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On the local Tamagawa number conjecture
for Tate motives over tamely ramified fields

Jay Daigle and Matthias Flach

The local Tamagawa number conjecture, which was first formulated by Fontaine
and Perrin-Riou, expresses the compatibility of the (global) Tamagawa number
conjecture on motivic L-functions with the functional equation. The local con-
jecture was proven for Tate motives over finite unramified extensions K /Q, by
Bloch and Kato. We use the theory of (¢, ')-modules and a reciprocity law due
to Cherbonnier and Colmez to provide a new proof in the case of unramified
extensions, and to prove the conjecture for Q,(2) over certain tamely ramified
extensions.

1. Introduction

Let K/Q),, be a finite extension and V a de Rham representation of Gk := Gal(K /K).
The local Tamagawa number conjecture is a statement describing a certain Q ,-basis
of the determinant line detg, RI'(K, V) of (continuous) local Galois cohomology
up to units in Z 7. It was first formulated by Fontaine and Perrin-Riou [1994, 4.5.4]
as conjecture Cgp and independently by Kato [1993, Conjecture 1.8] as the “local
e-conjecture”. Both conjectures express compatibility of the (global) Tamagawa
number conjecture on motivic L-functions with the functional equation. The fact
that the local Tamagawa number conjecture is equivalent to this compatibility still
constitutes its main interest. For example, the proof of the Tamagawa number
conjecture for Dirichlet L-functions at integers r > 2 [Burns and Flach 2006]
uses the conjecture at 1 — r and compatibility with the functional equation (no
other more direct proof is known). Fukaya and Kato [2006] generalized [Kato
1993, Conjecture 1.8] to de Rham representations with coefficients in a possibly
noncommutative Q,-algebra, and in fact to arbitrary p-adic families of local Galois
representations.

In this paper we shall only consider Tate motives V = @, (r) with r > 2 (for the
case r = 1 see [Bley and Cobbe 2016; Breuning 2004]). If K/Q),, is unramified
the local Tamagawa number conjecture for Q, (r) was first proven by Bloch and
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Kato [1990] in their seminal paper on the global Tamagawa number conjecture,
and has since been reproven by a number of authors (e.g., [Perrin-Riou 1994;
Benois and Berger 2008]). These later proofs also cover the case where K/Q,
is a cyclotomic extension, or more generally where V is an abelian de Rham
representations of Gal(Q »/Qp) [Kato 1993, Theorem 4.1; Venjakob 2013]. All
proofs have two main ingredients: Iwasawa theory and a “reciprocity law”. The
latter is an explicit description of the exponential or dual exponential map for
the de Rham representation V', which however very often only holds in restricted
situations (e.g., V ordinary or absolutely crystalline). The aim of this paper is
to explore the application of the very general reciprocity law of Cherbonnier and
Colmez [1999], which holds for arbitrary de Rham representations, to the local
Tamagawa number conjecture for Tate motives.

In Section 2 we give a first somewhat explicit statement (Proposition 2) which
is equivalent to the local Tamagawa conjecture for Q,(r) over an arbitrary Galois
extension K /Q,. We in fact work with the refined equivariant conjecture over the
group ring Z,[Gal(K /Q,)], following Fukaya and Kato [2006]. In Section 3 we
focus on the case where p { [K : @,]. In Section 4 we state the reciprocity law
of Cherbonnier and Colmez in the case of Tate motives. In Section 5 we show
that it also can be used to give a proof of the unramified case (which however
has many common ingredients with the existing proofs). Finally, in Section 6
we formulate our main result, Proposition 44, which is a fairly explicit statement
equivalent to the equivariant local Tamagawa number conjecture for Q,(r) over
K/Q, with p {[K : @,]. We show that it can be used to prove some new cases;
more specifically we have:

Proposition 1. Assume K /Q, is Galois of degree prime to p and with ramification
degree e < p/4. Then the equivariant local Tamagawa number conjecture holds for

V=0,Q2).

The only cases where the conjecture for tamely ramified fields was known
previously are cyclotomic fields, i.e., where e | p—1, and in this case one can allow ar-
bitrary r [Perrin-Riou 1994; Benois and Berger 2008]. We believe many more cases
can be proven with Proposition 44 and hope to return to this in a subsequent article.

2. The conjecture

Throughout this paper p denotes an odd prime. Let K/Q, be an arbitrary finite
Galois extension with group G and r > 2. In this section we shall explicate the
consequences of the local Tamagawa number conjecture of Fukaya and Kato [2006,
Conjecture 3.4.3] for the triple

(A, T, ) = (Z,[G), Indg® Z,(1—7), 7).
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Here ¢ = (§pn)n € F(@p, Z,(1)) is a compatible system of p"-th roots of unity
which we fix throughout this paper. The conjectures for a triple (A, T, ¢) and
its dual (A°P, T*(1), ¢) are equivalent. We find it advantageous to work with
Q, (1 —r) rather than Q,,(r) as in [Bloch and Kato 1990] since we are employing
the Cherbonnier—Colmez reciprocity law [Cherbonnier and Colmez 1999] which
describes the dual exponential map.

In order to give an idea what the conjecture is about, consider the Bloch—Kato
exponential map [Bloch and Kato 1990]

exp: K = H'(K,Q,(r)).

In a first approximation one may say that the local Tamagawa number conjecture
describes the relation between the two Z ,-lattices exp(Ok ) and im(H WK,z (1))
inside H'(K, Q p(r)). Rather than giving a complete description of the relative po-
sition of these two lattices, the conjecture only specifies their relative volume, that is
the class in @; / Z; which multiplies Detz, exp(Ok) to Detz, (im(H YK,z »(1))))
inside the @Q,-line Detg, H (K,Q p(r)). The equivariant form of the conjecture is
a finer statement which arises by replacing determinants over Z,, by determinants
over Z,[G]. If G is abelian and im(H'(K, Z,(r))) is projective over Z,[G], the
conjecture thereby does specify the relative position of the two lattices in view
of the fact that H'(K, Q p(r)) is free of rank one over Q,[G] and so coincides
with its determinant. If G is nonabelian, even though H I(K,Q p(r)) remains free
of rank one over Q,[G], the conjecture is an identity in the algebraic K-group
K, (G;D‘;f[G])) /K (Z‘;}[G])) and is again quite a bit weaker than a full determination
of the relative position of the two lattices.

Determinants in the sense of [Deligne 1987] (see also [Fukaya and Kato 2006,
1.2]) are only defined for modules of finite projective dimension, or more generally
perfect complexes, and so the first step is to replace the Z ,-lattice im(H YK,z (1))
by the entire perfect complex RI'(K, Z,(r)). There still is an isomorphism

RU(K, Zy(r)) ®z,Qp = RT'(K, Q,(r)) = H(K, Q,(r)[—1] 1)

since the groups H' (K, Z ,(r))or and H*(K, Z,(r)) are finite. If K/Q, is Galois
with group G then RI'(K, Z,(r)) is always a perfect complex of Z,[G]-modules
whereas im(H' (K, Z »(r))) or Ok need no longer have finite projective dimen-
sion over Z,[G]. A further simplification occurs if one does not try to compare
RT(K, Z,(r)) to exp(Ok) directly. Instead one uses the “period isomorphism”

per: @, ®o, K =Q, ®q, (Idg Q,) = Q,[G]

and tries to compare Detz, RT'(K, Z,(r)) to a suitable lattice in this last space. The
left-Z ,[ G]-module Indggl’ Z, is always free of rank one whereas Ok need not be.
After choosing an embedding K — @, one gets an isomorphism ¢ : Gq,/ Gk =G
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and an isomorphism
Indger 7, =7,[G] )

so that the Z,[G]-linear left action of y € Gq, is given by
Z,[Gl> x> xyr(y™ . 3)
The period isomorphism is then given for x € K by

per(x) :=per(l ® x) = Z gx) - gi1 € @,,[G].
geG

The dual of exp identifies with the dual exponential map
expyy, - H' (K, Q,(1=r) = K

by local Tate duality and the trace pairing on K. Let 8 € H'(K, Z p(1—r)) be an
element spanning a free Z,[G]-submodule and let Cg be the mapping cone of the
ensuing map of perfect complexes of Z,[G]-modules

(Z,lG]-B)—1] — H(K, Z,(1 —r))[—1]1— RI'(K, Z,(1 —r)).

Then Cg is a perfect complex of Z,[G]-modules with finite cohomology groups,
i.e., such that Cg ®z, Q) is acyclic. It therefore represents a class [Cg] in the
relative K-group Ko(Z,[G], Q) for which one has an exact sequence

Ki(Zp[G)) — K1(Q,[G]) = Ko(Zp[G], Qp) — 0.

Hence we may also view [Cg] as an element in K{(Q,[G])/im(K{(Z,[G])). Ex-
tending scalars to 0, we get an isomorphism of free rank-one Q,[G]-modules

I —  exp*®Q, —  per —
H (K,Q,(1-r))®q, Q) —— K ®q, Q) — Q,[G]

sending the @,,[G]—basis B to a unit per(exp*(B)) € @,,[G]X. As such it has a class
[per(exp*(B))] € K1(@,[G])

via the natural projection map Q o[G]* — K (@ p[G]) (recall that for any ring R
we have maps R* — GL(R) — GL(R)® =: K (R)). In Section 2.2 below we shall
define an e-factor € (K /Q,, 1 —r) € K1(Q,[G]) such that

€(K/Qp, 1 —r)-[per(exp™(B)] € K1(Q,[GD).

Let F' C K denote the maximal unramified subfield, ¥ = Gal(F'/Q,) and o € T the
(arithmetic) Frobenius automorphism. Then Q,[X] is canonically a direct factor of
Q,[Gland Q,[Z]* = K1(Qp,[X]) a direct factor of K1(Q,[G]). Fora € Q,[X]*
we denote by [o]F its class in K1(Q,[G]). Finally, note that if R is a Q-algebra then
any nonzero rational number 7 has a class [n] € K{(R) via @* — R* — K[(R).
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Proposition 2. Let K /Q,, be Galois with group G and r > 2. The local Tamagawa
number conjecture for the triple

(A, T, §) = (Z[G], Indge Z,(1—7), 7).
is equivalent to the identity

1-p~lo

[(r—l)!]'E(K/@p,l—r)-[Per(CXp*(ﬁ))]'[C,s]1-[ ] =1 @)

in the group K (@‘;[G])/ im(K (Z‘;,r[G])).

Before we begin the proof of the proposition we explain what we mean by the
local Tamagawa number conjecture for (Z,[G], Indgfp Z,(1 —r),¢). The local
Tamagawa number conjecture [Fukaya and Kato 2006, Conjecture 3.4.3] claims
the existence of e-isomorphisms € .(T') for all triples (A, T, ¢), where A is a
semilocal pro-p ring satisfying a certain finiteness condition [Fukaya and Kato 2006,
1.4.1], T a finitely generated projective A-module with continuous G g, -action and
¢ abasis of I'(Q,, Z, (1)), such that certain functorial properties hold. One of these
properties [Fukaya and Kato 2006, Conjecture 3.4.3(v)] says thatif L := A®z, Q,
is a finite extension of @, and V :=T ®z, Q, is a de Rham representation, then

L®jen(T)=e€pc(V),

where €/ (V) is the isomorphism in C; defined in [Fukaya and Kato 2006, 3.3].
Here, for any ring R, Cy is the Picard category constructed in [Fukaya and Kato
2006, 1.2], equivalent to the category of virtual objects of [Deligne 1987], S®g — :
Cr — Cgs is the Picard functor induced by a ring homomorphism R — S and
R = W([Fp) ®z, R for any Z,-algebra R. The construction of €, (V) involves
certain isomorphisms and exact sequences which we recall in the proof below.
If A is a finite dimensional semisimple @ ,-algebra and V an A-linear de Rham
representation, those isomorphisms and exact sequences are in fact A-linear and
therefore lead to an isomorphism €4 (V) in the category C;. If A:= A ®z, Q) is
a semisimple Q -algebra and V :=T ®z, Q, is a de Rham representation, we say
that the local Tamagawa number conjecture holds for the particular triple (A, T, ¢)
if

AQjenc(T) =€y (V)
for some isomorphism €, ((T') in C5.
Proof of Proposition 2. For a perfect complex of Q,[G]-modules P, we set

P* = Homg,[61(P, Qp[G)),
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which is a perfect complex of Q,[G]°P-modules. Fix r > 2 and set
V=Indg® Q,(1—r) and V*(1)=Indg Q,(r),

which are free of rank one over Q,[G] and Q,[G]P, respectively. We recall the
ingredients of the isomorphism 6g,[G)(V) of [Fukaya and Kato 2006, 3.3.2] (or
rather of its generalization from field coefficients to semisimple coefficients). The
element ¢ determines an element ¢t = log(¢) of Bqr. We have

Deis(V)=F 1", Dagr(V)/Diz(V) =0,
Deis(V¥(1)=F-t",  Dagr(V*(1))/D(V*(1)) = K,

1— r—1
C/(Q,,V): F—L3F,
1-p~o,C
Cr@, V(1)) : F S pok,
and commutative diagrams

ﬂ(@pvv)
Detg,¢)(0) ——— Detg, () C(Q,, V) -Detg, () Dar (V)/ D3 (V)

llp’—’oI;'T CT

1'(@Qp.V)
Det@p[(;] o) —— Det@p[(;] (O)~Det@p[G] (O)_l ~Det@],[G] )

n@p.V*W)* 1 Det Cr(Q,,V*(1)*
Deta, 61(0) 0,161 Cr(Q, *()) Lo )
x (Detq, 161 Dar (V*(1))/Dgr (V*(1)))

[-p~"o Ny }

' (@p.V*()* ! 1 «
Det@p[g](O) _— Det@p[g](O)-Det@p[G](K ) ~Det@p[G](K )

Detg (6] ¥ s (@p,V*(1)* 7!

