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Relative divergence of finitely generated groups

HUNG CONG TRAN

We generalize the concept of divergence of finitely generated groups by introducing
the upper and lower relative divergence of a finitely generated group with respect to
a subgroup. Upper relative divergence generalizes Gersten’s notion of divergence,
and lower relative divergence generalizes a definition of Cooper and Mihalik. While
the lower divergence of Alonso, Brady, Cooper, Ferlini, Lustig, Mihalik, Shapiro
and Short can only be linear or exponential, relative lower divergence can be any
polynomial or exponential function. In this paper, we examine the relative divergence
(both upper and lower) of a group with respect to a normal subgroup or a cyclic
subgroup. We also explore relative divergence of CAT(0) groups and relatively
hyperbolic groups with respect to various subgroups to better understand geometric
properties of these groups.

20F67; 20F65

1 Introduction

Two different notions of divergence of a finitely generated group are introduced by
Cooper and Mihalik [1] and Gersten [9]. We refer to the former’s notion as lower
divergence and Gersten’s notion as upper divergence. The lower divergence of a one-
ended group G is exponential if G is hyperbolic and linear otherwise (see [1] and
Sisto [22]). Therefore, lower divergence only detects hyperbolicity. Upper divergence
is more diverse since the upper divergence of a finitely generated group can be any
polynomial or exponential function (see Macura [16] and Sisto [22]). Upper divergence
has been studied by Macura [16], Behrstock and Charney [2], Duchin and Rafi [7],
Drutu, Mozes and Sapir [5], Sisto [22] and others. Moreover, upper divergence is a quasi-
isometry invariant, and it is therefore a useful tool to classify finitely generated groups
up to quasi-isometry. Motivated by Gersten and Alonso, Brady, Cooper, Ferlini, Lustig,
Mihalik, Shapiro and Short’s notions, we introduce two types of relative divergence of
a finitely generated group with respect to a subgroup: upper relative divergence and
lower relative divergence.

We now introduce some notation and we will work on them for the concept of relative
divergence. Let (X, d) be a geodesic space and A a subspace. For each positive r,
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let d,, 4 be the induced length metric on the complement of the r —neighborhood of A
in X. We now define the relative divergence of the space X with respect to the
subspace A (both upper relative divergence and lower relative divergence). For each
p € (0, 1] and positive integer n > 2, we define two functions §; and o, from [0, c0)
to [0, oo] as follows.

For each r € [0, 00), let 85(r) = supdp,, 4(x, y) where the supremum is taken over
all x, y which lie in dN, (A4) such that d, 4(x,y) < oo and d(x,y) <nr.

Similarly, let o5 = infdp,, 4(x, y) where the infimum is taken over all x, y which lie
in 0N, (A) such that d, 4(x,y) <ooc and d(x,y) > nr.

Figure 1: The picture illustrates the idea of upper relative divergence of a
geodesic space X with respect to a subspace 4. The picture for lower relative
divergence is almost identical except the distance between x and y is greater
than or equal to nr.

The family of functions {8, } is the upper relative divergence of the pair (X, 4), denoted
Div(X, A), and the family of functions {0} is the lower relative divergence of the
pair (X, A), denoted by div(X, 4).

In Section 4, we show that both upper relative divergence and lower relative divergence
depend only on the quasi-isometry type of (X, A4). Therefore, we can define both
the upper and the lower relative divergence of a pair (G, H), denoted by Div(G, H)
and div(G, H), where G is a finitely generated group and H is a subgroup. While
upper relative divergence generalizes upper divergence introduced by Gersten [9],
lower relative divergence generalizes lower divergence defined in [1]. The relative
divergence of a pair (G, H) measures the distance distortion of the complement of the
r—neighborhood of H in the Cayley graph of G when r increases.

1.1 Upper relative divergence

The following theorem describes the upper relative divergence of a finitely generated
group with respect to a finitely generated normal subgroup.
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Theorem 1.1 Let G be a finitely generated group and H a finitely generated normal
subgroup of G . Then

Div(G/H, ) < Div(G, H) = Dist? oDiv(G/H, e),

where Distg is the upper distortion of H in G and Div(G/H, e) is a slight modifica-
tion of Div(G/H, e). Moreover, if G/H is one-ended and H is undistorted in G, then
Div(G, H) ~Div(G/H,e).

In the above theorem, we use the well-known concept of distortion of subgroups. In
some sense, this measures the “upper bound” of the distance distortion of a subgroup
in comparison with the distance of a whole group. However, we also need the concept
of “lower bound” of the distance distortion of subgroups to better understand how a
subgroup is embedded into a whole group. Therefore, we introduce the concept of
lower distortion and we refer to the traditional concept of distortion as upper distortion
(see Section 3). The above theorem also helps us find a pair of groups (G, H), where G
is a CAT(0) group and H is a normal subgroup of G, such that Div(G, H) can be
any polynomial or exponential function (see Remark 5.3).

The upper divergence of a one-ended relative hyperbolic group is at least exponential
by Sisto [22]. The following theorem strengthens the result of Sisto.

Theorem 1.2 Let (G, P) be a relatively hyperbolic group and H a subgroup of G
such that 0 < e(G, H) < oo, where e(G, H) is the number of filtered ends of H in G .
We assume that H is not conjugate to an infinite index subgroup of any peripheral
subgroup. Then Div(G, H) is at least exponential.

We refer the readers to Section 2.3 for the definition of the number of filtered ends.

1.2 Lower relative divergence

As mentioned earlier, the lower divergence of a finitely generated group is either linear
or exponential. The lower relative divergence of a pair of groups, on the other hand, is
more diverse.

Theorem 1.3 Let f be any polynomial function or exponential function. There is a
pair of groups (G, H), where G is a CAT(0) group (ie the group that acts properly
and cocompactly on some CAT(0) space) and H is an infinite cyclic subgroup of G,
such that div(G, H) is f .
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We compute the lower relative divergence of a pair of groups (G, H) when H is an
infinite normal subgroup. The following theorem helps us find the upper bound of the
relative lower divergence of a pair of groups (G, H) when H is an infinite normal
subgroup of G.

Theorem 1.4 Let G be a finitely generated group and H an infinite normal subgroup
of G. Let K be any finitely generated infinite subgroup of H . Then, the relative lower
divergence div(G, H) is dominated by the lower distortion of K in G . In particular,
if H is finitely generated, then the relative lower divergence div(G, H) is dominated
by the lower distortion of H in G.

In order to measure the lower relative divergence of a finitely generated group with
respect to a normal subgroup, we use the concept of lower distortion of a subgroup
(which was mentioned earlier). Although the idea of lower distortion is implicit in
works of Gromov [12], Ol’shanskii [19] and many others, the exact concept does not
seem to be recorded in the literature. Applying the above theorem in the case of CAT(0)
groups, we can show that the relative lower divergence of a CAT(0) group G with
respect to a normal subgroup H containing at least one infinite order element is linear
(see Theorem 7.8).

We also examine the lower relative divergence of a relatively hyperbolic group with
respect to a subgroup. While the upper relative divergence of a finitely generated
relatively hyperbolic group with respect to almost all subgroups is at least exponential
(see Theorem 1.2), its lower relative divergence can be linear (see Theorem 8.25 and
Theorem 8.35). Moreover, we also examine the lower relative divergence of a finitely
generated relatively hyperbolic group with respect to a fully relatively quasiconvex
subgroup in the following theorem.

Theorem 1.5 Let (G,P) be a relatively hyperbolic group and H an infinite fully
relatively quasiconvex subgroup of G such that 0 < e(G, H) < oo, where ¢(G, H) is
the number of filtered ends of H in G . Then div(G, H) is at least exponential.

In the above theorem, if we drop the condition “fully relative quasiconvexity” of the
subgroup H, the conclusion of the theorem is no longer true (see Theorem 8.35).

