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Equivariant torsion and base change

Michael Lipnowski

What is the true order of growth of torsion in the cohomology of an arithmetic
group? Let D be a quaternion algebra over an imaginary quadratic field F. Let
E/F be a cyclic Galois extension with Iz, = (o). We prove lower bounds for
“the Lefschetz number of ¢ acting on torsion cohomology” of certain Galois-
stable arithmetic subgroups of D . For these same subgroups, we unconditionally
prove a would-be-numerical consequence of the existence of a hypothetical base
change map for torsion cohomology.
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0. Introduction

Let H/Q be a semisimple group. Let K C H = H(R) be a maximal compact
subgroup and X = Xy = H/K the symmetric space of maximal compact sub-
groups of H. Fix an arithmetic subgroup I' ¢ H(Q). Let p : H — GL(V) be a
homomorphism of algebraic groups over Q and let M C V be a I-stable lattice.
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Suppose that H /Q is anisotropic and that Mp is strongly acyclic [Bergeron
and Venkatesh 2013, §4]. Let I}, C I" be a sequence of subgroups for which the
injectivity radius of I;,\ X approaches infinity. Bergeron and Venkatesh [2013]
prove that if the fundamental rank' of X equals 1, then

> loglH' (T, M)tors|
[[:T,]

> 0.

lim inf
n

Little is known about the true order of growth of log| H*(I};, M )| for X of
fundamental rank # 1.

Let F be an imaginary quadratic field and let £/ F be a cyclic Galois extension of
degree p. Let D be a quaternion algebra over F'. One goal of this paper is to prove
lower bounds for the amount of torsion in the cohomology of locally symmetric
spaces for Xpgr, (). Which has fundamental rank p > 1.

Calegari and Venkatesh [2012, §2] have proposed an analogue of Langlands func-
toriality for torsion cohomology. The hypothetical existence of torsion base change
functoriality leads one to predict that torsion cohomology on locally symmetric
spaces for Xpgr, (p) — proven to be abundant in [Bergeron and Venkatesh 2013] —
can be lifted to torsion cohomology on locally symmetric spaces for XpgL,(py)-
A second goal of this paper is to unconditionally prove a numerical relationship
between the cohomology of certain locally symmetric spaces for Xpgr,(p,) and
“matching” locally symmetric spaces for Xpgr,(p)y wWhich is consistent with base
change for torsion.

0A. Notational setup for statement of main results.

0A1. Analytic torsion and Reidemeister torsion. Let L — M be a local system of
C-vector spaces, equipped with a Hermitian metric, over a compact Riemannian
manifold M. Let o, of prime order p, act equivariantly by isometries on £ — M.
Let A, denote the Laplace operator for £. Let t, (M, L) denote the o-equivariant
analytic torsion of £ — M; it is a spectral quantity defined purely in terms of the
action of o on the eigenspaces of A, (see Section 3A).

We define the untwisted analytic torsion of a metrized local system L — M to
bet(M,L):=7t(M, L).

We let RT, (M, L) denote the equivariant Reidemeister torsion of £ — M; it is
an equivariant topological invariant, described in a manner tailored to our needs in
[Lipnowski 2014, §1.3].

We let RT(M, L) :=RT (M, L) denote untwisted Reidemeister torsion.

IThe fundamental rank of H /K is rank(H) — rank(K), where rank denotes the dimension of any
maximal torus, not necessarily split.
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0A2. The locally symmetric spaces. Let D be a quaternion algebra over an imagi-
nary quadratic field F. Let E/F be a cyclic Galois extension of prime degree p,
with Galois group Iz, r; we fix a generator o for I'z/r. Let G denote the adjoint
group of D>, the unit group of D considered as an F-algebraic group. We form the
associated locally symmetric space

My =G(ENGAp)/KU, My =G(F)\G(Ar)/KU,

where U is a compact open Galois-stable subgroup of G(A%“); U is a compact open
subgroup of G(N}“); K is a Galois-stable maximal compact subgroup of G (ER);
and K = K"6/F is a maximal compact subgroup of G(Fr). Thereisa G(Er) X Ig/F-
invariant metric on G(Eg)/K and a G(Fg)-invariant metric on G(Fgr)/K which
descend to metrics on My, and My respectively; these invariant metrics are unique
up to scaling. For a discussion of normalization of these metrics, see Section 2.

0A3. The local systems. Let N/F be a finite extension and V an N-vector space.
Let p : Resg/r G % I'g/r — Resy,r GL(V) and p : G — Resy,r GL(W) be
algebraic representations (over F). We fix “integral structures” within V and W,
i.e., Oy-lattices inside V and W; let Uy and Uy be their respective stabilizers inside
G (A" and G(A).

The representation o gives rise to a local system of N-vector spaces L£; — My
with an action of Iz, . Similarly, the representation p gives rise to a local system
of N-vector spaces L, — My. Let L;, L, denote the scalar extensions of L, L, by
the complex embedding ¢ : N «— C. If i C Uy and U C U, the integral structures
on V, W yield integral structures on these local systems, i.e., local systems of
Opy-modules, which we denote by

ﬁg — My, L/? — My.
We discuss the integral structures and scalar extensions in greater detail in Section 2B.

0B. Statements of main results. Let
My = G(F)\G(Ar)/KU, where K =KNG(Fr), U=UNGAM),

Sample Theorem (comparison of analytic torsion). Let E/F be an everywhere
unramified Galois extension of odd prime degree. Suppose that U is a parahoric
level structure (see Definition 5.1) and that p and p match (see Section 4C). Then,
for any complex embedding 1 : N — C,

To (Muy, L£5) =T(My, L,)".

A more general statement, which allows any E/F that is everywhere tamely
ramified, is proven in Sections 4D and 6. The relationship in the more general case
between 7, (My, £;) and T (My, L, ) has the same flavor but is not as simply stated.
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Spectral comparisons such as the sample theorem, in conjunction with Cheeger—
Miiller theorems (see Section 0C), have consequences for torsion in the cohomology
of Eg. In order to describe these implications, we use the following notational
shorthand:

o > " denotes an alternating sum.

e P denotes the p-cyclotomic polynomial P(x) =x?~! 4+ xP~2 +... 1.

« For any Z[o]-module A and any polynomial & € Z[x], we let A"() be the set

fae A:h(o)a=0}.
Sample Theorem (relationship between sizes of torsion subgroups). Let E/F
be an everywhere tamely ramified Galois extension of odd prime degree with
Ie/r = (0). Let the places where E/F is ramified and the places where D is
ramified be disjoint. Suppose that:

e 0, p are matching representations of the sort described in Section 7A.

o The level structure U is tamely parahoric at each unramified place of E/F

(see Definition 6.16).

Then there is an explicit finite collection of compact open subgroups U C G(A%“)
and explicit constants cy such that
1

p—1

% . .
> loglH (My, L)1 - log|H' (My, L) 1|

* .
= ZCU Z 10g|Hl (MUv L/()))tors| +I’l10gp
U

Jor some integer n. Furthermore, n can be bounded linearly by dimg, H (M, Eg’ [Fp)‘

For a more precise statement, see Theorem 7.4. An appropriate generalization of
the sample theorem also has consequences for growth of torsion in the cohomology
of the spaces Mj,.

Corollary (growth of torsion for fundamental rank > 1). Let E/F be every-
where tamely ramified with [E : F] odd. Let the places where E/F is ramified
and the places where D is ramified be disjoint. Let U, C Uy denote a sequence of
compact open subgroups of G(A%“) such that:

o The injectivity radius of My, approaches oo.

o The level structures U,, are tamely parahoric at each unramified place of E/F
(see Definition 6.16).

e Let U, C G(N}n) denote the matching level structure implicit in the definition
of tamely parahoric (see Definition 6.16). For every complex embedding
t: N < C, the local systems L, — My, form a strongly acyclic family (see
Section 8A), where p and p are matching representations (see Section 4C).
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Then
log |H*(My,. L))
lim sup
w vol(My)1/P
In fact, we prove an asymptotic formula for the “Lefschetz numbers of o acting
on H*(My,,, L’g)tors” (see Section 8C).

0C. Main tools. Three main inputs are used to prove these theorems:

(a) Cheeger—Miiller theorems. Let L — M be a local system of metrized C-vector
spaces acted on equivariantly by an isometry o of finite order p. A Cheeger—Miiller
theorem is an identity

7,(M, L) =RT; (M, L)

valid for some class of metrized local systems £ and some class of equivariant
isometries o. This remarkable formula was originally fathomed, for 0 = 1 and
L unitarily flat, by Ray and Singer [1971]. When o equals 1 and £ is unitarily flat,
it was proven independently by Cheeger [1979] and Miiller [1978]. An extension
to o = 1 and general unimodular £ was proven by Miiller [1993].

A general version of this theorem for o # 1 is proven by Bismut and Zhang
[1994]. This general version expresses the difference between log RT, (M, £) and
log 75 (M, £) in terms of auxiliary differential geometric data on a germ of the
fixed point set of o. The author proves in [Lipnowski 2014] that this difference
equals zero in the cases to be studied in this paper.

Cheeger—Miiller theorems provide a bridge between the analytic expression
75 (M, L) and the quantity RT; (M, £). In the case where L is the complexification
of a local system of Z-modules £°, the latter can concretely be related to the
o-module H*(M, £%)rs [Lipnowski 2014, Corollary 3.8].

(b) Trace formula comparison. Using Cheeger—Miiller theorems, torsion in coho-
mology of arithmetic groups related by base change can be compared by instead
comparing analytic torsions. In the case of compact quotient, the equivariant analytic
torsion of (M, L) is determined by the spectral side of the twisted Arthur—Selberg
trace formula for an appropriate family of test functions (see Section 3). The
analytic torsion of (M, L) is determined by the spectral side of the untwisted trace
formula for a matching family of test functions.

Comparing these spectral quantities uses the methods of [Langlands 1980]
together with some local representation theory for PGL,. In particular, we need
to prove a “fundamental lemma for the spherical unit” for tamely ramified base
change of PGL,.

(¢c) The results of Bergeron and Venkatesh [2013] on growth of untwisted analytic tor-
sion for sequences of locally symmetric spaces with universal cover of fundamental
rank 1.
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Combining (a) with (b) proves an identity relating sizes of torsion cohomology
for arithmetic groups related by base change (see Theorem 7.4). The resulting
identity is consistent with implications of torsion base change functoriality (see
Section 1).

Combining (a) with (c) proves the growth of “Lefschetz numbers for torsion”.
See Theorem 8.5 for a more precise statement.

OD. Outline. In Section 1, we discuss base change functoriality over Z. Base
change functoriality over Z predicts one of the main results of this paper, a relation-
ship between the sizes of torsion subgroups on locally symmetric spaces related by
base change.

In Section 2, we discuss (equivariant) local systems over locally symmetric spaces.
We explain in Section 2B how, for finite extensions N/ F', algebraic homomorphisms
G — Ry,r GL(V) over F give rise to local systems of Oy-modules over My for
appropriate compact open subgroups U C G(A%“).

In Section 3, we express the o-twisted analytic torsion of £; — My, and the
untwisted analytic torsion of L, — My in purely representation theoretic terms.

In Section 4, we use Langlands’ representation theoretic statement of base change
to prove an abstract matching Section 4D, which will ultimately imply identities of
the flavor

To (My, 5@) =1(My, LpL)p

of the aforementioned sample theorem. In order to apply this matching theorem,
we need to find instances of matching test functions, which will be the objective of
Sections 5 and 6.

