing section s; € I'(%;, .£). Let
I(x):={iel|n(x)e ). Foriel(x),let (x;;);ecy be a finite set of generators
of the K°-algebra &(%;). Replacing x;; by 1+x;; if necessary, we may assume that
these generators are invertible in 7 (x). For i € I, we have an affinoid subdomain

UP={zeU™||la(@)| <1Vae O(%))={ze UM |n(z) € %.s)

of X™. Using the trivial valuation on K, we similarly get an affinoid subdomain
U =z € % |la(x)| < 1Va € O(%.s)} of Z1". We consider 7 (x) as a point
of Z* by using the trivial absolute value on the residue field of 7 (x) and hence
wehave I(x)={iel |n(x) € 024?5}.

It is easy to see that 7t (x) has a very affine open neighbourhood % in 2" such
that % is contained in %; for every i € I (x). Very affine means that there is a closed
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embedding ¢ : % — T into a torus T = Spec(K°[M]). By shrinking % and by
adding new invertible functions to ¢, we obtain the following properties:

(i) For every i, k € I (x), the invertible meromorphic function s; /s; on % is the
restriction of a character y“i#* associated to some u;; € M.

(i1) For every i € I(x) and every j € J;, the generator x;; is invertible on % and
equal to the restriction of a character x "/ associated to some u/ JEM.

Note that we have 0 = trop(;r(x)) € Trop(%;) since we use the trivial valuation
on the residue field of m(x). It follows from m(x) € % that trop(x) = 0. By
definition, %; is the initial degeneration of U at 0 and hence (a) follows from
[Gubler 2013, Propositions 10.15, 13.7]. By definition of the local cone, we find an
open neighbourhood Q of 0 in Ng with (b).

By construction, . is trivial over % and we choose s := s for a fixed k € I (x)
in (d). Fori € I (x), we define the rational cone o; := {w € Nr | (w, ugj) >0Vj e J;}
in Ng. Then (ii) yields

U N U™ = trop™ ' (o)) N U™, (10.8.1)

By the Bieri—-Groves theorem, Trop(%;) is the support of a rational polyhedral
fan in Nk (see [Gubler 2013, Remark 3.4]). We conclude that there is a complete
rational polyhedral fan ¥ on Ng and a rational polyhedral subfan X, with

%= | i NTrop(%)
iel(x)
such that every cone o € X, is contained in o; for some i € I(x). Note that
lIsillcan = 1 on %°, and hence (i) shows that

—log||sllcan = —log|si/si| = u; o trop (10.8.2)

on %> N By (10.8.1), there is a continuous function ¢ : | X | — R with ¢ = uy;
on every o. Using Remark 1.9 and passing to a refinement of X, we easily extend
¢ to a continuous function on Ny, satisfying (c). Since 2; is proper over K, the sets
%°., i eI, form an open covering of Z*". It follows from (10.8.1) and (10.8.2)

i,s’

that (f) holds in the neighbourhood

we=ai\ \J %
iel\I(x)
of m(x) in Z".
Again (ii) shows
US NU™ = trop™ ' (0;) NU™ (10.8.3)

for every i € I(x). Note that ||s;|| = 1 on U; and hence (i) shows that

—log||s||# = —log|sk/si| = ug; o trop (10.8.4)
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on U NU™. Since X is proper, the sets U, i € I, form a compact covering of X*".
It follows from (a), (b), (10.8.3) and (10.8.4) that (e) holds in the neighbourhood
trop_l(SNZ) \ Uiel\l(x) U of x in X*". This proves (e).

We assume now that 7 (x) is the generic point of an irreducible component Y
of Z;. Then we may assume that %, C Y. Leti € [ with %, ;NY # &. Since
we use the trivial valuation on the residue field of 7 (x), we deduce easily that
w(x) e 02/l°s By construction, we get W = %", proving (f'). It remains to show (¢’).
Leti € I\ I(x). By construction, we have %;; N Y = @. For y € U N U™,
we have 7 (y) € %; s and hence 7w (y) ¢ Y. In particular, we have y ¢ U°. Using
trop~ 1 (0) N U™ = U°, we see that trop(U7 NU™) is a closed subset of Trop(U)
not containing 0. By shrinking Q, we may assume that Qisa neighbourhood of 0
which is disjoint from trop(U;” N U®") for every i € I \ I(x). Then the above proof

of (e) shows that (¢) holds. O
Proof of Theorem 10.5. Let M2 :=MA(ci (L), ..., c1(Ly)). For simplicity, we
assume that L = Ly = --- = L, and that all metrics are induced by the same