1.3 Lower distortion

In this paper, we also introduce lower distortion as a new invariant for pairs (G, H)
of finitely generated groups. As we mentioned earlier, upper distortion only measures
the “upper bound” of the distance distortion of a subgroup in comparison with the
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distance of a whole group and we need the “lower bound” of the distance distortion of
subgroups. We refer the readers to Definition 3.3 for the concept of lower distortion.
In general, the lower and upper distortion of a pair of groups are not the same (see
Example 3.17). We also show some properties of lower distortion as well as its relation
with upper distortion (see Theorem 3.6 and Propositions 3.9 and 3.5). Moreover, we
use one result of Ol’shanskii [19] to construct examples of pairs of groups with a large
class of lower and upper distortion functions.

Theorem 1.6 Let f:[0,00) — [0,00) be a strictly increasing function such that
f(0)=0 and ! is subadditive. Suppose that there is a positive integer C such that
f(n) < C" for every positive n. Let H be a finitely generated group such that its
growth is bounded by some polynomial function. Then there is a finitely generated
group G containing H such that the upper and lower divergence of the pair (G, H)
are both equivalent to f .

1.4 Overview

In Section 2, we prepare some preliminary knowledge for the main part of the paper.
This knowledge will be used to define the concept of relative divergence and compute
relative divergence of certain pairs of groups.

In Section 3, we recall the concept of distortion of a subgroup, which we call upper
distortion and introduce the related concept of lower distortion. Together with upper
distortion, lower distortion helps us understand the connection between the geometry
of a group and the geometry of its subgroups. We also carefully investigate this new
concept although it is not the main part of this paper. Finally, we give the proof of
Theorem 1.6 and discuss an example of Gromov to show the difference between upper
and lower distortion.

In Section 4, we give precise definitions of upper and lower divergence of a pair (X, 4),
where X is a geodesic space and A is a subspace. We use these concepts to define the
upper and lower divergence of a pair (G, H), where G is a finitely generated group
and H is a subgroup. We also investigate some key properties of relative divergence.

In Sections 5 and 6, we investigate the divergence of a finitely generated group with re-
spect to a normal subgroup or a cyclic subgroup. In Section 5, the proof of Theorems 1.1
and 1.4 are also shown.

In Section 7, we examine relative divergence of some CAT(0) groups. We also
investigate a family of groups studied by Macura [16] to show that relative lower
divergence can be a polynomial function with arbitrary degree. In this section, readers
can find the proof of Theorem 1.3 for the case the lower divergence is polynomial.
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In Section 8, we examine the relative divergence of a relatively hyperbolic group. We
also investigate the lower relative divergence of a relatively hyperbolic group with
respect to a fully relatively quasiconvex subgroup and use this fact to show that the
lower divergence of a pair of groups can be at least exponential. In this section, we
prove Theorems 1.2 and 1.5. Moreover, readers can see the proof of Theorem 1.3 for
the case the lower divergence is exponential in this section.

Acknowledgments I would like to thank my advisor Professor Christopher Hruska
for very helpful comments and suggestions. I also thank the referee for advice that
improved the exposition of the paper.

2 Preliminaries

In this section, we discuss some preliminary background before discussing the main
part of the paper. We first construct the notions of domination and equivalence. We
review some concepts in geometric group theory: geodesic spaces, quasigeodesics,
quasi-isometry and quasi-isometric embedding, and the number of filtered ends of pairs
of groups. We also introduce the concept of quasi-isometry between two pairs of metric
spaces.

2.1 The notions of domination and equivalence

In this section, we build the notions of domination and equivalence on the set of
some certain families of functions. These notions are the tool to measure the relative
divergence of a finitely generated group with respect to a subgroup.

Definition 2.1 Let M be the collection of all functions from [0, 00) to [0, oo]. Let f
and g be arbitrary elements of M. The function [ is dominated by the function g,
denoted f <X g, if there are positive constants 4, B, C and D such that f(x) <
Ag(Bx)+ Cx for all x > D. Two functions f and g are equivalent, denoted f ~ g,
if f Xgand g =X f. The function f is strictly dominated by the function g, denoted
f < g,if f is dominated by g and they are not equivalent.

Remark 2.2 The relations < and < are transitive. The relation ~ is an equivalence
relation on the set M.

Let f and g be two polynomial functions in the family M. We observe that f is
dominated by g if and only if the degree of f is less than or equal to the degree of g and
they are equivalent if and only if they have the same degree. All exponential functions
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of the form a®**¢, where a > 1, b > 0, are equivalent. Therefore, a function f in M

is linear, quadratic or exponential if f is respectively equivalent to any polynomial
with degree one, two or any function of the form ab**t¢ where a > 1, b > 0.

Definition 2.3 Let {§7} and {5;'} be two families of functions of M, indexed over
p € (0, 1] and positive integers n > 2. The family {87} is dominated by the family {8;”},
denoted {57} =< {8/’0”}, if there exists a constant L € (0, 1] and a positive integer M such
that 87 p = 5})"1 " The notions of strict domination and equivalence can be defined as
above.

Remark 2.4 The relations < and < are transitive. The relation ~ is an equivalence
relation.

If f is anelementin M, we could represent f* as a family {57} for which 87 = f for
all p and n. Therefore, the family {47} is dominated by (or dominates) a function f
in M if {87} is dominated by (or dominates) the family {5;)”} where 8;,” = f forall p
and n. The equivalence between a family {7} and a function f* in M can be defined
similarly. Thus a family {57} is linear, quadratic, exponential, etc if {57} is equivalent
to the function f where f is linear, quadratic, exponential, etc.

2.2 Geodesic spaces, quasigeodesics, quasi-isometry

In this section, we review the concepts of geodesic spaces, quasigeodesics, quasi-
isometry and quasi-isometric embedding, and we introduce the concept of quasi-
isometry between two pair of metric spaces. These concepts play an important role in
defining the concept of upper relative divergence and lower relative divergence of a
finitely generated group with respect to a subgroup. Most of information in this section
is cited from Ghys and de la Harpe [10].

Remark 2.5 For each path with finite length o« in a geodesic space X', we denote the
endpoints of & by a4+, o— and the length of @ by £(«). For each ray « in a space X,
we denote the initial point of o by a4 .

Definition 2.6 Let (X, d) be a metric space.

(1) Apath pin X is an (L, C)—quasigeodesic for some L > 1 and C > 0 if for
every subpath ¢ of p the inequality £(¢) < L d(q+,q—) + C holds.

(2) Apath p in X is a quasigeodesic if it is (L, C)—quasigeodesic for some L > 1
and C > 0.
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(3) Apath p in X is an L—quasigeodesic if it is (L, L)—quasigeodesic for some
L>1.

(4) Apath p in X is a geodesic if it is (1, 0)—quasigeodesic.

(5) Two quasigeodesics are equivalent if the Hausdorff distance between their images

is finite.

(6) The metric space X is a geodesic space if any pair of points in X can be joined
by a geodesic segment.

Definition 2.7 Let (X, dx) and (Y, dy) be two metric spaces. The map ® from X
to Y is a quasi-isometry if there is a constant K > 1 and a function ¥ from ¥ to X
such that the following holds:

(1 dy (®(x1), D(x2)) < Kdy(x1,x2)+ K for all x{,x, in X,
2 dx(W(y1),¥()2) < Kdy(y1,32) + K forall yi, y2inY,
3) dy(@oV¥(y),y) =K forall yinY,
4) dy(Wod(x),x) <K for all x in X.

The proof of the following lemma is obvious, and we leave it to the reader.

Lemma 2.8 Let (X, dy) and (Y, dy) be two geodesic spaces and the map ® from X
to Y a quasi-isometry. Then there is a constant C > 1 such that the following hold.

