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Conjugacy classes
of special automorphisms of
the affine spaces

Jérémy Blanc

In the group of polynomial automorphisms of the plane, the conjugacy class
of an element is closed if and only if the element is diagonalisable. In this
article, we show that this does not hold for the group of special automorphisms,
giving a first step in the direction of showing that this group is not simple, as an
infinite-dimensional algebraic group.

1. Introduction

In this article, k will always denote an algebraically closed field. The conjugacy
classes of the algebraic groups GL(n, k) and SL(n, k) are well known. In particular,
the following observation is classical:

An element is diagonalisable if and only if its conjugacy class is Zariski-closed.

As observed in [Furter and Maubach 2010], the same holds for the group Aut(&%)
of complex polynomial automorphisms of the affine plane. Here, the topology cor-
responds to the topology of Aut(A}) induced by families parametrised by algebraic
varieties A, called morphisms A — Aut(A}) and corresponding to elements of
Aut(A’]ﬁ[ A]) (see Section 2A).

In fact, there is one easy direction in the result of [Furter and Maubach 2010],
which corresponds to showing that if the conjugacy class is closed, then the element
is diagonalisable. This works over any algebraically closed field k and follows from
the following observation: If f € Aut(A}) is an element that fixes the origin, the
conjugation of f by

X1, ..., %) —> <%x1,...,%xn)
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yields an element of Aut(A} k(r)) Whose value at = 0 is the linear part of f, which
is an element of GL(n, k). Moreover elements of Aut(A ) which do not have fixed
points are easy to handle (these are conjugate to (x1, x2) — (x; + 1, axz + P(x2))
for some polynomial P € K[x;] and a € k*).

In this article, we focus on the closed normal subgroup SAut(A}) of Aut(A}) of
elements of Jacobian 1. We will show that the conjugacy classes of the two groups
SAut(Ay) and Aut(A}) have a very different behaviour.

We say that an element f € Aut(AY) is dynamically regular if the extensions of
fand f~!'to [P} have disjoint indeterminacy loci (see Section 2B). We will also say
that f is algebraic if {deg(f")},en 1s bounded. The dynamically regular elements
are never algebraic, and in dimension 2, nonalgebraic elements are conjugate to
dynamically regular elements (see Remark 4.3).

The first result that we obtain is to show that there is no degeneration of conjugates
of dynamically regular elements in SAut(AY}), contrary to the case of Aut(A}).

Theorem 1.1. Let ' € SAut(A}) be a dynamically regular element.

(1) If a € SAut(A} ((t))) is such that af o~ has a value at t = 0, then this value is
conjugate to f by a(0) in SAut(A}) (in particular o is defined at t = 0).

(2) For each integer d, the set {gfg™' | g € SAut(A}), deg(g) < d} is closed.
(3) If n =2, the conjugacy class of f in SAut(AY}) is closed.

(4) If k is uncountable, the following holds: for each morphism A — SAut(A}),
where A is an algebraic variety, the preimage of the conjugacy class of f
contains the closure of each locally closed subset B C A that it contains.

Remark 1.2. The proof of this result is given in Section 3. As we will show, part
(1) implies the others.

In the notation of [Furter and Kraft > 2016], assertion (4) can be reinterpreted
by saying that the conjugacy class C(f) of a dynamically regular element f is
weakly closed in SAut(AY}).

In dimension 2, an easy consequence of Theorem 1.1 and of the Jung—van der
Kulk theorem is the fact the conjugacy class of nonalgebralc elements of SAut(A )
is in fact closed, contrary to the case of Aut(A ). In fact, we can be much more
precise: we describe in Section 4 the conjugacy classes of elements in SAut(A ),
and decide which ones are closed. In particular, we obtain the following complete
description.

Theorem 1.3. Let f € SAut(A ). Then:

(1) If f is diagonalisable, its conjugacy class is closed.
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(2) If f is algebraic but not diagonalisable, its conjugacy class is not closed. More
precisely, there exists an element F € SAut(A2 k(i) Such that for each t # 0,
F(@) e SAut(A ) is conjugate to f, and F(0) € SAut(A ) is diagonalisable.

(3) If f is not algebraic, its conjugacy class is closed.

Remark 1.4. Since the set SAut(A? i)alg Of algebraic elements of SAut(A ) is closed
(Corollary 4.4), we can decompose SAut(A ) as an infinite union of disjoint closed
sets, one being SAut(A2 Valg and the others being conjugacy classes of nonalgebraic
elements. The group SAut(A ) is however irreducible, by the simple observation
made above.

Remark 1.5. Note that these results show that the group SAut(A ) is more rigid
than the group Aut(A ), in the sense that there are less possible degenerations of
conjugates.

One can check, using the conjugations around fixed points as above, that every
normal closed subgroup of Aut(A ) is either trivial, SAut(A ) or Aut(A ). The
interesting question is then to know whether SAut(A2) contains nontrivial closed
normal subgroups (by [Furter and Lamy 2010], it contains many nontrivial normal
subgroups which contain only nonalgebraic elements, and the identity).

The fact that the conjugacy classes of nonalgebraic elements are closed suggests
that SAut(A ) could contain nontrivial closed normal subgroups. This text can then
be viewed as a first step towards the study of the simplicity of SAut(A}), viewed
as an infinite-dimensional algebraic group (ind-group). In [Shafarevich 1966], it is
claimed that this one is simple, but the proof contains serious gaps.

2. Preliminaries

As we said, in the sequel k will always be an algebraically closed field. We will
sometimes also work on a general field (most of the time with an extension of k),
and will denote it by K.

In this section, we introduce the terminology and give some basic results (most
of them classical, maybe in alternate formulations) on the topology of Aut(AY})
(Section 2A), the relation between the iterations of a map and the indeterminacy
sets at infinity (Section 2B) and the families of automorphisms parametrised by
formal series (Section 2C), that we will need in Sections 3 and 4.

2A. Topology on Aut(A}).
Notation 2.1. Let R be any commutative unitary ring.

(1) We denote by End(A’) the set of algebraic endomorphisms of A%. An element
f € End(A%) is given by

fr@xy, oo, x)— (filxr, oo x0)y ey fu(X1, o0y X))
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for some polynomials f1, ..., f, € R[x1, ..., x,]. The degree of f is by definition
the maximal degree of the f;, and we will use the notation

=1 o)

This corresponds to a natural bijection End(A%) — (R[x1, ..., x,])".

(2) The group Aut(AY) is equal to the group of automorphisms of A%, i.e., to the
elements of End(A%) that admit an inverse in this set.

(3) For each f € End(A%), we denote by
afi

Xj

Jac(f) = det< ) € R[x1, ..., x,]

i,j=1
the Jacobian of f, and denote by SAut(A’%), the normal subgroup of Aut(A’%) given
by {f € Aut(A%) |Jac(f) =1}.

(4) We denote by End(A%) <4 and Aut(A',) <4 the subsets of End(A%) and Aut(A’)
respectively, given by elements of degree < d.

Example 2.2. For each p; € R[x1], p2 € R[x1,x2], ..., pu—1 € Rlx1, ..., Xn—1]
and aq, ..., a, € R* the element

(aix1, axxz + p1,azxs + pa, ..., pXp + Pu—1)
belongs to Aut(A%). Such elements are usually called triangular, or de Jonquiéres.

Remark 2.3. Suppose that R is a field K. Extending the scalars to an algebraically
closed field, we observe that the Jacobian matrix of every element of Aut(A% ) is
invertible everywhere, so Jac(f) € K*. In particular,

Aut(A) C {f € End(A%) | Jac(f) € K*},

and the equality, when K is of characteristic zero, is the classical Jacobian conjecture,
open for any n > 2.

If Z is an algebraic variety defined over k, where k is algebraically closed as
before, there is a natural way to endow the group Bir(Z) of birational transformations
of Z with a topology (see for example [Demazure 1970; Serre 2010; Blanc 2010;
Blanc and Furter 2013]). When restricted to the subgroup Aut(Z) of automorphisms,
we obtain the following:

Definition 2.4. Let A, Z be two algebraic varieties defined over k. We say that a
morphism f: A — Aut(Z) is a map given by an A-automorphism of A x Z.

The Zariski topology on Aut(Z) is defined as follows: a set F' C Aut(Z) is closed
if and only if f~!(F) C A is closed for any algebraic variety A and any morphism
f:A— Aut(2).
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Remark 2.5. When the group Aut(Z) has a natural structure of an algebraic group
(for example when Z = P"), the topology defined above agrees with the classi-
cal topology of the algebraic group, and morphisms A — Aut(Z) correspond to
morphisms of algebraic varieties.