Detq, 6] Cr(Q,, V*(1)* Detg,(6)(C(Q,.V)/C(Q,. V)
Detq, ) (K*)~! hd Deta,(6) H*(@,, V)

where the vertical maps ¢ are induced by passage to cohomology. The morphism
W' is (Detqill’ (6] of) the inverse of the isomorphism

.
XPyx (1)

H'(®@,.V) 5 H'(@,. v*1))* TP gex

where T is the local Tate duality isomorphism. For the isomorphism

0a,161(V) =1(@,,V) - (Deta, 61 Vs (@, V(1) on(@,, V(1)* ")
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we obtain a commutative diagram

ba,161(V)
Det@p[c](O) _ Det@p[c] C(@p, V). DCtQP[G] D4r(V)

—r,—1
|:llpral ] )‘\ )‘\C
P
£ ’

0
Det@p[g](O) _ Det@p[G] H'(@p, V). Det@p[G](K)

where 6’ is induced by the dual exponential map

eXpyx
H'(Q,,V) —5 K.

The isomorphism F@p[G](V) . e@p[G]’g,dR(V) of [Fukaya and Kato 2006, 3.3.3] is
the isomorphism

(=Dt —D1]- €(K/Qp, 1—r)- Det@p[G](per)
and the isomorphism
€,i61.¢ (V) =Taq,i61(V) - €q,i61.¢,ar (V) - 0a,161(V)
fits into a commutative diagram

€yl (V)

Detauy(0) ————— QU[G] .8 (Detg,6) RT (K, @, (1 —r)) - Detg,61(V))

P
lfpfra*l
1-pr—lo F ¢
"

Detgy(c)(0) ——— QY[G] 8 (Detg) ) H' (K, @, (1 = 1)) - Detg, 1(Q,[G1)
P

where
0" =[(=1)"'r—D1-e(K/Qp, 1 —7) - Detg ;6 (per) - 6

and ¢ involves passage to cohomology as well as our identification V = Q,[G]
chosen above. Now passage to cohomology is also the scalar extension of the
isomorphism

Det; (1 (Z,[G1- B) - Detz,161(Cp) = Detz, 61 RT (K, Z,,(1 = r))
induced by the short exact sequence of perfect complexes of Z,[G]-modules
0— RI'(K,Z,(1=r)) = Cg— Z,[G]-B—0
combined with the acyclicity isomorphism

can : Detg,[61(0) = Detqg,(61(Cp.q,)-
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Since the class of Cg in Ko(Z,[G]) vanishes, we can choose an isomorphism
a: Detzp[G](O) = Detzp[G](Cﬂ),
which leads to another isomorphism
¢ : Dety \16)(Z,[G1- B) = Detz, G RT (K, Z,,(1 = 1))
defined over Z,[G]. Setting
hi=(cg,) e € Auy(Dety) o) H' (K, @,y (1 = 1)) = K1(Q,[G)),
we obtain a commutative diagram

€Qp(61.¢c (V)
Det@;r[G](O) AR @‘;,"[G] @Q?G] (Det@plcl RT(K,Q,(1-r)) ~Det@p[GJ(V))
P

l*])frafl ¢
1-pr—lo F Qp

0/// _
Detgu)(0) —— QY[G] @@?G] (Det@;[G] H'(K,Q,(1 —r))-Detg,6)(Q,[G]))
)4

where
0" =)100" = 1. [(—l)r_l(r - D!-e(K/Qp,1—7) -Det@p[G](per) ..

The local Tamagawa number conjecture claims that €g (). (V) is induced by an
isomorphism

€2p161.¢(T)
DetZL;)r[G](O) -/ Z];Jr[G] Z?G] (Deth[G] RI'(K, Zp(l —-r))- Detzp[G](T))
P

and this will be the case if and only if
in =" l_pr_la
: 1— pfro-fl P
is induced by an isomorphism
eiZVPlGJ ur -1
Detzu()(0) — Z,/[G] Z% (Det; (1(Z,[G1- B) - Detz, (61(Z,[GD)).
P
The isomorphism of Q p[G1-modules

_ *®@) _ _ . * -1 _
v H'(K, Q,(1-1)®q, Q) 5 K®q, By > 0,[61 22D 1G]

is clearly induced by an isomorphism of Z,[G]-modules

17,161 ZLplG]- B = Z,IG]
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and we have

o

_ =1
o = [lpf_l] A [=D e =Y
1—p~To F
-€(K/Qp. 1 —7) - [per(exp*(B))] - Detg (4,().

Hence 6™ is induced by an isomorphism QiZVp[G] if and only if the class in K (@‘;[G])
of

1- pl‘—lo- r—1 *
——— | Aol(=D"" (=D -e(K/Qp, 1 —r)-[per(exp”(B))]
l—p~o F
lies in K, (Z‘;,r[G]). Now note that [(—1)] € K;(Z) C Kl(Z;r[G]) and that A =
[C ﬁ]_l, so we do indeed obtain identity (4). In order to see this last identity, note
that we have
2 '=a"'.can

and that a=" - can € K (@ur[G 1) is a lift of [Cg] € KO(Z‘“[G Q,) according to
the conventions of [Fukaya and Kato 2006, 1.3.8, Theorem 1.3.15(1)]. U

2.1. Description of K;. For any finite group G we have the Wedderburn decom-
position

=] M4, @p).

xeG

where G is the set of irreducible Q@ p-valued characters of G and d, = x (1) is the
degree of x. Hence there is a corresponding decomposition

Ki@yIG) = [[ KMy, @) = [] @, 5)

xeG x€G

which allows one to think of K; (@ p[G1)) as a collection of nonzero p-adic numbers
indexed by G. Note here that for any ring R one has K;(M;(R)) = K{(R) and for
a commutative semilocal ring R one has K;(R) = R*.

If p {|G]| then all characters x € G take values in Z‘;,r, the Wedderburn de-
composition is already defined over Z};" and so is the decomposition of K. One
has

Ki@yiGn = [ Kimg, @) =[] 25
x€G xeG
and
K1 (@YIG)/im(Kyzy1Gn) = [ @< yze- =TT - (6)
x€eG x€G
which allows one to think of elements in K (@“r[G )/ im(K; (Z“r[G])) as a collec-
tion of integers (p-adic valuations) indexed by G
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2.2. Definition of the e-factor. 1f L is a local field, E an algebraically closed field
of characteristic 0 with the discrete topology, 1t; a Haar measure on the additive
group of L with values in E, ¢; : L — E™ a continuous character, the theory of
Langlands—Deligne [Deligne 1973] associates to each continuous representation r
of the Weil group Wy over E an e-factor €(r, ¥, ur) € E*.

We shall take E = @p and always fix puy and ¢ so that ur(Op) = 1 and
VL =vq,oTrL/q, where Yig,(p™") = {pn for our fixed ¢ = ({pn)n € T(Q), Z,(1)).
Setting

e(r)=e€(r, YL, uL) €E™

and leaving the dependence on ¢ implicit, we have the following properties (see
also [Benois and Berger 2008] for a review, [Fukaya and Kato 2006] only reviews
the case L = Q,). Let  be a uniformizer of Oy, §;, the exponent of the different
of L/Q, and g = |0 /7|.
(a) If r : Wp — E* is a homomorphism, set

1L =S WS EX
where rec is normalized as in [Deligne 1973, (2.3)] and sends a uniformizer to a
geometric Frobenius automorphism in WLab. Then we have

q° if c =0,
€(r)= SL c+8 .
gy T (g, Yr) if e >0,
where ¢ € Z is the conductor of r and

T Ym) = Y WY w) (7

ue(Or /me)*

is the Gauss sum associated to the restriction of r; to (O /(7 ¢))* and the additive
character
= Y () =Yg (T L)
of Op /(7).
(b) If L/K is unramified then €(r) = e(Ind r) for any representation r of Wy.

(c) If r(e) is the twist of r with the unramlﬁed character with Froby -eigenvalue
o € EX, and ¢(r) € Z is the conductor of r, then

G(r(a)) — O[—c(r)—dimE(r)SLE(r).

Here Frob; denotes the usual (arithmetic) Frobenius automorphism.

For a potentially semistable representation V of Gg, one first forms Dy (V), a
finite dimensional @“r vector space of dimension dimg, V with an action of Gg,,,
semilinear with respect to the natural action of Gg, on @“r and discrete on the
inertia subgroup. Moreover, Dy, (V) has a Frob-semilinear automorphlsm . The
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associated linear representation ry, of Wg, over E = @‘1’; is the space Dy (V) with
action

ry(W)(d) = tw)p "™ (d),

where ¢ : Wg, — Gq, is the inclusion and v(w) € Z is such that Frob”™ is the
image of w in Gg,,.
From now on we are interested in V = (IndG@f’ Q,)(1 —r). Here one has

Dy (V) = (IndG2r @) - =, 7y = (Indjp2 @) (p' ™),

and we notice that ry, is the scalar extension from Q' to @“r of the representation
(IndW@P @ur) (p'™"). So completion of @“r is not needed in th1s example. Associated
to ry ®ay @ is an e-factor in €(ry,) € @X =K;(Q »). However, as explained above
before (3), ry, carries a left action of @“r[G] commuting with the left Wq -action,
so we will actually be able to associate to ry, Qau Q, arefined e-factor

€(K/Q,, 1 —r) € K{(Q,[G)).

For each yx € G define a representation r, of Wg, over E = Q) by
Wa, - Ga, % G 2% GL, (E), (8)

where py : G — GL4,(E) is a homomorphism realizing x. Let E x be the space of
row vectors on which G acts on the right via p, and define another representation
of Wg, over E=Q,

rv.y = E% ®auia) ry = E ®auia) (Indy Q%) (p' ™) = E%

By (3), the left Wg -action on this last space is given by the contragredient
by (g)~! of 1y, twisted by the unramified character with eigenvalue p'=". So
we have

rV,X g r)z (pl_r)9
where y is the contragredient character of x. We view the collection
e(K/Q,1=r):=(e(rv. ;) eg = () p" ") 5 9

as an element of K (Q p[G]) in the description (5).

3. The conjecture in the case p 1 |G|

In this section and for most of the rest of the paper we assume that p does not divide
|G| =[K : Q,]. In particular K/Q, is tamely ramified with maximal unramified
subfield F. Although our methods probably extend to an arbitrary tamely ramified
extension K /Q, (i.e., where p is allowed to divide [F : Q,]) this would add an
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extra layer of notational complexity which we have preferred to avoid. The group
G = Gal(K /Q,) is an extension of two cyclic groups

Y :=Ga(F/Q,)=7Z/fZ,
A:=Gal(K/F)=Z/eZ,

where the action of o € ¥ on A is given by § — 8” and we have ¢ | p/ — 1. By
Kummer theory K = F({/p,), where pg € (F*/(F*)°)* has order e. We can
and will assume that py has p-adic valuation one, and in fact that pg = A - p with
A € pp. Writing pg = A’ - p(, with p; € Q,, we see that K is contained in F’({/pT’)),
where F/ := F (W ) is unramified over Q, and p(’) is any choice of element in
K@, - P = ip—1- p. Since for the purpose of proving the local Tamagawa number
conjecture we can always enlarge K, we may and will assume that

K =F(Jpo)s po€ip-1-p<Qp.
We then have
G=Ga(K/Q,) =YX x A

since Gal(K /Q,(¢/p,)) is a complement of A. If (e, p — 1) = 1, then the fields
K=F (ﬁo) for po € wp—1 - p are all isomorphic; in fact any Galois extension
K /Q, with invariants e and f is then isomorphic to the field F(/p).