(1) % dxy (x1,x2)—1=dy(P(x1), P(x,)) <Cdyx(x1,x2)+C forall x;,x, € X.
(2) Nc(®(X)) =Y.
(3) If o is a path connecting two points x1 and x, in X , then there is a path B con-

necting ®(x1) and ®(x;) in Y such that the Hausdorff distance between ® (o)
and B is at most C . Moreover, |f| < Cla|+ C.

(4) If B is a path connecting two points ®(x1) and ®(x,) for some x1,x; € X,
then there is a path o connecting x1 and x, in X such that the Hausdorff
distance between ®(«) and B is at most C . Moreover, |a| < C|B|+ C.

Definition 2.9 Let (X,dy) and (Y,dy) be two geodesic spaces and the map &
from X to Y a quasi-isometric embedding if
1
C

for all x;,x, in X.

dy (x1,x2) =1 =dy(®(x1), D(x2)) = Cdx(x1,x2) +C
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Remark 2.10 Throughout this paper, we denote (X, A) to be a pair of metric spaces,
where X is a geodesic space and A is a subspace of X .

Definition 2.11 Two pairs of spaces (X, A) and (Y, B) are quasi-isometric if there
is a quasi-isometry ® from X to Y such that the Hausdorff distance between ®(A4)
and B is finite.

It is not hard to prove the following proposition and we leave it to the reader.

Proposition 2.12 A quasi-isometry of pairs of metric spaces is an equivalence relation.

2.3 Filtered ends of pairs of groups

In this section, we review the concepts of the number of ends of groups and the number
of filtered ends of pairs of groups. We refer the readers to Geoghegan [8, Chapter 14]
for the proof of all the statements on these concepts. We also prove the lemma on the
existence of subgroup perpendicular ray which is defined below.

We now define the concept of the number of filtered ends of a pair of groups and we
will see that this concept generalizes the concept of the number of ends of a group.

Definition 2.13 Let G be a group with a finite generating set S and H a sub-
group of G. For each positive » we denote C,(H) to be the complement of the
r—neighborhood of H in the Cayley graph I'(G,S). A connected component U
of Cr(H) is deep if U does not lie in the s—neighborhood of H for any posi-
tive s. Let &,(G, H) be the number of deep components of C,(H). We note that
e, (G, H)>es(G, H) if r > s. The number of filtered ends of the pair (G, H), denoted
e(G, H), is the supremum of the set {¢,(G, H) | r > 0}.

Remark 2.14 Let G be a finitely generated group and H a subgroup.

(1) The number (G, H) does not depend on the choice of finite generating set .S
of G and e(G, H) =0 if and only if H is a finite index subgroup of G .

(2) If e(G, H) = m < o0, then there is a positive number ry such that C,(H) has
exactly m deep components for each r > ry.

(3) When H is the trivial subgroup, (G, H) is the number of ends of G, denoted
€(G). A finitely generated group is one-ended if e(G) = 1.

Theorem 2.15 [8, Proposition 14.5.9] If H is a finitely generated normal subgroup
of G then e(G, H) equals the number of ends of G/H .
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Definition 2.16 Let G be a group with a finite generating set .S and H an infinite index
subgroup of G. A geodesic ray y in the Cayley graph I'(G, S) is H—perpendicular
if the initial point s of y liesin H and dg(y(r), H) = r for all positive r.

The following lemma shows the existence of many H —perpendicular geodesic rays.

Lemma 2.17 Let G be a group with a finite generating set S and H an infinite index
subgroup of G . Then for each element h in H, there is an H —perpendicular geodesic
ray with the initial point h.

Proof For each positive integer 7, there is a vertex g, in C,(H). Let k, be an
element in A and o, a geodesic segment connecting g, and k, such that the length
of @y is equal to the distance between g, and H. We define y, = (hk, 1)ay, then y,
is a geodesic segment with the initial point 2 and dg(y,(r), H) = r for all positive r
less than the length of y,. By the Arzela—Ascoli theorem, there is a geodesic ray y
with the initial point / such that dg(y(r), H) = r for all positive r. a

3 Distortion of subgroups

In this section, we will review the concept of distortion of a subgroup, which we
call upper distortion. This concept of distortion will later help us compute relative
divergence of a large class of pairs of groups. We also introduce the concept of lower
distortion of a subgroup. This new concept is also a tool to compute relative divergence.
We investigate some key properties of lower distortion and the relation between lower
distortion and upper distortion.

First of all, we will review the concept of upper distortion.

Definition 3.1 Let G be a group with a finite generating set S and H a subgroup
of G' with a finite generating set 7. The upper subgroup distortion of H in G is the
function Distg : (0, 00) = (0, 00) defined by

DistZ (r) = max{|h|r | h € H, |h|s <r}.

Remark 3.2 It is well known that the concept of upper distortion does not depend on
the choice of finite generating sets S and 7". More precisely, the functions Distg are
equivalent for all pairs of finite sets (S, T') generating (G, H) respectively.

The function Distg is nondecreasing, and dominates a linear function.

A finitely generated subgroup H of G is undistorted if Distg is linear.

We now introduce the concept of lower distortion.
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Definition 3.3 Let G be a group with a finite generating set .S and H a subgroup
of G with a finite generating set 7". The lower distortion of H in G is the function
distg : (0, 00) = (0, 00) defined as

distZ (r) = min{|h|7 | h € H,|h|s = r}.

We use the convention that the minimum of the empty set is 0.

Remark 3.4 Similar to the concept of upper distortion, the concept of lower distortion
also does not depend on the choice of generating sets. When H is an infinite subgroup,
the function distg is nondecreasing and dominates a linear function.

The following proposition shows a relation between upper and lower distortion.

Proposition 3.5 Let G be a finitely generated group and H a finitely generated
subgroup of G . Then distg =< Distg .

Proof Let S be a finite generating set of G and we assume that .S’ contains the finite
generating set 7" of the subgroup H . Thus we could consider I'(H, T') as a subgraph
of I'(G, S). If H is a finite subgroup then distg is a bounded function and the proof
follows easily. Thus we assume H is an infinite subgroup.

For each r > 1, we could chose an element k in H such that |k|g > 2r. We connect
the identity element e and k by a geodesic « in I'(H, T'). Thus we can choose /1 to
be an element in « such that r < |h|g < 2r. Since / is also an element of H, then
distZ (r) < |h|r < DistZ (2r). Thus distZ < DistZ . O

We now investigate some key properties of lower distortion:

Theorem 3.6 Suppose that G, H, K are all infinite finitely generated groups and
K<H=<G.

(1) distE odistd < distX .

(2) distE <distf .

(3) distd < distd.

(4) If |G : H| < oo, then distX ~ distX .
(5) If |H : K| < oo, then dist& ~ distZ .

(6) If Hy, H, are two commensurable finitely generated subgroups, then distgl ~
dist2>.
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Proof We call S;, S, and S5 finite generating sets of G, H and K respectively.
We can assume that S3 C S, C S7. We now prove that

distg o distg (n) < distg (n) forall n.

For any positive number 7, choose kg € K such that |ko|s, =7 and |ko|s, = distg (n).
Since ko € H and |ko|s, > n, then |ko|s, > distg (n). Therefore, we have |ko|s, >
distllg (distg (n)). Thus

distg o distg (n) < distg (n) forall n.

Statements (2) and (3) are immediate results of (1) since the lower distortion functions
distg and distllf, are nondecreasing and at least linear.

We now prove statement (4). Since distg =< distg , then we only need to prove
distg =< distg. Since |G : H| < 0o, then there is a positive integer C such that

ds,(hi,hy) = Cdg, (hy,hy) +C forall hy and hy in H.

We now prove that
distg (n) < distfl (2Cn) for all n.