However, in general the group Aut(Z) is too big to be an algebraic variety, for
instance for Z = A", n > 2 (see Example 2.2).

We will observe (in Lemma 2.7 below) that this topology, when restricted to
Aut(A}), gives the one introduced by Shafarevich in [Shafarevich 1966], i.e., the
inductive limit topology given by the inclusion of affine algebraic varieties

Aff(AY) = Aut(A}) <1 C Aut(Ay) <2 C Aut(AY) <3 C -

and corresponds in fact to an infinite-dimensional algebraic group. In order to do
this, we recall how one obtains natural structures of affine varieties for Aut(A}) <y
and SAut(A}) <4.

Lemma 2.6. Let us fix some integers d,n > 1, and see End(A}) <4 as an affine
space, via the bijection End(A}) — (k[x1, ..., x,]<a)". Then, the following hold.

(1) Jy« = {f € End(A}) <4 | Jac(f) € k*} is locally closed in End(A}) <4, and
inherits from it the structure of an affine variety.

(2) Ji={f € End(A)) <y | Jac(f) = 1} is closed in End(A}) <g.
(3) Aut(A})<q is a closed subset of Jy.
(4) SAut(AY) <y is a closed subset of J;.

Proof. The Jacobian being a morphism End(A})<q — Kk[x1, ..., X;]<n@—1), the
sets
Je ={f € End(A}) <4 | Jac(f) € k} and J;

are closed in End(A})<; and are thus affine algebraic varieties. Since Jy =
{f € End(A})<q | Jac(f) = 0} is given by one equation in Jy, the set Ji= = Ji \ Jo
is affine (and locally closed in End(A})<4). This yields assertions (1) and (2).

In order to show (3) and (4), we define W to be the set of nonzero (n + 1)-tuples
(ho, ..., h,) of homogeneous polynomials h; € k[xg, ..., x,] of degree d, where
ho = ng, u €k, up to linear equivalence: (hy, ..., h,) ~ (Ahg, ..., Ah,) for any
A €k*. The equivalence class of (hy, ..., h,) will be denoted by [k : - - - : h,]. Since
the set of homogeneous polynomials of degree d in n + 1 variables is a k-vector
space, this gives to W, a canonical projective space structure. We then denote by
B, C W, the hyperplane given by o = 0 and obtain a canonical isomorphism of
affine spaces

W4\ Bs = End(A}) <4,
[xg:hl : hn]'_> (h1(19x19"'axn)"'-7hn(19x19"'ax}’l))'
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We denote by ¥ € W1 x (Wy \ By) the set consisting of elements (g, f),
such that & := (go(fo,---, fu)s---» & (fo, ..., fn)) is a multiple (maybe 0) of
the identity, i.e., h;x; = h;x; for all i, j. The description of Y shows that it is
closed in W1 x (W4 \ By). Since Wya-1 is a complete variety, the projection
p2: Wat x (Wi \ Bg) — (Wy \ By) is a Zariski-closed morphism, so p(Y) is
closed in (W, \ By) >~ End(A})<q.

In order to show (3) and (4), we only need to show that p> (¥Y) N Jyx = Aut(A}) <4,
which implies that p>(Y) N J; = SAut(A})<4. We then show both inclusions.

(i) If f € Aut(A}) <y, there exists g € Aut(A}) —4»—1 such that go f =id ([Bass et al.
1982, Theorem 1.5, page 292]). In consequence, we obtain (g, f) € Y,so f € po(Y).
The fact that f belongs to Ji+ is given by Remark 2.3, so Aut(A}) <4 € p2(Y) N Jy=.
(ii) Let (g, f) € Y, with f € Jy+. By definition of Y, the element (go(fo, .- -, fn),

.os 8n(fo, ..., fu)) is a multiple of the identity. There exists some j such that
gj # 0. The fact that f € Jy» implies that f: A} — A} is dominant. Hence,
gi(fo(l,x0, ..., %xn), ..., fu(l,x0,...,x,)) is not equal to zero. This implies that
g€ End(A”_1)<dn 1 and that g o f = id. Hence, f € Aut(A})<,. This yields
p2(Y) N Jier € Aut(AY) <4 O

Lemma 2.7. Let us fix some integers d, n > 1, and see Aut(A}) <4 and SAut(A}) <y

as affine varieties, via their inclusion in End(A}))<q >~ (k[x1, ..., x,]<q)" (see
Lemma 2.6). Then, the following hold:

(1) Morphisms A — Aut(A}) correspond to elements of Aut(Ay K A])

(2) For each k-algebraic variety A, the morphisms A — Aut(AY) that have image
in Aut(A}) <4 correspond to morphisms of algebraic varieties A — Aut(A}) <4.

(3) The set Aut(A}) <y is closed in Aut(AY), and the restriction of the topology of
Aut(A}) on it yields the topology of its algebraic variety structure.

(4) A subset of Aut(AY) is closed if and only if its intersection with Aut(A}) <y is
closed, for each integer d > 1.

Moreover, everything works the same replacing Aut with SAut.

Proof. We do the proof with Aut, the same proof works replacing Aut with SAut.
The map

End(A}) <4 x Ay —> End(A}) <q x AL, (fLx) —> (f, f(x))

is a morphism of algebraic varieties, so every morphism of algebraic varieties
A — Aut(A})<q yields an A-automorphism of A x A}, and thus a morphism
A — Aut(A}) with image in Aut(A}) 4.

Conversely, let f: A— Aut(A}) be amorphism. By definition, this is given by an
A-automorphism of A x A}. Composing with the projection A x A} — A} and then
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with the function x; on A}, we obtain an element f; € k[A x A{]=k[A][x1, ..., x,].
Hence, (f,..., fu) is an element of Aut(A} K A]) Such an element yields a mor-
phism of algebralc varieties A — End(A})<,, for some m € N, having image in
Aut(A}). This yields (1) and (2). Assertion (3) also follows, after observing that
the preimage of Aut(A})<; is a closed subset of A, for each i > 0.

It remains to show (4). Let ¥ C Aut(A}) be any subset. If Y is closed in
Aut(A}), then Y N Aut(A}) <4 is closed (in Aut(A}) or Aut(A})<4) for each d, by
(3). Suppose conversely that ¥ N Aut(A}) <y is closed for each d. In order to show
that Y is closed in Aut(A}), we take any morphism A — Aut(A}), and show that
the preimage of Y is closed. As we observed before, we can see this morphism as a
morphism of algebraic varieties A — Aut(A})<,, for some m. Since ¥ NAut(A}) <,
is closed, the preimage of Y is closed. ([

2B. Dynamical properties and the behaviour at infinity. In the sequel, we fix a
canonical open embedding A} — P} given by

X1y, x)— [Lixy e x,]

and denote by H,, C P} the complement Hy, = P} \ A}, which is a hyperplane.
Once this is fixed, we have a canonical extension of any element of End(AY}) to a
rational map P} --» P}. In particular, this yields inclusions

Aut(Ay) — Bir(A}) = Bir(P}).

The automorphisms of degree 1 (affine automorphisms) correspond to those which
extend to elements of Aut(P}). The others extend to birational maps which are not
automorphisms, and we can associate to them two sets, which are classical objects
in dynamics (see for example [Sibony 1999; Guedj and Sibony 2002; Bisi 2008]):

Definition 2.8. For each f € Aut(A}) of degree > 2, we define Iy C P} to be the
indeterminacy locus of the extension of f to P}, and Xy C P} to be the image of
Hoo\(Iy).

In order to see the sets Iy, X explicitly, we use the following definition.

Definition 2.9. If f = (f1,..., fu) € Aut(A}) is an element of degree d and a; is
the homogeneous part of f; of degree d,fori=1,...,n,wesaythat (a,...,a,) €
End(A}) is the highest homogeneous part of f.