In Section 5, we describe some circumstances under which the desired matching
test functions can be found. This matching only applies at places v where E,/F, is
unramified. Here is where we finally define and discuss parahoric level structure.

In Section 6, we prove a matching theorem at places v where E,/F, is tamely
ramified. In Section 6D, we define tamely parahoric level structures, those level
structures which occur in the matching theorem (Theorem 6.17) and the numerical
cohomology comparison theorem (Theorem 7.4).

In Section 7, we prove the numerical cohomology comparison theorem (Theorem
7.4) for the local systems introduced in Section 7A.

In Section 8, we use the main comparison corollary for analytic torsion (Corollary
4.19) together with [Bergeron and Venkatesh 2013, Theorem 4.5] to prove that, for
appropriate equivariant local systems £ and level structures U (see Definition 5.1),
the twisted analytic torsion log 7, (My,, £) is asymptotic to vol(M;,) /P Combined
with the results of [Lipnowski 2014, §§1-5] — which relate equivariant Reidemeis-
ter torsion to cohomology — asymptotic growth of cohomology is proven. The
results of [Bergeron and Venkatesh 2013] prove asymptotic growth of Reidemeister
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torsion, which one might loosely think of as an “Euler characteristic for torsion in
cohomology”. In the same vein, the results of Section 8 prove “asymptotic growth
of Lefschetz numbers for torsion in cohomology”.

1. A priori predictions via torsion base change functoriality

Calegari and Venkatesh [2012, §2] have conjectured an analogue of Langlands
functoriality for mod p and torsion cohomology of arithmetic locally symmetric
spaces. In this section, we explain how one of our main results, Theorem 7.4, is
roughly predicted by their conjecture applied to base change.

1A. Base change functoriality over Z. For a more general discussion of functori-
ality over Z, we refer the reader to [Calegari and Venkatesh 2012, §2].

Let F be any number field and E/F a cyclic Galois extension of odd prime
degree p. Let G/F be any group and let G, = Rg,rG;. In accordance with
functoriality over Z, the diagonal map of L-groups [Buzzard and Gee 2015]

lg) &Gy, (g,0)~>(g,....8) xo

is expected to give rise to a Hecke-equivariant map ¢, on cohomology, torsion or
otherwise. For certain groups such as G, the unit group of a semisimple algebra
over F, this correspondence is known for characteristic zero cohomology.

One main purpose of this paper is to unconditionally prove certain would-be-
numerical consequences of the existence of the hypothetical map ¢,. The analogue
of this program was carried out for Jacquet—Langlands functoriality for PGL, in
[Calegari and Venkatesh 2012].

1B. Conjectures on torsion base change. This highly speculative section dis-
cusses implications of the existence of a base change map ¢., as above. The
discussion uses the language of Langlands’ theory of base change, to be reviewed
in Section 4A.

Let D be a quaternion algebra over a number field F. Let G denote the adjoint
group of its group of units. Let E/F be a cyclic Galois extension with I'z/r = (o).
LetUd C G(A%n) and U C G(A%") be compact open subgroups with &/ Galois-
invariant. Let &/ and U have respective volume-1 Haar measures diz and du. Let
K C G(Fgr) be a maximal compact subgroup and X C G(ER) a Galois-invariant
maximal compact subgroup. Let

My =G(E)\GAE)/KU and My = G(F)\G(Ar)/KU.
For compact open subgroups J C G(N}“) and J C G(Ag“), let

W/ = L*(G(F)\G(AF)/J) and WY = L*(G(E)\G(AE)/J).
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Definition 1.1. We say that 1, dit and ), cy 1y du (finite sum) are matching level
structures if

trlo |7} = Y cy dimm,
U

for every pair of representations 7 of G(Ag) x I'r/r and 7 of G(Af) which match
by base change (see Section 4A). If E’/F is a second cyclic Galois extension and
U C G(Ag) and U C G(Ag) both match a common level structure, we say that
U and U’ are related.

Lemma 1.2. Matching level structures satisfy the identity of traces in cohomology

tr{o | H*(My, Lc)} =Y _ ey dim H*(My, Le) (1)
U

for local systems L, L associated to compatible representations p of Re/rG X Tg/p
and p of G (see Section 4C for a discussion of matching representations and
matching local systems).

Proof. We can decompose
H*(My, L¢) = @ dim Homga,) (7, W) dim 7Y - H* (7700 ® p)

in accordance with Matsushima’s formula [Borel and Wallach 2000, Chapter VII,
Theorem 5.2], where H* (7 ® p) denotes (g, K)-cohomology; this is a represen-
tation theoretic incarnation of Hodge theory. Because the level structures match,
we are reduced to proving that

tr{o|H* (Too ® p)} = dim H* (7700 ® p)

for pairs of representations 7 of G(Ag) x I'r,r and 7 of G(Ar) which match by
local base change. In this particular situation, G(ER) is isomorphic to G(Fr)?,
and 7T = JTE,p , where o acts by cyclic permutation. By the Kiinneth formula for
(g, K)-cohomology, H* (700 ® p) = H* (5 ® p)®? (graded tensor product), where
o again acts by cyclic permutation. The result then follows by the elementary fact
that, for any finite dimensional V,

tr{cyclic permutation|V®”} = dim V. O
Corollary 1.3. If U C G(Ag) and U’ C G(Ag) are related level structures, then
tr{o | H* (My, Le)} =tr{o |H* (M, Le)}-

We optimistically conjecture that an analogous conjecture is true of torsion
cohomology.
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Conjecture 1.4 (Galois structure). For related rationally acyclic local systems
L0 — My, £'°— My, the graded 7[o 1-modules H*(M,, £'% and H*(Myy, £°)
are isomorphic.

Let E' = F x --- x F/F be a split extension of degree p and E/F a cyclic
Galois extension of degree p. For simplicity, suppose that there are compact open
subgroups U C G(Afé“), J C G(A,ﬁ;“) for which 1;; du matches 1; dj; examples
of this sort are constructed in Section 5. If we simply take ' = J x - - - x J, then
U and U’ are related and we have /\/l’u = Mj x --- x M;. Suppose that L0 — My
and L° — M; are matching (rationally acyclic) local systems (see Section 4C).
Then Conjecture 1.4 predicts that

H*(My, £°) =101 H* (M, (LY%P)
= H*(My x --- x My, (L®P) = (H*(M;, L°)®?,

where ® p denotes the p-fold left-derived tensor product. For example, suppose
the £-primary part of H*(M;, L°) is isomorphic to Z/¢Z in degree d, generated by
ce H My, LY). Conjecture 1.4 predicts the existence of a graded Z[o ]-submodule
Cc H*(My, £°) isomorphic to H*((Z —£5 7)[d]®P); the action of o on the latter
group is induced by cyclic permutation of the tensor factors.

Remark 1.5. One computes that H*((Z BN 7)[d]®P) is isomorphic, as a graded
Z[o]-module, to the exterior algebra on the Z/¢Z-vector space

@/1D)o)/ ("™ +- - +o +1)
starting in degree p(d — 1) + 1.

We mention, in passing, an even more speculative conjecture, pertaining to
Hecke-equivariance of this correspondence on cohomology.

Conjecture 1.6 (Hecke-equivariance of base change). Suppose c, C are as above.
Suppose that c is a G-Hecke eigenclass, i.e., for every v where G/ F, is split and
J, is hyperspecial and for every p € Rep(*G),

I,(c) = ayc;

here, T, € H, denotes the image of p under the Satake isomorphism H, = Rep(LG).
Then, for every ¢ € C and every T € Rep(LRE/FG),

ng = afo¢5.

1C. A numerical consequence to be expected of torsion base change. Let U, U,
L, L, E, E’, F be as in the previous section.
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For Galois-equivariant, rationally acyclic local systems £° — My, as above,
where Iz, = (o), we consider the alternating product

R, (L) :l_[* |Hi(MZ/{aEO)071|
T My, 0P

In support of Conjecture 1.4 and Remark 1.5, we compute in [Lipnowski 2014,
Lemma 5.3] that

Ro(L) = Ro(L®) = R(L)", R(L):=[] |H'(M;. L), )

at least up to powers of p.

The invariant R, (L) is very closely related to the twisted Reidemeister torsion
of L (see [Lipnowski 2014, §1.3]). It is a miraculous fact (see [Bismut and Zhang
1994, Theorem 0.2; Lipnowski 2014, Theorem 1.23]) that the twisted Reidemeister
torsion is closely related to the twisted analytic torsion 7, (£), an equivariant spectral
invariant of the metrized, equivariant local system £ (described in [Lipnowski 2014,
§1.1]). The main content of this paper is comparing 7, (£) to the untwisted analytic
torsion 7 (L) of a matching (see Section 4C) local system. A prototypical example:

Sample Theorem (comparison of analytic torsion). Let E/F be everywhere un-
ramified. Let U C G(A%“) be a parahoric level structure (see Definition 5.1) and
U C G(N}n) an associated level structure (see Definition 5.3). Then

To My, £) = t(My, L)?

(see Corollary 4.19 combined with Theorem 6.17 for a more general statement). By
applying appropriate versions, both twisted and untwisted, of the Cheeger—Miiller
theorem (see [Lipnowski 2014, §§1-2]), we arrive at the equalities

R My, £) ~ 7o (My, £) =1(My, L)” = R(My, L),

where ~ denotes equality up to powers of p. This reasoning is applicable to those
matching pairs L, L of local systems described in Section 7A.

2. Local systems over locally symmetric manifolds

2A. Complex local systems over locally symmetric spaces. Let H be a semisimple
group over a number field . Let K C H = H (F) be a maximal compact subgroup
and U C H (A‘}“) a compact open subgroup. Assume U is small enough that
H (F) acts freely on H(Ar)/KU. Then the quotient My = H(F)\H (Af)/KU is
a manifold.
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Let W be a complex vector space and p : H — GL(W) an irreducible represen-
tation. We form the local system

L,=H(F)\(H(Ar)/KU x W) — My, 3)

where H(F) acts by h - (W KU, w) = (hh'KU, p(hx)w) and the bundle map is
given by the first coordinate projection.

2A1. Egquivariant local systems. Let I' be a finite group of automorphisms of H.
Suppose the action of I" preserves both U and K. Then I' acts on the manifold M.
Suppose further that the representation p : H — GL(W) extends to a representation
0: H xT — GL(W). The action

I'xL,—> L, (hKU,w)r (c(h)KU, p(o)(w)) “)

covers the action of I" on M. The action (4) gives L, the structure of an equivariant
local system.

2A2. Riemannian structure. We refer to [Bergeron and Venkatesh 2013, §3.4] for
a discussion of the normalizations used here.

Let 6 be the Cartan involution corresponding to K with associated decomposition
h := Lie(H (Fr)) = t @ p into the +1-eigenspace £ = Lie(K) and the —1-eigen-
space p.

By Weyl’s unitary trick, the irreducible representation p : H(Fr) — GL(W)
corresponds to a unique representation, which we also call p, of the compact dual
group S of H; more precisely S is the normalizer in H (F¢) of the real Lie algebra
€@ ip. There is a unique Hermitian metric on W, which is S-invariant, up to scaling.
Fix such a choice of metric (-, - )g. We use this choice to define a metric || - || on
the bundles L,:

I(hKU, )|I* = |p(hHvll§  for (h,v) € L,.

Suppose a finite group I" acts on H by automorphisms and normalizes K and U.
Then I' also normalizes S and so automatically preserves the metric || - ||o. If the
representation p extends to a representation p : H x I' — GL(W), then I' acts
on L,, as in Section 2A1, by isometries.