For any positive number n > 1, we choose kg € K such that |kg|s, > 2Cn and
|ko|s, = distl (2Cn). Thus

>2n—1>n.

Therefore, distg (n) < distg (2Cn). In particular, distg =< distg.

We now prove statement (5). Since distg =< distg , then we only need to prove
distg =< distg . Since |H : K| < 00, then there is a positive integer C such that

dS3 (k1. ky)=C dSZ(klskZ) + C forall kq and k, in K,
and H C N¢(K) with respect to metric dg,. We now show that
distd (n) < C dist? 2n) + C? +C forall n>C.

For any positive number n greater than C, we choose /¢ € H such that |h|s, > 2n
and |ho|s, = distg (2n). Since H C N¢ (K) with respect to metric d, , then there is
ko € K such that dg, (ko, ho) < C. In particular, dg, (ko,ho) < C. Thus

lkols, = lhols, —C =2n—C > n.

Thus |ko|s, > dist& (n).
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Also
[kols; = Clkols, + C = C(lhols, + C) +C,
hols, = distd (2n).

Therefore, distg n)y<cC distg (2n) + C? 4 C. In particular, distg =< distg .

We easily obtain (6) from (5) by observing that
|H1 :(HlﬂH2)|<OO and |H2:(H10H2)|<OO. O

We now explain the relationship between the lower distortion and the growth of a
finitely generated group. We will see that the growth function will be an upper bound
of the lower distortion. Before showing this fact, we need to review the concept of
growth of groups.

Definition 3.7 Let G be a group with a finite set of generators S. The growth of G,
denoted by Growthg , is a function f: [0, 00) — [0, 00) to itself defined by letting f(r)
be the number of elements of G that lie in the ball B(e, r) for each r > 0.

Remark 3.8 It is well known that the growth of a finitely generated group does not
depend on the choice of finite generating set (the proof is almost identical to the case
of upper distortion). More precisely, the functions Growthg are equivalent for all
finite sets S of generators of G. Moreover, the function Growthg is dominated by the
exponential function.

Proposition 3.9 Let G be a finitely generated group and H a finitely generated
subgroup of G . Then the lower distortion distg is dominated by the growth function
Growthg of G . In particular, the lower distortion distg is dominated by the exponential
function.

Proof Let S be a finite generating set of G. We will assume that S contains the finite
generating set 7' of the subgroup H . Thus we could consider I'(H, T') as a subgraph
of I'(G, S). If H is finite, then distg is bounded and the proof follows easily. Thus
we assume H is an infinite subgroup.

For each r > 1, we could chose an element / in H such that |i|g > r. We connect the
identity element e and / by a geodesic « in I'(H, T'). Let &’ be a vertex in « such that
|h'|s > r and the subpath «’ of o connecting e and /4’ must lie in the closed ball with
center e and radius 2r of T'(G, S). Thus the length of &’ is bounded by the number
of vertices in this ball. Therefore, |4’|7 is bounded by the number of vertices of the
closed ball with center e and radius 2r in I'(G, S). Thus distg (r) < Growthg (2r).
Therefore, distg = Growthg . a
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We now find some examples of finitely generated groups and its finitely generated
subgroups to see their lower distortion. The following theorem can be deduced from
the work of Milnor (see the proof of [18, Lemma 4]). We just use the new concept of
lower distortion to interpret a part of Milnor’s work.

Theorem 3.10 Let G = (a,b,c|bab~'a™! =c,ac =ca, bc = cb) be the Heisenberg
group and H the cyclic group generated by c¢. Then distg and Distg are both
quadratic.

Remark 3.11 In [23], Tits investigates the growth of a finitely generated virtually
nilpotent group. We can use a part of his work to find a pair (G, H), where G is a
finitely generated nilpotent group and H is a finitely generated subgroup, such that
distg and Distg can be equivalent to the same polynomial with arbitrary degree.

In [20], Osin also gives a formula to compute upper distortion of arbitrary subgroups
of nilpotent groups.

Before studying more examples about lower distortion, we need to review the concept
of length functions and a key theorem.

Definition 3.12 Let G be a group with a finite generating set S and H a subgroup
of G. The length function £ of H inside G is the function from the group H to the
set of natural numbers defined as

U(h) = |h|s forhe H .

Remark 3.13 In some sense, the concept of length function can give us more informa-
tion than the concepts of upper and lower distortion when we investigate an embedding
of a subgroup.

Theorem 3.14 [19] Let ¢ be the length function of group H inside some finitely
generated group G . Then the following conditions hold.

(1) £(h) =4L(h™") forevery h e H; £(h) =0 ifand only if h = e.
2) L(h1hy) <L(hy) +L(hy) forevery hi,h, € H.

(3) There is a positive integer C such that the cardinality of the set {h € H |
£(h) < n} does not exceed C" for every natural number n.

Conversely for every group H and every function £ from H to the set of natural
numbers satisfying (1)—(3), there exists an embedding of H into a 2—generated group G
with a finite generating set S ={g1, g} such that the length function £ of H inside G
is equivalent to £ (ie there exists a positive integer B such that (1/B)¢(h) <£,(h) <
BL(h)).
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Definition 3.15 A function f: [0, 00) — [0, 00) is subadditive if f(i + j) < f()+
f(j) for every positive numbers i and ;.

We now apply Theorem 3.14 to show that any finitely generated group H can be a
subgroup of a finitely generated group G such that the lower distortion and the upper
distortion of H in G can be both equivalent to any element of some large class of
functions.

Theorem 3.16 Let f:[0,00) — [0,00) be a strictly increasing function such that
f(0) =0 and f~! is subadditive. Suppose that there is a positive integer C such that
f(n) < C" for every positive n. Let H be a finitely generated group such that its
growth is bounded by some polynomial function. Then there is a finitely generated
group G containing H such that distg ~Distg ~ f.

Proof We fix some finite generating set 7" for H. Let A and m be a positive integers
such that the number of group elements in a ball with radius » is bounded by An™
for every positive integer 7. For each nonnegative number x, we define [x] to be the
smallest integer that is greater than or equal to x. We now define the length function
{: H— N by

(h)y =[f"Y(h|r)] forevery he H .

We will check £ satisfies conditions (1)—(3) in Theorem 3.14. Obviously, £(h) =£(h~ 1)
for every h € H and £(h) = 0 if and only if 7 = e. We now check £ satisfies
condition (2). Indeed, for every h,h, € H,

Uhihy) =T/~ (hihal o)1 = /7 (Rl + hal7)]
<[/~ (il + S~ (halr)]
< [/7HR DT+ 17 (hal 7)1 < L) + L(hy).
Finally, we need to check £ satisfies condition (3). Since for each nonnegative integer n
{he HILh)<n}={he H|[fT (hlr)] <n}
=the H| [~ (lhir) <n}
={heH|lhlr = f(m}C{he H||hlr =C"}

and the cardinality of the set {4 € H | |h|7 < C"} is bounded by A(C™)", then the
cardinality of the set {# € H | £(h) < n} is bounded by A(C™)".

By Theorem 3.14, the group H is a subgroup of some finitely generated group G
with a finite generating set S such that the function ¢ is equivalent to £, where
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£1(h) = |h|g for every h € H. Therefore, there is a positive integer B such that
(1/B)t(h) <£y(h) < BL(h) forevery h e H.

We now show that the upper distortion Distg is dominated by f'. For each positive
number 7 and any & € H such that |h|g < n, we see that

£7Y(h|7) < L(h) < BL,(h) < Bn.

Thus |i|7 < f(Bn). Therefore, Distg (n) < f(Bn). In particular, the upper distortion
Distg is dominated by f.