Remark 2.10. If (ay, ..., a,) is the highest homogeneous part of f € Aut(A}),
the set Iy C Py is given by

x=0, ar=---=a,=0,

and is a proper closed subset of the hyperplane at infinity Ho, (given by xo = 0).
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Moreover, the set Xy is equal to
{[0:ai1(x1, ..., x0) i ran(xr, ..., x)] [ [0:xy 2 -+ i x,] € Ho\ I}

Remark 2.11 (regular terminology). In dynamics, the elements f € Aut(A}) such
that Iy N I;-1 = & are called “regular” and elements such that Xy N Iy = & are
called “weakly regular” in [Guedj and Sibony 2002] or “quasiregular” in [Bisi
2008]. The use of this terminology in algebraic geometry can be confusing, because
of the common use of the word regular for maps (in fact all elements of Aut(AY)
are morphisms, hence biregular). This is why we will say “dynamically regular” if
Iy N Iy = &; we will not use the words “quasiregular” or “weakly regular”.

Remark 2.12. Fixing the degree d, we obtain an algebraic variety Aut(A})y. It
follows from the definition that the set of dynamically regular elements of Aut(Ay})

is an open subset (in general not dense). However, the set of dynamically regular
elements of Aut(A})<, (and thus of Aut(Ay})) is not open in general. For n =2,
this can be seen by taking for example

f=(=xp,x,+x3) € SAut(A}), o= (x,+1x3,x,) € SAut(A,),

and considering the family 8 =afa~! e SAut(Akm) Then, B(¢) is not dynamically
regular for r € k* but 8(0) = f is dynamically regular.

Remark 2.13. If n =2, we find Xy = I;-1. Indeed, the extension of an element
f e Aut(A ) of degree > 1 is an element of BII'([FD ) which contracts the line at
infinity onto one point Xy. The inverse of this birational map is then defined at any
other point of Hy, so we find Xy = Ip-1.

We now show that the degree of a composition is determined by the sets Iy and
X defined above. The following results are classical in the world of dynamics, we
recall the easy proofs for self-containedness.

Lemma 2.14. Let f, g € Aut(A}) be of degree > 2. Then, the following are
equivalent:

(1) deg(gf) = deg(g) - deg(f).
(2) The set Xy is not contained in I.

Moreover, if both conditions hold, then Xqr C X,.

Proof. Denoting by (ay, ..., a,) and (b1, ..., b,) the highest homogeneous parts
of f and g respectively, the equality deg(gf) = deg(g) - deg(f) is equivalent to the
fact that one of the polynomials

bi(ai,...,ay),...,by(ai,...,a,)

is not equal to zero.
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By definition, the sets I, Xy C Hy are given respectively by

Ig:{[O:yl:"':yn]eHoo|b1(yl’---syn):"':bn(yl’---,)’n):O}a

Xf:{[oal()’ls,yn)an()’ls,yn)]|[0)71'Yn]eHoo\If}

If Xy ¢ I,, then there exists a point [0 : y; : --- : y,] € Hxo\ Iy such that
[0:ai1(yi, ... yn) i tan(Y1, ..., yn)l & I, which corresponds to the existence

of anindexi € {1,...,n} such that b;(a;(y1, ..., ¥u)s---r @ (Y1, ..., y»)) Z0. In
particular, the polynomial b;(ay, ..., a,) is not zero, so deg(gf) = deg(g) deg(f).

Conversely, if b;(ay, . .., a,) is a nonzero polynomial, the open subset U; C Hy
corresponding to the nonvanishing of this polynomial is nonempty. Intersecting this
open set with Hyo\ Iy yields a nonempty open subset of points in Hy, which have
image in Xy and not in /.

Now that the equivalence between (1) and (2) is shown, we show that these
imply that X, C X,. Since deg(gf) = deg(g) deg(f), the homogeneous part of
highest degree of gf is (b1(ay, ..., a,), ..., by(ay, ..., a,)). This implies that the
points of X, are in the image by g (or more precisely of its extension to P}) of

the set X s \ I, and thus lie in X,. ([l
Corollary 2.15. Let f, g € Aut(A}) be of degree > 2. Then, the following hold:
(1) Xy C I

@) If I,N 1,1 = @, then deg(gf) = deg(g) - deg(f).
(3) Xy ¢ Iy & deg(f?) = deg(f)*
Proof. Since df:g(f_1 )< deg(f_l) deg(f), part (1) follows from Lemma 2.14.

If I, V11 = &, then Xy & I, by (1), so the equality deg(gf) = deg(g) deg(f)
follows again from Lemma 2.14. Part (3) corresponds to Lemma 2.14, in the case

f=s O
Corollary 2.16. If f € Aut(AY}) is an element such that Xy N Iy = &, then

deg(f™) =deg(f)" and X C Xy
for eachm > 1.

Proof. We prove the result by induction on m, the case m = 1 being obvious.
For m > 2, we use the facts that Xy N [y = & and Xfm—l C Xy, which imply
that Xn-1 ¢ Ir. Applying Lemma 2.14 to the composition f o f m=1_we obtain
that deg(f™) = deg(f™ ") deg(f), which is equal to deg(f)™ by the induction
hypothesis, and also that X/» C Xy. O

Restricting to dimension 2, we obtain the following result.
Corollary 2.17. Let f € Aut(Ai) be of degree > 1. The following are equivalent:
(D) Iy # Iy
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Q) Nl =g
(3) deg(f?) =deg(f)*
(4) deg(f™)=deg(f)" for eachm > 1.
Proof. As we are in dimension 2, we have Xy = I and Xp-1 =1y, which are two
points of Hs,, which can be distinct or not (see Remark 2.13).
The equality deg(f?) = deg(f)? is equivalent to X r ¢ Iy (Corollary 2.15), which
is here equivalent to /-1 # Iy or I;-1NIy =&. Hence, (1), (2), and (3) are equivalent,

and of course implied by (4). It remains to see that (2) corresponds to Xy N1y = &,
which implies that deg( /™) = deg(f)™ for each m > 1 by Corollary 2.16. ([

Remark 2.18. The most interesting implication of this corollary is (3) = (4), i.e.,
that deg( f?) = deg(f)? implies that deg( /™) = deg(f)™ for m > 1, a fact already
observed by Jean-Philippe Furter [1999] (at least when char(k) = 0).

Looking at the proof, this result has no reason to be true in dimension n > 3, and
is in fact false on the easiest nontrivial example, that we describe now.

Example 2.19. Let f = (x; + x3, x, + x7, x;) € SAut(A}), which has highest
homogeneous part a = (x%, x32, 0) e End(Ai). Then,

Iy =[0:1:0:0], Xf={[0:x1:x2:0]|[x1:x2]eﬂ3’1}.

Since Xy ¢ I, we have deg(f?) = deg(f)> =4 and X¢2 C Xy. More precisely,
the homogeneous part of 2 is a?> = (xg1 ,0,0), so

Ipp=1p=Xp=[0:1:0:0].

In particular, X;» C Iy, so deg(f3) < deg(fz) -deg(f).
In fact, one easily checks with the formulas that deg(f") < 4 for each n, and
that deg( f") = 4 for each n > 2 if char(k) = 0. Indeed

f"= (%, + nxg + n(n — Dayeg + (Z?;ll i?)x3, X, + nx3, x3),
for each n > 0.

2C. Families of automorphisms and valuations. In the sequel, we will study fam-
ilies of elements of Aut(AY}), which correspond to elements of Aut(Al’i«t»).
It is then natural to use the valuation

v: k((M))[x1,...,x,] > ZU{—00}

associated to . We define precisely this valuation here, as we will use it often
afterwards.
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Definition 2.20. Every element f € k((#))[x], ..., x,] \ {0} can be written as
[e.¢]
f= Z ait k
k=m
where m € Z, a; € k[xy, ..., x,] fori > m, and a,, # 0. We then define v(f) = m.
Choosing v(0) = —oo, we obtain a valuation

v: k(@®)[xq, ..., x,] — ZU{—o00}.

(D) If v(f) =0, we define f(0) = ayp.

2) If v(f) > 0, we define f(0) =0.

3) If v(f) <0, we say that f has a pole at t = 0 and that f(0) is not defined.
Definition 2.21. Let f = (f1,..., fu) € Aut(Aﬁ(m)). We define

v(f)=min{v(f;) |i=1,...,n}.
(1) Ifv(f) = 0, we say that f is defined at the origin (or has a value), and define

F0)=(f1(0), ..., fu(0)),

to be its value, which is an element of End(AY}).

2) Ifv(f) <0, we say that f has a pole at t =0, and say that f(0) is not defined.

Remark 2.22. In the above definition, it is possible that the element f(0) is defined,
but does not belong to Aut(A}). This is for example the case when one of the
components becomes 0, or for f = (tx; + x,, x,, ..., x,). This phenomenon is
however impossible for SAut(AY), as the following result shows.