K°-model .# on Z". The general case follows either by the same arguments or
by multilinearity. It is more convenient for us to work algebraically and so we
use Proposition 8.13 to assume that 2" and £ are algebraic K°-models. There is
a generically finite surjective morphism 27" — 2~ from a proper flat variety 2"
over K° with reduced special fibre. This is a consequence of de Jong’s pluristable
alteration theorem which works over any Henselian valuation ring (see [Berkovich
1999, Lemma 9.2]). Since both sides of the claim satisfy the projection formula,
we may prove the claim for 2”/. This shows that we may assume that 2" is an
algebraic K°-model of X with reduced special fibre.

We will analyse ™A in a neighbourhood of x € X®. Let m(x) € 2; be the
reduction of x. We choose a very affine open neighbourhood % of m(x) in 2" as
in Lemma 10.8. We will use the closed embedding % < T into the torus T and
the notation from there.

It follows from a theorem of Ducros [2012, théoréme 3.4] that x has a compact
analytic neighbourhood V such that the germ of trop(V) in trop(x) (considering
polytopal neighbourhoods) agrees with the germ of trop(W) in trop(x) for every
compact analytic neighbourhood W C V of x. Using that trop(x) = 0, we deduce
from [Ducros 2012, théoreme 3.4 item 1)] that the dimension of the germ is equal
to the transcendence degree of K (m(x)) over K.

We first assume that 7 (x) is not the generic point of an irreducible component
of Z5. Then the transcendence degree of K (7 (x)) over K is less than n = dim(X).
Using the theorem of Ducros, there is a compact analytic neighbourhood V of x
in X" such that trop(V) has dimension < n and such that Lemma 10.8(e) holds
on V. We choose a tropical chart (V’, ¢y/) in x which is contained in V and
with U’ contained in the generic fibre U of %. We describe c1(L)|y using the
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function ¢ constructed in Lemma 10.8 and the canonical affine map F': Ny' r = Np.
Using that ¢ is piecewise linear, it follows from 9.13 that ci(D)|y = trop, (B)
for B € AZ"'(V’, gy) represented by the 8-preform SF*(¢)-Ny z ON Nyrg. By
our construction of products and Corollary 1.15, uMA is given on V' by g™\ e
AZM"(V', gy) represented by the §-preform

(BFeg)yNy )" = 8F+(C) (10.8.5)

on Nyr, where C is the n-codimensional tropical cycle of Ng obtained by the
n-fold self-intersection of the tropical divisor ¢ - Ng. Since V' C V, we have
F (tropy; (V")) < trop(V) and hence dim(F (trop;(V'))) < n. It follows from the
definition of the pull-back and the local nature of stable tropical intersection that
8F+(C)-Tropu’y does not meet the open subset trop,, (V') of Trop(U’). A similar
argument applies to any tropical chart compatible with (V’, ¢y) and hence (10.8.5)
yields 8" = 0. We conclude that the support of M4 does not meet V'.

Now we assume that 7 (x) is the generic point of an irreducible component Y
of Z5. Then x is the unique point of X*" with reduction 7 (x) (see [Berkovich 1990,
Proposition 2.4.4]) and we write x = &y. We may assume that the very affine open
neighbourhood % of w(x) in 2" from Lemma 10.8 has special fibre %; disjoint
from all other irreducible components Y’ of 2. We conclude that 7 (§y/) & %, and
hence trop(£y’) # 0 = trop(x). We may choose the neighbourhood Q of 0 in Ng
disjoint from all points trop(&y-). We will use in the following that Lemma 10.8(e’)
holds on the open subset V := tropfl(ﬁ) of X", Since no &y is contained in V,
the nongeneric case above shows that the restriction of uM4 to V is supported in £y.