We finish the proof of the theorem by showing that the lower distortion distg domi-
nates f . For each positive number # and any # € H such that |i|s > Bn + B, we
see that

SNkl = ey —1= Lo,y —1 = n.
Thus |k|7 > f(n). Therefore, dist? (Bn + B) > f(n). In particular, the lower

distortion distg dominates f . a

We know show one pair of groups (G, H) such that distg and Distg are not equivalent.
The following example is defined by Gromov [12].

Example 3.17 Let G = (a,b,c | bab™' = a®,chc™! = b?) and let H be the cyclic
subgroup generated by a. Observe that

2n n _an _ 1 —
a®> =b¥ab? =c"be"ac"b e,

Thus Distg (4n+2) > 22" for each positive number 7. Therefore, the upper distortion
Distg is superexponential. However, the lower distortion distg is at most exponential
by Proposition 3.9. Thus two functions distg and Distg are not equivalent.

4 Relative divergence of geodesic spaces and finitely
generated groups

4.1 Relative upper divergence
In this section, we introduce the concept of relative upper divergence of geodesic spaces

as well as finitely generated groups. We also prove that upper relative divergence is a
quasi-isometry invariant.
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Definition 4.1 Let X be a geodesic space and A a subspace of X. Let r be any
positive number.

(1) Ny(A)={xe X |dx(x,A) <r}.

(2) IN,(A)={xe X |dx(x,A4)=r}.

(3) G (4)=X—-N,(4).

(4) Let d,, 4 be the induced length metric on the complement of the r —neighborhood

of A in X . If the subspace A is clear from context, we can use the notation d,
instead of using d, 4.

Definition 4.2 Let (X, A) be a pair of metric spaces. For each p € (0, 1] and positive
integer n > 2, we define a function §7: [0, 0c0) — [0, o0] as follows.

For each r, let §7(r) = sup dpr(x1, x2) where the supremum is taken over all x, x5 €
N, (A) such that d, (x1,x3) < oo and d(xq,x,) <nr.

The family of functions {7} is the relative upper divergence of X with respect 4,
denoted Div(X, A).

Before defining the upper relative divergence of a finitely generated group with respect
to a subgroup, we need the following proposition.

Proposition 4.3 If two pairs of spaces (X, A) and (Y, B) are quasi-isometric, then
Div(X, A) ~ Div(Y, B).

Before proving the above proposition, we need the following lemmas.

Lemma 44 Let X, Y be geodesic spaces and A a subspace of X. Let ® be a
quasi-isometry from X to Y . Then Div(X, A) X Div(Y, ®(A)).

Proof Let B = ®(4). Let Div(X, A) = {67} and Div(Y, B) = {5;'}. Let K be the
number provided by Lemma 2.8. Let L = 1/8K? and M =2KQK + 1)+ 1]+ 1.
We will prove that 82[) =< SLM”. More precisely, we define ro = 3K(1 + K) +8K?/p
and we are going to show that for each r > rg

I
2K
Indeed, let x; and x, be arbitrary points in dN,(A) such that dy (x1, x) < nr and
dr 4(x1,x2) < oo. Thus there is a path o in C,(A4) connecting x; and x,. By

8 (r) < K5;,M"( ) + K+ .

Algebraic & Geometric Topology, Volume 15 (2015)



1734 Hung Cong Tran

Lemma 2.8, there is a path 8 connecting ®(x;), ®(x,) such that the Hausdorff
distance between ®(«) and f§ is at most K. Thus
dy (B, B) > dy (®(a), B)— K > %dx(a,A)—l—Kz it

Thus we could choose y; in ON, ;g (B) and a geodesic B; in C,/,(B) connect-
ing ®(x;) and y; such that the length of §; is bounded above by the distance be-
tween ®(x1) and B. Also, dy (®(x1), B) < Kdyx(x1,4)+ K < Kr + K. Therefore,
the length of By is at most Kr + K. Similarly, we could choose y; in dN, /g (B)
and a geodesic B, in C,/5 g (B) connecting ®(x;) and y; such that the length of 8,
is bounded above by Kr + K.

We define 3 = 1 U B U B, then B3 is a path in C, ;g (B) connecting y; and y;.
Thus dy/2k,B(y1, y2) < 00.
Also

dy (y1,y2) <dy(y1, @(x1)) + dy (P(x1), P(x2)) + dy (P(x2), y2)
<(Kr+ K)+ (Kdy(x1,x2)+ K)+ (Kr + K)

<2Kr +3K 4+ Knr < QK + )nr < Mn(#).

We are now going to show that

drpr,a(x1,X2) < Kdprj2k), (V1. ¥2) + QK* + Dr.
Indeed, let B be an arbitrary path in C,(,/2)(B) connecting y; and y,. We define
Yy =B1UB UPBy;then y is a path in Cp(,/2 ) (B) connecting ®(x1), P(x7) and the
length of y is bounded above by 2Kr + 2K + |f/].

By Lemma 2.8, there is a path &’ connecting x; and x, in X such that the Hausdorff
distance between ®(«’) and y is at most K. Moreover, |¢’| < K|y|+ K. Since

/ k> P s P
dy (®(a’), B) = dy(y, B) KzzK KZ4K’

then

Ay A) 2 L dy (@), B~ 12 21z P L

Thus o is a path in Cr,,(A) connecting x; and x,. Therefore, the distance in
CLpr(A) between x; and x; is bounded above by the length of &’.

Also
lo/| < K|y|+ K < KQKr+2K +|p') + K < K|B'| + 2K* + D)r,

and B’ is an arbitrary path in C, (/2 ) (B) connecting y; and ;.
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Thus
der,A(xl: x2) = de(r/ZK),B(ylv y2) + (2K2 + 1)7‘.
Therefore
r
8 (r) < K(S;)M”(ﬁ) + QK2+ ).
M
ThusSZp§§;J n O

Lemma 4.5 Let X be a geodesic space. Let A and B be two subspaces such that the
Hausdorff distance between them is finite. Then Div(X, A) ~ Div(X, B).

Proof We only need to prove Div(X, A) < Div(X, B) since the argument for the
other direction is almost identical. There is a positive number ry such that A lies in the
ro—neighborhood of B and B also lies in the rg—neighborhood of A. Thus N,(A) C
Ny+ry(B) and Ny(B) C Ny4ry(A) for each positive r. Let Div(X, 4) = {57} and
Div(X, B) = {8;)”}. We will show 8; 4= 8;)6". More precisely, we are going to prove

that for each r > 4ry/p,
r

84 (r) < 85" (5) +4r.

Let x1, x, be arbitrary points in 0N, (A) suchthat dy (x1,x2) <nr and d, 4(x1,x2) <
00. Thus there is a path o in C,(A4) connecting x; and x,. Therefore, « lies in
Cy—ro(B). Thus « also lies in C,/,(B) because r/2 > ry. Moreover, x; and x lies
in Ny4ry(B). Therefore, we could choose yi, y; in dN,;>(B) and two geodesics
Bi, B2 in C,/2(B) connecting x1, y; and x3, y, respectively such that the length
of B1 and B, are at most r + rq. Since the distance between x; and x, is bounded
above by nr, then the distance between y; and y; is at most nr + 2r + 2rg. Thus
dx (y1,y2) < (n+4)r <3nr <6n(r/2). We define &’ = ;1 Ua U B, then o’ is a
path in C,/,(B) connecting y; and y,. Thus d,/5 p(y1,y2) < oo.

We are now going to show that

dpr/4,A(x1 ,X2) < d,o(r/Z),B(yl L y2) +4r.