The choice of pg (in fact just the valuation of pg) determines a character

no: A= p, CF*CQy” cQy (10)
by the usual formula §(/p,) = no(8) - &/ p,- Let
n:A— F*

be any character of A and
¥, ={ge2|n(gsg H=n() forallse A}
the stabilizer of 7. Then for any character ' : ¥, — Q) we obtain a character
n'n:Gy =%, x A— Q"
and an induced character
x :=Indg (n'm)

of G. By [Lang 2002, Exercise X VIII.7], all irreducible characters of G are obtained
by this construction, and in fact each x € G is parametrized by a unique pair ([1], n’)
where [n] denotes the X-orbit of 7. The degree of x is given by

dy=x(1) = f, =2 : 5] =[F,: Q. (11)
where F,, C F is the fixed field of %,,.
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We have
— Wa,
ry = IndWF,, (rym),

where ry and ryy,, are the representations of Wg, and W, , respectively, defined as
in (8). By [Serre 1979, Chapter VI, Corollary to Propoposition 4] we have

0, n=1,

C(rx)_f”c(’"”)_{fn, Tt

Using (b), (c) and (a) of Section 2.2 we have
E(I’X) = E(rn’n)

1, n=1,
= { —c(ry) 1¢ e foy—1 (12)
€(ry)ry (Frobg, )~ = n(rec(p))t (ry.g, Yp)n' (/)™ n# 1.

3.1. Gauss sums. If k, denotes the residue field of F),, we have a canonical char-
acter
L LX ~ X X X
a)'k}'](_lu/pfﬂ_]an EK g@py

where the first arrow is reduction mod p. On the other hand we have our character
. px e ab ! ab ¥ ~ab N = x
ryg i B — Wi = GF = G = Q)
of order dividing e. So there exists a unique m, € Z/eZ such that

fn—1
raclu g = @™ (13)

and formula (7) gives
Ty ¥p) = Tl PV,

where
Trxy /e p (@)

(@)=Y w@,

X
acky,

is a Gauss sum associated to the finite field k,. The p-adic valuation of these sums
is known:

Lemma 3 [Washington 1997, Proposition 6.13 and Lemma 6.14]. For0<i< pf n—1,
let i =ig+ piy + p?ia + -+ ifn_lpf'?_1 be the p-adic expansion with digits
0<ij<p-—1 Then

-1

. . . Ja .
i lo+i+--+if-1 ip’/
vp(t(@™)) = == < ;
— fo —
p—1 pr Vit

where v, : @; — Q is the p-adic valuation on @p normalized by v,(p) =1 and
0 < (x) < 1 is the fractional part of the real number x.
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Corollary 4. Foralln € A we have

fr]_l j
vp(l'(rn,:iv l//p)) = Z<mlp >

j=0

After this interlude on Gauss sums we now prove a statement about periods
of certain specific elements in K which will eliminate any further reference to
e-factors in the proof of Equation (4).

Proposition 5. Let K /Q,, be Galois with group G of order prime to p. Then any
fractional Ok -ideal is a free Z ,| Gl-module of rank one and

(€(r7)) g - [per(b)] € im(K1(Z,[G]))
for any 7,[G]-basis b of the inverse different ({/ﬁo)_‘sK Ok = (f/ﬁo)_(e_l)(’)K.

Proof. This is a classical result in Galois module theory which can be found in
[Frohlich 1976] but rather than trying to match our notation to that paper we go
through the main computations again. In this proof ¢ will temporarily denote a
generic element of X rather than the Frobenius.

The image of [per(d)] in the x-component of the decomposition (5) is the
(dy x d)-determinant

[per(b)], = det p, (Z g(b) -g—l) =det ) | g(b)py(8)”' €@}
geG geG

This character function is traditionally called a resolvent. With notation as above,
(/Py)~“ POk isafree Z,[G,]-module with basis o (b), where 6 € G,\G= £, \ &
runs through a set of right coset representatives. The image of this basis under the
period map is

per@(®) =Y gob)-g'= Y (Z v 'go (b) -gl)r
geG €T, \T “g€Gy
and if y = Indgn( x') is an induced character we have by [Frohlich 1976, (5.15)]
Px (Z g(b) -g1> = (Z flga(b)-px/(g)l)
geCG g€Gy 0,7

In our case of interest x’ = 'y is a one-dimensional character. Write

b=E& . x,
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where x is an Op[A]-basis of ({/ﬁo)_(e_l)(’)K fixed by ¥ and § a Z,[X]-basis
of Op. Then writing g = §o’ with § € A and ¢’ € X, this matrix becomes

( Y tlele@m' @) Y ) - n<8>1)
o'ex, seA o.T
and its determinant is
da(}:t”da@m%ﬂ_v T Do st ne
o'exy 0T 1eX,\T SeA

The first determinant is a group determinant [Washington 1997, Lemma 5.26] for
the group %, \ X and equals

=[] X ( > G/G(S)n/(o/)_l>/c(a)_l =[1>_o@x@ ™"

KE(EN\D)N 0eT)\E No'e, K GET

where this last product is over all characters « of X restricting to n” on X,. The
sum ) s o(& Yk (o)1 clearly lies in Z‘I‘f’x since its reduction modulo p is the
projection of the [F,,[E]—basis £ of Or/(p) ®F, F p into the k-eigenspace (up to the
unit |X| = f), hence nonzero. So we find

&y € 7. (14)

We now analyze the second factor

x= [ Yo 'sr)-n@

TeX,\X JeA

which is the product over the projections of x into the npi—eigenspaces fori =
0,..., fy — 1 (up to the unit [A| =e). For 0 < j < e the no_j—eigenspace of the
inverse different is generated over O by ({/ﬁo)_f and since x was a Op[Al]-basis
of the inverse different its projection lies in Oy - ({/ﬁo)_j . So by Lemma 6 below
we have

fo—1 _
xy € OF - [ Wy~ ™/ c k
i=0
and hence
=1 —m pi
vp(xy) = — Z< -+ >= —0,(z (5. ¥p)), (15)
i=0

using Corollary 4 and the fact that i) = n,". One checks that 7(r; s, ¥,) € Q5 (&p)
is an eigenvector for the character

- n—1)/(p—1
anom,,(p )/ (p—1)
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of the group Gal(Q}(¢p) N K™ /QY). Also, since x, is an eigenvector for o !,

Equation (15) implies
T(I’ﬁﬁﬁ, l/lp) "Xy € Zl;’x.

Combining this with (14) and (12) we find
€(ry) - [per(b)], = fi(rec(p)T (riz, ¥p)iT (077) - X - &y € 735

and hence
(€(rg))yeq - [per(®)] € im(K(Z,[G])). O

Lemma 6. We have n = ngn, where nq is the character (10) associated to the
element pg of valuation 1 and m, was defined in (13).

Proof. It suffices to show that the composite map
mn
oy CF* 55 G - Gal(K/F) ™ .

agrees with the (m, (p/" — 1)/e)-th power map. By definition [Neukirch 1999,
Theorem V.3.1] of the tame local Hilbert symbol and the fact that our map rec is
the inverse of that used in [Neukirch 1999], we have

¢ pgy
/ —_—
which by [Neukirch 1999, Theorem V.3.4] equals
_ m B Jn—1
¢ l’ 2% _ (_l)aﬁp_o (p/n—1)/e _ ;mn(pfn_l)/e
F ;e ’
whereo{:vl,,(p(’)”n)zm,7 and,B:vp(;_l):O. U
Denote by y a topological generator of
I = Gal(Q,(px)/Qp)

and by
XV Gal(Q, (4p%)/Qy) = Z)

the cyclotomic character. As in the proof of Proposition 5 choose b such that

Z,[G)-b=(Jpy) “ VOk.

Denote by e; = > gen & € Z,[¥] the idempotent for the trivial character of X.

1
|Z]
Proposition 7. If p 1 |G| then one can choose € H YK,Z7 p(1 —7)) such that

H' (K, Z,(1—r)=H"K,Z,(1 — 1) ®Z,[G]- B
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and the local Tamagawa number conjecture (4) is equivalent to the identity
[ = D100 - [per)] Dper(exp BN1HCs1 | - 2] <
r N-(p veGLper -[per(exp 1Cpl - —pro ],

in the group K1(Q[G])/im K{(ZJ[G]). The projection of this identity into the
group K1(Q}[X])/im K1 (Z}][X]) is

. chCIO(y)r -1 1— prflo_ B
[(r — D! [per(exp™(B)]F - [chclo(y)r_l —at 1 —el] : [W]F =1

and in the components of K (@;r[G])/ im K4 (Z;r[G]) indexed by x = ([n], n') with

NlGal(k/kNF,)) 7 1

this identity is equivalent to

(r =D pU=DIn - [per(b)], " - [per(exp™(B))], € 75 (16)

Proof. If p t|G| then the module H' (K, Z,(1 —r))/tor is free over Z,[G] since
this is true for any lattice in a free rank-one Q,[G]-module. The first statement is
then clear from (9) and Proposition 5.

Since

RU(K,Z,(1 1) ®F 6, Zp|S1 = RU(F, Z,(1-r)),

the projection [CglF of [Cg] into K1 (Q[Z])/im K (Z}/[X]) is the class of the
complex

H'(F, Z,(1 =)ol —11@ H*(F, Z,(1 = r))[-2]
and both modules have trivial X-action. Any finite cyclic Z,[X]-module M with
trivial X-action has a projective resolution

[Mlei+1—ey
—_—

0— Z,[%] Z,[S]— M —0

and the class of M in Ko(Z,[X], Q) is represented by [[M|e; + 1 — el]”! e
K1(Qp[Z]). Using Tate local duality we have
[Clr =[H' (F, Z,(1 — r)orl ™" - [H*(F, Z,(1 = 1))]
=[HF,Q,/Z,0 —r)""-[H'(F,Q,/Z,())]
=[x = Der+1—e]- [(x¥°) — Dey+1—er]7!

chCIO(y)r—l -1
= |: chclo(y)r -1

el+1—e1:|.
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By Proposition 5 [per(b)], is a p-adic unit if » = 1, which gives the second
statement. The third statement follows from the fact that Gal(K /K N F(¢,)) acts
trivially on RI"(K, Z,(1 —r)) which implies that [Cg], = 1 if the restriction of n
to Gal(K /K N F(¢)) is nontrivial. O

4. The Cherbonnier-Colmez reciprocity law

Now that we have reformulated Equation (4) according to Proposition 7 we see
that we must compute the image of exp*(8). In order to do this we will use an
explicit reciprocity law of [Cherbonnier and Colmez 1999], which uses the theory
of (¢,I'x)-modules and the rings of periods of Fontaine. Rather than developing
this machinery in full, we will give only the definitions and results needed to state
the reciprocity in our case; the reader is invited to read [Cherbonnier and Colmez
1999] to see the theory and the reciprocity law developed in full generality.