Now we choose a very affine open subset U’ contained in the generic fibre U of
% with x € (U")™. Let F : Ny,g — Npg be the canonical affine map. Then

V' = trop, ! (F~1(Q)) = (U)™N V.

is an open neighbourhood of x in X*" and (V’, ¢y-) is a tropical chart. Similarly to
the above, uM* is given on V' by B € AZ™"(V', gy) represented by the §-preform
in (10.8.5). Since uMA |y is supported in the single point x = &y, we conclude that
the 0-dimensional tropical cycle F*(C) - Trop(U’) has only one point @’ contained
in the open subset trop;, (V') of Trop(U’). In fact, we have &' = trop;, (x) with
multiplicity uMA(V’). The tropical projection formula in Proposition 1.5 and the
Sturmfels—Tevelev multiplicity formula [Gubler 2013, Theorem 13.17] give the
identity

Fy(F*(C) - Trop(U")) = C - Trop(U)

of tropical cycles on Ng. Using that trop;, (V') = F~! (trop(V)) N'Trop(U’), we de-
duce that M4 (V') is equal to the multiplicity of 0 = trop(x) = F (') in C-Trop(U).
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By Lemma 10.8, we conclude that uM*(V’) is equal to the tropical intersection
number of C with LCy(Trop(U)) = Trop(%;).

We recall that C is the n-fold self-intersection of the tropical divisor ¢ - Ng and
we note that these objects are weighted tropical fans. Now we use Lemma 10.8(f").
This shows that 7 is a very affine chart of integration for ¢; (Z|y, || - |lcan)”, Where
this §-form is represented by the pull-back of §¢ with respect to the canonical affine
map Ny, r — Nr. Note that we may perform a base change to omit the trivial
valuation which was excluded for simplicity in our paper. The tropical projection
formula and the Sturmfels—Tevelev multiplicity formula show

/ 1By - lean)” = deg(C - Trop(%))
Yﬂﬂ

as above. By Proposition 10.3, the left-hand side is equal to deg ,(Y'). We have seen
above that the right-hand side equals uMA (V). This proves that uMA L is a point
measure concentrated in x = &y with total mass deg (Y). By Proposition 10.4(c),
the Chambert-Loir measure jt, - is equal to u™MA. O

11. Green currents

In this section X is an algebraic variety over K of dimension n. We introduce Green
currents for cycles on X. We define the product g, * g, for a divisor ¥ and a cycle
Z on X which intersect properly. This operation has the expected properties.

Definition 11.1. Let Z be a cycle of X of codimension p and let g be any §-current
in EP~LP=1(X®) Then we define

w(Z,g):=d'd"g+68, € EPP(X™).

If there is a §-form Wy 4 € BP-P(X*™) with w(Z, g) = [a)z’g], then we call g a
Green current for the cycle Z. We will use often the notation g, for such a current
and then we set w(g,) :=w(Z, g,) and w, := 7., for simplicity.

11.2. Let (L, ||-||) be a line bundle on X endowed with a §-metric and let Z be a
cycle of codimension p in X with any current g, € E p=Lp=l(Xam) We assume
that s is a meromorphic section of L with Cartier divisor D intersecting Z properly.
By the Poincaré—Lelong equation in Corollary 7.8 and by the definition of the first
Chern §-form in Definition 9.12, g, := [—log||s||] is a Green current for the Weil
divisor Y associated to D with wy, = c (L, ||-|).

If Z is a prime cycle of codimension p, then we define g, A8, € EP*P(X®") as the
push-forward of [—log||s|||z] with respect to the inclusion iz : Z — X. In general,
we proceed by linearity in the prime components of Z to define g, A8, € EP-P(X*").
This leads to the definition of the *x-product

8y * 8z =8 Nz +wy Ngz € EPP(XT).
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Lemma 11.3. Under the hypothesis above and if Z is prime, then we have the
identity

d/d//[_10g||5|||z] = [a)y|z]_5p‘z (11.3.1)
of §-currents on Z*.

Proof. This follows immediately from the Poincaré-Lelong equation for s|, (see
Corollary 7.8). We use here c¢i(L|z, ||-1) = c1(L, |- )|z, which follows from
Proposition 9.15. U

Proposition 11.4. Under the hypothesis in 11.2, we have

w(D-Z,gy*xg,) =wy ANw(g,).
If g, is a Green current for Z, then gy * g, is a Green current for D - Z.