Indeed, let y be an arbitrary path in C,(/2)(B) connecting y; and y,. Then y
also lies in Cp(,/2)—r,(A). Therefore, y lies in Cp,/4(A). Since B and B, lies in
C,/2(B), then they also lies in C,/5_,,(A). Thus B and B, liesin C,,/4(A). We
define y’ = 1 Uy U Bs, then y’ is a path in C,,/4(A) connecting x; and x,. Thus
dpr/4,A(x1,x2) = |V/|-
Also

V1= 1B1l+ 1y +1B2l = (r +r0) + |y |+ (r +10) < |y| +4r

and y is an arbitrary path in Cy(,/2)(B) connecting y1, ;.
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Thus
dpr/4,A(x1 s x2) = dp(r/Z),B(yl s y2) +4r.
Therefore
p/a(r) = 8;)6"(%) +4r.
6
Thus 52/455;)”. m|

We now finish the proof of Proposition 4.3.

Proof Let ® be a map from X to Y such that the Hausdorff distance between ®(A)
and B is finite. Then Div(X, A) X Div(Y, ®(A4)) by Lemma 4.4 and Div(Y, ®(4)) ~
Div(Y, B) by Lemma 4.5. Thus Div(X, A) < Div(Y, B). Similarly, Div(Y, B) <
Div(X, A). Therefore, Div(X, A) ~ Div(Y, B). a

We are now ready to define the concept of relative upper divergence of a finitely
generated group with respect to a subgroup.

Definition 4.6 Let G be a finitely generated group and H its subgroup. We define
the relative upper divergence of G with respect to H, denoted Div(G, H) to be the
relative upper divergence of the Cayley graph I'(G,.S) with respect to H for some
finite generating set S'.

Remark 4.7 If H is the trivial subgroup, then SZ = 8%, for all » > 2. Thus we can
ignore the parameter 7 in the family {5/} and consider that Div(G, ¢) is characterized
by the one-parametrized family of functions {§,}. By this way, the upper relative
divergence Div(G, e) is the same as the upper divergence Div(G) of the group G in
terms of Gersten [9].

4.2 Relative lower divergence

In this section, we introduce the concept of relative lower divergence of geodesic spaces
as well as finitely generated groups. Similar to upper divergence, this concept is also a
quasi-isometry invariant.

Definition 4.8 Let (X, A) be a pair of spaces. For each p € (0, 1] and positive integer
n = 2, we define a function o [0, 00) — [0, 00] as follows.

For each positive r, if there is no pair of x, x, € N, (A) such that dy (x{, xp) > nr
and dy(x1,x2) < 00, we define o5 (r) = co.
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Otherwise, we define oy (r) = infdp,(x1,x2) where the infimum is taken over all
X1,Xp € N, (A) such that d,(x1,x,) < oo and d(xy,x,) = nr.

The family of functions {0} is the relative lower divergence of X with respect 4,
denoted div(X, A4).

By using the same argument from the previous section, we have the following proposi-
tion.

Proposition 4.9 If two pairs of spaces (X, A) and (Y, B) are quasi-isometric, then
div(X, A) ~div(Y, B).

We now define the concept of relative lower divergence of a finitely generated group
with respect to a subgroup.

Definition 4.10 Let G be a finitely generated group and H its subgroup. We define
the relative lower divergence of G with respect to H, denoted div(G, H), to be the
relative lower divergence of the Cayley graph I'(G,.S) with respect to H for some
finite generating set S'.

Before moving on to another section, we would like to discuss the concept of lower
divergence of a geodesic ray in Charney and Sultan [4], and the connection between
this concept and the concept of lower relative divergence. We first recall the concept of
lower divergence of a geodesic ray in Charney and Sultan [4].

Definition 4.11 Let y be a geodesic ray in a geodesic space X . For any ¢ > r > 0,
let py (r,t) denote the infimum of the lengths of all paths from y(t —r) to y(t +r)
which lie outside the open ball of radius r about y(¢). Define the lower divergence
of y to be the growth rate of the following function:

Idivy, (r) = tl££ py(r,1).

The following theorem shows the concept of lower relative divergence generalizes the
concept of lower divergence of a geodesic ray.

Theorem 4.12 Let y be a geodesic ray in a geodesic space X . Then
div(X, y) ~ Idiv,, .

The proof of the above theorem is similar to the proof we are going to give for
Proposition 6.6 and we leave it to the reader.
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4.3 Some properties of relative divergence of finitely generated groups

In this section, we examine some key properties of relative divergence and we compare
upper and lower relative divergence.

Theorem 4.13 Let G be a finitely generated group and H a subgroup of G. Suppose
that Div(G, H) = {8} and div(G, H) = {0, }.
(1) If H is an infinite index subgroup of G, then §;(r) < oo for every r > 0.

(2) If H is infinite and 0 <e(G, H) < oo, then o, (r) < oo for every r > 0.

Proof Fix a finite set S of generators of G.
First, we will prove that 87 (r) < oo for every r > 0. We define
A= S(e,r)NIN,(H).
Obviously, A is a nonempty finite set. We define
B={(x,y)|xeA, yedN,(H), dr(x,y) <oo and ds(x,y) <nr}.

Therefore, B is also a nonempty finite set. Define M = {d,,(x, y) | (x,y) € B} and
we will show 87(r) < M.

Indeed, let x, y be arbitrary points in dN, (H) such that d, (x, y) <oo and dg(x, y) <
nr. Let h be an element in H such that dg(x, H) = dg(x,h) = r. Therefore,
(h'x,h™'y) € B and dyr(x,y) = dpr(h"'x,h71y). Thus dpr(x,y) < M. Tt
follows that §7(r) < M .

We now assume that 0 <e(G, H) < oo and we will prove o (r) < oo forall r > 0. Let
m=¢(G,H). Foreachi €{0,1,2,...,m} we could choose 4; in H such that the
distance between /; and /; is at least (n 4-2)r whenever i # j. By Lemma 2.17, for
eachi € {0,1,2,...,m} we could choose an H —perpendicular ray y; with the initial
point /; . Thus there are at least two different rays y; and y; such that y; N C,(H) and
vi N Cy(H) lie in the same component of C, (H). We define u = y;(r) and v = y;(r).
Then u, v lie in IN, (H), the distance d,(u,v) < oo and dg(u,v) > nr. Thus

0, (r) <dpr(x,y) < oo. O

Theorem 4.14 Let G be an infinite finitely generated group and H an infinite finitely
generated subgroup of G . If 0 < e(G, H) < oo, then div(G, H) < Div(G, H).
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Proof Fix a finite generating set S of G such that T = S N H generates H. We
could consider I'(H, T') as a subgraph of I'(G, §). We denote Div(G, H) = {5]} and
div(G, H) ={ol}. Let m =&(G, H) and M =4(2m +1). We will show o < 5"
More precisely, we are going to prove that for each r > 2,

ol (r) <8 (r).

Foreach i €{0,1,2,...,m} we choose h; in H such that 4nir < |h;|g <4nir +1
and y; to be an H—perpendicular geodesic ray with the initial point /;. Since m =
e(G, H), there are two different geodesics y; and y; (i < j) such that y; N C,(H)
and y; N C,(H) lie in the same component of C,(H). We define x = y;(r) and
y =yj(r); then x and y lie in N, (H) and d,(x,y) < oo. Also,

ds(x,y) <ds(x,h;)+ds(hi hj)+ds(hj, y)
<r+44n(i+ j)r+2+r <8mnr +4r < (Mn)r,
ds(x,y) = dg(hi,hj)—ds(hi,x)—ds(hj, y)

>d4njr —4nir —1—r —r > 4nr —3r > nr.

Thus
o, (r) <dpr(x,) < ag/["(r).

Therefore O'g <4 g’f n, O

Theorem 4.15 (Commensurability) Let G be a finitely generated group.
(1) If K<H <G and [H : K] < 00, then
Div(G, H) ~Div(G, K) and div(G, H) ~ div(G, K).
(2) If Hy and H, are two commensurable subgroups of G, then
Div(G, Hy) ~Div(G, Hy) and div(G, Hy) ~ div(G, Hy).
(3) If K<H=<G and[G : H] < o0, then
Div(G, K) ~Div(H, K) and div(G, K) ~div(H, K).