2B. Rational and integral structures on local systems. Let W be an N-vector
space with N/ F a finite extension of number fields and let O C W be an Oy-lattice.
Let p : H — Ry,r GL(W) be an algebraic representation defined over F. Let
UCH (Af‘;‘) be a compact open subgroup and K C H (Fr) a maximal compact
subgroup with X = H(Fgr)/K. Assume U is small enough that H (F) acts freely
on H(Af)/KU. We form an associated local system of N-vector spaces

L, =H(F)\((H(AF)/KU) x W) - My = H(F)\H(Ar)/KU
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where h - (x, w) = (hx, p(h)w) for h € H(F).

Now suppose that O C W is an Oy-lattice. The group H (A%“) acts through p
on the space of Oy lattices of W, and we suppose that U stabilizes O. Consider
the local system of Oy-lattices over X x H (A‘}“) /U given by

A :={(x,hU,v) :v € p(H)O} > X x HAM /U

with the bundle projection given by projection onto the first two factors. The group
H (F) acts on Ag diagonally: i - (x, gU, v) = (hoox, hangU, p(h)v). We let

L) :=H(F)\A) - My (5)
denote the quotient, which satisfies the following properties:

(D) Lg is a local system of Oy-modules.
) L) ®oy N = L,.
(3) Lett: N — C be a complex embedding. Let p, : H(Fr) — GL(W,) be the
composition
p = H(Fg) — H(Fc) — GL(W,).
Then
(L) ® C=L,.

Here, L,, denotes the local system of C-vector spaces associated to the complex
representation p, in Section 2A.

Remark 2.1. Given an algebraic representation o : Rg,r H X Tg;r — Ry,r GL(W)
defined over F, the constructions of this section apply equally well and give rise
to £; and £g, respectively equivariant local systems of Oy-modules and N-vector
spaces satisfying

LI®oyN=1L; and L;® C=Lp,
where the latter is the equivariant local system of complex vector spaces constructed
in Section 2A1.
3. Zeta functions and analytic torsion of equivariant, metrized local systems

3A. Equivariant analytic torsion over general manifolds. Let M be a compact
Riemannian manifold and £ — M a local system of C-vector spaces equipped with
a Hermitian metric. Let o act compatibly on M and £ by a finite order isometry.

Remark 3.1. We do not require the parallel transport associated to the flat structure
L — M to be unitary.
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Let d. : Q*(M, L) — Q*(M, L) denote the exterior derivative, defined on local
sections by d.(w ® s) = dw ® s. Let d; denote the formal adjoint of d.. Then
A =d.d; +d}d, is the Laplace operator associated to £. We let A; denote its
restriction to 7/ (M, L).

Definition 3.2 (cf. [Liick 1993, (1.12)]). The j-th equivariant zeta function of
(L — M, o) is defined by

§iro(®) =D (o ED)A,
A>0
where the sum runs over the positive eigenvalues A of A;, with corresponding
eigenspace Ej.
The j-th zeta function of the metrized local system of complex vector spaces
L — M over a compact Riemannian manifold is defined by

S =28 i

Each ¢; , . admits a meromorphic continuation to the entire complex plane
which is regular at s = 0 [Liick 1993, Lemma 1.13].

Definition 3.3 [Liick 1993, Definition 1.14]. The equivariant analytic torsion of
the triple (£ — M, o) is the quantity

dim M

1 .
75 (L) == eXp(—E Z(—l)jj : é‘]/',L,a(O)>-
j=0

The untwisted analytic torsion (or simply analytic torsion) of a metrized local system
L — M over a compact Riemannian manifold M is defined to be 7(L) := tiq(L).

3B. Equivariant analytic torsion over locally symmetric manifolds. Let H be a
semisimple algebraic group over a number field F. Let E/F be a cyclic Galois
extension of degree p with Galois group I'z/r = (o).

Let KC H:=H (Er) be maximal compact with corresponding Cartan decom-
position h = €@ p.

If the Casimir operator of a group e acts on a representation r of e by a scalar,
let A, denote this scalar.

Letd C H (Ag“) be compact open. Assume that both K and U/ are Galois-stable.
Assume that I/ is small enough that the quotient My, := H(E)\H (Ag)/KU is a
manifold. Assume that H is anisotropic over E; this is equivalent to My, being
compact.

Letp: H I'e/r — GL(W) be a complex representation. Let £; — M, be the
I’z /r-equivariant local system associated to p (see Section 2A1) endowed with the
Hermitian structure described in Section 2A2.
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Denote the H(Ag) x I'g,p-isotypic decomposition of L?>(H(E)\H (Ag)) by

L*(H(E)\H (Ap)) = P WI7].

The equivariant zeta functions §i 1o can be expressed purely in terms of the 7.
Before stating a precise result, we set some representation theory notation.

Notation for trace. For a o-module A, we let (A) denote tr{o |A}.

Definition 3.4. An admissible, irreducible representation 7 of H(Ag) x I'g/F is
called essential if 7| g(a,) is irreducible. It is called inessential otherwise.

Suppose that 7 = 7o, ® 7Tgy is a representation of H (Ag). Suppose further that
the action of o on 7 factorizes as 77 (0) = Moo (0o0) & Mfin (Tfin)-

Remark 3.5. Let H be the adjoint group of D* for a quaternion algebra over F.
For every essential representation 7 of H(Ag) x (o), we have that 77 (o) admits
a preferred factorization 7 (o) = ®)7,(0y). See our discussion of base change,
especially Theorem 4.11.

Lemma 3.6. The j-th equivariant zeta function of (L; — My, o) equals

G0 ) =Y 275 Y m(FE) - (Ffh) - (Home (A, Foo ® ), (6)
A 7T essential

ﬁi)bﬁoc=
where m(7) := dim HOHlH(AE)er/F(ﬁ', W).
Proof. See [Fung 2002, §2.3; Speh 1994]. The key inputs are as follows:

» The L;-valued differential forms on M, decompose as a (Hilbert) direct sum:

@ (My) = ) Home (Wb, WA ® ).
7
Kuga’s lemma [Borel and Wallach 2000, Chapter II, §2] states that A ; acts
on Homy (A/p, W[7 ¥ ® p) by the scalar s — Az

o If 77 is inessential, then 77| g(a,) decomposes as a direct sum of p (irreducible)
representations Vi @ --- @ V), where 7 (o) cyclically permutes the V;. In
particular, because no summand V; is preserved,

(Homg (A p, WY ® p)) =0 for inessential 7. O

Corollary 3.7. The j-th zeta function of the metrized local system L, — My equals

&imy,(8) = Z A Z m(r) -dim 7Y - dim(Homg (A/p, 70 ® ). (7)

A T
Aoy =Aoo =h
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Proof. Lemma 3.6 specializes to the corollary statement when £ = F, o = id,
U=U,K=K, p=p. =

4. Base change for quaternion algebras and analytic torsion

Let G be the adjoint group of a quaternion algebra D over a number field F.
Let E/F be a cyclic Galois extension of odd prime degree p with Galois group
Ie/r = (0). Assume that D is not split. Then G(E)\G(Ag) and G(F)\G(Af)
are compact.

Let My = G(E)\G(Ag)/KU for some Galois-stable maximal compact sub-
group K C G(ER) and some Galois-stable compact open subgroup U C G(A%“).
Let My = G(F)\G(AF)/KU for some maximal compact K C G(Fr) and some
compact open U C G(N}“).

One main goal of this paper is to prove a spectral comparison of the flavor

log 7 (My, £) = plog t(My, L) ®)

for appropriate pairs of matching local systems of complex vector spaces £ — My,
and L — My.

We will prove such spectral identities using trace formula techniques, by com-
paring the trace of a twisted convolution operator on L*(G(E J\G(AEg)) to that of
an untwisted convolution operator on L*(G(F N\G(AF)), exactly in the spirit of
Langlands’ book [1980] on base change for GL;.

In Section 4A, we will discuss those elements of the theory of base change needed
to prove the comparison (8). In Section 4B, we discuss local-global compatibility
of base change and a consequence for “multiplicities”. In Section 4C, we discuss
matching representations and matching local systems. Such matching pairs occur
in the abstract matching theorem proved in Section 4D. Later, in Sections 5 and 6,
instances of test functions satisfying the hypotheses of the abstract matching theorem
will be described.

4A. Preliminaries on base change. For general references on base change, see
[Langlands 1980] for GL, and [Arthur and Clozel 1989] for GL,,. For a comprehen-
sive treatment of the twisted trace formula formalism, see [Labesse and Waldspurger
2013].

4A1. Twisted convolution and convolution.

Definition 4.1. Let SM. (G (Ag)) denote the space of smooth compactly supported
measures on G(Ag). More precisely, these are all finite linear combinations of
measures of the form f dg for a Haar measure dg on G(Ag) and a function
f =11, fv- We require that f,, be smooth and compactly supported, that f, be
compactly supported and locally constant, and that f, = 1g(o,) for almost all
places v of F. We define SM.(G(AF)) similarly.
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For any smooth, compactly supported measure fdgon G(Ap), let

R(fd)= | [@R(@)dg O L (GE)\G(AR)),
G(Ag)
where R denotes the right regular representation of G(Ag) acting on G(E)\G(Ag).
Note that the larger group G(Ag) x I'g,r acts on G(E)\G(AE).
Similarly, for a smooth, compactly supported measure f dg on G(Af), we let

r(fdg) = G(Af)(g)r(g)dg O LAG(F)\G(Ar)),

where r denotes the right regular representation of G(Ar).

4A2. Twisted conjugacy and the norm map. Suppose that E, = E® F, is unramified
over F,, i.e., is either a split extension or an unramified field extension. We define
the norm map [Langlands 1980, §4]

N :G(E,) — G(E,), xt>xo(x)---oP71(x). 9)

Lemma 4.2 (cf. [Arthur and Clozel 1989, Lemma 1.1(i)]). If x € G(E,), then Nx is
G (E,)-conjugate to an element of y of G(F,), where y is uniquely defined modulo
G (F,))-conjugation.

Proof. Lift x to X in Dgfv. We can define a norm map on Dgfv using formula (9); we
also denote it by N. If it = N(X), then

o) =%""ax.
The characteristic polynomial p;(t) = 12 —trd(@1)t +nrd(it) € E,[t] is thus preserved
by I'z/r. Therefore, p;(t) € F)[1].

If u e FX C DXU, we are done. Otherwise, the polynomial p; is irreducible.
Since the quaternion algebra Dp, contains all quadratic extensions of F,, there is
some element i’ € Dg, with the same characteristic polynomial as Nx € Dg,. By the
Noether—Skolem theorem for Dg,, we know that Nx and u’ are conjugate in DXD,
implying that the image of &’ in G(F,) and Nx are conjugate by G(E,). By a
second application of the Noether—Skolem theorem, any two elements of G(F,)
which are G (E,)-conjugate are G (F,)-conjugate. ([

Lemma 4.3 (cf. [Arthur and Clozel 1989, Lemma 1.1(ii)]). If Nx and Ny are
G (E,)-conjugate, then x and y are o-conjugate.

Proof. Applying o-conjugation to x and y as necessary, we may suppose that
Nx = Ny € G(F). Lift x, y to X, y € Dy . Then

NX =cNy
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for some ¢ € E*. This implies that
¢* = Normg, g, (nrd(¥5 1)) € Normg, /5, (E)) C E)*.