4.1. Iwasawa theory. In this subsection and the next we recall results of [Cher-
bonnier and Colmez 1999] specialized to the representation V = Q,(1). For this
discussion we temporarily suspend our assumption that p 1 |G|. So let K again be
an arbitrary finite Galois extension of Q,, define

Ky =K, Keo=|]JKn,

neN

Tk :=Gal(Koo/K), Agx =7,[Gal(Kso/Q))]]

and

1
-
n

H}' (K, Z,(1)) =lim H" (K,,, Z,(1)) = lim H" (K, Ind$* Z,(1)) = H" (K, T),
n

where the inverse limit is taken with respect to corestriction maps, the second
isomorphism is Shapiro’s lemma and

T :=1imIndgt 7,(1) = 1im Z,[Gal(K,/K))(1) = Z,, [Tk (1)

is a free rank-one Z,[[I'x l-module with Gg-action given by Y10 where
Y :Gx = g S Z,[Tk ™

is the tautological character (see the analogous discussion of (2)). From this it is
easy to see that for any r € Z one has an exact sequence of Gg-modules

. ycyclo r—1_
0T 220 L 7,07 =0 (17)
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where yx € I’k is a topological generator (our assumption that p is odd assures
that ' is procyclic for any K). It is clear from the definition that

H/ (K,Z,(1))= H}, (K,, Z,(1)) (18)

forany n > 0. So H}, (K, Z,(1)) only depends on the field K, and it is naturally a
Ag-module. Since our base field K was arbitrary an analogous sequence holds with
K replaced by K, and T by the corresponding G g, -module 7}, so that 7 = Indg’; ) T,.
In view of (18) we obtain induced maps

pr, . : H} (K, Z,(1)) = H' (K, Z,(r)) (19)
forany n >0 and r € Z.
Lemma 8. Set v, = yk,. If r # 1 then the map pr, , induces an isomorphism
Hw (K. Zy(1D) /(= x () TV H (K 2y (D) Z H (K, Zy(1)).

Proof. The short exact sequence (17) over K,, induces a long exact sequence of
cohomology groups

— cyc10( n)l—r
0—— HY (K, Z,(1) 22—

w

HY (K,Z,(1)) —— H*(K,,Z,(r))

Ply,r
H}, (K, Z,(1)) m H}\ (K, Z,(1)) —— H"(K,, Z,(r))
Yn—X Yn

H}, (K, Z,(1) m H} (K, Z,(1)) —— H*(K,, Z,(r)) — 0.
Yn—X Yn

By Tate local duality there is a canonical isomorphism of Gal(K, /K )-modules
H*(K,,Z,(1) =7,
for each n, and the corestriction map is the identity map on Z,. Hence,
H,(K,Z,(1)=2Z,
with trivial action of I'g,. This implies that for 7 1 multiplication by
Yo = X ) T = 1= xR )

is injective on lew (K, Z,(1)). Hence pr,, , is surjective and we obtain the desired
isomorphism. (]
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4.2. The ring Ak and the reciprocity law. The theory of (¢, 'x)-modules [Cher-
bonnier and Colmez 1999] involves a ring

A .
A = (Op gl /nk])" = {Zann,? cay € Op, ngrglooan = 0},
nez
where g is (for now) a formal variable and F’ D F is the maximal unramified
subfield of K. (The notation (—)” means —.) The ring Ag carries an operator ¢
extending the Frobenius on O and an action of I'x commuting with ¢, which are
somewhat hard to describe in terms of 7wx. However, on the subring

Ap = (Oplrll/7])" S Ak
one has »
p(l+m) =1+, y(I+m)=A+m)*" (20)

for y e I'k.

The ring Ak is a complete, discrete valuation ring with uniformizer p. We denote
by Ex = k((g)) its residue field and by By = Ag[1/p] its field of fractions. We
see that ¢ (Bg) is a subfield of Bx (of degree p), and thus we can define

v =p o7 Tra jpn
and
N = (PilNBk/ka

as further operators on Bx. We observe that if f € Bk, then

Yp(f) =T

Thus v is an additive left inverse of ¢. We write Azzl C Ak for the set of elements
fixed by the operator v. The (¢, 'y )-module associated to the representation Z, (1)
is Ak (1) where the Tate twist refers to the 'y -action being twisted by the cyclotomic
character.

By [Cherbonnier and Colmez 1999, 1I1.2] the field By is contained in a field B
on which ¢ is bijective and B contains a G -stable subring Btn consisting of
elements x for which ¢ ™" (x) converges to an element in B4r. So one has a Gg-
equivariant ring homomorphism

9" : B"™ > Bg.
which again is rather inexplicit in general but is given by
o7 () = et 1
on the element 7.

The main result [Cherbonnier and Colmez 1999, théoreme IV.2.1] specialized to
the representation V = Q, (1) can now be summarized as follows.
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Theorem 9. Let K /Q),, be any finite Galois extension and
Ak :=7,[Gal(Koo/ Q)]
its Iwasawa algebra.

(a) There is an isomorphism of Ax-modules
~ =1
Exp} @ H}\ (K. Z,(1) =AY (D).

(b) There is ny € Z such that for n > ng the following hold:
(bl) AV=' C Bin,
(b2) The Gg-equivariant map ¢ ™" : Agzl — Bgr factors through

9" AV 5 K] € Bag.
(b3) One has

o0
P~ (Exps () =Y exply () (P i, (1) 1!

r=1

foranyu e H} (K, Z,(1)).

Theorem 9 contains all the information we shall need when analyzing the case
of tamely ramified K in Section 6 below. However, the paper [Cherbonnier and
Colmez 1999] contains further information on the map Exp}p, which we summarize
in the next proposition. We shall only need this proposition when reproving the
unramified case of the local Tamagawa number in Section 5 below. First recall
from [Cherbonnier and Colmez 1999, p. 257] that the ring By carries a derivation

VIBK—>BK,

uniquely specified by its value on :

Vir)=1+m.
We set
V log(x) = @

and denote by
M= lim M/p"M

n

the p-adic completion of an abelian group M.
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Proposition 10. There is a commutative diagram of Ak -modules, where the maps
labeled by = are isomorphism.

H},(K,Z,(1))
~ Exp}p
§ =

(EQ) A" = AW

mod p

A(Koo) :=1lim, K /(K;)P"

J

U :=lim, , O /(05 )" Y 4 F kK]

<«~—m,n >~

1

Proof. The isomorphism § arises from Kummer theory. The theory of the field of
norms gives an isomorphism of multiplicative monoids [Cherbonnier and Colmez
1999, proposition 1.1.1]
lim Ok, = k[7 k]
n

which induces our isomorphism ¢ | after restricting to units and passing to p-adic
completions and our isomorphism ¢ by taking the field of fractions and passing to
p-adic completions of its units.

By [Cherbonnier and Colmez 1999, corollaire V.1.2] (see also [Daigle 2014,
3.2.1] for more details), the reduction-mod- p-map (Aﬁf=1)A — (Eg)" is an iso-
morphism.

By [Cherbonnier and Colmez 1999, proposition V.3.2(iii)] the map V log makes
the upper triangle in our diagram commute. Since all other maps in this triangle
are isomorphisms, the map V log is an isomorphism as well. U

4.3. Specialization to the tamely ramified case. We now resume our assumption
that p does not divide the degree of [K : Q,] together with (most of) the notation
from Section 3. In addition we assume that

{pEKv

which implies that K,/K is totally ramified and hence that F = F” is the maximal
unramified subfield of K,. The theory of fields of norms [Cherbonnier and Colmez
1999, remarque 1.1.2] shows that Ex is a Galois extension of Er of degree

3:=[K00:Foo]=[K:F(§p)]
with group
Gal(Eg /Er) = Gal(K/ Fo) = Gal(K /F(Lp)).

Note that with this notation the ramification degree of K/Q,, is e(p — 1) whereas
it was denoted by e in Section 3. The element pg of Section 3 we choose to be —p,
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1.e., we assume that

K = F( e(p—l)/_p)‘

1243

An easy computation shows that (£, — P l'=—p.uwithuel+ &p—DZplE)]

and hence we can choose the root »~{/—p such that
tp—1="Y=p-u
with u’ € 14+ (¢, — 1)Zp[¢,]. By Kummer theory we then also have

K=FQ/,— 1)

and Bx = Bp (/7). Any choice of mx = /7 fixes a choice of

Ve — 1= (m)li=o
and of
N/ = \/Q,j w')~Ve.
We have
G=EXYXA

with ¥ cyclic of order f and A cyclic of order e(p — 1) and
Ak Z=Z,[G xTx 1 = Z,[Z x Allly: — 11,
where y; = y”~! is a topological generator of I'k.

Proposition 11. There is an isomorphism of Ag-modules

H}\W (K, Z,(1D) = Ag - Bro ®Z,(1).

Proof. In view of the Kummer theory isomorphism

8: A(Koo) = HJ (K, Z,(1))

21)

it suffices to quote the structure theorem for the Ax-module A(Ky) given in
[Neukirch et al. 2000, Theorem 11.2.3] (where k = @, and our group ¥ X A is the

group A of [loc. cit.]).

Corollary 12. There is an isomorphism of Z,|G]-modules
H' (K, Z,(1=1)ZZ,[G]-B& H' (K, Zp(1 = M),

where B = prO,l—r(ﬂlw) = pr],]—r(ﬁlw)'

O
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Proof. This is clear from Proposition 11 and Lemma 8 (with r replaced by 1 —r)
in view of the isomorphisms

Z,IG] => Ak /(yi — X)) Ak
and

Z,()/ (1 — x¥°)NZ, (1) =Z, ) (x V(1) — XY (y))Z,
= H"K,Q,/Z,(1—r)))
= HY(K,Z,(1 =7))or. O

If we choose the element 8 of Corollary 12 to verify the identity in Proposition 7
it remains to get an explicit hold on some Ag-basis By, or rather of its image

o =Exp, (Bru) € Ay (D). (22)

Since « is a (infinite) Laurent series in mg it will be amenable to somewhat explicit
analysis. In the unramified components of Proposition 7 (n = 1) we can compute «
in terms of the well-known Perrin-Riou basis (see Proposition 24 below) which is a
main ingredient in all known proofs of the unramified case of the local Tamagawa
number conjecture. In the other components (1 7~ 1) we shall simply use Nakayama’s
lemma to analyze o as much as we can in Section 6.

In order to compute equ*lp(r) (B) we also need to be able to apply Theorem 9 for
n=1.

Proposition 13. Part (b) of Theorem 9 holds with ng = 1.

Proof. 1t will follow from an explicit analysis of elements in Agzl in Corollary 37
below that ¢~ (a) converges for a € Az=1, which shows (bl). Since 7g = 7 and
@ () = {me'/P" — 1 itis also clear that the values of ™" on A, if convergent,
lie in F(/¢p — DItT = K, [¢]. This shows (b2). By [Cherbonnier and Colmez
1999, théoreme 1V.2.1] the right-hand side of (b3) is given by T, (Exp}p (n))
for m > n large enough (see the next section for the definition of 7},). The statement
in (b3) then follows from Corollary 17 below. O

4.4. Some power series computations. The purpose of this section is simply to
record some computations justifying Theorem 9(b3) for n > 1. Another aim is
to write the coefficients of the right-hand side of Theorem 9(b3) in terms of the
derivation V applied to the left-hand side. First we have

Lemma 14 [Cherbonnier and Colmez 1999, lemme II1.2.3]. Suppose ¢~ "f and
@ "(Vf) both converge in Bgr. Then

—n _ ni —n
¢ (V) =p (@ ().
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Proof. 1t’s enough to check that ¢ 7" o V and p”% o @~ " both agree on 1+, since
they are both derivations. We see that

¢V m) =T (L) = e

d d n n
Pl () = e = el O

The next Lemma shows that V is compatible with other operators that we have
introduced. The ring B is defined as in [Cherbonnier and Colmez 1999].

Lemma 15. Let f € Bgx. Then we have
(@) Vyf =x¥(y)-yVf,

(b) Vof =p-¢Vf,

(¢) VTrpypp f =Trpsop Vf,

) Vyf=p~-yVf.

Proof. This is a straightforward computation. For example, to see (c) note that
(1+71)i, i=0,...,p—11isa¢@B-basis of B and

p—1
Trppp(x) =Trp/pp (Z px; - (1 +7T)l) = p - @xo.
i=0

Hence

p—1
Trp/pp(Vx) = TerB(Z Voxi - (1+7) +x;-i- (1 +n>")
i=0

p—1
=Trp/uB (Z o(pVx;+x;-i)-(1+ 7T)l>
i=0
= p*9Vxo=V(p-gxo) = V Trppp(x).
See [Daigle 2014, Lemma 3.1.3] for more details. O

Recall the normalized trace maps
T,: Koo — K,
from [Cherbonnier and Colmez 1999, p. 259] which are given by
T(x) = p~" Trk, /K, X
for any m > n such that x € K,,;, and extend to a map
T, : Kollt]l — K,

by linearity. By [Cherbonnier and Colmez 1999, théoréeme IV.2.1] the right-hand
side of Theorem 9(b3) is given by 7,0 (f) for f = Exp}p (u) € AZZI andm >n
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large enough. In order to get access to individual Taylor coefficients of the right-
hand side we wish to compute 7= 11 T,¢o7™(f), but from Lemmas 14 and 15 we see
that

r—1

Fan—m — p—m(r—l)Tn(p—mVr—l

and thus we can study the map 71",,<p on V'~ IAW ! But since YVx = th/fx
we see that V'L AV~ € AV and so we wish to study T, ™ on A=

Lemma 16. Let P € Az:p " be such that
(7" P)(0):=¢ " Pli=o
converges and assume m > n. Then if n > 1 we have
(Tap™" P)(0) = p"~ V""" (¢ P)(0). (23)
and if n = 0 we have
(Top ™" P)(0) = p"~ D" (1= p~'a™ (g " P)(0). (24)
Proof. Since P € Az:pr_l, we know that 1/ (P) = p"~' P and thus that

P~ Trg/pp(P) = @(P).