1

(4) For any conjugate gHg™" of H, we have

Div(G,gHg ') ~Div(G, H) and div(G,gHg ") ~div(G, H).

Proof The theorem follows immediately from Propositions 4.3 and 4.9. a
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5 Relative divergence of finitely generated groups with
respect to their normal subgroups

In this section, we investigate the upper and lower divergence of a finitely generated
group relative to a normal subgroup.

Lemma 5.1 Let G be a group with a finite generating set S and H a normal subgroup
of G. Suppose g1 H, g, H are arbitrary left cosets of H and the distance between
them is n. Then for any element g1h in g1 H the distance between g1h and g, H is
alson.

Proof Obviously, the distance between g4 and g, H is at least n. Thus we only
need to show this distance is bounded above by n. Choose g1/ in gy H and g,h,
in g» H such that the distance between them is 7. Define g = glhhl_1 gl_1 . Since H
is a normal subgroup, then g liesin H and g’ = g(g2h») is an element in g, H. Also,
ds(g1h,g') = ds(ggi1hy,gg2hy) = ds(g1hy.g2hs) = n. Therefore, the distance
between g1k and g, H is at most n. m|

Theorem 5.2 Let G be a finitely generated group and H a finitely generated normal
subgroup of G . Suppose that Div(G, H) = {35} and Div(G/H,e) = {8,}. Let
8_’;(;’) =0p(r) +nr
for each positive r and Div(G/H,e) = {8_2}. Then
Div(G/H,e) < Div(G, H) < Dist? o Div(G/H, e).
Moreover, if G/H is one-ended and H is undistorted in G, then Div(G, H) ~
Div(G/H,e).

Proof Let S be a finite generating set of G and assume that 7= G N .S generates H .
Moreover, the image S of S under the quotient map is a finite generating set of the
quotient group G/H . We see that the Cayley graph I'(G/H, S) is the quotient graph
of the Cayley graph I'(G, S) under the action of H.

We will first show that &7 < Distg oS_Z. More precisely, we will show that 67 (r) <
2Distg 0% (r) for all positive r.

Indeed, let x, y be arbitrary points in dN,(H) such that d, g(x,y) < oo and
ds(x,y) <nr. We assume that r is an integer and x, y are vertices. Thus there is a
path in C, (H) connecting x and y. Let X and ¥ be the associated points of x and y
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respectively in I'(G/H, S). Thus X and ¥ lie in the sphere S, (¢) and there is a path
outside the ball B, (e) connecting them.

Since dprz(X,y) < 8,(r), then there is a path a in Cp,(e) connecting X, y such
that the length of « is bounded above by §,(r). Thus there is a path 8 in Cp,(H)
connecting x and some point " in N, (H). Moreover, y' = hy for some 4, and «, S
have the same length. Thus the length of B is also bounded above by §,(r). Thus
the distance between x and )’ is also bounded above by §,(r) with respect to the
metric dg . Therefore, the distance between y and y’ is bounded above by 8, (r) +nr
with respect to the metric dg. Since y and y’ lie in the same left coset gH , then there
is a path y with vertices in gH connecting y and y’. Thus the path y must lie in
C,(H) by Lemma 5.1. Moreover, the path y can be chosen with the length bounded
above by Distg(Sp(r) +nr). We define f/ = B Uy then B’ is a path in Cp,(H)
connecting x, y and the length of 8’ is bounded above by Distg (Bp(r)+nr)+6,(r).
Thus
dpr, b (x, y) < Distd (8(r) +nr) +8,(r) < 2Distg 082 (r).

Therefore
8%(r) < 2Dist§ o8(r).

Thus
8% < Dist{] odn.

We now show 8, < §. More precisely, we are going to show that 8,(r) < 87(r) for
all positive r.

Indeed, let u and v be arbitrary points in S, (¢) of I'(G/H, S) and drz(u,v) <oo.
We assume that r is an integer and u, v are vertices. Choose x; and y; be lifting points
of u and v respectively such that dg(x1, y1) = dg(u,v) <2r < nr. Obviously, x;
and y; lie in N, (H). We will show d, g(x,y1) < 00.

Indeed, since there is a path in C,(e) connecting u and v, then there is a path o in
Cy(H) connecting two points x; and some point |, where y; = /'y, for some 4’
in H. Since y; and y| lie in the same left coset g’ H, then there is a path a, with
vertices in g’ H connecting y; and y]. By Lemma 5.1, the path a; also lies in C, (H).
By concatenating «; and «,, we have a path in C, (H) connecting x; and y;. Thus

dr,H(xlvyl) < 0Q.

We now prove that d,, z(u, v) < d,y g (x1, y1). Indeed, for any path y’ in C,, (H)
connecting x; and yq, there is a path ¥’ connecting u, v such that the length of ¥’ is
less than or equal to the length of y’. Thus dp,z(u, v) < d,, g (x1, y1). Therefore,
8p(r) = é5(r). Thus 8, < 4p.
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If a quotient group G/H is one-ended, then §,(r) > 2r for each r > 0. Thus
88(r) = 8p(r) +nr < (n+1)8,(r).

Therefore 3
8%(r) < 2Distd 082 (r) < 2Distd ((n+ 1)8(r)).

So 85 <6, if Distg is dominated by a linear function.

Thus Div(G, H) ~ Div(G/H,e) if G/H is one-ended and H is undistorted in G. O

Remark 5.3 If G = Hx K and K is aone-ended group, then Div(G, H) ~Div(K, e).
Thus we could have any desired relative upper divergence Div(G, H) by controlling
the divergence Div(K,e). In particular, any finitely generated group H could be
embedded as a subgroup of a larger finitely generated group G such that Div(G, H)
is any polynomial function or exponential function. Indeed, we only need to choose K
to be a one-ended hyperbolic group to have the upper relative divergence Div(G, H)
as the exponential function. Similarly, we can choose a one-ended group K such that
Div(K, e) is equivalent to a desired polynomial (for example, see [16]) and Div(G, H)
is also equivalent to this desired polynomial.

Theorem 5.4 Let G be a finitely generated group and H an infinite normal subgroup
of G. Let K be any finitely generated infinite subgroup of H. Then, div(G, H) =
distg . In particular, if H is finitely generated, then div(G, H) < distg .

Proof Let S be a finite generating set of G and assume that 7= KNS generates K.
Thus I'(K, T) is a subgraph of I'(G, S). Denote div(G, H) = {0, }. We will prove
that o =< dlStG More precisely, o, (r) < dlStG (nr).

For each r > 0, we assume that r is an integer. Since distg (nr) = min{|k|T |
|k|s = nr}, then there is an element ko in K such that |kg|s > nr and |ko|7 <
distg (nr). Let o be a geodesic in T'(K, T') connecting the identity element e and k.
Thus all vertices of « lie in H, and the length of « is bounded above by distg (nr).
Choose any element g in G such that dg(g, H) =r and define x =g and y = gky. By
Lemma 5.1, the points x and y liein dN, (H) and g« is a pathin C, (H) connecting x
and y. Moreover, dg(x, y) = |ko|s = nr. Thus

ol (r) < dpr(x,y) < U(gar) < L(x) < dist (nr).
Therefore a” =< dlStG O

Corollary 5.5 Let G be a finitely generated group and H an infinite normal subgroup
of G. If H contains some infinite finitely generated subgroup, then div(G, H) is
dominated by the growth of G . In particular, div(G, H) is at most exponential.
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Remark 5.6 In Corollary 5.5, it is unknown whether or not div(G, H) is dominated
by the exponential function when every finitely generated subgroup of H is finite.