Proof. Using Lemma 11.3 and linearity in the prime components of Z, we get
d'd"[—log|ls|| A8, ] =wy A8, —8p., (11.4.1)

and hence 9.14 and Proposition 4.15(iii) give

W(D-Z, gy #g,) = d'd"[—logllsl| AS,1+d'd" @y Agy)+8p., =y Ao(gy),

proving the claim. U

Proposition 11.5. Fori =1, 2, let L; be a line bundle on X with a §-metric || - ||; and
nonzero meromorphic section s;. We assume that the associated Cartier divisors D
and D, intersect properly. Let 0y := —logl|\s;||; and let g, = [ny ] be the induced
Green current for the Weil divisor Y; of D;. Then we have the identity

8y, *8y, — 8y, *8y, = d/[d{a’nyl Ay, ] +d//[77y, /\dényz]
of §-currents on X*".

Note that the piecewise smooth forms dp Ny, A1y, and 1y, A dl/)nY2 of degree 1
are defined on the analytification of a Zariski open and dense subset of X. By 9.5
and Proposition 6.5, they define §-currents on X",

Proof. The claim can be checked locally on X. Hence we may assume that X is
affine and L| = L, = Oyx. Fori =1, 2, we may view s; as a rational function f;
and we have

Ny, = —log| fil —log|l1]l;.

The usual partition of unity argument shows that it is enough to test the claim by
evaluating at @ € B"~1"~1(W) for a small open neighbourhood W of a given point
x in X*. There are finitely many tropical charts {(V;, ou;)}j=1....m in W covering
supp(«) such that o = trop’{]j (aj) on V; for some element «; € Azl Vi, ou;)-
We will use a Zariski dense very affine open subset U of U N - -- N U, which will
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serve as a very affine chart of integration for various forms. Now we consider the
restriction of the canonical affine map F; : Ny g — Ny, r to Trop(U ). Let Q in
Trop(U) denote the union of the preimages of the open subsets €2 := trop U; (V;) in
Trop(U;) and put V =trop,; L. By Proposition 4.12 there exists a unique element
o, € AZ' Ln=ly, @) such that |, = tropj;(a;) and such that o, coincides
for all j on the preimage of €2; with the pull-back of «;. Note that €2 is an open
subset of Trop(U) and (V, ¢;;) is a tropical chart for V := tropa1 (€2). Then «;; has
not necessarily compact support, but we can extend o, by zero to an element in
Az"—bn=lyan, @) using that supp(e) N U*" is a closed subset of V. By abuse of
notation, this extension will also be denoted by «;;. Then we have a = tropj; (o)
on U?". By shrinking W and using an appropriate U, we may assume that

—log||1]l; = ¢; o tropy

on V for a piecewise smooth function ¢; on Trop(U) and i = 1, 2. Since we deal
with 8-metrics, we may assume that there is a piecewise smooth extension ¢; of
¢; to Ny r and a superform y; on Ny g of bidegree (1, 1) such that the first Chern
§-form wy, is represented on V' by the §-preform y; + 65 Nyw O0 Nur and such
that y; restricts to dpdp¢; on Q (see 9.13). We have

ny, = —logl| fil —log||1]l; = —log| fil + ¢; o tropy

on V. Using bilinearity of * and of A, we may either assume that 7, is equal to
—log||1]|; or equal to —log]| f;|. Hence we have to consider the following four cases:

Case 1: 51 =52 = 1. In this case, the divisors Y;, Y> are zero and Ny, = —log|| 1]|;
for i = 1, 2 are piecewise smooth functions on X*". Then we have

(8y, * &y,» @) = (Wy, A gy,, A) = (gy,, Wy, NX). (11.5.1)

Recall that 8y, is the current associated to Ny, By 9.3, we have PSO’O(W) = P%o(w)
and hence 7y, o € Pr=Ln=1(W). We may view it as a generalized §-form on X
given on U™ by ¢,a, € pr-ln=lgan, @y)- Since the first Chern §-form wy, is
represented on V by 5¢31~NU,R +y1 € P (Ny.g), we get

(8y, * 8y,» @) = / (84, Trop(u) + dpdi ) Ay (11.5.2)
[Trop(U)|

Here, we have used that U is a very affine chart of integration for wy, A nya €
P (X3). Recall from 9.13 that the generalized 6-forms c¢i(Ly, || |l1)res and
ci1(Ly, |I-ll1)ps are represented on V' by 5(131-NU,R and y; in Pl*l(NU,R). We con-
clude that U is a very affine chart of integration for ¢ (L1, [|-||1)res A Ny, o and
ci(La, - 1)ps Amy,e in P»"(X®") and hence (11.5.2) yields