Recall that we can choose 7, such that mg = 7. Then {((1 +m)¢ — Dl/e:¢ce Mp)
is the set of conjugates of ;. over ¢(B) in an algebraic closure of B, so this gives

p" Y P((A+m)¢—DY)=Po((1+m) = HY).

cenp

Whenever ¢ D P converges for some I € N, the operator ¢~“*D P|,_¢ corre-
sponds to setting 7 = ¢,i+1 — 1 and applying o ~¢*Y to each coefficient. We get

P Y P g = DY) = P (g — DY), (25)
Ceup
If [ > 1, this simplifies to

peo —(I+1)

P Trkryi PO (Gt — DY) = PO (¢ — D),

and by induction, we see that for any 1 <n < m,

7

P P (g — 1)) = PO (G — 1)), (26)
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Since P° " ((¢pm — 1)1/¢) = (9™ P)(0), this proves Equation (23). If / = 0 then
Equation (25) becomes

P Y P 8= DY) = (970P)0).

CEUp
The left-hand side is now equal to
pTPT O+ p Tk, P (2 — D)
and we have
P Tk kg (P (6= DY) = (1= p o g " P)(0).
By induction we get
P TP (G = DY) = (1= pT oD@ P)(0),
which proves Equation (24). U
Corollary 17. If P € Ag=1 is such that ¢ =" P converges and m > n, then we have

Tn(p_mP — p—l’lgo—l’lP

ifn>1,and
Top™"P=(1—pla"He P
ifn=0.
Proof. This follows by combining Lemma 16 for all r. (]

5. The unramified case

In this section we reprove the local Tamagawa number conjecture (4) in the case
where K = F is unramified over Q. This was first proven in [Bloch and Kato
1990] and other proofs can be found in [Perrin-Riou 1994; Benois and Berger 2008].
The proofs differ in the kind of “reciprocity law” which they employ but all proofs,
including ours, use the “Perrin-Riou basis,” i.e., the A p-basis in Proposition 24
below.

5.1. An extension of Proposition 10 in the unramified case. In this section we
use results of Perrin-Riou [1990] to extend the diagram in Proposition 10 to the
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diagram in Corollary 21 below. Define

Pp = {Zann” € Fl[z] : na, € (’)F},

n>0
Pr:=Pr/pOrlrl,
Priog :={f €Pr:(p—@)(f)=0},
Priog :={f €Pr: [ €Priogl ={f € Pr:(p—9)(f) € pOrlxll,
OrllmThog :={f € Opllx1* : f mod pOrln] € 1 +mk[x]}
=1+ (m, p).

Note that Pr is the space of power series in F whose derivative with respect to
7 lies in Op[[]. Observe that the map d log is given by an integral power series,
and therefore log Of[[7 [liog € Pr where the logarithm map

n
1 — 11X
og(l+x) =) (="'~
n>1
is given by the usual power series. Since ¢ reduces modulo p to the Frobenius, i.e.,
to the p-th power map, the logarithm series in fact induces a map
log: OF [[ﬂ]]log - PF,log-

We wish to show that this map is an isomorphism, and to do this we first recall a
couple of lemmas from [Perrin-Riou 1990].

Lemma 18 [Perrin-Riou 1990, lemme 2.1]. Let
fel+nkln] =G kix)
and let f be any lift of f to Of[[7 lliog. Then

log(f) mod pOr[r]l € Pr jog
does not depend on the choice of f , and the map f +— log( f ) mod pOg([r] is an
isomorphism log; : 1 +wk[[w] = 7_3F,10g.

Lemma 19 [Perrin-Riou 1990, lemme 2.2]. Let f € Pr log. Then the sequence
Py (f) converges to a limit f° € Pr 109, and we have

(1) f*=f mod pOrlrl,

Q) () =p ' f>,

(3) (1—p~lo)f> e Oplnl,

4 f*=0 if feOrlrl,

(5) f@=¢> if f=g modpOrlnl.



On the local Tamagawa number conjecture for Tate motives 1249

Corollary 20. (1) The map log : Or[[7 g — PF,l0g is an isomorphism.
(2) One has a commutative diagram of isomorphisms
log -1
OF [[n]]log ~ PF log

~

= | mod p

1R

mod p

1 —
14 k[ ] — s Prjog

Proof. To see the first part, note that we have a commutative diagram

1 0

log
1+ pOrllxr]l —— pOFrlr]

~

Orllmliog ——— Pr1og

1 —
1+ 7kl ]| — s P g

1 0

and that the logarithm map on 1 + pOF[[x] is an isomorphism since its inverse
is given by the exponential series. By the five lemma, the middle arrow is an
isomorphism. For the second part, it sufﬁces go note that Lemma 19 shows that any
element in PF log has a unique lift in PF log and that log V' (x) = py log(x). O

Corollary 21. For K = F the commutative diagram from Proposition 10 extends
to a commutative diagram of A p-modules:

A(Fo) = lim,, | F*/(F)P" ——— (Ef)" (_;d (AF=H" —*j A7)
; mod p og

[ e

U=lim, , 05 /(OF )" ¢—— 1 +xkln] +— Orllwliyy — Piig
n n mox p

<—m,n log log F.log

Proof. This is immediate from Corollary 20(2). O
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— 1
This diagram allows us to determine the exact relationship between Pgi)g and

A%Zl(l) since the relationship between A(F,) and U is quite transparent. There
is an exact sequence of A p-modules

0= U — A(Fx) > Z, — 0,

where v is the valuation map and Z,, carries the trivial X x I"-action. By [Neukirch
et al. 2000, Theorem 11.2.3], already used in the proof of Proposition 11, there is
an isomorphism

A(Foo) = Ar @ Zp(1) (27)

and the torsion submodule Z,(1) is clearly contained in U. Hence we obtain an
exact sequence

0— Uy — A(Foo)t — Z, — 0,

where My := M /Mos. The module A(Fyo )t is free of rank one and since the
(¥ x I')-action on Z,, is trivial we find

Utf = I‘A(Foo)tf,

where
['=(—-1,y—1)CAf

is the augmentation ideal.

Lemma 22. The augmentation ideal I is principal, generated by the element
(I—e)+(y = De,
where e| € Z,[X] is the idempotent for the trivial character of X.

Proof. This hinges on our assumption that p does not divide the order of X, which
implies that e; has coefficients in Z,. Using e% = e; we then find immediately

o—l=(-D-e)=(—-D—-e)- -[(1-e)+(y—Deil,
y—1l=y =D —-e)+e)-[(0d—-e)+(y = Deiyl. O

Lemma 23. There are elements o € A}ﬁ:‘ (), xe Pﬁjf;_l such that

(1) AT (D) =Ap-a®Z,(1)- 1,

-1 B
) Pﬁ]—ofg =Ar-a®Z, log(l+m),

(3) Va=(1-e)+(y—Dey)-c.
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Proof. Part (1) follows from (27) and Corollary 21 For part (2) one checks easily
that Z,, -log(1 + ) is the torsion submodule of 73 and that (73 F. 10 )tf is free
of rank one over A, since it is isomorphic under V to the free module

Iao=Ar-((1—=e)+(y—De) -«

by Lemma 22. Note that we view « here as an element of Az (1), i.e., the action
of y is x%°°(y) times the standard action (20) of ¥ on Ar. Setting

@:=V ' ((l=-e)+y—De) a
we obtain (3). O

52. T he Coleman exact sequence and the Perrin-Riou basis. Lemma 23 tells us
that (PF log )tf is generated over A r by a single element &, but not what this ¢ is.
By studying one more space, Or[[7]¥=", we are able to describe & and hence «.

Proposition 24. (1) There is an exact sequence of A p-modules

0 Z,-log(l+m) = Phil 2 0p[r V=0 - Z,(1) > 0. (28)

(2) Oplx1¥=C is a free A p-module of rank one generated by &(1 + 1), where
& € Or is a basis of Of over Z,[X].

Proof. Part (1) is Theorem 2.3 in [Perrin-Riou 1990] and goes back to Coleman
[1979]. See also [Daigle 2014, Proposition 4.1.10]. Part (2) is Lemma 1.5 in
[Perrin-Riou 1990]. |

Corollary 25. The bases o and & in Lemma 23 can be chosen such that
(—g¢/p)-a=(1—e)+ —x¥)er) £(1+7). (29)
Proof. The cokernel of (1 — ¢/ p) in (28) is isomorphic to
Zy()ZAp/(o =1y = x¥° W)

so the image of (1—¢/p) mustbe (o —1, y —XCYCIO(y))-S(l +7). Asin Lemma 22
we can show that this ideal is principal, and is generated by

(I—ep) + (¥ — x¥°(p))er. 0

5.3. Proof of the conjecture for unramified fields. We now have the tools we
need to explicitly compute expap nH WF, 7 »(1 —r))) and prove the equality of
Proposition 7 for K = F (i.e., e = 1). By Lemma 8 we can take

B =1y 1 (Brw),
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where B;,, satisfies

a =Exp) (Bru),
Va=((1—-e)+(y—Dey)-a, (30)
(I—g/p)-a=((1—e)+(y—x"(W)er) - £(1+ 1),

using (22), Lemma 23(3) and (29). We cannot immediately apply Theorem 9 to
n = 0, but going back to [Cherbonnier and Colmez 1999, théoreme IV.2.1] we have

o
> exply, (10,1, (0) -1 = Top™" Expl ().

r=1
Applying this to
u=((1—-e)+ —De)-Brw €1y
assures that
EXpZ} () =Va € Or[[=]
and therefore

9 0P = 0v! Exp}p ) =9 'V'a

converges in Bgr for any r > 1. Lemma 16 then implies

* — 1 d =1 —m *
eXPa, () (Pro,1— (1)) = —1)! (E) Top " Expz, (”)|t:o
_ 1 —(r—1) —mr—1 *
= Gonilr eV By, (0],
1

_ —r _—1\ _—0gr~
_—(r_l)!(l—pro o V&l _,

_ S O v
_(r—l)!(l p o)V a|ﬂ=0.

Applying V” to (29) and using Lemma 15 we have

(1=p o) Va=((1—e)+ XYWy — xY())er) - VE( + 1)
= ((1—e) + XYWy — x¥°()er) -£(1 + 1)
and so we find

expap (r) (pr(), 1—r (u))

1 1—p7o!
= Y . : _ppr_O;U . ((1 —e)+ (chclo(y)r o XCyClO()/))€1) .
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By Lemma 8 the action of y € Ar on HY\(F, Z,(1 —r)) is via the character
x<°(y)". Hence, for our choice (31) of u, we have

pro.1_ () = (1 —e1) + (XY () = Der) - pro 1, (Brw)
= ((1—e)+ xXY°W) —ey) -

and we can finally compute

1 1—p7To™! (1—e)+ ((Y>y) — x¥(y))e
- 1-p-lo (1—e1)+ (x¥(y) — Dey

eXPa,,(r)(ﬁ) = r -£.

This verifies the identity of Proposition 7.

6. Results in the tamely ramified case

We resume our notation and assumptions from Section 4.3. Our first aim in this
section is to prove Proposition 44 below which is a yet more explicit reformulation
of the identity (16) in Proposition 7. We then prove this identity fore < p and r =1
as well as for e < p/4 and r = 2. In the isotypic components where n|Gai(x F(g,) = 1
this can easily be done (for any r) using computations similar to those in Section 5.3
with

Bi:=pry 1—(Brw)

and By, defined in (30). The notation here is relative to the base field K = F. In
any case, the equivariant local Tamagawa number conjecture is known for any r in
those isotypic components by [Benois and Berger 2008]. We shall therefore entirely
focus on isotypic components with

nlGak /Fe,) # 1.