Lemma 2.23. Let o € SAut(Aﬁ«t») be an element which has no pole att = 0.

Then, o' has no pole at t =0, and replacing t with 0 yields two automorphisms
B,y € SAut(Ay),

B=a(0), y=a'(0),
such that By = id.

Proof. Since « has no pole at t =0, it sends (0, ...,0) € Aﬁ((r)) onto an element
having coordinates in k[[¢]l. We can thus replace « by its composition with a
translation and assume that o (and thus or~") fixes the origin. Its linear part is then
equal to an element of SL(n, k[[#]]), whose inverse also belongs to SL(n, k[[#]]).
Replacing with the composition by this inverse, we can assume that « has a trivial
linear part. We denote by m the ideal of k((¢))[x1, . .., x,] generated by the x;, and
can then write

a=(fi...-, fu)
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for some fi, ..., fn € klltllx1, ..., x,], fi =x; (mod m?). We write then
d dy
0571 = (-xl +Zgi,l’ ey Xp +Zgi,n>
i=2 i=2
where the g; ; € k((#))[x1, ..., x,] are homogeneous polynomials of degree i and
d» is the degree of g. Assume for contradiction that one of the gi ; does not belong
to k[[#Q[x1, ..., x,], and choose k to be minimal for this. Then, the j-th coordinate

of a ! o« is equal to

d>
xj=fi+Y 8j(fi, s f),

i=2

which implies that Z?:k gi,j(fi, ..., fu) € kltlllx1, ..., x,]. But the part of de-
gree k of this sum is in fact equal to g; ;(x1, ..., x,), which does not belong to
kledlxt, - ., x0].

We have proved that o ~! does not have any pole at the origin. We then denote by
dy, d> the degrees of @ and o' (which are the maximal degree of their components),
and denote by End,, the set of endomorphisms of A" of degree < d;, which is
naturally isomorphic to an affine space. Observe that (a, @~ ') corresponds to a
k((2))-point of the algebraic variety

{(f. g €Endy, xEndy, | fog=id}.

Since neither o neither o' has a pole at ¢ = 0, all coefficients are defined at the
origin. Replacing ¢ with O gives then the result. U

Remark 2.24. The result of Lemma 2.23 can also be obtained from the fact that
each SAut(A}) <, is closed in End(A}) < (Lemma 2.6).

We will apply a classical valuative result (Lemma 2.25 below), and recall the
argument of the proof, given in [Furter 2009, §1.2] (the version that we need here
is slightly more general, but the proof is analogous).

Lemma 2.25. Let Y, Z be two quasiprojective k-algebraic varieties, let o: Y — Z
be a morphism and let z € Z be a (closed) point of Z. The following assertions are
equivalent:

(1) The point 7 belongs to the closure ¢ (Y) of the image.

(2) There is an irreducible k-curve I, a smooth closed point p € I" and a rational
map t: T ==+ Y suchthat pov: " --+ Z is defined at p and sends it onto z.

(3) There is a k((t))-point y € Y (k((?))) such that (y) € Z(k((t))) has no pole at
t=0and ¢(y)(0) =z
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Proof. (1) = (2): Replacing Y with one of its irreducible components, we can
assume that Y is irreducible. Putting Z into a projective variety, we can assume that
Z is projective. Then, replacing Z with ¢(Y) we can assume that ¢ is dominant.
Since ¢(Y) is an irreducible constructible subset of Z, it contains a dense open
subset U of Z. If Z is a point, then ¢ (Y) = Z, in which case (2) is obvious, so
we can assume that dim Z > 1, and can take a closed irreducible curve C C Z
containing z and meeting U (through every two points passes at least one irreducible
closed curve, see [Mumford 1970, §11.6, Lemma, page 56]).

We then denote by Y’ C Y an irreducible component of ¢~!(C) such that the
restriction of ¢ yields a dominant morphism Y — C. We choose two points
p1, p2 € Y/ such that ¢ (p1) # ¢(p2) and take an irreducible curve 'y C Y’ passing
through p;, p» (using again the lemma from [Mumford 1970]). The restriction of
¢ to I'g yields a dominant morphism ') — C. We can take an open embedding
v: [y — Ty, where Ty is an irreducible projective, and denote by n: I' — T’ the
normalisation. Then, ¢ ov~! o7 yields a rational map I' --» C, which is a surjective
morphism. It remains to choose for ¢: I' =-» I'g C Y’ C Y the rational map v—' o .

(2) = (3): The rational maps I' --+ ¥ — Z correspond to field homomorphisms
k(Z) — k(Y) — k(I'), sending the local ring O, 7 to O, r.

Denote by o p.r the completion of O, 1, with respect to its maximal ideal.
Because O, r is a Noetherian regular local ring of dimension 1 with residue field k,
its completion is a complete Noetherian regular local ring with the same properties,
and by the Cohen theorem, it must be isomorphic to a ring of formal power series.
The dimension being 1, one has a k-isomorphism O p.,0 = k[[#]], which induces a
field homomorphism k(I") — k((¢)).

The composition k(Y) — k(I') — k((¢)) corresponds to the k((z))-point y that we
want, and its image corresponds to the composition k(Z) — k(¥Y) — k(I") — k((¥)).

(3) = (1): View Z as a locally closed subset of P" and take a polynomial
equation F € k[xo, ..., x,] that vanishes on ¢(Y). Since ¢(y) is a k((¢))-point of
¢(Y), we have F(¢(y)) = 0. Replacing ¢ with O we obtain F(z) = 0. This shows
that z belongs to the closure of Z. U

Corollary 2.26. Let f € SAut(A}), let d > 1 be an integer and let Y be the k-
algebraic variety SAut(A}) <q. The following assertions are equivalent:

(1) The set {gfg~" | g € Y} is closed in SAut(A}).

(2) If T is an irreducible kK-curve I and t: T" --+ Y is a rational map such that
pot: I' --» Z is defined at a smooth point p € I', the image of p belongs to

{gfg ' 1geY).

B) If p € Y(K((1))) is an element that has poles att =0 and h = (,of(p_1 has no
poles att =0, then h(0) belongs to {gfg~ ' | g€ Y}.
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Proof. The degree of the inverse of an element g € Y is at most "~ (see [Bass et al.
1982, Theorem 1.5, page 292]). Hence, the map ¥ — SAut(A}) that sends g onto
gfg”! corresponds to a morphism of algebraic varieties ¢ : ¥ — SAut(A})<,, for
some m. The result follows then from Lemma 2.25 applied to ¢, and Lemma 2.7. [J

3. Conjugacy classes of dynamically regular automorphisms of A}

3A. Image at infinity of elements of Aut(Af(«t))). In Section 2B, we explained
how the set Xy C Hy is defined, for each element f € Aut(A}), by extending the
map to P} and looking at the image of the hyperplane H, at infinity.

We now associate similarly a subset X, C Ho to an element « € Aut(Aﬁ«t»)
which has a pole at r = 0, by taking the limit of the image of «(¢), when ¢ goes
towards 0. The formal definition of X, is the following:

Definition 3.1. Let a € Aut(Aﬁ((I))) be an element of valuation v(a) = —m < 0,
that we write
(1 1
o = Z’_mal’...’l’_man ’
where o1, ..., o, € K[t1[x1, ..., x,] are such that

a=(x1(0),...,a,(0) =(ay,...,a,) € End(Ai’) \ {0}.
We then define

Xa={[0:@1 (31, o ¥n) 2@ 1y ooy Y O ) €ARNG ' (0))) C Hoo
This definition can be geometrically understood:

Remark 3.2. In the above definition, « is not defined at r = 0, but extending « to
P" we obtain the element of Bir(l]ﬂ"lé((t))) given by

. . d. . .
[xo: Xl ==> [t"xg : Fi(xo, ..oy Xn, 1) oot Fy(xo, . X, D],

where d is the degree of o and each F;(xo, ..., x,, t) € k[[t][xo, . .., x,] is the ho-
mogenisation of ;. This corresponds to a family of rational maps of P}, parametrised
by ¢, which has a value at t = 0, corresponding to

[xo: - :x,]1--2[0: F1(x0,...,%,,0):---: Fy(x0,...,x,, 0]

The set X, C Hy is then the image of this map by points of A} which are well-
defined under this map.

Writing such a point as [1:x; : - -+ : x,], its image by the extension of « is
LA ST B I ) BRI 1€ RS )

=" a1, .., X, ) st (X, e, X, )]
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and corresponds to a curve in " whose point, when ¢ = 0, belongs to X.
The set X, corresponds then to the limit, viewed in P?, of the image of points
of A} under «(¢) when ¢ goes towards 0.