(ng * 8y, o) = / 5¢1-Trop(U) A Py0y; —i—/ dl’,d{;¢l ANdyoy;. (11.5.3)
[Trop(U)| [Trop(U)|
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Since o has compact support in W and supp(e) N U™ C V, it follows from
Proposition 4.21 and Corollary 5.6 that the integrands in (11.5.3) have compact
support in 2. The generalization of Corollary 5.6 to PSP-forms given in 9.5 shows
that —dp log||1]l; A « has compact support contained in U*". Again, we conclude
that dj¢, A o, has compact support contained in . Now Leibniz’s rule and the
theorem of Stokes (Proposition 2.7) for dj, show

_/ dpdp ) A oy = / dpd; A dyoyy + / dpy A dp(py0y)
[Trop(U)| 0| Trop(U)| [Trop(U)|

9| Trop(U)| [Trop(U)|

+f Ay, Ayd'ay,.  (11.5.4)
(Trop(U)|

Recall that ¢, is a §-preform on Trop(U) and hence Remark 3.18 gives

f 8¢>1-Trop(U) A ooy + / d{{q&l A yoy = 0. (11.5.5)
[Trop(U)] 9| Trop(U)|

Using (11.5.4) and (11.5.5) in (11.5.3), we get

(ng *gY27a> :/

dpd) A dpdy Ny +/ dpp, A ppd'ay,. (11.5.6)
Trop(U)|

[Trop(U))|
A similar computation where we replace (11.5.4) by an application of Stokes’
theorem with respect to djy shows

(ng *gY17a> =f

dpdy Adppy Aty — / ¢ dppy Ad oy (11.5.7)
[Trop(U)|

[Trop(U))|
Using that U is a very affine chart of integration for dy Ny, Ny, Ad'a € PSP (X")
and for ny, Adpny, Ad"ey; € PSPL" (X™), this proves the claim in the first case.

Case 2: sy = 1 and |[1]l = 1. In this case Y; is zero and n,, = —log| f2|. The
following computation is similar to the one in the proof of the Poincaré—Lelong
formula (see Theorem 7.2) and we will use the same terminology as there. We have

8y, * 8y, = 0 as §y, =0 and wy, = Ci (Ox, |I-ll2) = 0. It remains to show that
wy, A8y, = —8&y, NSy, +d'ldpny, Any,14d"[ny, Adpny,]. (11.5.8)

It is enough to check the claim locally and by linearity, we may assume that f; is
a regular function on X. By the first case, we may assume that f, is nonconstant.
We choose a very affine open subset U, the open subset 2 of Trop(U) and ¢, as
above. We may assume that supp(div(f>)) NU = & and hence —log| f>| is induced
by an integral I'-affine function ¢, on Trop(U). We use the very affine open U to
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compute the term (a)Y1 A 8y, o). Similarly to (11.5.1) and (11.5.2), we deduce

<CUY1 /\gyzva> :f

8¢1.Tr0p(y) N @0y, +f d}/adg(f)l ANy . (1 1.5.9)
[Trop(U)]

[Trop(U)|

The same computation as in (11.5.4)—(11.5.6) yields

(wy, N8y, @) :/

dpd; Ndpps Ay +/ dpp, Apyd'ay. (11.5.10)
[Trop(U)|

[Trop(U)|

As in the first case, we have
/ dpd) A yd'ay, = (d'[dpny, Any,l, ). (11.5.11)
[Trop(U)|

Similarly to the proof of the Poincaré—Lelong formula, we may assume that the
support of « is covered by the interiors of the affinoid subdomains W, := tropaj1 (A))
of the tropical chart V; for j =1,...,m. Weset W := UT:[ W;. We choose s >0
sufficiently small with ¢, < —log|s| on the compact set supp(dp¢, A «;,). Since
W covers supp(«), the analytic subdomain W(s) :={x € W | | /o(x)| > s} of W
contains supp(dp ¢, A «) and hence we have

[Trop(U)] tropy (W (s)NU")
By the theorem of Stokes (Proposition 2.7), this is equal to
/ d1dppy Aoy + / ¢ dppy, Nd" ;. (11.5.13)
atropy (W (s)nUan) tropy (W (s)NU M)