In this case we need to verify Equation (16). The main problem is that we do not
have any closed formula for a Ag-basis of (the torsion free part of) A%Zl. We shall
analyze a general basis using Nakayama’s lemma, and to do this we first need to
analyze which restrictions are put on a power series

a=ZannI’§ € Ak
n

by the condition ¥ (a) = a.

6.1. Analyzing the condition ¥ = 1. Proposition 34 below, which is the main

result of this subsection, gives the rate of convergence of a, — 0 as n — —oo for
Y=l

acAg .
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Definition 26. For n € Ny and m € Z ;) define
b i=p~' Y A=Y
Ceup
=p ' Tragyo -, ifn>1
Clearly by, , only depends on m (mod p).
Lemma 27. One has by, ,, € Z and
bmn={<—1>m(;;), ) 0<n<p,
(—=D™(2) = (=D"(;1 ). p=n<2p,
where O < m < p is the representative for m (mod p). Moreover,

+p—2
angl J_l ‘bm,n

(32)

p
forn > 1 and hence
PJ |bm,n
for jip—1) <n=({+D(p—1D.

Proof. Formula (32) follows from the binomial expansion of (1 —~')" and the

fact that
S AN
Ceup p. plk.

In particular b, o = 0, 1 according to whether p t m or p | m. The different of the
extension Q(¢,)/Q is (1 — g“p)”_z, so we have

Trae,e(yd-¢,") € p'z
= (=" S (P71 =" ) = (A =gV r=DT7r)
-2
<:>nZN(p—1)—|—2—p<:>N§n+L1_ 0
p_
Definition 28. Define integers 8, ; € Z by B, := %(i’) forl<j<p—1and

n(p—1)

p—1 n
(X)) = X s
j=1 j=n

Proposition 29. An elementa =), ain}( € Ak lies in A%zl if and only if for all
N € Z one has
N+je

00 N

— tn
ZaN-i-en(en )b(N/e>+n,n= > a(UN-'rje)/P( " >5n,j'P" (33)
n=0

O=n=<j=n(p—1)
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with the convention that a, = 0 for r ¢ Z. Equation (33) holds for all N € Z if and
only if it holds for all N € pZ.

Proof. This is just comparing coefficients in the identity p~! Trp JoB)(@) = @(a).
Onehas p(m) =(1+nm)P —1=nP(1+p-y) withy = Zf;]l Bi,j7~/ and hence
o) =g - A-(1+p-y'e
with A € . and (1 4+ Z)!/¢ the binomial series. In fact, A = 1 since ¢(g) = JTI?

mod p. Therefore

X /m
m)y=n{"(1+p- m/e=npmg ¢ ly"-p"
o) =m (I1+p-y) Kn_onyp

00 m n(p—1) '
> () 'S
n=0 j=n
and the coefficient of rr,](v ing(a) =), ale(ry) is

m
3 a;;(;)ﬁn,,- 3

m,n, j,N=pm—ej

which is the right-hand side of (33). The conjugates of & over ¢(B) are
A+m)t—l=m-¢-(1+1-¢Hrh,

hence the conjugates of 7' are

n[i{n . {m/e . (1 +( - ;fl)n—l)m/e _ 71}? . é,m/e . Z (5)0 o Efl)nnfn
n=0

and

00 m 00 m
P~ Tep e () = ng - 2(:) (;)bm/e,n”_n = (;)bm/e’””}?en’
n=

n=0

and the coefficient of JTII(V in p_1 Trp,u(py(a) is the left-hand side of (33). Note
here that B(¢)/¢(B) is totally ramified, so all the conjugates must be congruent
modulo 1 —¢.

Denote by (33),, the equation (33) modulo p”. By Lemma 30 below, (33); for
all N € Z is equivalent to (33); for all N € pZ. We shall show by induction on
m that this equivalence holds for all m. Suppose a € Ak satisfies (33),,41 for all
NepZ. Lethe A}gz1 be aliftof a € E}fZI, which exists by Lemma 32 below, and
write @ —b = ¢ - p. Then a — b satisfies (33),,4+ for all N € pZ, hence c satisfies
(33),, for all N € pZ. By the induction assumption c satisfies (33),, forall N € Z.
But then p - ¢ satisfies (33),,41 for all N € Z, hence so doesa =b+c- p. O
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Lemma 30. An elementa =7y, ainli( € Ex lies in Eﬁzl if and only if forall k € 7
one has

p—1
Y aipine(=1)" =qf. (34)

n=0

Proof. The only nonzero term on the right-hand side of (33); is a§, /p» corresponding
to n = j = 0, and the nonzero terms on the left-hand side are for n < p — 1 by
Lemma 27. For m € Zp) one has

(m)(n)_m(m—l)---(m—n-i—l) n! [0, m <n,
n)\im) n! 'm!(n—m)!:{l, im=n,

since for in < n one of the factors in m(m — 1) --- (m —n + 1) is divisible by p,
whereas for m = n this product is congruent to m! modulo p. For m > n one has
(%) =0, so (’;’) (%) = 0 whenever m # n. Using (32) the left-hand side of (33); is

p-l m n =
Zawn(n) (n_)(—l)’"
n=0

for m = (N /e) + n. So the left-hand side vanishes for N ¢ pZ and is equal to the
left-hand side of (34) for N = pk. O

For later reference we also record here a more explicit version of (33),.

Lemma 31. Let Hy =0 and H, = Z?:l 1/i be the harmonic number. Then (33),
holds if and only if for all k € Z one has

p—1 2(p-1)
Zakp+ne( " (1+ka )+ Z akp+ne( ntr. anp(l"i_é)Ealf- (35)
n=p+1

Proof. The only nonzero term on the right-hand side of (33), for N = kp is af,
corresponding to n = j = 0, since for n = 1 there isno 1 < j < (p — 1) with
p| (N+je) =kp+ je. The nonzero terms on the left-hand side are forn <2(p—1)
by Lemma 27. Note that for 1 < j <n < 2p only j = p is divisible by p. So
computing modulo p? we have

kp | kp '
() D) P B Do

n

n! N n!
kp kp\? 1

=1+2H,+ () —

PR\ Z 1J2

I<ji<jp<n

_ {1 +%H,, X n<p,
= k

1+§+7pHn_p+(%) p-Hy—p, p=n<2p.
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Here we have used H,_1 =0 mod p and Z?:pﬂ 1/j =H,-, mod p. By (32)
we have

(" (=D" = (=D", n<p,
b(kp/e)—i—n,n: 0, n=p,
() - () pen<2p
and
n ny_ (ptn=—pp+tn—p—D--(p+D) = A1
(n—p>_<n>_ (n—p)! _IZP'ZI;
j:

So the summand for n = p vanishes and for p < n < 2p we have

kp

- tn k  k k2 e

( i )b(kp/e)+n,n5<l+z+?pHnp+<g) -p-H,,,p>(—1) P.p-H,_,
k

- (_1)"—P(1+;).p.Hn_,,. 0

Lemma 32. The map Agzl — E}g =lis surjective.

Proof. This follows from the snake lemma applied to

0 Ax — 2 Ag Ex 0
wll wll wll
)4
0 Ak Ak Exk 0

and the fact that Ax /(Y — 1)Ax = H,Zw(K, Z,(1)) = Z, (see [Cherbonnier and
Colmez 1999, remarque 11.3.2.]) is p-torsion free. O

Definition 33. Fora =), a;m} € Ax and v > 1 we set
(@) := min{i | p* fa;).
In particular
l(a) :=11(a) = vy (@)
is the valuation of a € Eg.

Note that /(a) is independent of a choice of uniformizer for Ak, but for v > 2,
l,(a) is not.

Proposition 34. Leta € A%Zl.
(a) Forallv > 1 we have

N P it R
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In particular l(a) > —e.
®) Ifl(a) < —e+e(p—1) then
h(a) >1l(a) —e(p—1),

while if [(a) > —e+e(p — 1) then l,(a) > —e.
(©) If l(a) < —e+2e(p—1)and lr(a) > (a) —e(p — 1) then

l3(a) > l(a) —2e(p — 1),

while if [(a) > —e+2e(p— 1) and l(a) = l(a) —e(p — 1) then l3(a) > —e.
Remark 35. Part (b) is a small improvement of part (a) for v = 2 and a with
l(a) > —<2 — l)e+e(p —1,
p
while part (c) improves (a) for v = 3 and a with
la) > —<3 . %)e F2e(p—1)

and lh(a) = 1l(a) —e(p —1).
Proof. Suppose a =) _; ain}( € Azzl. Part (a) is equivalent to the statement

vip—1)+1
<_—
p

e = p'la, (36)

which we denote by (36), if we want to emphasize dependence on v. We shall
prove (36), by induction on v, the statement (36)g being trivial. Now assume (36),/
for v’ < v and assume p'*! tg; for some

_w+Dp-D+1 »
p )

1 <

We shall show that there is another i’ < i with p"*!{a;,. Hence there are infinitely
many i < 0 with p"*! { a; which contradicts the fact that @ € Ag. This proves

(36)U+1'
In order to find i’ we look at (33) for N = pi

o0 pi i
=4+n 4+ A
Zapi-i-en( ¢ n )b(pi/e)-i-n,n =Cl:~7+ Z a?—l—)»e(e n )ﬂml’)ﬁpn (37)
n=0 1<n<pi<n(p—1)
and first notice that

v+1—n
p dit)e
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forn/p <A <n(p—1)/p. This is because of
v+Dp-D+1 n(p—1) v+1-mp-DH+I1
- e+ ——e=— e

p p p

I+ Ae <

and the induction assumption. Since ((i/ en)“) Bn,pa is a p-adic integer we conclude
that p‘”rl divides the sum over A, n in the right-hand side of (37) and hence does
not divide the right-hand side of (37).

Considering the left-hand side of (37) we first recall that Lemma 27 implies that

pj |b(pi/e)+n,n (38)
for j(p—1) <n < (j+1)(p —1). For n in this range we have
pi+ne < pi+(j+1)(p—De < —((w+D(p—D+1)e+(i+D(p—1De
:—((v—|-1—j)(p—l)+1)e+(p—l)e
w+1=-/H(p—-D+1
== ‘e
P

provided this last inequality holds which is equivalent to

(39)

p(+1=Dp-D+1)=pp-D=@+1-)(p-1+1
= p-D(+1-Hp-D+1)=p(p—-1
— (v+1-Hp-D+1)=p
S v+l-H=zl—=v=

So for 1 < j < v inequality (39) holds, and the induction assumption implies

v+1—j
V4 / |api+ne-

Using (38) we conclude that p¥*! divides all summands in the left-hand side of
(37) except perhaps those with n < p (corresponding to j = 0). Since p**! does
not divide the right-hand side, it does not divide the left-hand side of (37). So
there must be one summand with n < p not divisible by p"*! and hence some
i’ := pi +en withn < p — 1 such that p”*! { a;.. It remains to remark that

i'=pi+en<pi+e(p—1)<pi—i(p—1)=i (40)

since i < —e.
To prove (b) we use the same argument. Assuming the existence of

i <min{l(a) —e(p—1), —e—1}

with p?{a; we find another i’ < i with p?{a;. On the right-hand side of (37), apart
from af, all summands are divisible by p? (note there are none with n = 1 since A
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has to be an integer). On the left-hand side, summands for n > 2(p — 1) are divisible
by p? by Lemma 27. For p <n <2(p—1) we have, assuming /(a) < —e+e(p—1),

pi+en < (l(@—e(p—1)+2(p—De=1I@)+(p— i@ —(p—=2)(p—1e
<la)+(p—D(=et+e(p—1) = (p=2)(p—De=I(a)

and therefore p | apjqen. If [(a) > —e +e(p — 1) we have
pit+ten<p(—e)+2(p—le=—e+e(p—1)<l(a)

and again conclude p | ap;4eq. So all summands on the left-hand side with n > p
are divisible by p?. Hence some i’ := pi +en with n < p — 1 satisfies p* { a;.
Moreover, (40) holds since i < —e.