Since [E, : F,] = p is odd, we have ¢ € F*. Furthermore, F,*/Normg, /r, (E)) is
isomorphic to Gal(E,/F,) by class field theory. Since Gal(E,/F,) has odd order p,
it follows that ¢ = Normg, /5, (¢') for some ¢’ € E. Replace y by ' = c’y. By
Noether-Skolem, Ny’ and NX are D,?v -conjugate. The argument from [Langlands
1980, Lemma 4.2] then shows that X and y’ are o-conjugate. O

Corollary 4.4. The norm map induces a well-defined injection
N : {o-twisted conjugacy classes in G(E,)} — {conjugacy classes in G(F,)},
[x] = [N)ING(ER).

Proof. The norm map converts o-twisted conjugacy to conjugacy because of the fact
that N(g~'xo(g)) = g7'N(x)g. The rest follows from Lemmas 4.2 and 4.3. O

Corollary 4.5. Ifx, y € G(F,) are G(Fv)-conjugate, then they are G (F,)-conjugate.
Ifx',y € G(E,) are G(Ev)a-conjugate, then they are G (E,)o-conjugate.

Proof. The first part follows by the same result for QXU; this in turn follows by the
Noether—Skolem theorem.

For the second part, the assumptions imply that Nx’, Ny’ € G(F,) are G(F)-
conjugate. By the first part, it follows that Nx’ and Ny are G (F,)-conjugate. By
Lemma 4.3, it follows that x’, y" are G(E,)o-conjugate. O

4A3. Matching orbital integrals. See [Langlands 1980, §6] for a discussion of
orbital integrals in the context of base change for GL,.

For a o-twisted conjugacy class ¢ = [x] of G(E,), a conjugacy class ¢’ = [x']
of G(F,), and test measures f dg on G(F,) and fdg on G(E,), we let

Ove(fd) = / Flgxo(g) 25

d
Gowx(F)\G(E) dzs
-1/ dg
Oc(fdg) = fg ' x'g)—,
G, (F)\G(F,) dz

where G, denotes the twisted centralizer of x and G,/ denotes the centralizer
of x’. See Remark 4.7 for a discussion of the Haar measures dz and dz.

Definition 4.6. We say that f dg and f dg match if

Ou(f dg)= Og,c(f dg) if c is a regular twisted conjugacy class and ¢’ = Nc,

¢ &= 0 if ¢/ # Nc for any twisted conjugacy class c.
Similarly, we say that the pure tensors f dg =11, ﬁ, dg, € SM.(G(Ag)) and
fdg =TI,y dgv € SM:(G(AF)) match if they match everywhere locally.
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Remark 4.7. The definitions of O, s and O,, depend on choices of Haar measures
dzs on G, xs(Fy) and dz on G, (F,). However, if y = N§, then the F-algebraic
groups G, and G, s are inner forms. Therefore, a choice of Haar measure dz,
on G, 5(F,) determines a compatible Haar measure dz on G, (F,) (see [Kottwitz
1982, Lemma 5.8]). The equality from Definition 4.6 is to be taken with respect to
this compatible choice. Though the individual orbital integrals depend on choices of
Haar measure, this convention ensures that the notion of f dg and f dg matching
is independent of all choices.

Example 4.8 [Langlands 1980, §8]. Say that E,/F, is split, i.e., E, = El. Then
for any test function fidg; x --- x f,dg, on G(E,) = G(F,)?, the convolution
product (fidg1) *---* (f,dg,) on G(F,) matches.

4A4. Statement of base change. For this section, let W = L?>(G(F)\G(Ar)) and
W = L*(G(E)\G(AE)).

Theorem 4.9 (Saito, Shintani, Langlands). Let f dg =[], f, dg, € SM.(G(Ag))
and fdg =11, fvdgy € SM:(G(AFr)) be matching test functions. Then

w{RO)R(f d)IW} = te(r (f dg)|W). (10)

Of course, the onus is on us to produce interesting examples of matching test
functions. The identity (10) can be leveraged to give a more refined identity.

Corollary 4.10 [Gelbart and Jacquet 1979]. Let E/F be a cyclic Galois extension
of number fields of odd prime degree. There is a bijection between irreducible
automorphic representations w of G and essential (see Definition 3.4) automorphic
representations T of R r G X Tg . This bijection is uniquely defined by an equality
of traces: w and 7w match if and only if

r{RO)R(f d)IWIF]} = trfr(f dg)| W]} (11)

for all pairs of matching test functions f dg and f dg as above. Here, W[7]
denotes the T isotypic subspace of W and W[r] the w-isotypic subspace of W.

4B. Local-global compatibility for base change and a consequence for multiplic-
ities. The groups Rg,rGg and G satisfy multiplicity one, by the Jacquet—Langlands
correspondence and multiplicity one for GL,. Therefore, the equality of (11) is
equivalent to

w{7 (0)7 (f d@)} = iz (f dg)) (12)
for all pairs of matching test functions fdg and fdg. Using (12), Langlands

proves a local version of base change and local-global compatibility.

Theorem 4.11 [Langlands 1980, §7]. Let E/F be a cyclic Galois extension of
odd prime degree p. There is a bijection between irreducible representations ,
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of G(F,)) and representations w, of G(E,) x I'r;r which are irreducible after
restricting to G(E,). This bijection is determined by the equality of traces

{7y (0) 70 (fo80)} = tr{my (f, dgo)}

for all pairs of matching test functions f,dg, and f, dg,. The image of 7, under
this bijection is often denoted BC(m,) and referred to as the base change of m,.
This base change bijection is compatible with the global bijection of Corollary 4.10
in the sense that 1 = @' m, globally matches the unique essential representation
T =Q7m,.

Remark 4.12. As promised in Remark 3.5, the above local-global compatibility
theorem has the following consequence: for any essential representation 7 = ®'7,
of G(Ag) x I'g/r matching the representation 7 = ®'m, of G(Af), there is a
canonical factorization

7(0) = Q7 (0y).
4B1. Local base change and “trace matching”.

Definition 4.13. Let f dg be a smooth measure on G (E,) and let f dg be a smooth
measure on G(F,). We say that fdg and f dg are trace-matching if, for every
irreducible admissible representation 7w of G (F,) with base change representation
BC(m) of G(E,), there is an equality

tr{BC(7) (o) BC(m)(f dg)} = tr{w (f dg)}.

Example 4.14. If f dg and f dg have matching orbital integrals in the sense of
Definition 4.6, then they are trace-matching.

We record one straightforward consequence that Theorem 4.11 on local-global
compatibility of base change has for comparing “multiplicities”:

Lemma 4.15. Let S be any set of places. Let U = [],.qUy be a compact open
subgroup of the restricted tensor product ]_[:)E s G(Ey). Suppose that 1y, du, trace-
matches my, for each v € S and that [[,.gmy, = Y cyly du. Then for matching
representations T = ®, T, of G(Ag) X I'g/r and m = Q@m, of G(AF), there is an
equality
(#)=> ey dimny,
U

where o5 denotes the (restricted) tensor or cartesian product over all places v € S.
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Proof. This follows directly by Theorem 4.11 and Section 4B1 of trace-matching:

(7)== tr{s (o) s Ay du)} = [ | ety ()70 (L, diy))
ves

— [Ttz m)) :tr{ﬂs(z culy du)} =Y ey dimnd. 0
U

vesS

4C. Local systems and matching representations. Let H be a semisimple group
over the number field F. Let ig : F < E be a cyclic Galois extension of prime
degree p. Note that (Rg,;rH)g = HFE/F Hg, where I'g/r acts by permuting the
factors according to its left translation action on itself. Let iy : F < N be a second
finite extension. Let Rg,;r H — Ry,;r GL(V), for V a finite dimensional N-vector
space, be an algebraic homomorphism defined over F.

4C1. Definition and examples of matching representations and local systems.
Suppose ¢ : N — C is a complex embedding and suppose C, = N ®, C. Then
Re/pH(C,) =[], H(Cy) where the product runs over all ¢ : E < C extending
toiy. The Galois group I'z,r acts on this product by permuting the factors accord-
ing to its action on the set {t'|t o iy}. Furthermore, the induced homomorphism
Re/pH(F®R) — GL(V)(C,) factors as

RpyrH(F®R) — Reg/rH(F®C) — Rg/rpH(C,)) — GL(V)(C),
the second map being induced by the projection F® C — C,.

Definition 4.16 (matching representations for different coefficient fields). Suppose
p:Reg/pH xTg/r — Ry,r GL(V;) and p : H — Ry, GL(V}) are representations
of algebraic groups over F. Lett: N < C be a complex embedding. We say that
0 t-matches p if

/51 = ®U|z/0u

with I'g/r acting by permutations on the set {¢'|¢ o iy}. When no confusion will
result, we abbreviate “.-match” to “match”. For local systems V; and V), of N-vector
spaces arising in the manner of Section 2B, we say that V; and V,, match exactly
when o and p match.

Definition 4.17 (matching representations for the same coefficient field). Suppose
p:RppH xTgp — Rg/p GL(V;) and p : H — GL(V,) are representations of
algebraic groups over F. Let ¢t : E — C be a complex embedding. We say that
0 t-matches p if

151 = ®L/|t)0u

with Ig/r acting by permutations on the set {/’|[t 0 ig}. When no confusion will
result, we abbreviate “/-match” to “match”. For local systems V; of E-vector spaces
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and V,, of F-vector spaces arising in the manner of Section 2B, we say that V; and V,
match exactly when p and p match.

Main examples of matching representations. (a) Let p : H — Ry,r GL(V) be any
representation over F'. Suppose that N is a Galois closure of F' containing E. For
any F-algebra A, the representation p induces a homomorphism

H(A®r E) — GL((V ®r A) ®r E QF N)
— []oL«v & 4)@r N) GL(@(V R A) OF N)
where the product runs over all i for which F —£> E —> N and i o ig = iy where

ir and iy are the embeddings defining E/F and N/F. The second map above is
induced by the ring map

AQrEQr N - AQr N, aQreQ@rni> (aQri(e)-n);.

The above homomorphisms are functorial in A and so define a map

RE/FH — RF/N GL<®V>

i

This map extends naturally to
,5 : RE/FH X FE/F —> RF/N GL<®V),
i

where I'z/r acts by permuting the embeddings i. For every complex embedding
t: N — C, the representations p and p t-match.

(b) Let p : H — GL(V) be any representation over F. There is a natural map
H(A®r E) xTg/r — GL(V ® AQrF E)

given by composing p on (A®g E)-valued points with the F-algebra homomorphism
AQrE - AQrE, aQ®rer—>aQ@role)

for each o € I'g/r. This collection of maps is functorial in F-algebras A and so
defines an algebraic group homomorphism over F,

,5 : RE/FH X FE/F —> RE/F GL(V)

For every complex embedding ¢ : E < C, the representations p and p t-match.
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4D. An abstract matching theorem.

4D1. Notational setup for the matching theorem. Let My = G(E)\G(Ag)/KU,
where IC, U are chosen to be I'z p-stable. This locally symmetric space is acted on by
It/ = (o), which is cyclic of prime degree p, by isometries. Similarly, for compact
open U C G(A‘}n) and maximal compact K, we let My = G(E)\G(Af)/KU. Let
p:G— Ry,r GL(V,) and p : Rg/r G — Ry, GL(V;) be matching representations
and let ¢ : N — C be a complex embedding.

For any compact group J, we let dj denote its volume-1 Haar measure.

4D2. Statement and proof of the matching theorem.