By Corollary 5.6, the support of d”« is contained in U*". We may assume that the
compact set supp(d”«) is contained in W (s). Using that U is a very affine chart of
integration for ny, Adpny, Ad"a, we get

/ ¢1dppy Nd"ay; = (d"[ny, Adpny,], a). (11.5.14)
tropy (W (s)NU*")

Now we apply Remark 7.4 with f; instead of f and the generalized §-form ny, Ao
instead of « and observe that ¢, corresponds to F*(xp) in Remark 7.4. Then
Equation (7.4.1) yields

/ ¢1dppy Aoy = —(8y, A dy,, @) (11.5.15)
atropy (W (s)NU2M)

as W covers supp(e). Using (11.5.11)—(11.5.15) in (11.5.10), we get (11.5.8)
proving the claim in the second case.

Case 3: ||1]|; =1 and s, = 1. The formula proved in the second case yields

8y, *8y, — 8y, *8y, = d/[dlgﬂyz Ay, ] ‘|‘d”[77y2 Ad{anyll
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The (1, 1)-current on the left-hand side is clearly symmetric. Hence the right-hand
side is symmetric as well and equals

—d"[dpny, Any,1—d'[ny, Adpny,]

This proves our claim in the third case.

Case 4: ||1||; =1 and ||1]] = 1. In this case Ny, = —log| f1| and Ny, = —log| f2].
We have to show that

gy, NSy, — &y, A8y, =d'ldpny, Any,1+d"[ny, Adpny,].

Again, we may assume that f; and f, are regular functions on X. By the pre-
vious cases, we may assume that these functions are nonconstant. We use the
same notation as above. Here, we choose the very affine open subset U disjoint
from supp(div(f1)) U supp(div(f2)). Then ¢,, ¢, are integral I*-affine functions
on Trop(U) inducing —log | fi|, —log| f>| on U®". Going the computation in the
second case backwards, we see that

(8y, Noyy, ) = —/ dpo; Ad oy Aoy +(d" [y, Adpny,l, ). (11.5.16)
|Trop(U)|

Note here that d¢, A dp@, Aoy, has compact support in €2. Indeed, it follows from
Corollary 5.6, that dy log| fi| Adplog| f2| Ao is a well-defined 8-form on X*" with
compact support in U*" (using that the divisors intersect properly) and hence we
get compactness in 2 from Proposition 4.21. Interchanging the role of Y, ¥> and
also of d’, d" and dj, dy in (11.5.16), we get the fourth claim. This proves the
proposition. ]

In the following, we denote the support of a cycle Z (resp. of a Cartier divisor D)
on X by |Z] (resp. |D]).

Corollary 11.6. Let Z be a cycle of X of codimension p and let g, be any §-current
in EP~Lr=Y(X). Fori =1, 2, let L; be a line bundle on X with a §-metric || -||; and
nonzero meromorphic section s;. Let D; denote the Cartier divisor on X defined
by s;. We assume that |D1| N |Z| and |D,| N | Z| both have codimension > 1 in |Z|,
and that |D1| N | D3| N | Z| has codimension > 2 in |Z|. Let Ny, = —log||s;||l; and
let g, = [ny.1 be the induced Green current for the Weil divisor Y; of D;. Then we
have

8y, * (8y, * 87) — 8y, * (8y, * &7) € d'(EP P (X™) +d"(EPT!P (X™)).

Proof. This follows immediately from Proposition 11.5 applied to the analytifica-
tions of the prime components of Z. (]
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12. Local heights of varieties

In this section, we study the local height of a proper variety X of dimension n over
K with respect to metrized line bundles endowed with §-metrics. If the metrics are
formal, then we show that these analytically defined local heights agree with the
ones based on divisorial intersection theory on formal models in [Gubler 1998].
In particular, they coincide with the local heights used in Arakelov theory over
number fields.

12.1. For i =0, ...,n, let L; be a line bundle on X endowed with a §-metric
|I-]l; and a nonzero meromorphic section s;. For the associated Cartier divisor
D; := div(s;), we consider the metrized Cartier divisor 55 = (D, |I-1;), i.e., a
Cartier divisor D; and a metric |- ||; on the associated line bundle O (D;). Recall
from 11.2 that we obtain the Green current 8y, == [—loglls;l;] for the Weil divisor
Y; associated to D;.