Proposition 3.3. Let f € SAut(A}) be an element of degree d > 1, and let o €
SAut(A'ﬁ((m) be an element that has a pole att = 0. If

Xo & Iy,
then a~! fa has a pole at t = 0.
Proof. We write
=0 fo)
for some f1, ..., fn €klxy, ..., x,] and denote by (ay, ..., a,) the highest homo-

geneous part of f (which is of degree d). In particular, the indeterminacy locus
Iy C P of the extension of f to P} is given by

x=0, a=---=a,=0.
Because o has a pole at ¢+ = 0, we have v(e) = —m < 0 and can write ¢ =
¢t "ay, ..., t7"ay), where ay, ..., o, € k[t][x1, ..., x,] are such that

a = (a1(0),...,2,(0)) = (@1, ..., &) € End(A}) \ {0},
and so the subset X, C H, is described by

Xo={[0:@(y1.-.oo )i 2@ )] L O ya) €A\ G ({OD).
The fact that X, is not included in r yields a point (yi, ..., y,) € A’ﬁ\&_l({O})
and an integer i € {1, ..., n} such that
@i (Vs ey Yu)s v o @15 ooy Y0)) #0.

In particular, we have
ai(ai, ..., o) =ai(@i(0), ..., a,(0) €klxi, ..., x,]\ {0}

Thus a; (t "y, ..., t "a,) = t ™a;(ay, ..., o,) has valuation —md, and
hence fo has also valuation —md.

It remains to show that this implies that 8 = ! fo has a pole at ¢ = 0. Indeed,
if 8 had no pole, we would have v(¢f) > v(«x) = —m, which is impossible since
fa=aBf and v(fa) = —md. ([l

Corollary 3.4. Let f € SAut(A}) be a dynamically regular element.

1) Ifae SAut(Aﬁ((I))) is such that g = a~' fa has no pole at t = 0, then o and
a~! have no pole at t = 0. In particular, g(0) is an element of SAut(Alz() that
is conjugate to f.



954 Jérémy Blanc

(2) Foreachd > 1, the set {gfg™' | g € SAut(A}) <q} is closed in SAut(AY).

Proof. (1) We suppose that « has a pole at t = 0, which is equivalent to the fact
that o' has a pole at r = 0 (Lemma 2.23), and show that «~' fo has a pole at
t=0.1If Xy ¢ If, this is given by Proposition 3.3. Otherwise, we have Xy ¢ I4-1,
(because Iy N Ip-1 = & by hypothesis) and apply the proposition to f —1. This
implies that o f ~'a~! has a pole at = 0. Hence, afa~! has also a pole at t =0
by Lemma 2.23.

(2) This follows from (1) and Corollary 2.26. U
We obtain thus the following two results.

Proposition 3.5. Let f € SAut(A}) be a dynamically regular element having the
following property: there exists a function T : N — N such that for each conjugate
g € SAut(AY) of f, there exists h € SAut(A}) of degree < t(deg(g)) such that

g=hfr"".
Then, the conjugacy class of f in SAut(A}) is closed.

Proof. Let us denote by C C SAut(AY) the conjugacy class of f in SAut(A}). Note
that C is closed (in SAut(Ay})) if and only if

Cq={geC|deg(g) =d}

is closed in SAut(A}) <4 for each d € N.
By Corollary 3.4, the set

C,={hfh™" | h € SAut(A?)~4}

is closed in SAut(A}) for each d.
By hypothesis, we have C; C Cr( a) for each d € N, which implies that

is closed in SAut(Ay) <4 for each d. O

The additional hypothesis of Proposition 3.5 is fulfilled for all dynamically regular
elements of SAut(A ), so we obtain that the conjugacy classes of all dynamically
regular elements of SAut(A ) are closed:

Proposition 3.6. Let f € SAut(A ) be a dynamically regular element. Then:

() Ifge SAut(A ) is conjugate to f, there exists h € SAut(A ), such that

g=hfh™"' and deg(h)® <deg(g).
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(2) The conjugacy class of f in SAut(Alz() is closed.

Remark 3.7. The bound of (1) also exists for Bir(&lz(), but is much higher [Blanc
and Cantat 2016].

Proof. Proposition 3.5 yields (1) = (2), so we only need to prove (1).
Recall that, for each g € Aut(Ai) of degree greater than one, /; = X -1 consists
of one point (Remark 2.13).
Let g = hfh~! be an element of degree d. Replacing & with hf!, I € Z, we can
assume that
deg(h) < deg(hf'), foreach [ €Z.

We can also assume that deg(/) > 2. This implies, since deg(h) < deg(hf) deg(f~"),
that Iy = Xy-1 = Iy (Lemma 2.14). Similarly, we have deg(h) < deg(hf_l) deg(f),
SO If—l = Xf = Ihf‘1~

Because the two points Iy, Iy-1 € Hog are distinct, we have I, # Iy or 1), # L. If
Iy # Iy = s, we have deg(hfh~') =deg(hf) deg(h™') > deg(h) deg(h™"). If I, #
Ir-1 = Ijp-1, we have deg(hf ~'h™") = deg(hf ') deg(h™') > deg(h) deg(h™").

The degree of an element of Aut(Ai) and its inverse being the same, we find
deg(g) > deg(h)>. O

Proof of Theorem 1.1. Part (1) and (2) correspond to the statements of Corollary 3.4.
Part (3) is provided by Proposition 3.6.
It remains to show (4). For each d € N, the set

Ca=1{gfg " | g € SAut(A}) <4}

is closed in SAut(A}), and the conjugacy class of f is the infinite union C =, Cy.
Let A be an algebraic variety, F': A — SAut(A}) be a morphism, and let B C A
be a locally closed subset which is contained in F~!'(C). Writing By = F~1(Cy),
the set By is closed in B for each d and B =|J,; B,. Since k is uncountable and
By C By foreach d, we obtain B = B, for some integer m. Hence, B is contained
in F~1(C,,), which is closed in A, so the closure of B in A is also contained in
F~1(C,,), and thus in F~1(C). O

4. Conjugacy classes of elements in SAut(Af()

4A. Overview of the Jung—van der Kulk theorem and its applications. For each
field K, the Jung—van der Kulk theorem [Jung 1942; van der Kulk 1953] asserts
that the group Aut(A%() is generated by the groups

Aff(A%) = {(ax1+bxz+e, cx1+dxa+ f) ‘ (Z Z) €eGLQ2,K), e, f € K},

J(AL) = {(ax; + P(x2), bxa+¢) | a,b € K*, ce K, P € K[x3]}.
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Multiplying the decomposition of an element of SAut(A ) with homotheties we
can assume that each one has determinant 1. This implies that the group SAut(A )
is generated by the groups

SAff(A) = {(a)q +bxs+e,cxi+dxr+ f) ‘ (‘C’ Z) eSL(2,K), e, f € K},

SI(A%) = {(ax; + P(x2),a 'xa+¢) |a € K* ce K, PeK[x]}.

The Jung—van der Kulk theorem implies that we have an amalgamated product
structure on SAut(A ). It also yields the following classical result. We recall here
the simple proof.

Lemma 4.1. Every element f € SAut(A%) is conjugate either to an element of
SJ (A%() or to an element of the form

f=amjm---aiji,
where m > 1 and each a; € SAff(A )\ SJ(A ) and each j; € SJ(A )\ SAff(A ).
Proof. We write f as a product of elements of A = SAff(A )and J =SJ (A ):

f = O jmGm—1 - - - 41 j140,

where each a; € A and each j; € J. By merging elements we can moreover assume
that j; € Afori=1,...,m,and thata; ¢ J fori=1,...,m—1.

Suppose first that m = 0, which implies that f = ag € A, so it extends to an
element of Aut(l]j’lz(). The action at infinity has a fixed point, and conjugating by
an element of SL(2, K), we can assume that this point corresponds to [0: 1 : 0],
which implies that f preserves the pencil of lines through the point, so f € J.