Theorem 4.18. Assume that

[t duw=1di and [[my=)_ culydu

131(Z))]

are trace-matching test functions (see Definition 4.13), where [1(U) is a finite set of
compact open subgroups of G(Ag“). Let p and p be matching representations of
Re/rGg X g r and G (defined in Section 4C). Then

p(=DCPD S culumy,r, () p™if j = pa,
Cj My Ls.0(8) = ) (13)
0 if j #0 (mod p).
Proof. Because the groups G and Rg,r G satisfy multiplicity one, we can rewrite
the above zeta functions from equations (6) and (7) as

8o 9) =Y AT D (7Y (Home (A, e ® ), (14)
A 7 essential

P Moo =
&ty 1, (5) = ZA‘S Z dim Y - dim(Homg (A/p, e ® p.)). (15)
A T

Aoy —Aroo =M

L

We now discuss matching for the multiplicities, the Casimir eigenvalues, and the
(g, K)-cochain groups in turn.

By Lemma 4.15, for any matching pair of an essential representation 7 of
G(Ag) x I'g/r and an irreducible representation 7 of G(Ar), there is an equality

(7)) =Y ey dimmf). (16)

U
We can relate the Casimir eigenvalues of 77, and 7, by being more explicit about
the relationship between 7, and 7. Because [E : F] is odd, we have Er = (Fg)?”.
A choice of isomorphism determines an isomorphism G (ER) = G(Fg)?. Langlands
[1980, §8] calculates that the representation m, corresponds to the representation
Moo = nEp of G(ERr) % I'g,r equipped with intertwining isomorphism given by
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a cyclic shift. Similarly, p, is isomorphic to ,olg P with intertwining isomorphism
given by the same cyclic shift. Therefore,

Ap, = Ao = Pp, — Aroy). (17)

Finally, note that because 7., ® p, = JTEP ® plg P the (g, K)-chain complexes
obey a “Kiinneth relationship”,

Homy (AP, oo @ p,) = Homg (AP, oo @ )7 (graded tensor product)

(see [Borel and Wallach 2000, Chapter I, §1.3]) which is equivariant for the cyclic
shift on the right and the o action on the left. Exactly as in our calculations from
[Lipnowski 2014, Proposition 5.1], it follows that

(Homyc (A7, oo ® 1))
_ {(_1)“2(”‘” -dim(Homg (A“p, oo ® p1))  if j = pa,

o . (18)
0 if j is not a multiple of p.

By Langlands’ formulation of base change (see Corollary 4.10), there is a
bijection between irreducible subrepresentations 1 C W of G(Af) and essential
representations 7 C W of G(Ag) X I'g,r. Multiplying (16), (17)™* and (18) together
and summing over all subrepresentations 7 of W therefore gives the result. ([

An immediate corollary concerning analytic torsion is as follows:

Corollary 4.19.
log 7o (Mu, £3)=p(}_ cu log T(My, V,,)) ~ plog(p) (Z(—l)fj -cj,MU,Lp,<0>).
J

Remark 4.20. The second summand on the right-hand side is a red herring. It
would disappear by scaling the metric on My by p. In particular, if L, g is acyclic,
the analytic torsion is metric independent and so the second summand automatically
vanishes.

5. Matching at places where E/F is unramified

We recall our notational setup: let G be the adjoint group of the group of units of a
quaternion algebra D over a number field F. Say E/F is a cyclic Galois extension
of prime degree p. The Galois group I'z,r = (o) acts on G(Af).

The goal of this section is to describe instances of local trace-matching (see
Section 4B1) at places v for which E,/F, is unramified (see, in particular, Theorem
5.4); this will enable us to prove relationships between twisted analytic torsion on
locally symmetric spaces related by base change — see Theorem 4.18.
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5A. Parahoric level structure. Throughout this section, assume that E/F is ev-
erywhere unramified.

The argument for proving Theorem 4.18 and Corollary 4.19 which relates 7, (£;5,)
to T(L,,) hinges on the fact that 1y dit and m = 1= du* x [1,e5 mv are matching
test functions, for an appropriate finite set of nonarchimedean places X of F and
corresponding measures m, on G(F,). We introduce a type of level structure for
which we will be able to prove such a matching theorem.

Definition 5.1 (parahoric level structure). A compact open subgroup U, C G(E,)
is called locally parahoric if it satisfies the following conditions:

o If D is ramified at v, then U, should equal the image of the units of the maximal
order of D, in G(E,).

o Suppose E, is split and D is unramified at v. Identify G(E,) = G(F,)?. Then
U, = Ul for an arbitrary compact open U, C G(F,).

o Say E,/F, is unramified and cyclic of degree p, and say D is unramified at v.
The tree of G/F, injects into the tree of G/E, with image identified as the
Galois-invariants. We insist that ¢, = J, where J is the pointwise stabilizer
in G(E,) of either a vertex or an edge of the tree of G/ F,.

If U = [[U, is locally parahoric at all places v of F, then we call U (globally)
parahoric. If U is locally parahoric for all v ¢ X, then we call i parahoric outside X.

Remark 5.2. The above definition does not apply at places v where E,/F, is
ramified. We extend the definition of parahoric level structure, for places v where
E,/F, is tamely ramified, in Definition 6.16.

To every parahoric level structure U C G(A%“), we associate a matching level
structure U C G(A‘};“).

Definition 5.3. Let U, C G(E,) be parahoric at v. We say that U, is associated
to Uy if U, =U, N G(F,). Specifically:
» Suppose D, is ramified. We require that U, equals the image of the units of
the maximal order of D, in G(F,).
« Suppose that E, is split. Then U, = (U))? for some U C G(F,), and we
require that U, = U,
» Suppose that E,/F, is an unramified field extension and that D, is unramified.
Then U, equals the pointwise stabilizer in G (E,) of some simplex of the tree

of G/F,, viewed as a subset of the tree of G/E,. We require that U, be the
stabilizer of that same simplex in G(F,).

We say that U = [ U, is associated to U = [ | U, if U, is associated to U, for
all places v.
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With these notions in hand, we now throw the kitchen sink at the issue of matching
lu dit < lU du.

Theorem 5.4 (Kottwitz). Let U, be associated to a parahoric level structure U, at v.
Then the test functions 1, dut, and 1y, du, geometrically match, where diut,, and du,,
are volume-1 Haar measures. In particular, 14, du, and 1y, du, are trace-matching
(see Definition 4.13).

Proof. Kottwitz [1986a] proves that
SOs,6 (1, duy) = SOns(1y, duy)

for any regular semisimple § € G(E,). Here SO denotes the stable orbital integral,
whose definition is given in [Kottwitz 1986a]. Let ¢ be a G (F,)-conjugacy class
in G(F,). Suffice it to say that if

{G(F) conjugacy class of ¢} N G(F) =c,
{G(E,)o-twisted conjugacy class of ¢’} N G(E,) = ¢

for every regular semisimple conjugacy class ¢ and regular semisimple o-twisted
conjugacy class ¢’, then SO; ; = O; ; and SO, = O,,.

Corollary 4.5 shows that, if G is the adjoint group of the units of a quater-
nion algebra over F,, then G(F,)-conjugacy collapses to G(F,)-conjugacy and
G(Ev)a—conjugacy collapses to G(E,)o-conjugacy. Thus, 1, du, and 1y, du,
match, as claimed. O

6. Matching at places where E/F is tamely ramified

To broaden the applicability of Section 4D, we need to prove matching theorems at
places v where E,/F, is ramified. We assume throughout this chapter that E,/ F, is
tamely ramified. Our immediate goals:

(1) Characterize all (possibly ramified) representations 7w of PGL,(F,) for which
BC(r) is unramified.

(2) Find a test function on f dg on PGL,(F,) which trace-matches 1pgr,(£,) dg.

Characterizing those representations as in (1) will be relatively straightfor-
ward; this is done in Section 6A. We will say that representations as in (1) are
E,-potentially unramified. For (2), the main content is an analysis of J-fixed
vectors in principal series representations for various compact open subgroups
J C PGL,(Op); this is accomplished in Section 6C3. A test function which serves
as an indicator function for E,-potentially unramified representations is constructed
in Theorem 6.15.
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Notation for local fields. To ease notation in what follows, we will denote E,/F,
by E/F. So for the remainder of this chapter, £/ F will denote a tamely ramified,
cyclic Galois extension of local fields, not an extension of global fields.

6A. Tamely ramified and E-potentially unramified Langlands parameters. Fix a
rational prime ¢ not equal to the residue characteristic of F'. We want to characterize
continuous representations

o Wr = SLo(Qyp)

such that o |y, is unramified. Since £/ F is tamely ramified, such representations o
are tamely ramified. But the tame Weil group has the very simple description

W[Eame — I}game X <f>’

where I;*™ is procyclic and generated by a single element u, and f is any lift of
the arithmetic Frobenius. The generators f and u satisfy the single relation

fuf~'=ul, where g = #kp.

Remark 6.1. Because I'z/r is an abelian quotient of W™ of prime order p, it
follows that p|(g — 1).

Lemma 6.2. All E-potentially unramified Langlands parameters are either unram-
ified or conjugate to

0 0
o=04;:=fr (?) a‘l)’ U (g §_1>

fora,t € Qg and P = 1.

Proof. Note that [™/I*™ equals I/, which is a cyclic group of order p.
Thus, I*™ must be the unique closed subgroup of index p in ™. In particular,
uP € 1™ It follows that if o (f) = A, o (u) = B, then

ABA™'=B? and BP =1.

After conjugation if necessary, we may suppose that B = (f) C(‘)l)’ where ¢7 = 1.
Assume that £ # 1, and let A = (‘; 3) Using the fact that ABA~! = B¢ and that
¢971 =1, we see that b = ¢ = 0. These give rise to the Langlands parameters

0 0
0=04;:=fr> (?) a‘l)’ U (f) g‘l)'

These parameters correspond, by the local Langlands correspondence, to the repre-
sentations I , = Indg(| -1* - x) where x is a nontrivial character of F*/N(E™).
If ¢ = 1, the resulting parameter corresponds to an unramified representation. [
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6B. A closer look at local base change. Let E/F be a tamely ramified extension
of local fields. The goal of this section is to construct a smooth, compactly supported
test measure mg ,, on PGLy(F) such that 1pgr,(op) dk trace-matches mg ur (see
Definition 4.13).

In Section 6B1, we explain how to recover the matching of orbital integrals in a
more representation theoretic manner. In Section 6B2, we discuss the action of I'z /¢
on the PGL;(Og)-fixed vectors of a representation of PGL;(E) of the form BC(r).

6B1. Strategy for proving the local base change trace identity. Recall the following
definition from Section 4 on base change:

Definition 6.3. A representation = of PGL;(E) x (o) matches the representation
of PGL, (F) if the following equality of traces holds:

{7 (o) (f dg)} = tr{m (f dg)) (19)

for every pair of matching test functions fdg € SM.(G(E)), fdg € SM.(G(F)).
We write 7 = BC(7r).

Remark 6.4. The intertwining isomorphism 7 (¢) : 7 — 7 is a priori only well-
defined up to a p-th root of unity. However, the equality of traces in the above
definition uniquely determines 7 (o).

For the particular choices of test functions fydgo and fy dgo that we will make
in the sequel, rather than proving that (19) holds by demonstrating an equality of
orbital integrals, we prove it directly by using explicitly understood features of local
base change for PGL, (F).