For (c) we use this argument yet another time. Assume

i <min{l(a) —2e(p—1), —e — 1}
and p>{a;. On the right-hand side of (37) we need p | a; 4. for2/p <A <2(p—1)/p,
ie., A =1. But
i+e<min{l(a) —2e(p—1)+e, -1} <l(a),
SO p | dite. Assume first [(a) < —e 4 2e(p — 1). On the left-hand side we have for
p=n=2p-1
pi+en < p(l(a) —2e(p— 1)) +2(p—1e
=la)—e(p—D+(p—-Dlla)+e(p—1)—2p—-2)(p—1e
<l@—e(p—D+(p—-—D(—e+2(p—1)—-2p—3)(p—De
=l(a) —e(p—1) = ha)

and therefore p? | Apiten- For 2p —1<n <3(p —1) we just add (p — 1)e to this
last estimate to conclude
pi+en < p(l(a)—2e(p—1))+3(p—De
<l(@)—e(p—1D+e(p—1) =l(a)

and hence p | apjqen. Now assume I(a) > —e+2e(p—1). For p <n <2(p—1)
we have

pi+en<p(—e)+2(p—De=<l(a)—e(p—1) <l(a)

and therefore p? | Apiten- For 2p —1 <n < 3(p — 1) we again add (p — 1)e to this
last estimate to conclude pi +en < I(a) and p | apiyen. As before we conclude
that, for some i’ := pi +en with n < p — 1, we have p> { a;;. Moreover (40) holds
since i < —e. O
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Before drawing consequences of Proposition 34 we make the following definition.

Definition 36. Let o be the uniformizer of K given by

w=\{p—1= o~ (mK) l1=0

and denote by v, the unnormalized valuation of the field K, i.e.,

Vo (p)=e(p—1).

Fora e BIT(’1 define

Vi (@) = Ve (971 (@) |120).

Corollary 37. Forall a € Azzl the series ¢~ '(a) converges, i.e., Agzl - B,z’l.
Proof. By (a) we have p” | a; for
wv+D(p-1)+1 . vip—D+1
- e<i<———-——— ¢

p p
and hence )
Ip+e
vp(a) >=v>———-—1
! e(p—1)
and
Vo (@iw') > —(ip+e)—e(p—1)+i=—(p—1)i — pe. (41)

This implies
lim vy (gjm’) =00
1—>—00

and hence the series ), ; a;o' converges in K C Q p- By [Colmez 1999, proposi-
tion I1.25] this implies that ¢! (a) converges in Bgg. ]

Proposition 38. Foreacha e E}gzl we have l(a) > —e. If [(a) > —e thenl(a) # —e
mod p. Conversely, for each ¢ € k* and n € Z with

—e<n#*—e mod p

there is an element a € E,‘é’zl with [(a) = n and leading coefficient c.

Proof. That [(a) > —e is Proposition 34(a). Assume that [(a) > —e and [(a) = —e

mod p. Then [(a) = kp + (p — 1)e for some k € Z and

_ @)= (p—1De
p

so we have a; = 0. Further, ay,1;. =0 fori =0, .., p—2 since kp +ie < [l(a).
Hence there is only one nonzero term in (34) which gives a contradiction.

k :l(a)—(l—%)(l(a)—l—e) <l).
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To show the second part one can solve (34) by an easy recursion. Alternatively,
Proposition 10 implies that V log(a) € E}g =! for any a € E;. Now compute
V(1 +emg) cnfe-(mg “+mg) con .,

Viog(l +cmg) = gt
&( K) 1 +cmg 1 +cmy e K

and note that for p { n one can produce any leading coefficient. ([
Remark 39. Elements a € E}g:l with [(a) = —e exist, e.g.,

Vieg(n/y=j-n '+ =j -+,
but their leading coefficient is restricted to elements in [,.
Corollary 40. Ifa € A%ﬂ and

l(a) <—e+e(p—1),
we have vy (a) = 1(a).
Proof. Since vy (1)@ @) = 1(a) we need to show
vy (@i’) > 1(a)
for i #[(a). This is clear for i > [(a), and also for
llay—e(p—1)<i<l(a)

since in that range p | ¢; and 0 vy, (a;@’) > e(p — 1) +i > I(a). For

lay—2e(p—1)<i<l(a)—e(p—1)
we have p? | a; by part (b) and hence v, (a;') > 2e(p — 1) +i > I(a). Finally for

i<l(a)—2e(p—1)<—e—e(p—1)=—ep <—2¢
we have by (41)
Vo (@jw') = —(p = Di = pe > (p = 1)2e — pe = (p = e > l(a),

using the assumption on [/ (a). ([

In order to study v (a) fora e Agzl with [(a) > —e+e(p — 1) we need to use
Lemma 31. The next proposition will show that v, (a) cannot only depend on /(a)
in this case. In the situation of Proposition 41(b) one can have v, (a) = I(a) but
for any b € Azzl with [(b) < (a) —e(p — 1) and p*{ aip) + pbip) one has

l(a+pb)=1(a), ve(a+pb)<lb)+e(p—1) <l(a)=vz(a).
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Proposition 41. Lera’ € Agzl with

l(@)=up—e+e(p—1)

for some p e Zwithl < pu < e("T*l).

(a) There existsa=a’ mod p with

ha) = pup—e=I1(a)—e(p—1).

(b) For a as in (a) we have v (a) > [(a) with equality if p 1 u — e. This last
condition is automatic for e < p.

Proof. First note that [,(a’) > —e by Proposition 34(b). If l;(a’) = —e then
Equation (35) for k := —e reads

alie = al/<p+e(p—l) = aLe
sincei =kp+en<la)forn<p—landi=kp+en<—e+e(p—1) <lIi(a)
forp4+1<n<2(p—1). Hencea’ ,/p mod p € [,. Adding an element pb to a’,
where b with [(b) = —e is as in Remark 39, we can assume that /;(a’) > —e. More
generally, as long as I (a’) < I(a’), we can add elements pb to a’ whose existence
is guaranteed by Proposition 38 and increase I;(a’) until /;(a’) is not one of the
possible [(b), i.e.,

h@=pwp—e=W —e)p+(p—1De
for some ' > 1. Equation (35) for k := u’ — e then reads

2(p—1
_ k
0=alprepnt 2 e D' Hap(147) (@)
n=p+1
since i =kp+en <(a') forn < p—1andalsoi =k < ly(a'), so a; =0 for
those i. If W' < uw wehavefor p+1<n<2(p—1)

kp+ne < (u—e)p+2(p—De=1(a)

and hence p | a,/(erne. Soif u' < w then a,/{ere(pfl) is the only nonzero term in (42)

and we arrive at a contradiction. Therefore ©’ > u and we have found our a, or

otherwise we arrive at an a with />(a) = [(a). In either case this proves part (a).
Equation (42) for k := u — e gives

OEakp+e(p—l) +al(a) . (—1) -p- Hp_2<1 + Me—e)

= Qipte(p—1) — ia) " P - % (mod p?) (43)
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since p | agpine for kp +ne < kp +2(p — 1)e =1(a). Note also

1
H, »=H, | — =1 =0—(—1)=1 (mod p).

For part (b) we need to show that v,, (a;w"’) > I(a) for all i € Z (and compute the
sum over those i for which there is equality). As in the proof of Corollary 40 for
i >Il(a)and l(a) —e(p — 1) <i < l(a) we obviously have Ve (aim?) > 1(a). By
(43) we have

pr

l(a)
we(p_ne“)“l(a)w

@) —e(p—1y @' PPV 4 '@ = <

<—%+1)a1(0)w1(“)+O(ZUI(”)H) (44)
since
oV = (5, =P = —p (mod (£, — D).
Soif p{—(n/e) + 1 this is the leading term of valuation /(a). For
l(a)—2e(p—1)<i<l(@)—e(p—1),

since lr(a) > I(a) —e(p — 1) by part (a), we have p2 | a; and hence vy (q;?) >
2¢e(p—1)+i > Il(a). For

l(a)—3e(p—1) <i<l(a)—2e(p—1)

we have p? | g; by (c) of Proposition 34 and hence v,, (a;") > 3e(p—1)+i > [(a).
Finally for

i<l@)—3e(p—1)<—e—e(p—1)=—ep
we have by (41)
Vg (@i') = —(p = )i — pe > (p = 1)pe — pe = (p = 2)pe > 2p —3)e > I(a)
using the assumption on [/ (a). U

6.2. Isotypic components. We introduce some notation for isotypic components.
Recall that

G=EYXY XA

with ¥ cyclic of order f and A cyclic of order e(p — 1). For any X-orbit [n] we
define the idempotent

e = Y ey €Z,[G],

n’ef)n
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where the irreducible characters x = ([n], ") of G are parametrized as in Section 3.
For any Z,[G]-module M its [n]-isotypic component

M[’?] = 6’[,7]M

is a again a Z,[G]-module. The X-orbit

fn—1

2
=, 0P 0", .o Y=, ™) (45)

corresponds to an orbit {ny,...,n Y EZ)e(p—1)Z of residue classes modulo

e(p—1) under the multiplication-by- p map, i.e., we have n; 1 =n; p mod e(p—1)
where we view the index i as a class in Z/f,Z. We shall use the notation

= {1, ... np) = [ni]

to denote both the orbit of residue classes in Z/e(p —1)Z and the orbit of characters.
By (21) the group
A= Gal(K/F(Z)))

actson /¢, — 1= ¢~V (k) |;=0 via the character o defined in Section 3 and acts on
Tk via n{)’. The [n] = {ni, ..., ny,}-isotypic component of the Z,[Z x A,]-module
AK is

{a = Zanng |an =0 forn mode ¢ {nl,...,nfn}},
but A}?] is much harder to describe since mx is not an eigenvector for the full
group A. However, there is the following fact about leading terms.

Lemmad42. Fixv>1,a= Zj ajrr,}; € Ak and denote by e, € Op[ A] the idempotent

Jorn=mny. If
p-ly(a)=n mode(p—1), (46)

then
Ly (ena) =1,(a)

and the leading coefficients modulo p’ of eya and a agree. If a = eya is an
eigenvector for A then (46) holds.

Proof. Denote by
w: A — Gal(F(¢,)/F) — Z;

the Teichmiiller character. For § € A we have

00 1
stme) = (1m0 =) = (L (7))

i=1

00 1
=187k (1 + Z ﬁ(“’ﬁ‘”)n“)
i=2
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where A(8) € pe(p—1) satisfies L(8)° = w(§) and (1 + Z)!/¢ denotes the usual
binomial series. Applying ¢~!|;—o we find

8¢y =) =a""-Jc,—1 mod o
and since /¢, — 1 = “»-)/—p mod @? we obtain A(8) = 10(8)”. In particular,
for any a € Ak

. I, Iy 1
8(a) = no(®)" @ . ay gy - 7™ mod (p°, wp YT

and

_ 1 -1 _ 1 ply(@—n o h@
en“—e(p_nz” (8)8<a)_e(p_1)2no(a> al, (@) - TR
SeA SeA

ay@ - e @ if pel,(a) =n mode(p—1),
0 if p-l,(a) #n mode(p — 1),

where the congruences are modulo (p”, rr,l(” (a)H). This implies both statements in

the lemma. O

Remark 43. With the notation introduced in this section we have
I
e[’]] = Z enpi *

i=1

6.3. The main result. We view ¥ as a subgroup of G such that “v-)/—p € K%,
where <»~)/—p is the choice of root corresponding to our choice of root g of 7.
Then the Z,[X]-algebra Z,[G] is finite free of rank e(p — 1). For each choice of
the [n]-isotypic component of Z,[G] is free of rank f; over Z,[X] and for each
n # w the [n]-isotypic component

(A~ apt
of AY='(1) is free of rank f; over Z,[S1[y; — 1]. Write
M ={n1,....n5) =1 S Z/e(p — Z
and pick representatives n; € Z with
O<ni<e(p—1), i=1,...,f,.
Note that our running assumption n|a, # 1 implies e { ;.