Suppose now that m > 1, which implies that j; € J\ A. We conjugate f by ag
and assume that g =id. If m =1 and a,, =a; € J, then f € J. If m > 2 and
an € J, we conjugate by j; and decrease m by 1. This reduces to the case m > 1,
ay=id, a, € J. O

Remark 4.2. Elements of the form f = a,, j,; - --a1j1, where m > 1 and each
a; € SAff(A%)\ SI(A%) and each j; € SJ(A%)\ SAff(A%) are usually called Hénon
automorphisms. Note that each element j; satisfies X;, = I;, =[0:1: 0], and that
each a; extends to an automorphism of I]:D,% that moves [0:1:0]. By Lemma 2.14,
this implies that

m

deg(f) = Hdeg(ji), Ir=[0:1:0], Xy=I-1=a,(0:1:0]).

i=1
In particular, Iy N I;-1 = &, deg(f) > 1 and deg(f™) = deg(f)™ for each m > 1
(Corollary 2.17). Moreover, the conjugacy class of f in SAut(A2 ) is closed, where
K is the algebraic closure of K (Proposition 3.6).
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Remark 4.3. Elements of SJ (A ) are algebraic since they are contained in an
algebraic subgroup of Aut(A ) (or equivalently have a bounded degree sequence).
Hénon automorphisms are not algebraic as their degree sequence is not bounded.
Hence, Lemma 4.1 corresponds to saying that nonalgebraic elements are conjugate
to Hénon automorphisms, and algebraic automorphisms to elements of SJ (A%{).

The following corollary follows from Lemma 4.1, and also holds (with the same
proof) for Aut(A ). This was already observed in [Furter 1999].

Corollary 4.4. (1) An element f € SAut(A ) is algebraic if and only if

deg(f?) < deg(f).
(2) The subset SAut(A ) alg of algebraic elements of SAut(A ) is closed.

Proof. (1)(a) If f is algebraic it is conjugate to an element jeSsS] (A ) (Lemma 4.1,
or more precrsely Remark 4.3). We can thus write f =a~! ja where a € SAut(A ).
Then a =ajj; - - -, where each a; € SAff(A ) \SJ(A ) and each j; € SJ(A ) (if
starts with an element of SJ (A )\ SAff(A ) we can merge this element with j).

If j ¢ SAff(A%), then deg(f) =[] deg(Jl)2 deg(j) = deg(a™!) deg(j) deg(e) (see
Remark 4.2) and thus

deg(f?) =deg(a ™! ja) < deg(a™") deg(j?) deg(e) < deg(f),

since deg(j?) < deg(j). If j € SAff(A%() N SJ(A%(), then we can replace j with
al_l ja; and continue like this to obtain either the preVious case or f =a laa,
where a € SAff(A%), o = jia; ---, each a; € SAff(A%) \ SI(A%) and each j; €

SJ(A )\ SAff(A ). We obtain srmrlarly deg(fz) <deg(f).

(1)(b) If f is not algebraic, then f is conjugate to a Hénon map & = a, j,, - - - a1 j1,
where each a; € SAff(A )\ SJ (A ) and each j; € SJ (A )\SAff(A ) (Lemma 4.1,
or more precisely Remark 4.3). Writing f = o~ 'ha, where a € SAut(A ), we can
write as before o as a product of elements of SAff(A ) and SJ (A ), replace h if
starts with an element j{ € SJ (A ) such that Jiji € SAff(A ) or if it starts with an
element a1 € SAff(A ) such that (al) oy €8SJ (A ) and finish with a simplified
writing where we can directly read that deg( /) > deg(f).

(2) It follows from (1) that the set of algebraic elements of SAut(A%()id is closed
for each d > 1, which implies the second assertion. O

4B. Conjugacy classes of elements of SJ (Af(). It is easy to decide whether two
Hénon automorphisms are conjugate, using the amalgamated product structure. The
writing of such an element is unique up to cycling permutation of the elements and
up to inserting elements of SJ (A )n SAff(A ). The classification of conjugacy
classes of SAut(A ) thus reduces to the study of elements of SJ (A ).
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Lemma 4.5. Let f € S] (A%() be some element. After conjugation in this group, the
element belongs to one of the following families:

i) (ax;,a 'x,), a e K\{0,1},
(i)  (x;+ P(xy), x,), P e K[x,],
(i) (Cx;+x5 7P, ¢y, e K\{0, 1}, P eK[x,]\{0},
¢ a primitive m-th root of unity,
. (x), x, + 1), char(K) =0,
(iv) p=lp, p _
(xy+x;3 P(xy), xy+ 1), P € K[x,], char(K)=p.

Proof. An element f € SJ(A%() is equal to (ax; + P(x,), a‘1x2 + ¢) for some
acK*, ceK, PeKlx,].

If a # 1, we conjugate by (x;, x, +ac/(1 —a)) and can assume that ¢ = 0.
Conjugating by (x; — Axj, x,) yields (ax, + P(x,) + A(a —a™")xj, a_lxz). We
can then kill the coefficient of degree n of P, if a # a™". This gives (i) or (iii).

If a=1and c =0, we get (ii). If a =1 and ¢ # 0, we conjugate by (cx, c_lxz)
and can assume that ¢ = 1. Conjugating (x;, + P(x,), x, + 1) by (x; — Ax;“, x,5)
yields (x; + P(x,) + k(x’zprl —(x,+ DD, x,+1). We can thus kill the coefficient
of degree n if n + 1 is not a multiple of char(K). This gives (iv). [l

The most complicated case corresponds to family (iv), in the case of a field of
characteristic p > 0. In order to describe the conjugacy classes in this family, we
will need the following lemma.

Lemma 4.6. Let K be a field of characteristic p > 0. Let V C K|[x] be the subvector
space given by

V={x"""P@aP) | P eKlxl),
and let §, N be the following K -linear maps

§: K[x] — K[x], Fx)— F(x+1)— F(x),
N: K[x] — K[x], FO)r— Fx)+Fx+D)+---+Fx+p—1).

Then, Im(8) = Ker(N) and K[x] =V & Im(5) = V & Ker(N).

Proof. (1) We first show that V +Im(6) = K[x]. This is the same argument as in
Lemma 4.5(iv). We take any polynomial P (x) = le:] ajxj eK[x].IfP &V, we
can define m to be the biggest integer such that a,, # 0 and m + 1 = 0 (mod p).
Replacing P with ﬁ(x) = P(x)—8(anx™*!/(m+1)), we kill the coefficient of x™.
Continuing this process until all coefficients a; with i + 1 # 0 (mod p) are zero,
we obtain an element of V.
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(2) We now show that Ker(N)NV = {0}. Let F(x) = Zle a;x'’?~! be an element
of V, and assume that a,, # 0. Since

n

p—1
N(F)) =) a (Zoc +k>"1’—1),

i=1 k=0

the coefficient of x"~7 of N(F(x)) is equal to

(np p)z orl a(,’;ﬁ p)(p—l)eK*

This shows that F ¢ Ker(N). Hence V NKer(N) = {0}.

(3) The inclusion Im(§) C Ker(N) follows from the definition of § and N, so we
obtain V NIm(8) = {0} by (2). Moreover, since Ker(N) is contained in Im(§) & V
(by (1)) and Ker(N) NV = {0}, we have Im(6) = Ker(N). U
Remark 4.7. The equality Ker(N) NV = {0} of Lemma 4.6 corresponds to the
fact that an element of the form

o+ 22 P, Xy + 1),

where P € K[x,], char(K) = p (family (iv)) is of order p if and only if P = 0.
Indeed,

(xl + Q(XZ)’ x2 + l)p = (Xl + Q(XZ) +--- Q(x2 +p — 1), xz),
for each Q € K[x»].

We will also need the following lemma, which is a direct consequence of the
amalgamated product structure of SAut(A ).

Lemmad4.8. Let f € SJ(A2 ), which is not conjugate to (ax,, a_lxz) ae K*orto
(x,+1, x,) or (x,, x, + 1) in the group SJ (A ). Then, f is conjugate to an element
ofge SJ(A2 ) in the group SAut(A ) if and only if it is conjugate to g in SJ(A ).