6B2. Action of o on PGL;(Og)-fixed vectors. Let u be the inflation to the upper
triangular Borel subgroup B C PGL,(F) of a character T — C*, where T is the
diagonal torus of PGL,(F), and let 6 denote the modulus character of B. We
let (p,, 1) denote the normalized principal series representation, i.e., the space
of locally constant functions f : PGL,(F) — C which transform by the rule
f(bg) = u(b)8(b)'/? f(g) where p, acts by right translation.

We define [; similarly for characters of the upper triangular Borel subgroup
BcC PGL,(E). If 1° = j1, then we extend I; to a representation of PGLy(E) X Ik, r
by the formula

pu() f(8) = f(g” ).

Proposition 6.5 [Langlands 1980, Corollary 7.3]. Let N : E* — F* denote the
norm map. The representations 1,y and I, match. That is, for any pair f dg and
f dg of matching test functions on PGL,(E) and PGL, (F) respectively, there is an
equality

tr{ppon (@) p(f dg)} = tr{pu(f dg)}.
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Corollary 6.6. For every irreducible admissible representation @ of PGLy(F),
there is an equality

tr{BC () (o) BC(7w) (1pGL,(0p) dk)}
1 if BC(x) is unramified,

= tr{BC(7r) (1pGL,(05) dK)} = .
0 otherwise.

Proof. The claim is vacuously true if BC(7r) is ramified. If it is unramified, then it
can be embedded in an unramified principal series representation V'; indeed, any
representation with an Iwahori fixed vector can be embedded into an unramified
principal series representation.

If V is irreducible, then BC(r) = V. But Proposition 6.5 shows that for such
principal series representations, in the image of base change, the action of I'z,/r on
the PGL,(Og)-fixed vector is trivial.

If V is reducible, then BC(7r) is either Steinberg, which is ramified, or the trivial
representation. One readily checks that the trivial representations of PGL; (F) and
PGL,(E) x I'g,r match because each has character given by the constant function 1.
Therefore, I'z,F again acts trivially on the PGL,(Og)-fixed vector of BC(rr). [

6C. Constructing an indicator test function for E-potentially unramified repre-
sentations. According to Corollary 6.6, finding a function on PGL,(F) which
trace-matches the volume-1 Haar measure on PGL,(Og) is equivalent to finding a
test measure mg , on PGLy (F) satisfying

1 if w is E-potentially unramified,

tr T (me,ur) = .
ur 0 otherwise.

The Langlands parameters for all E-potentially unramified representations are, in
particular, tamely ramified. By the local Langlands correspondence, they therefore
have Iwahori fixed vectors. Therefore, a natural place to start constructing such
a test measure mg y, is to modify the measure 1; dj for congruence subgroups of
Iwahori subgroups.

6C1. Fixed vectors for congruence subgroups of Iwahori subgroups of PGL,(F).
Let B C PGL, /OF be a Borel subgroup and N its unipotent radical, and let
T = B/N. Let kr denote the residue field of Of, and let C be any subgroup
of T (kp). Let Ic C PGL,(Or) denote the preimage of C under the reduction map.
The subgroup /; is one such example.

6C2. Supercuspidal representations have no Ic-fixed vectors. We quote the fol-
lowing theorem:

Proposition 6.7 [Bushnell and Henniart 2006, §14.3]. If V is a supercuspidal rep-
resentation of PGLy(F), then V' = 0. In particular, V'¢ =0 for any C as above.
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6C3. Ic-fixed vectors for principal series representations of PGLy(F). Suppose
B=B(F), N=N(F), T=T(F), G =PGLy(F). We prove a simple lemma
concerning the space of J-fixed vectors, for an arbitrary compact open J, in principal
series representations 7, =Ind$ x, where x : B — C* is the inflation of a character
of T.

Lemma 6.8. The dimension of the space of J-fixed vectors (IX)J equals the number
of double cosets g € B\G/J for which x|pngje—1 = 1.

Proof. Let V=1.1f f € V7, then f(bgj)= x(b)f(g) forbe B, j e J. In order
for this equality to hold for all b € B, j € J, it is necessary and sufficient that either
X1Bngsg-1 = 1 or f(g) =0. Therefore, f € V7 is uniquely specified by its values
on those double cosets g for which xpng7,-1 = 1. ([

By choosing J = Ic well, we can essentially isolate all those E-potentially
unramified representations, i.e., those whose Langlands parameters were classified
in Section 6A.

Corollary 6.9. Let Tc ={t e T(Of) :t (modrw) € C C T (kp)} and let J = Ic.
Then

2 ifxlee =1,

dim(Z,)’ =
() {O otherwise.

Proof. Observe that the elements

01
1 and w_<1 0)

form a full set of coset representatives for B\G/J. But we readily compute that
the image of both BN wJw~™! and BN J in T is Tc. The result then follows
immediately by Lemma 6.8. (|

al? 0 %
= (7 )acss]

dim(Z,)"0 = {2 iJIX|N<QE) =1
0 otherwise.

Corollary 6.10. Let

Then

Remark 6.11. As pointed out in Section 6A, the E-potentially unramified principal
series representations are exactly those with Langlands parameters corresponding
to x for which x| NOX) = 1, as in the first case of the above corollary.
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6C4. Ic,-fixed vectors in arbitrary representations.

Proposition 6.12. Let w be an irreducible admissible representation of PGL,(F).
Then

0 ifm is supercuspidal,

0 =15 xlnoy # 1
trn(le,dj)=12 ifn=1L, X|N(0§)=1v

1 ifr=1,

1 ifmr =St

where dj denotes the volume-1 Haar measure on Ic,.

Proof. Irreducible admissible representations 7w of PGL,(F') are of three possible
types:

7 is supercuspidal. As discussed in Section 6C2, no supercuspidal representa-
tion has an I¢,-fixed vector.

o By definition, if 7 is not supercuspidal then it is a subquotient of a principal
series representation. All of the principal series representations /,, where
x # | -| and 1, are irreducible. As explained in Section 6C3, such represen-
tations have a 2-dimensional space of I¢,-fixed vectors if x|y px)=1and a
0-dimensional space of I¢,-fixed vectors otherwise.

o The representations /|.| and /; are reducible. In both cases, there is one trivial

subquotient and another Steinberg subquotient. Both subquotients, the trivial
representation and the Steinberg, have a 1-dimensional space of I¢,-invariants.

The result is simply the aggregate of all of these possibilities. ([

6CS. Isolating 1 and St using the Euler—Poincaré test function. In his work on
Tamagawa numbers, Kottwitz made use of a test function which almost isolates the
Steinberg representation.

Let C be a closed chamber of the building of H = H (F) for a semisimple H
over F. For a compact open subgroup J C H, let dg; denote the Haar measure
of H assigning J measure 1. Let

rank H

EP:= ) > (=), dg;.

d=0 stabilizers of dim d
acets of C

Theorem 6.13 [Kottwitz 1986b]. For an irreducible unitary representation w of H,
1 ifr=1,
trr(EP) = x (H* (7)) = { (— D™ jf 7 =S¢,
0 otherwise.
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Corollary 6.14. In the case of H = PGL;, the formula from Theorem 6.13 holds
for any irreducible admissible representation.

Proof. Once again, we invoke the classification of irreducible admissible represen-
tations of PGL,(F). Any nonunitary irreducible admissible representation must be
an irreducible principal series representation of the form 7y = I}.5,,. But

s +— trm;(EP)

is a continuous, integer-valued function of s and so must be constant and equal to
tr ro(EP) = 0. O

We are finally able to write down an indicator test function for E-potentially
unramified representations.

Theorem 6.15. The test function mg = %[EP +1¢, dj] satisfies

1 if w is E-potentially unramified,

trme ) = {0 otherwise

Proof. This follows immediately from Proposition 6.12 and Corollary 6.14. (]

6D. Definition of tame parahoric level structure and globally matching test func-
tions. We now extend the definition of parahoric level structure to include places v
of F for which E,/F, is tamely ramified.

Definition 6.16. Let £/ F be everywhere tamely ramified. Also, assume that the
set of places v where E,/F, is ramified is disjoint from the set of places where
Dr, is ramified. Let ¢, C G(E,) be a compact open subgroup. We call U, tamely
parahoric at v if

e U, is parahoric at v if E,/F, is split or unramified, and
o U, =PGL,(O,) if E,/F, is tamely ramified.

We call a level structure U = [[U, C G(A%n) (globally) tamely parahoric if
U, is tamely parahoric at v for all v.

We now consolidate all of the preceding results of Section 6 to provide a class
of examples of globally matching test functions.

Theorem 6.17. Let E/F be everywhere tamely ramified, with & = {vy, ..., v,}
the places of F which ramify in E. Let U C G(Ag“) be a globally tamely parahoric
level structure. Define U* = I ¢x Uy, and let U ¥ denote a matching parahoric
level structure outside . Forv € X, let
1 S | -
me, e = Sk dky + S 1dk, = 1y diy+ S, deg = 2% duy ;,
i=
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where K, and K, are the stabilizers of two vertices in the tree for G(F,) =PGL,(F,);
1, is the pointwise stabilizer of the edge between them; I, , is the “preimage in I, of
the p-th powers of the diagonal torus mod v” (cf. Corollary 6.10); and dk denotes
the volume-1 Haar measure for any compact group K. Then the test functions

n
§ : z
lu du < Copiy " cvnainll_['}=1Uu,-,ij><U2 l_[duvj’,'j x du
y i

trace-match (see Definition 4.13).

Proof. Theorem 6.15 shows that mg, ,, trace-matches 1;;, dit, for each place v € Z.
For v ¢ ¥, let U, be associated to the parahoric level structure i/,. Theorem 5.4
shows that 1y, du, trace-matches 1, dii,. Therefore,

Ly dii < [ | me,u > 1y= du” (20)
veX

are matching test functions. The result follows after expanding the right-hand side
of (20). ]

7. A numerical form of base change functoriality for torsion

In this section, we’ll exhibit examples of F-acyclic local systems of Or-modules on
locally symmetric spaces associated to G for which the Cheeger—Miiller theorems
of [Lipnowski 2014, §1.7, §4] can be applied. In conjunction with the trace formula
comparison proven in Section 4D, this will yield a numerical form of torsion base
change functoriality.

In Section 7A, we will describe a certain class of F-acyclic local systems of
Or-modules over locally symmetric spaces associated to G. In Section 7B, we
will prove the main comparison theorem of this paper, concerning a version of
“numerical functoriality”.

7A. A class of local systems. We recall the construction of some local systems
described in [Calegari and Venkatesh 2012, §10.1].

For any quaternion algebra Q over F, we let [Q],, denote the F-vector space
[Q]n = Sym™ 0°/A Symm_2 00, where Q° denotes the trace zero elements of Q
and A denotes any invariant element of Sym2 0°. The F-vector space [Q],, affords
an F-linear representation of Q> /F*, which acts by conjugation on Q and thus on
the symmetric powers of Q°.

Let V., = [D], ® [D],, where D denotes the quaternion algebra D ®, F, with
o denoting the nontrivial automorphism of F. We note that [D], = [D]p.

Consider the representation p, , : G — GL(V, ;) given by conjugation action. By
the second construction outlined in Section 4C, there is a matching representation
Pap: RejpG X Tg/p — Rpyjr GL(Vyp).
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Suppose that U C G(N}“) is compact open and K C G(FR) is a maximal compact
subgroup. Suppose that &/ C G(Ag“) is compact open and X C G(ER) is maximal
compact, with both ¢/ and K Galois-stable. Fix an Op-lattice O C p, , and an
Og-lattice O C Pa.b- Suppose that U stabilizes O and U stabilizes 0. By the
construction of Section 2B, the matching representations p, , and p, , together
with these data give rise to matching local systems

Laop— My =G(F\GAF)/KU,  Lap — My =G(E)\GAE)/KU.
For each complex embedding ¢ : E — C, we let
Lapi=Lap®uwir C,  Lapi=Lab® C,
be local systems of C-vector spaces.