We assume that the Cartier divisors Dy, ..., D, intersect properly. Then we
define the local height of X with respect to Do, ..., D, by

Apo D, (XD 1= gy %k gy (1),

12.2. If Z is a cycle on X of dimension ¢ and 130, e, b, are 5-metrized Cartier
divisors on X with |Dyl, ..., |D;|, | Z| intersecting properly, then 12.1 induces a
local height 25 5 (Z) by linearity in the prime components of Z.

.....

Remark 12.3. The problem with this definition is that it is not functorial as the
pull-back of a Cartier divisor is not always well defined as a Cartier divisor. This
problem is resolved by using pseudodivisors instead of Cartier divisors (see [Fulton
1984, Chapter 2]). We follow [Gubler 2003] and define a §-metrized pseudodivisor
as a triple (L,Z,s), where L = (L, ||-|)) is a line bundle on X equipped with a
d-metric, Z is a closed subset of X, and s is a nowhere vanishing section of L
over X \ Z. Using the same arguments as in [Gubler 2003], we get a local height
Apy....5,(Z) for §-metrized pseudod1v1s0rs which is well defined under the weaker
condition [Do| M-+ - [Dy| N |Z] =

Itis stralghtforward to show that the local height is linear in Z and multilinear in
Do, ..., D,. It follows from Corollary 11.6 along the arguments in [Gubler 2003]
that the local height is symmetric in Do, ceey D,.

The next result shows that the induction formula holds for local heights.
Proposition 12.4. Let 150, ce ﬁn be §-metrized pseudodivisors on X with

|Dol N ---N[Dy| =2
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------

.....

where we assume that D,, is a Cartier divisor with associated Weil divisor Y, and
canonical meromorphic section s, of O(D,,).

Proof. The argument is the same as for [Gubler 2003, Proposition 3.5]. ([

Proposntlon 12.5. Let ¢ : X' — X be a morphism of proper varieties over K and
let Do, .. D be §-metrized pseudodivisors on X with |Dg|N---N|D,| = . Then
the functonaltty

deg(‘ﬂ))\ﬁo ﬁn (X) = )\'(ﬂ*(bo)

.....

9*(Dy) (X

holds.

Proof. The proof relies on the induction formula in Proposition 12.4 and the
projection formula for integrals (5.9.1). We refer to [Gubler 2003] for the analogous
arguments in the archimedean case. U

Proposition 12.6 (metric change formula). Suppose that the local height (X)) with
respect to the 5-metrized pseudodivisors Dy, ..., Dy iswell defined. Let ) (X) be
the local height of X obtained by replacing the metric ||-|lo on O(Dg) by another
8-metric |||l Then p :=1log(||- |5/l llo) is a piecewise smooth function on X*"
and we have

MX) = (X) =/,np-c1(0<Tl)>A-~Ac1<0(Dn>>.

Proof. This follows from linearity and symmetry of the local height in Do and D,
and from the induction formula in Proposition 12.4. U

Remark 12.7. Now suppose that Dy, ..., D, are formally metrized pseudodivisors
on X with |Dg| N ---N|D,| = &. Then the intersection theory of divisors on
admissible formal K°-models given in [Gubler 1998] induces also a local height of
X (see [Gubler 2003]). It also satisfies an induction formula involving Chambert-
Loir’s measures (see [Gubler 2003, Remark 9.5]). Since the Chambert-Loir measure
agrees with the Monge—Ampere measure (see Theorem 10.5), we deduce from the
induction formula in Proposition 12.4 that the local height based on intersection
theory of divisors agrees with A Dov D, (XD from Remark 12.3. In particular, this

,,,,,

proves Theorem 0.4 stated in the introduction.

Appendix: Convex geometry

In this appendix, we gather the notions from convex geometry on a finite dimensional
real vector space W coming with an integral structure. This means that we consider
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a free abelian group N of rank » with W = Nr := N ®z R. Let M := Hom(N, Z)
be the dual abelian group and let V := Hom(M, R) = Mg be the dual vector space
of W. The natural duality between V and W is denoted by (u, w). Let I" be a fixed
subgroup of R. In the applications, it is usually the value group of a nonarchimedean
absolute value.