Proposition 44. Fix n|a, # 1 and let {o;| i =1, ..., f;} be a Z,[Z][y1 — 1]-basis
of (Az:1 () Ler n; » be representatives for the residue classes

[n —rel] S Z/e(p—1Z
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with
O<nj,<e(p—1)

indexed such that n; —re =n; , mod e(p — 1). Consider the two Z ,[X]-lattices

I
L =@ 7,51 (Ve /5~ 1)
i=1

I

O][?l—re] _ @ OF - ( e(pflx)/__p)n['r

i=1

and

in the [n| — rel-isotypic component
I

Klm—rel — @F (- 1) )n” _ EDF (<= |> )nﬁre

of K. Then the conjunction of (16) (in Proposmon 7) for x = ([n1 —rel, ') over
all n' holds if and only if L, and (’)I[("'_re] have the same Z ,[ £]-volume, i.e.,

Detz,x] L, = Detz, [z O~ (47)
inside Detg,z1 K117,
Proof. Let a be a Agep,,j-basis of (Azﬂ(l))[’”]. Then
Brw = (Expz )~ (@)
is a Agepy,-basis of H}, (K, Z,(1))!"] and the element
B =pri - (Brw)

of Corollary 12 is a Z,[Glejy,—re-basis of (H'(K,Z,(1 —r))/tor)"1="¢l. This
follows from the fact that the isomorphism pr; ;_, of Lemma 8 is not Ag-linear but
Ag-k_,-semilinear, where « ; is the automorphism of Ag given by g+ g xYo(g)/
for g € G x I'k. Theorem 9 and Proposition 13 imply

* 1 A -1, -1
exp@,,(r)(ﬁ)=m(a) p o ()|=0

—r

p r— (T_1 e,
= W(V "% (e, —1).
Hence the Z,[Glej,, —r¢)-lattice
Zp[Gl-(r =Dl p"~ " expgy () () € KMl (48)

is free over Z,[X] with basis

1),( Vil e, —1=p7 (Ve (g, = ),

—-ph.
(r—Dt-p -
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where i =1, ..., f,. Now the conjunction of (16) for x = ([n; —rel], n') over
all n’ is equivalent to the statement that the lattice (48) and the [n — re]-isotypic
component of the inverse different

—(e(p—1)—1
(eg-p_l) (2(17 ) )OK
have the same Z,[X]-volume. Since e {n; we have

((\e/ﬁ)—(e(p—l)—l)OK)[n1—rel — (p—IOK)[nl—re]

and the statement follows. O

6.4. Proof for r =1, 2 and small e. We retain the notation of the previous section.
As in Proposition 24 denote by & a Z,[X]-basis of Of.

Proposition 45. There exists a Z,[ X[y, — 11-basis

=&-a 4 cAlT ) i=1,.

of (AY=himi=el ypigp
R Lt if ptni,
—e+e(p—1) ifplni.

Proof. By Nakayama’s lemma it suffices to find a [,[X]-basis for

AT oy = D= (AFT /(poy = D)L (49)

By Lemma 32 we have Az : / pAw L= = Eg =1 . By Pr0p051t10n 38 (reductions
mod p of) elements «; as described in Proposition 45 exist in E . By projection
and Lemma 42 we can also assume that they are in the [n; — e]-isotypic component.
Let a’ be a nonzero Z p[Z]-linear combination of the «; and assume

=(y;—1)a mod p

for some a € Aﬁzl. By Lemma 46 below we have [(a’) > —e +e(p — 1). Since
l(a") = () for some i, this implies

l(@)=—e+e(p—1)=—2¢ mod p.

Using Lemma 46 again we have I(a) < [(a’) —e(p — 1) = —e mod p. Since
[(a) # —e mod p by Proposition 38 we have strict inequality. Lemma 46 then
shows p | [(a) and hence p | [(a’), contradicting [(a") = —2¢ mod p. We conclude
that the «; are linearly independent in (49). Since the [F,[X]-rank of (49) is f;, this
finishes the proof. (]
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Lemma 46. Fora € E}(//:l with [(a) = jp* with p{ j we have

I((y1 —Da) = (j +e(p—1)p".
In particular
l((yi—Da) =1l(a) +e(p—1)
with equality if and only if p {l(a), and
H(n—Da)=—e+e(p—1)
foralla e E}gzl.
Proof. Since x<°(y;) = 1 + p we find from (20) that (in Eg)
vi(m) =m +aP +xPt!
and hence for n = jp*
(i — D = (w + 7P 4Pyl —gn/e = g ((1 + Pl gpynle — 1)
=l ((1 + P =D _|_7Tp”+1)j/e _ 1)
= i.n;+€pk(p—1)+._.
e
and this is indeed the leading term since p 1 j. The last assertion follows from
Proposition 34(a). O
Proposition 47. If e < p, the identity (47) holds for r = 1.
Proof. We first remark that for each i we have

ni—e if ptn;,

Ve () = I(e) = {”li —ete(p—1) ifp|n

by Corollary 40 and Proposition 41. Note that there is at most one n;, n| say, with
O<ni<e—1
since all the n; lie in the same residue class modulo p — 1 and e < p — 1. Then
np=pn <ep—p<ep—e=e(p—1)

and conversely, p | ny if and only if 0 < ny :=ny/p < e — 1. For all other i we
have n; —e =n; 1. So if no n; — e is negative then

—1
gi=0af (Jtp—1)ek
is already a basis of (QI[é1 1=l Otherwise

p"]17p_1'q2»q3»---,an
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is a basis of OI[("‘_e]. Since L is the span of the g; the statement follows. ([

Remark 48. Although not covered by Proposition 2, it is in fact true that the
equivariant local Tamagawa number conjecture for » = 1 is equivalent to (47) for
r = 1 and so Proposition 47 proves this conjecture for e < p. However, for r = 1
one can give a direct proof without any assumption on e other than p { e by studying
the exponential map instead of the dual exponential map. Since the exponential
power series gives a G-equivariant isomorphism

exp:p-Og =1+ p- O,

the (equivariant) relative volume of exp(Ok) and ((’);)A CHY(K,Z p(1)) can be
easily computed. For more work on the case r = 1, see [Bley and Cobbe 2016] and
references therein.

To prepare for the proof of Proposition 51 below we need to compute v (Ve;),
i.e., prove the analogues of Corollary 40 and Proposition 41 for Va e Az:p .

Lemma 49. Assume e < p/2. Fora € Agzl with
ptl(a) <—ete(p—1)

or with
l(a)=pp—e+e(p—1)

and chosen as in Proposition 41(a) we have

Ve (Va) =1(Va) =1(a) —e.

Proof. Since
J

Vil =Ll 4 Lal, (50)
e e

it is clear that /(Va) =(a) — e if p{l(a). To compute v, (Va), note that from the
proof of Corollary 40 we already know
vw(ajwj) > [(a)
for j # [(a). But this implies
Vo (ajiwje> >[(a)—e, Vy (ajiw/) >[(a) >1(a) —e &2}
e

e
for j # [(a). This finishes the proof for the case p{l(a) < —e+e(p—1). If
l(a)=pup—e+e(p—1)

then recall from the proof of Proposition 41(b) that we had to compute modulo p?
and there were two terms in (44) with valuation /(a) arising from j = /(a) and
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j =1(a) —e(p —1). Normalizing the leading coefficient to be & (as in the «;) we

have

l(a)

= +o+E T+ mod p?

g 1P gi@—er=D
e
and

—e —e—e(p— I(a _
VGES P;p /'Lpe n]l{(a)ee(p 1)+"'+%—'%'7T[l((a) e_{_“.

mod p2

and hence

Bp P =€ i@—e—etp-1) 4 HD i@
e e e

= <_ﬁ mp—e + l(_a)) ! @=¢ mod p2.
e

e e

Computing the leading coefficient modulo p we find

(ﬁ+—_28):&_2,
e e e

which is divisible by p if and only if p | © — 2e. Since e < p/2 we have

e(p—l)_Ze:( 1

—p<-—-2e<pu—2e< —1——)e<0
p p

and hence p { i —2e. In the proof of Proposition 41(b) we showed v, (a; w!)>1(a)
for j #1(a),l(a) —e(p — 1) and as above this implies that the corresponding terms
in Va all have valuation larger than /(a) — e. O

We handle the case p | [(a) in a separate lemma. Similar to Proposition 41 we
need to compute modulo p?.

Lemma 50. Assume e < p/4 and 0 < up < —e + e(p — 1). Then there exists
ac (Aﬁzl)[“p] with [(a) = up and

Ve (Va) =1(Va) =up —e+e(p—1).
Moreover we can choose a with any leading coefficient.

Proof. The statement about the leading coefficient will be clear from the proof,
so to alleviate notation we take the leading coefficient to be 1. First we can find
a' € AL=" with

up _ _upte(p—1) +.

a =m" —my .+ (mod p?),

ie., witha;=0foralli < up+e(p—1)andi # pup. To see this, first note that (35)
is satisfied for k = u since H,_; =0 (mod p) (and we take a,’w L ne arbitrary but
divisible by p forn =p+1,...,2(p —1)). In any Equation (35) with index k < p
the coefficient al’J » does not occur on the left-hand side since kp + ne is a multiple

of ponly forn=0amongne{0,..., p—1, p+1,...,2(p—1)}. On the right-hand
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side we always have a; = 0 since k < i < pup. Similarly, the coefficient a/ wpte(p—1)
does not occur on the left-hand side for k < u since kp+ne = up+e(p—1) implies
= —1 (mod p), i.e., n= p—1. So the fact that a] # 0 for i = up, up+e(p—1)
forces no further nonzero terms in equations with index k < u. Equations (35) with
index k > u can always be satisfied inductively by adjusting the variable a,/{p Hp—1)e
since a; P (p—1)e does not occur in any equation with index k" < k.
With the notation introduced in Section 6.2 set

a=eppa € (AZZI)[W]
so that [(a) = [>(a) = up by Lemma 42. We have
up+e(p—1)

va' =H T+ Ep - -nllép_e%(p Dy (mod p?)
e e e
and hence

Va=Veypa = ep-aVd

E@.nw—q..._(w_%) pp—ete(p=1)

d
e K e e (mop)

up—ete(p— u«p)

where x is the coefficient of 7, in the expansion of ej,—)(Ty" ‘+7

Moreover
[(Va) =1(Veypa') =1l(ejup-eVa') =1(Va') = up —e+e(p —1).

In order to show that v, (Va) = [(Va) write
Va = Z b; n,’(
i

The terms for i = up —e and i = up — e + e(p — 1) contribute the leading term in
the variable @

+e(p—1
HD  up—e _ <W—<P> _ @x) g hp—eter=D | .
e e e

_ ( " ,bLP+€(P—l) ) _wupf€+€([7*1)+...
e e €

since, similarly to (44), we have p { —% + 1 as e < p. For the terms with i #£
up —e+e(p—1), up — e we must again verify that

Vo (biw') > pup —e+e(p — 1.
This is clear fori > up —e+e(p — 1) and for

up—e<i<up—e+e(p—1)
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since then p | b;. For i < up — e it suffices to show by (51) that we have instead
Vo (@iem’) > pp +e(p—1)
for i < up. Since ly(a) = up we have v (a;) > 2e(p — 1) for
up—e(p—1) <i<up
and hence vy (q; @) > up +e(p—1). For
up —2e(p—1)<i <pup—e(p—1)

we have by v, (a;) > 3e(p — 1) by Proposition 34(a) since
i<up—e(p—1)< —(3—%)-e.

Indeed this last inequality is equivalent to

MP<((P—l)—(3—%))-€<:>M<€—<%—§>'e,

which holds by our assumption 4e < p, noting that e — 1 is the maximal value for .
Finally for

i <pup—2e(p—1)<—e—e(p—1)=—ep
we have by (41)
Vo (@im’) > —(p — 1)i — pe > (p — 1) pe — pe = (p — 2) pe
>R2p—-3)e=—e+2e(p—1)>up+e(p—1). U
Proposition 51. Ife < p/4 the identity (47) holds for r = 2.
Proof. By Lemmas 49 and 50 we can choose «; such that

Vo (Vay) = 1(Vey) = {0~ <€ i piniand pin; —e
ni—2e+e(p—1) if p|n;orpln;—e.

As in the proof of Proposition 47, for each 0 < n; < e there is a unique n, = pn;
divisible by p. Similarly for each n;, with e < nj, < 2e (which is unique if it exists)
there is a unique

npy1 —e=p(n, —e)
divisible by p. Note here that n;, <2e — 1 and hence
npy1 <ple—D+e<e(p—1)

using 2e < p. Let

-1
gi :=Va) (J¢p—1)eK
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be the basis of L,. We again find that

P-q1,p 1'q2,...,p'Qh,p_1'Qh+1,...,an if ny <eand e <ny < 2e,

p-q1,p_1-412,...,qh,qh+1,...,qf,7 ifny <eand Ae <ny < 2e,

ql,qz,...,p.qh,p_l-qhﬂ,...,qfn if Any <eande < ny <2e,

QI,QZ,---,CM,CHH-I,---,qlf,, lf/anl <enore<np <2€s
is a basis of OI[("“%] and the statement follows. O
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