7A1. Acyclicity. We recall a theorem of Borel-Wallach, specialized to our setup:

Theorem 7.1 [Borel and Wallach 2000, §II, Proposition 6.12]. Let L — My, be
the local system of C-vector spaces corresponding to a complex representation
p: G(Er) = Rg/rG(Fr) — GL(V). Suppose that dp : Lie(G(Egr)) — End(V) is
not isomorphic to its twist by the Cartan involution of G(ER) corresponding to K.
Then L — My, is acyclic. A similar statement holds for a local system of C-vector
spaces L — My corresponding to representations of G (Fg).

Proof. See [Bergeron and Venkatesh 2013, §4.1], wherein the stronger statement
that representations p as above give rise to “strongly acyclic families” is proven. [J

Corollary 7.2. The local systems L, p, — My, L4, — My are acyclic provided
that a # b.

Corollary 7.3. The Og-module H*(My, L4 ) and the Op-module H*(My, L, p)

are torsion for a # b.

7B. Numerical comparison theorem. We can finally combine our trace formula
comparisons with the Cheeger—Miiller theorems of [Lipnowski 2014, §1.7] to obtain
a numerical comparison of Reidemeister torsion.

Theorem 7.4. Let F be an imaginary quadratic field. Let E/F be Galois and
cyclic of odd prime degree p. Let a # b. Then there is an equality

log RT, (M, L4600 =P (Y Cupis €0, 0 RTMp_ 1y cvms Lap) (1)
where the constants c, j and level structures are as in Theorem 6.17.

Proof. By Theorem 6.17, the test functions

n
11/{ du < E Cuiip " 'Cvnsinll_[_’;=|Uu/-,z:i><Uz l_[duv].,,-j X duz
j=1
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are matching. By Corollary 4.19, there is thus an equality

log 76 (My, Lap,) = P(Z Copiy " Cuy.i, 108 T(M]_[’JLIUUJ,,,-,, xU% > La,b,z))-

By the assumption a # b, Corollary 7.2 applies and so all regulators vanish. Because
La.b.i> Lap, are unimodular, the twisted Bismut—Zhang theorem (see [Lipnowski
2014, Theorem 4.1]) and the untwisted Cheeger—Miiller theorem of [Miiller 1993]
(see [Lipnowski 2014, §1.7]) apply and give

log RT, (Mo, L4000 = p(D Cuvis oy 0g REM:_ 0, x5 Lap)- D

The equality (21) from Theorem 7.4 is unwound into a numerical comparison
between torsion cohomology groups in [Lipnowski 2014, Lemma 1.21]. A palatable
corollary is as follows:

Corollary 7.5. Let F be an imaginary quadratic field. Let E/F be an everywhere
unramified cyclic Galois extension of odd prime degree p. Let U C G(N};‘) be a
parahoric level structure and let U =U N G(N}n). Suppose a # b. Then

* |Hi(/\/lu,£2,b)g_l| x 0 1\
l_[ <|Hi(/\/(u, 52 b)P(0)|> o (1_[ My La’b)|> ’

where ~,, denotes equality up to powers of p. In particular, if £ # p is a prime
dividing |H' (My, ngh)|for exactly one i, then £ divides | H*(My, Eg7h)|.

Proof. Because E/F is everywhere unramified, the right-hand side of (21) has
RT(My, L, p,) as its only summand. Summing (21) over all complex embeddings ¢
of E and applying [Lipnowski 2014, Lemma 1.21] yields the desired result. [

Remark 7.6. Empirically, the integer | H 2(My, Lg, »)| tends to be supported at large
sporadic primes [Sengiin 2011]. On the other hand, the integers |H' (M, Lg’ ») | for
i # 2 provably grow at most polynomially in vol(My) [Bergeron and Venkatesh
2013, §8.6]. Corollary 7.5 thus strongly suggests an underlying torsion base change
phenomenon. See Section 1A for a more detailed discussion of torsion base change.

8. Asymptotic growth of analytic torsion and torsion cohomology

Let G be the adjoint group of the unit group of a quaternion algebra D over an
imaginary quadratic field F. Let E/F be a cyclic Galois extension of odd prime
degree p.

In this section, we’ll prove a torsion cohomology growth theorem for the local
systems £, ; defined in Section 7A over a sequence of locally symmetric spaces
for Rg/rG. The trace formula comparison that we have proven in Section 4D can
be combined with the results of [Bergeron and Venkatesh 2013] to estimate the
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asymptotic growth of torsion in homology through a sequence My, of such spaces
where Uy is a parahoric level structure (see Definition 6.16).

We will recall the definition of a strongly acyclic family used in [Bergeron and
Venkatesh 2013] in Section 8A. In Section 8B, we will prove a growth theorem
for twisted analytic torsion. In Section 8C, we will combine our growth theorem
for twisted analytic torsion with the Bismut-Zhang theorem to prove a torsion
cohomology growth theorem.

8A. Redux of strong acyclicity. Let L — M be a metrized local system over a
compact Riemannian manifold M. Let M,, > M be a sequence of covers.

Definition 8.1 (strong acyclicity). The family L, = ;L — M, is strongly acyclic
if the spectra of the Laplace operators A; 7,, 0 <i < dim M, admit a uniform
spectral gap. That is, there is some € > 0 such that A > € for any eigenvalue A of
any Laplace operator A; z, .

Bergeron and Venkatesh [2013] crucially use this hypothesis in proving a “limit
multiplicity formula for analytic torsion”; it enables them to uniformly control the
long time asymptotics of an infinite family of heat kernels. The surprising fact is
that strongly acyclic local systems over locally symmetric spaces are abundant.

Let H be a semisimple algebraic group over F. Let M be an associated locally
symmetric space '\ H (Fr)/K.

Let p : H — GL(V,) be a representation over F'. Any Op-lattice inside V, which
is stable by I gives rise to a local system Lg — M. We will require the following
strengthened version of Theorem 7.1.

Theorem 8.2 [Bergeron and Venkatesh 2013, Theorem 4.1]. Suppose we have
dp : Lie(H (Fr)) — End(V) 2 dp o0 0. Then for any family of covers M, — M, the
family L, = nL — M, is strongly acyclic.

8A1l. Representations of PGLy(C) and strong acyclicity. Fix a complex embedding
t: E — C. There is an isomorphism G (ER) = PGL,(C)?. Via this identification,
o acts by a cyclic shift.

The irreducible representations of SL,(C) are enumerated as

Pa,b = Va ® ‘7175

where V,, = Sym™ (C?) and where the s denotes conjugation of a complex structure.
In order to factor through SL,(C)/{x1} = PGL,(C), we must have a + b even.

Thus, the representations of PGL,(C)? isomorphic to their o-twists are of the
form pgp = (Vo ® V,)BP. The representation p, , matches the representation
pab =V ® Vj, of G(Fr) = PGL,(C) (see Section 4C).
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Remark 8.3. The p, ; from above is a slight abuse of notation. After having fixed
a complex embedding ¢ of E, these are the homomorphisms on F ®g R-valued
points induced by p, ; of Section 7A.

As explained in [Bergeron and Venkatesh 2013], the representations p, ; are
strongly acyclic if and only if a # b. They verify that twisting by the (standard)
Cartan involution 8 yields pg’ » = Pb.a Z Pa,p- By [Bergeron and Venkatesh 2013,
Lemma 4.1], this implies that p, p is strongly acyclic.

By the same token, for the Cartan involution 6 of C, we see that

ﬁg,b = Iab,a 2 fsa,b for a # b,

implying that the sequence of local systems Lz, , — My, defined in Section 7A
is strongly acyclic. In particular, the rational cohomology of this entire family of
local systems vanishes.

8B. Growth of twisted analytic torsion.

Theorem 8.4. Assume that E/F is everywhere tamely ramified. Assume further
that the set X of places where E/F is ramified is disjoint from the set of places
where the quaternion algebra D is ramified. Fix a complex embedding 1 : E — C.

Let Uy C Uy denote a sequence of compact open subgroups of G(A%“) such that:

o The injectivity radius of My, approaches oo.
o The level structures Uy = [ [, Un,, are globally tamely parahoric.

Let Uy, be a level structure associated with Uy, (see Definition 5.3) for all
places v ¢ ¥ and let Uy ,, be an Iwahori subgroup of PGL,(F,) if v e X. For the
matching local systems L, p, L, p defined in Section 7A,

! log to (Muy s Lap,.)
im
N—oo VOI(MUN)

= p(1/2)" - H(ZIB(kFM ~1+ ql) £0 (22)

i=1

where B denotes the corresponding Borel subgroup of PGLy /OF, and c,p is a
nonzero constant, the L*-torsion of (PGL,(C), pa.p.,) (see [Bergeron and Venkatesh
2013, Theorem 4.5]).

Proof. Because the level structure Uy is globally tamely parahoric, Theorem 6.17
implies that 1y du and 1= du* x [ ex mE, ur are matching test functions (see
Proposition 6.12 and Theorem 6.15 for a definition of the test function mg, ).
Expand the latter measure as

n
X — 2 :
IUZ du” x l_[ ME, ur = Cuip " Cvrl,irzll_[?=1Ugi,(i xU=E 1_[ duvj,i]. X duz
veED j=1
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as in Theorem 6.17. Our abstract matching corollary for analytic torsion (Corollary
4.19) proves that

log Ty (MZ/{N’ »Ca,b,t) =p Z Cvl,il T Cvn,in log T(Mil,“.,i,,’ La,b,t),

where

. )
Ui] in *— l_[ Ul{/,ij x U=, Mil ,,,,, in

,,,,,

(see Theorem 6.17 for further discussion of this notation). For each tuple (iy, ..., i,),
the family of local systems £, 5, — M;, .., is strongly acyclic, by the discussion
of Section 8 A1. Therefore, we may apply the “limit multiplicity theorem for torsion’
from [Bergeron and Venkatesh 2013, Theorem 4.5]. Dividing by vol(My, ) and
taking the limit as N — oo, the result follows. ]

2

8C. Cohomology growth theorem.

Theorem 8.5. Enforce all the notation and assumptions of Section 8B. Let Uy C Uy
denote a sequence of compact open subgroups of G(Ag“) such that:

o The injectivity radius of My, approaches .
o The level structures Uy = [ [, Uy, are globally tamely parahoric.

o The p-adic part of the cohomology of Eg, p is controlled as follows, for all i

10g|Hi (MZ/{Na 52’1,)[1700”
vol(My, )

e There is not too much mod p cohomology in Eg plmg, s ie.,
, N

log|H' (M7, , £2’b’[57)|

vol(My,)
Then it follows that, for a # b,
> logl HY (Mugy, £5 o' | = 57 logl H (Mg, £5 ) ors | s £0
—> .
vol(My,) “b

Proof. Fix a complex embedding ¢ : E < C. By Theorem 8.4, there is a limiting
identity

li 10g To (MI/{N’ Ea,b,z)
1m
N—oo VOI(MUN)

- p-(1/2)"-ca,b-1‘[<2|B<ka,,>|—1+qi) £0. (23)

i=1 i
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Combining [Lipnowski 2014, Proposition 4.5] with the results of [Lipnowski 2014,
§5], specifically [Lipnowski 2014, Example 5.6], we know that

7o (M, L) =RT5 (M, L));

we have abbreviated M := My, L= L, ;. Let A* denote the Morse—Smale com-
plex for £, and a fixed invariant weakly gradient-like vector field X on M satisfying
Morse—Smale transversality. As proven in [Lipnowski 2014, Lemma 1.21], there
exist f, f" € E such that

log RT; (A%) = log|t(f)| — log|e(f)] (24)

p—1
where

Nomgja(f) =[] 1H (A'lo — 1Dl Nomga(f) =[] I1H (ATP@)DI.