A.l. Let N’ be another free abelian group of finite rank and let ' : Ng — Np, be an
affine map. Then F is called integral T-affine if F =Lr+w withw e N'®@zT" C Nj,
and with the associated linear map [z induced by a homomorphism N — N’.

A.2. A polyhedron A in W is defined as the intersection of finitely many half spaces
{weW|(u;,w)>c;} withu; € V and ¢; € R. If we may choose all u; € M and
all ¢; € I', then we say that A is an integral I"-affine polyhedron. A face of A is
either A itself or the intersection of A with the boundary of a closed half-space
containing A. We write T < A for a face t of A and we write T < A if additionally
T # A. The relative interior of A is defined by

relint(A) := A\ | J 7.
T<A
Note that every polyhedron is convex. A polytope is a bounded polyhedron.

A polyhedron A in W generates an affine space Ax of the same dimension.
Recall that an affine space in W is a translate of a linear subspace and A, is the
intersection of all affine spaces in W which contain A. We denote the underlying
vector space by L. If A is integral ['-affine, then the integral structure of A, is
given by the complete lattice Np := N NLa in La.

A.3. A polyhedral complex € in W is a finite set of polyhedra such that

(a) A € ¥ = all closed faces of A are in %
(b) A, 0 € ¥ = ANo is either empty or a closed face of A and o.

The polyhedral complex ¢ is called integral T-affine if every A € € is integral
[-affine. The support of € is defined as

)= A.

Ae?

We say that a polyhedral complex ¢ is complete if |¢| = W. A subdivision of €
is a polyhedral complex 2 with |Z| = |¢'| and with every A € & contained in a
polyhedron of €. This has to be distinguished from a subcomplex of ¢ which is a
polyhedral complex 2 with ¥ C %.

A.4. Given a polyhedral complex ¥ in Ni, we denote by ¥, the subset of n-
dimensional polyhedra in ¥ and by ¢’ = %,_; the subset of polyhedra in ¢ of
codimension / in Ng. We say that a polyhedral complex € is of pure dimension n
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(resp. of pure codimension [) if all polyhedra in ¢ which are maximal with respect
to < lie in €, (resp. ¢'). Given a polyhedral complex € of pure dimension 7 and
m < n, we denote by ¢, the polyhedral subcomplex of ¢ of pure dimension m
given by all o € € with dimo < m. We set =/ = ¢-,_; if r —1 < n. Recall here
that r is the rank of N.

Definition A.5. (i) A polyhedral set P in Nk (of pure dimension n) is a finite
union of polyhedra (of pure dimension n). Equivalently, there exists a polyhedral
complex Z (of pure dimension n) whose support is P. The polyhedral set is called
integral I'-affine if the above polyhedra can be chosen integral I™-affine.

(ii) Let P be a polyhedral set in Ng. A point x € P is called regular if there exists
a polyhedron A € P such that relint(A) is an open neighbourhood of x in P. We
denote by relint(P) the set of regular points of the polyhedral set P.

A.6. A cone o in W is characterized by R>o-0 =o. A cone which is a polyhedron
is called a polyhedral cone. An integral R-affine polyhedral cone is simply called a
rational polyhedral cone. A polyhedral cone is called strictly convex if it does not
contain a line. The local cone LC,,(S) of S C W at w € W is defined by

LC,(S) :={w' € W|w+][0, &)o' C S for some ¢ > 0}.

A.7. A polyhedral complex ¥ consisting of strictly convex rational polyhedral cones
is called a rational polyhedral fan. The theory of toric varieties (see [Kempf et al.
1973; Oda 1988; Fulton 1993; Cox et al. 2011]) gives a bijective correspondence
¥ > Yy between rational polyhedral fans on N and normal toric varieties over
any field K with open dense torus Spec(K[M]) (up to equivariant isomorphisms
restricting to the identity on the torus). Then X is complete if and only if Yy is a
proper variety over K.

A simplicial cone in Ny is generated by a part of a basis. A simplicial fan is a fan
formed by simplicial cones. A smooth fan in Np is a rational polyhedral fan % such
that every cone o € X is generated by a part of a basis of N. In particular, a smooth
fan is a simplicial fan. A polyhedral fan X is smooth if and only if Y5 is a smooth
variety [Cox et al. 2011, Chapter 1, Theorem 3.12; Fulton 1993, 2.1 Proposition].
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