Proof. We suppose that g = afa~! € SJ (AZ ), for some o € SAut(A )\ SJ (A
We can write o as

A= jmt1Gmjm *** J241]1,

where m > 1, each j; € SJ (A ),eacha; € SAff(A ), and such that a; &S] (A )
fori=1,.. m J,qéSAff(A yfori=2,...,m—1. Since afa™! ESJ(A ), the
element j, f I Ubelongs to SAff(A )NSJ (A ) and the same holds for the element
PR P
ayj fiy ey -
The fact that f, = j, fj; ' and fo=a,j, fj; 'a;" belong to SAff(A2)NSI(AZ)
corresponds to the fact that both extend to automorphisms of [|3’2 that fix the point
[0 : 1: 0] at infinity. However, a; € SAff(A )\ SJ (A ) so it extends to an
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automorphism of IPIZ{, whose action at the infinity moves the point [0 : 1 : 0]. This
implies that f] fixes at least two points at infinity. Conjugating by an element of
SAff(A%() NSJ (A%() we can assume that these points are [0:1:0] and [0:0: 1].
This implies that f; = (ax; + b, a'xy + ¢), for some (a,b,c) € K* x K2. It
remains to see that f} is conjugate to (axi, a'x2), (x1 +1, x2) or (x1, x2+ 1), in
the group SJ (A%(). This is a straight-forward calculation, already done in the proof
of Lemma 4.5. ]

Proposition 4.9 (Conjugacy classes of algebraic elements in SAut(A%{)). Every
algebraic element of SAut(A%) is conjugate to one of the families (1)—(iv) of
Lemma 4.5.

Apart from (x1, xo + 1), which is conjugate to (x| + 1, x2), no two elements of
distinct families are conjugate in SAut(A%(). Moreover, the conjugacy classes in
SAut(A%() within the families are as follows:

() (ax,,a 'x)) ~ (bx,,b~'x,) & a = b*".

(i) (x; + P(xy), x,) ~ (x; + Q(x,), x,) <= Q(x,) = aP(ax, + b) for some
(a,b) e K* x K.

(i) (¢x, + xg’_l P(x7), g’_lxz) is conjugate to ({x, + xgl_lamP(ax’Z"), g“_lxz)
for each a € K*, but not to any other element of family (iii).

(iv) Two elements
—1 —1
f=0+x P, x4+ 1), g=+x3 Q(x3), x,+ 1),
where P, Q € K|[x,], are conjugate if and only their p-th powers,

fP=04 Py, x5y, g”=0x+0(xy), xy),
where P, Q € K[x,], satisfy Q(xz) = I‘:’(x2 + ¢) for some c € K.

Proof. The first assertion follows from Lemma 4.1 (see Remark 4.3). It remains
to describe the conjugacy classes in the families (i)—(iv). We first observe that
if @ € SL(2, K) is conjugate by v € SAut(A%) to an element f € SAut(A%)
that fixes the origin, the derivative of the equation ¢v = vg at the origin yields
aD,(0) = D,(0)Dg(0), so the derivative of B at the origin is conjugate to « in
SL(2, K). This shows that the families (i) and (ii) are disjoint, and gives the
conjugacy classes in (i).

We now observe that two elements f = (x; + P(x,), x,) and (x; + Q(x,), x,) are
conjugate in SAut(A%() if and only if they are conjugate in SJ (A%{). This is given by
Lemma 4.8, if f or g is not conjugate to (x; +1, x,) or (x, x,) in SJ(A%(), and is
trivial in the remaining cases (when both f and g are conjugate to one of these two
elements). It remains to observe that the conjugation of f = (x; + P(x,), x,) by
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(ax; + R(x,), a”! (x, — b)) yields (x; +aP(ax, +b), x,) to obtain the conjugacy
classes in (ii).
An element f = ({x, +x£”_1P(xgq), g“_lxz) in family (iii) satisfies

Mm=(x —i—mxg“lP(xE"), Xy) # (X1, x,).

Since f™ belongs to family (ii), f™ (and thus f) is not conjugate to an element
of family (i). Moreover, f is not conjugate to an element of family (ii) because
¢~ e K\{0, 1} is an eigenvalue of the action of f* on K[x, x,]. By Lemma 4.8, f
is conjugate to another element g of family (iii) in SAut(A%() if and only if this con-
jugation holds in SJ (A%{). Looking at the second coordinate, we have to conjugate
by & = (ax, + R(x,), a'x,). This implies that g = (¢x, + x5 ' Q(x"), ¢ ~'x,) for
some polynomial Q. Looking at g"* = afmal = (x, +ma’"x§"_l P((ax,)™), x,),
we obtain Q(x5') = a™ P((ax,)™). This yields a necessary condition on Q, which
is also sufficient, by choosing R = 0.

It remains to study the last class (iv). The element (x,, x, + 1) is conjugate to
(x; +1, x,) by (x5, —x,). If char(K') = 0, there is no other element in the family.
So we assume that char(K) = p > 0, and consider f = (x, —|—x§_l P(x)), x4+ 1),
for some polynomial P € K[x,]\ {0}. Because the action of f* on K[x,, x,] has
only eigenvalues equal to 1, f is not conjugate to any element of family (i) or (iii).
Moreover, the fact that P # 0 implies that f7 is not the identity (see Remark 4.7).
Hence, f is not conjugate to an element of family (ii).

We then take g = (x, +x§_1Q(x§), x,+ 1), for some Q € K|[x,], write

fP=+P(x), x,), & =@ +0(x),x,),

for some P, Q € K [x,], and show that f and g are conjugate if and only if
Q(xz) = lf’(x2 + ¢) for some ¢ € K. This will conclude the proof.

Suppose first that f is conjugate to g. Lemma 4.8 yields the existence of
o esSJ (A%() such that afa~! = g. Looking at the second coordinate, we see
that @ = (x; + R(x,), x, — ¢) for some R € K|[x,], ¢ € K. Then, afPa™! =
(x; + 13(x2 +¢), x,), which implies that Q(xz) = l's(x2 + ¢) as we wanted.

Conversely, suppose that Q(xz) = ﬁ(x2 + ¢) for some ¢ € K. We conjugate then
g with (x, x, + ¢); this changes maybe the polynomial Q, and replaces O with P.
Hence, we can assume that /7 = g”. This corresponds to the equality

NPy = N2 o),

where N: K[x,] — K|[x,] is the K-linear map that sends f(x,) to f(x,) +
FOo+ D+ -+ f(x,+p—1). The elementxé’_lQ(xé’)—xé’_lP(xé’) is an element
of the kernel of N, and is thus equal to R(x, + 1) — R(x,) for some polynomial
R € K[x,] (Lemma 4.6). This corresponds to the fact that f is conjugate to g by
a = (x; + R(x,), x,). O
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4C. Degenerations between the four families of conjugacy classes. In the re-
maining part of the article, we show that every algebraic element of SAut(A%()
admits a degeneration of conjugates towards a diagonalisable element.

4C1. From family (ii) and (iii) to family (). These are the easiest degenerations.
Taking any f € SAut(A%() that belongs to family (ii) or (iii), and conjugating by
diagonal elements of SAut(A%( (,)) we obtain elements of SAut(A%(m) which yield
families of conjugates of f that converge towards an element of family (i). Indeed,
we have

(txp, t7 ) £ %y, 100) = (Coxy + "X P(ex), ¢ hy).

In particular, there is a diagonalisable element in the closure of the conjugacy
class of any element of families (ii) and (iii), and thus of any algebraic element of
SAut(A%), if char(K) = 0.

4C2. Family (iv). The last family, when char(K) = p > 0, is the most interesting.
The elements of this family are of the form (x, +Q(x,), x,+1), for some polynomial
0O € K[x,]. Diagonal conjugations by (rx,, 1~ 'x,) or (t7'x|, 1x,) yield elements
of SAut(A%Uil]) which do not have a value at t = 0.

In the following proposition, we provide two explicit degenerations, typical to
positive characteristic, to either (x, x, + 1) or the identity.

Proposition 4.10. Assume that char(K) = p > 0 and let
f= (xl + Q(xz)’ Xy + 1)

for some polynomial Q € K|x,].
Then, there are two elements F;, F» € SAut(A%m]), which are conjugate to f in

SAut(A%qtﬂ]), and have the following properties:

(1) Foreachte K\{0}, Fi(t), F»(t) € SAut(A%() are conjugate to f in SAut(A%().
@ FO) =@, 5+, F0) =@, x,).
Proof. If O =0, we can choose F;(t) = f and F,(¢) to be the conjugation of f by
(t~1x,, tx,) € SAut(A?mil]).
We can thus assume that Q # 0, denote by d > 0 the degree of Q and by u € K*

the coefficient of degree d. We then choose some integer a > 1 such that g = p* > d,
write L = 1/u? € K*, and define

X 1
o= <t_(/li’ l‘dxz +)\,x;] =+ ?) € SAut(Ai[wq])-
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A direct computation yields

o fa

= (x, 100 19xytaxd+ ] +1+M;1—’\ +170( 14y +axd 41 '
=(x ol t“x, Xty ) Rtat—g—aln ol t“x, Xt .