This identity is true for all embeddings ¢. Summing (24) over all the embeddings ¢,
we find that

Y log tw (M. £,) =Z*log|Hi<A'[o—1]>|—ﬁ > logl H(ATP@)D]. (25)

By the estimate [Lipnowski 2014, (26),,] combined with [Lipnowski 2014, Proposi-
tion 3.7] which relates naive twisted Reidemeister torsion and Reidemeister torsion,
we obtain that the right-hand side of (25) is equal to

* ' Oyp —170—1 1 * ' O\p —171P (o)
(X ol (M. £ =g 3 o HY (M. £ 1)
+ O (log| H* (M, L) [p®]| +log| H*(M, L) +log| H* (M, L} )]).
The remainder big O term in the above equation is o(vol(My, )) by our assumption
on the size of p-power torsion in the cohomology H*(My, , L£4.») and the mod p
cohomology H*(My, , Lap.5,). Dividing both sides of the above equation by

vol(My, ), applying the limiting identity of (23) separately for each embedding ¢,
and letting N — oo yields the desired result. ]

Remark 8.6. One expects the hypothesis
log| H* (Mg, £3, )]

vol(My,) (26)

to hold. For example, Calegari and Emerton [2011, Conjecture 1.2] have conjec-
tured (26) whenever the My, vary through a p-adic analytic tower of hyperbolic
3-manifolds.

Corollary 8.7. Assume that E/F is everywhere tamely ramified of odd prime
degree p. Assume further that the places where E | F is ramified are disjoint from
the places where the quaternion algebra D is ramified.
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Let Uy C Ug denote a sequence of compact open subgroups of G(A%“) such that:

o The injectivity radius of My, approaches oo.

o The level structures Uy = ]_[v Uy, are globally tamely parahoric.

Then it follows that

. 10g|H*(MuN, [’S,b)tors|
lim sup

: >0 for a#b.
N vol(My, ) ?

Proof. If the p-adic part of the cohomology of the sequence (M, , CS’ p) 1s large,
1.e., if

log| H* (M, £ ,)[p™]| log| H* (Muy. £5 ¢ )
: -0 or -0

vol(My, )7 vol(Myy )7

El

then the conclusion follows vacuously.
If the mod p cohomology of (M7, , ﬁg’ b,[F,,) is large, i.e., if
log| H* (Mg, , £2,b,[5,)|
vol(My,)

-0,

then the conclusion follows by Smith theory [Bredon 1972, § III]. Indeed [Bredon
1972, § 111.4.1],

dimg, H*(My, , L. bi,) < dimg, H* (M, L) b, (27)

Since (Mg, , [,2’ ») has no rational cohomology by Theorem 7.1, the result follows
by the universal coefficient theorem.

Otherwise, all hypotheses of Theorem 8.5 are met and so its more refined
conclusion holds.? O

8D. Comparison to p-adic methods. Let H be a smooth semisimple algebraic
group over Z ). Let U, , =ker(H(Z,) — H(Z,/p"Z,)), letU? C H(A>") be
a fixed compact open subgroup, and let £y C H(R) denote a maximal compact
subgroup. As a byproduct of their study of completed cohomology, Calegari and
Emerton [2009] are able to prove nontrivial upper and lower bounds on cohomology
growth for the p-adic analytic tower of manifolds My, = H(Q)\H (A)/ Kud? Un p.
Using Poincaré duality for completed cohomology, they show

dimg, H*(My,, F,) 3> vol(My,)' ™

2Theorem 8.5 proves that the size of a cohomology group is exponential in vol(My, ). But note
that VOl(MuN)l/ ? and vol(My,, ) have the same order of magnitude.
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where ¢ = dim(H (R)/Kg)/dim H (R); Calegari and Emerton [2011] prove this
for My, a tower of hyperbolic 3-manifolds and Calegari [2013] extends this to
general H. For any local system £ arising from a representation of H defined
over @ with Lg acyclic, they deduce that

log| H*(Muy,, L)tors| = log| H* (My,, L)[p®1 3> vol(My,)' ™ (28)

as an immediate consequence. It is noteworthy that « = 1/2 if H(R) is a complex
Lie group and 1 —« > 1/3 for arbitrary H.

Now let H be equal to G, the adjoint group of the unit group of a quaternion
algebra D over an imaginary quadratic field F' (viewed as a Q-group). Suppose D is
split at the odd prime p. Let E/F be an everywhere tamely ramified cyclic Galois
extension of degree p. Let U, =U, ,UP C G(N]}n) be any parahoric level structure
with U, , the full level p" congruence subgroup as above. Let £ = Eg’ , With
a # b. Corollary 8.7 yields |H*(My,, L)rors| 3> vol(Myy,)!/? whereas (28) yields
the strictly better lower bound |H* (Mg, , L)tors| > VOl(Mz,{”)l/ 2. Nonetheless, the
lower bounds obtained by p-adic methods do not subsume our main theorems on
torsion cohomology.

The origin of the torsion cohomology H*(My,, £)wrs detected by p-adic meth-
ods should be regarded as very distinct from the torsion cohomology detected by
the methods of this paper.

Cohomology classes accounted for by (28) are an aggregate of mod p congruences
between (mod p) automorphic representations of Gg of arbitrary level.

On the other hand, the cohomology classes accounted for by Theorem 8.5 and
Corollary 8.7 conjecturally arise by base change transfer over Z (see Section 1 and
[Calegari and Venkatesh 2012]). Theorem 7.4 proves a numerical incarnation of
base change transfer over Z.

Base change for torsion cohomology leads us to expect that torsion detected
in Theorem 8.5 is supported at the same primes as torsion in the cohomology of
locally symmetric spaces for G/ F; computations suggest that the latter primes are
large and irregular [Sengiin 2011]. On the other hand, torsion detected through (28)
is supported at a single prime p and gives no information about the prime-to-p part
of torsion cohomology.

Theorem 8.5 and Corollary 8.7 detect torsion cohomology growth for any grow-
ing family of manifolds M;,, defined by parahoric level structures U, including
“horizontally growing families”. Suppose D is split outside of a finite set of places S.
Let Ug be an arbitrary parahoric level structure inside S. For any place v outside S,
let LIUS C ]_[U,¢ sPGL2(Og ) be the product group equal to PGLy(Og ) if v/ # v
and the Iwahori subgroup at v. Let U, = Z/ISZ/I,f . Note that (28) does not give
any information concerning torsion cohomology growth for horizontally growing
families of manifolds like { My, }v¢s.
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List of symbols

We compile a list of frequently used notation. The descriptions given are consistent
with the most common usage of the symbols. The reader should be warned, however,
that within a given chapter or section, the symbols might carry a slightly different
meaning; such local changes of notation will be made clear as necessary.

Algebraic groups and representation theory notation.

E/F denotes a cyclic Galois extension of number fields of odd prime degree p
with Galois group I'z,r = (o). The rings Og, O denote the ring of integers
of E and F respectively.

For a field extension N/F, we let t : N — C denote a complex embedding
of N and the induced complex embedding of F.

D denotes a quaternion algebra over F.
H denotes a semisimple algebraic group over a number field F.
G denotes the adjoint group of D*.

U denotes a compact open Galois-stable subgroup of G(Ag") or H (Ag“) and
K denotes a Galois-stable maximal compact subgroup of G(ER) or H (ER).

U denotes a compact open subgroup of G(A%“) or H (A‘}n) and K denotes a
maximal compact subgroup of G(Fr) or H (FR).

My .= G(F)\G(Ar)/KU or My .= H(F)\H(Ap)/KU.

My = G(E)\G(Ag)/KU or My := H(E)\H(Ag)/KU.

p is a finite dimensional representation of Rg,rG or Rg,rH and p is a finite
dimensional representation of G or H.

Lg and L, = L[? ®oy N respectively denote the local system of Oy-modules
and N-vector spaces associated to a rational representation p in the manner of
Section 2B. Eg and £; denote their equivariant counterparts.

7 denotes a representation of G(Ag) X I'g/r or H(Ag) x I'g/r and  denotes
a representation of G(Ar) or H(Ap).

r denotes the regular representation of G(Ar) on L*(G(F)\G(AF)) and
R denotes the regular representation of G(Ag) x Ig,/r on L*(G(E)\G(Ag)).

For any representation (77, W) of G(Ar) and any compactly supported smooth
measure f dg on G(AF), we let m(f dg) denote the convolution operator

f(@m(g)dg O Wy,
G(Ar)

and similarly for representations 7 of G(Ag).
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« For finite dimensional complex representations p and p of G(Fg) and G(ER)
respectively, we define

W:=L*(G(E)\GAp)), W;:=L*(G(E)\G(Ag))® p,
W= L*(G(F)\G(AF), W,:=L*(G(F)\GAF))®p.

o For a representation 7t of a group H and a representation V of H, we let V [x]
denote the m-isotypic subspace of H, i.e., the image of the canonical evaluation
map Homgy (7, V)Q@m — V.

» For a semisimple group H /R and a maximal compact subgroup K C H (R),
we let 0 denote the Cartan involution of G associated to K; the fixed point set
of 6 acting on G(R) equals K.

o If F is alocal field with ring of integers Or and maximal ideal mg, we let kg
denote the residue field O /mg.

« For any finite dimensional representation A of (o), we let (A) denote tr{c|A}.

o Let V and W be finite dimensional representations of groups A, B. By VX W
we mean the external tensor product representation on V Q@ W:

(a,b)- (W@ w) =avbw.

If A= B, weuse V ® W to denote the internal tensor product representation
on the vector space V Q@ W:

a-(Ww)=av@aw.

Reidemeister torsion notation.
o > " and [ respectively denote alternating sum and alternating product.

e L — M denotes a local system of projective Of, F, Q, Z, R, or C-modules,
depending on the context. £ — M denotes a local system equivariant for the
action of a finite group I, usually I' = (o) with o” = 1.

e RT(X, L) denotes the Reidemeister torsion of the Morse—Smale complex
MS(X, L) for a vector field X, satisfying Morse—Smale transversality, and a
local system L — M, provided the Morse function f and the implicit volume
forms are understood [Bismut and Zhang 1992]. RT, (X, £) denotes the twisted
Reidemeister torsion of the Morse—Smale complex whenever £L — M is a
(o )-equivariant local system. We often suppress the X, &' and denote these by
RT(M, L) and RT, (M, L).

« For an R-module A which is acted on R-linearly by (o), we let A°~! be the
set{a€A:(c—1)-a=0}andlet A¥©) betheset {a € A: P(0)-a =0} where
P (o) denotes the p-cyclotomic polynomial P(x) = x?~! 4 xP72 ... +1.
Sometimes we denote these by A[o — 1] and A[P(o)] as well.
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 For an R-module A which is acted on R-linearly by (o), we define A’ to be
the set A/(Alo — 1] A[P(0)]). Similarly, if A® is a complex of R-modules
acted on R-linearly by (o), we define A’ := A*/(A*[0 — 1] D A°[P(0)]).
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