The definition of d and x implies that we can write

d g, 1Y) _ P
Q(txz—i-/\xl—i-;) _+td1’

for some P € K|[x1, x», t]. This yields (remembering that Au? = 1), the following
equality

o fa= <x1 +u+tP,x2+tld— t%(,u+tP)") = (x1 +/L+tP,x2—Atq_qu).

Because g > d, the value of this element of SAut(A2 [I]) atr =01s (x; + u, x,).
Conjugating o~ ! fo with (— WXy, [ 1xl) yields thus Fj.

To get F,, we recall that (tx;, = x,) (x; + w, x,) (07 1xy, 1x,) = (x) + 14, x,).
We are then tempted to use (¢x, t_lxz)oz_1 f a(t_lxl, tx,), but this element has in
general no value at t = 0. We then choose m > 0 and define § to be

B= (:n—; "+ ] + o ) € SAUtAL,, 1),
Since B is obtained from « by replacing ¢ with ™, we obtain
BB = ()c1 +pHt"P(xy, xy, t"), xy — Atm(q_d)P(xl, Xy, tm)q).
We can now define F>(t) = (tx,, ¢~ 'x,) B~! fB('x,, tx,), which is equal to
Fa(t) = (x +tpu+ " P xy g, ™), xy — ™D P 1y, 1)),
Choosing m big enough, F; is defined at = 0 and F>(7) = (x|, x,). O

4D. The diagonalisable elements. In order to finish the proof of Theorem 1.3 it
remains to show that the conjugacy classes of diagonalisable elements is closed.
This was shown in [Furter and Maubach 2010], for the group Aut(A ), but with
transcendental methods. In the case of SAut(A ), we can however give a simple
proof, that works for any algebraically closed field k.

The proof uses the following result, which follows from the amalgamated struc-
ture product.

Lemma 4.11. Let K be any field, let € K*, f = (ux,, i lxz) € SAut(A ), and
g€ SAut(A2 ) be a conjugate of f in this group. Then, there exists o € SAut(A )
such that

g=a 'fa and dego <degg.
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Proof. We write g =a~! fa for some o € SAut(A ), and write « as a product of
elements of SAff(A ) and SJ (A ), in a reduced way (no two consecutive elements
belong to the same group). Note that f is conjugate to f~! by (x5, —x,), sO we
can easily exchange f with f~! if needed.

If « starts with an element a € SAff(A%), then @’ = a~!ja € SAff(A%). If a’
does not belong to SJ (A ), then deg(g) = deg(a) deg(a™!) = deg(oc)2 (the degree
is the product of the Jonquieres elements that occur, see Remark 4.2). If a’ belongs
to SJ (A ), then it is conjugate to f or f in SJ (A%() (Proposition 4.9), and we
can thus replace a with an element of SJ (A ) and either decrease the length of «
or it reduces to the case a € SJ (A ).

Suppose now that o starts with an element j € SJ (A ). Replacing j with
pj, where p is diagonal, we can assume that j = (x; + P(x,), x, + ¢), for some
P € K[x,] and ¢ € K, we thus obtain

J'=7" i = (wx Py —POoytc(un™ =), w™ gy +e(u™" = 1)) € SIAR).

We have therefore deg(P (x,)) > P(x,)u— P(x, +c(u~'=1)), and if equality does
not hold we can kill the highest coefficient of P without changing j' = j~' fj. We
reduce then to the case where deg j' = deg j. If this degree is 1, then j € SAff(A%()
and we can reduce the length of «, or obtain deg(«) = 1. The remaining case is when
deg j = deg j. The result is then obtained if « = j. Otherwise, @ = ja;j;--- isa
reduced writing, as wellas g =- - - jl_lal_lj’aljl ---. We again find deg g > deg .

O

Proposition 4.12. Let n € k*, f = (ux,, 1xz) € SAut(A )and d > 1. The set

C(f)=1lgfe " lg e Aut(A))}) = {gfg~" | g € SAut(A})}
is closed in SAut(A ).

Proof The equahty between the two sets is obvious: if g € Aut(A ) we have
g =gre SAut(A ) for some diagonal T € Aut(A ),s0gfg ' =¢g'fg' ™ . Wecan
moreover assume that w ;é 1, otherwise the result is trivial. We fix some integer
d>1, write Z = SAut(A )<a and we will show that C(f) N Z is closed in Z (this
gives the result by Lemma 2.7).

We consider the morphism of algebraic varieties Z — Aut(A )<gq2 given by
g+ gfg " and denote by ¥ C SAut(Ai)Sd the preimage of Z. This gives rise to
a morphism ¢: Y — Z, whose image is equal to C(f) N Z by Lemma 4.11. By
Corollary 2.26, it suffices to take an irreducible k-curve I', arational map ¢: I' --» Y
such that g =@ ot: I' --» Z is defined at a smooth point p € I, and to show that
the image g = ¢(p) € Z belongs to C(f).

Note that ¢ corresponds to an element o € Aut(&i(r)), and that ¢ corresponds
to the element afa~! € Aut(Ai(F)), which is defined at p and whose value at p
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corresponds to g. Since the set of algebraic elements is closed (Corollary 4.4),
the element g is conjugate to an element of SJ (Ai) (Remark 4.3). Looking at
the actions on k(I')[x,, x,], we find that f*(x,) = ux, so (afa™H*() = uv,
where v = (¢~ 1)*(x,) € k(I')[x,, x,]. Replacing v with Av, where A € k(I"),
does not change the equation (afa~!)*(v) = uv. We can therefore assume that
a € Op(I")[x,, x,] and that its value at p is not zero. This shows that u is also
an eigenvalue of g*. By Lemma 4.5, g is conjugate in SJ(AIZ() to (vx,, v_lxz), for
some v € k\ {0, 1}, or to (¢x, +x£”_1P(x§1), ;—1x2) for some primitive m-th root
of unity ¢, and P € k[x,]\ {0}, and u belongs to the subgroup of (k*, -) generated
by v or by ¢, respectively. Let us observe that the second case is not possible.
Indeed, otherwise we would have f™ =1id, so («fa~")" = id and thus g” = id,
which is not the case since P # 0. We can thus assume, after composing o with an
element of SAut(Aﬁ), that g = (vx,, v_lxz) for some v € k\ {0, 1}.

Denote by U C I the dense open subset where ¢ is defined and where I is smooth.
Replacing I with U U {p}, we can assume that U = I"\ {p} (if p € U, the result
is obvious), and thus that ¢ is a morphism ¢: I' — Z. Denote by k: I' --» Ai
the rational map given by k(1) = t(u)(0, 0), when u € U (the image of the origin
of A2).

We now prove that « is defined at p. To do this, we define F C I" x Ai to be
the closed set F = {(c, (x;, x,)) | ¢(c)(x, x,) = (x4, x,)}. Since F is given by
only two equations, each irreducible component of F has dimension at least 1. The
intersection of F with u x Ai yields one point, for each u € I", hence the projection
to I' yields an isomorphism 7 : F — I" (because I' is smooth). The rational map
' --» F given by u — (u, k(1)) corresponds to the identity, and is thus defined
at p.

The map (x, x,) = (x;, x,) + «(u) corresponds therefore to an element of
Aut(&é(r)), and replacing o with its composition by this one, we can assume
that « fixes the origin. We obtain thus that the derivative of af ™! at the origin
is conjugate to f by an element of SL(2, k), for each u € U, so its eigenvalues
are y and p~!, for any point of U. At the point p, we obtain g = (vx,, v_lxz),
which implies that v = u*!, so that g and f are conjugate in SAut(Ai) as we
wanted. ([

Proof of Theorem 1.3. By Lemma 4.1 and Remarks 4.2 and 4.3, an algebraic element
of SAut(Ai) is conjugate to an element of SJ (Ai) and a nonalgebraic element is
conjugate to a Hénon automorphism, which is dynamically regular. In the latter
case, the conjugacy class is closed by Theorem 1.1; this gives (3).

By Proposition 4.12, if f € SAut(Alz() is diagonalisable, its conjugacy class is
closed.

If fe SAut(Alz() is algebraic but not diagonalisable, it is conjugate to an element
of the families (ii), (iii) or (iv) of Lemma 4.5. The existence of the degeneration
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stated in (2) is given in Section 4C1 for families (ii), (iii) and in Proposition 4.10
for family (iv). U
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