In Theorem 5.4, the relative lower divergence div(G, H) can be strictly dominated by
distZ . Similarly, Div(G, H) could be strictly dominated by DistZ oDiv(G/H, e) in
Theorem 5.2. We now compute the relative divergence of the Heisenberg group with
respect to some cyclic subgroup to show these facts.

Before computing the relative divergence of the Heisenberg group with respect to some
cyclic subgroup, we need some results about this group.

Lemma 5.7 Let G = (a,b,c|bab~'a™' =c,ac = ca, bc = cb) be the Heisenberg
group and H the cyclic subgroup generated by c. Then we have the following.

(1) Each element of G can be written uniquely in the form akb%c? , where k., £, p
are integers.
(2) We have
(@ bePya = a*t1pter
(@ bteP)b = ptticp,
(@ bteP)e = aFpteP T,
(3) H is anormal subgroup of G, and G/H = Z.? is one-ended.
(4) If |a*btcP| < N,then|k| <N, |l|<N,|p| < N2.
(5) ds(a*bte?, H) = |k|+ |€].

Proof For facts (1), (2), (3) and (4), we refer the reader to [10, Examples 1.5 and 1.18].
We now prove fact (5).

First we observe that ¢ commutes with every element of G. Since dg(a*btc?, cP) =
ds(cPakbt, cP) =|akbt|g < |k|+|€| and ¢? € H, then ds(a¥btc?, H) < |k|+ |{].
Let ¢’ be an element in H such that dg(a¥btc?, H) = dg(a¥btc?, ¢?"). Thus
ds(@bteP H) = |c=P akbteP|g = |a¥btcP~P'|g. Let w be the shortest word such
that a¥btc?~P =g w. Write w in the form w = ak1pt1cPrak2plecp2 ... gknpln o Pn
and |w|s = Y7 (|ki| + |€i| + | pi]). We note that the values of k;, £;, p; can be zero.
Thus

n
ds(@*bte? H) = (ki + [ti] + | pi)).

i=1

Also, there is p” such that w =g ak1tkettknplitlottln "

Algebraic & Geometric Topology, Volume 15 (2015)



1744 Hung Cong Tran

Thus akbfcp—p/ = ak1+k2+"'+kn b@l +€2+-~-+£ncp” .

By (1), it implies that k = ky +ky+---+ky and L =41 + Lo + -+ {y.
Then "
ds(@btc? Hy = "(lki| + |t:| + | pil) = k| + |€].
i=1

Therefore dg(a¥btc?, H) = |k|+ |€]. O

Theorem 5.8 Let G = (a,b,c|bab~'a™! =c,ac = ca, bc = cb) be the Heisenberg
group and H the cyclic group generated by ¢. Then

(1) distg and Distg are both quadratic;

(2) div(G, H) and Div(G, H) are both linear.

Proof The fact that distg and Distg are both quadratic could be seen in Theorem 3.10.
We see that e(G, H) = e(G/H) =1 by Theorem 2.15. Thus div(G, H) X Div(G, H)
by Theorem 4.14. Therefore, it is sufficient to show Div(G, H) is linear.

Denote Div(G, H) = {§;}. We will show that §; < r. More precisely, we are going
to show that §7(r) < 50nr for all positive r.

Indeed, let x and y be arbitrary points in dN,(H) such that d,(x, y) < co and
ds(x, y) <nr. Assume that r is an integer and x, y are vertices. Write x = akbtc?
and y = a*'b¥cP’. Thus |k| +|¢| = r and |k’| + |¢'| = r by Lemma 5.7(5).

By Lemma 5.7(2) and the fact that ¢ commutes with any element of group G, we

compute

x—ly — ak’—kbe’—éC(p’—p)—é(k’—k).

Also,
x"'yls =ds(x,y) <nr.
Thus |k’ —k| <nr, |’ —€| <nr and |(p’ — p) —L(k' —k)| < n?r2.
Therefore,
P =Pl <1(p' = p) =LK' — k)| + [€(k' = k)| < n?r® +nr® < 2n%r2,
Let £; be a number such that ££; > 0 and |[£{| =r. Let x; = xbb1t: x) = xa" 7k

and x5 = x,p1377 =41 By Lemma 5.7(2), we see that x3 = a’ pr3nr cp+b(r—k)

Since x; = xb“1 ¢ and |[€; — £| < r, there is a path «; with edges labeled by b
connecting x and x; such that the length of «; is less than or equal to r. Similarly,
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there is a path «, with edges labeled by a connecting x{, x, such that the length
of a, is less than 2r and a path o3 with edges labeled by b connecting x,, x3 such
that the length of o3 is less than 14nr. Let o = oy U Uz, We see that each vertex
of « is of the form x = ak1h1¢P1 where |ky| + |€;| > r. Therefore, « is a path in
C,(H) by Lemma 5.7(5) and o connects x and x3, where x3 = a’ 13" P+t (r=k)
and |[£{| = r. Moreover, the length of « is bounded above by 17nr.

By a similar argument, there is a path 8 in C,(H) connecting y and y3, where
y3 = arp13nr P+ (r=k) gnq || = r. Moreover, the length of 8 is bounded above
by 17nr.

We now try to connect x3 and y3 by a path y in C,(H) with length bounded above
by 14nr. Indeed, let p; = p +£,(r —k) and p} = p' + L, (r —k'). If p; = p] (ie
X3 = y3), then we can consider y is a trivial path connecting x3 and y3 with length 0.
If py # p}.then we assume that p; < p/. Thus

1Py =Pl S 10" = pl+ 1 =) + 16 (r = k) <2072 + 2% +2r% < 4nr2,
Thus 0 < p} — py < 4n?r?.

Let ¢ be a positive number such that 2 < (p| —p1) < (t+1)? and let t; = (p| — p1)—1>.
Then ¢ < 2nr and t; < (t + 1)2 =12 <2t + 1 < Snr. Also, ¢Pi7P1 = ¢!°chl =
bla'b~'a~'c" and y3 = x3¢P17P1. Thus we could connect x5, y3 by a path y such
that the length of y is bounded above by 4¢ + ¢;. Therefore, this length is bounded
above by 13nr. Also, the distance between x3 and H is (137 + 1)r. Thus y must lie
in C,(H). Let y =aUyUP then y is apathin C, (H) connecting x, y and the length
of ¥ is bounded above by 50nr. Thus dp,(x, y) < 50nr. Therefore, 87 (r) < S0nr.
Thus 67 <. |

6 Relative divergence of finitely generated groups with
respect to their cyclic subgroups

In this section, we investigate the upper and lower divergence of a finitely generated
group relative to an infinite cyclic subgroup.

Definition 6.1 Let G be a group with finite generating set S and H an infinite cyclic
subgroup of G generated by some element 2 in S. Let ¢; be the edge with the
identity vertex as the initial point and labeled by % in I'(G, S). A bi-infinite arc
o = U, ez h"ep is the axis of H.
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Suppose G is a finitely generated one-ended group and H is an infinite cyclic subgroup
of G in this section. Let /1 be a generator of H and assume that the finite generating
set S of G contains /. Let o be the axis of H. Thus « is a bi-infinite arc with all
vertices in H .

We now define the concept of divergence of a bi-infinite arc in a one-ended geodesic
space. This concept will play an important role for investigating the lower divergence
of a one-ended group G with respect to an infinite cyclic subgroup.

Definition 6.2 Let X be a one-ended geodesic space and 8 a proper bi-infinite arc.
Let ¢ be one point on 8. The divergence of (B, ¢), denoted div(B, ¢), is the function
f:(0,00) = (0, 00) defined as follows.

For each positive r, we define

f(r) =inf{|y|| y is a path in X — B(c, r) with endpoints on j
and on different sides of c}.

Remark 6.3 Observe that div(f, ¢) is a nondecreasing function.

Let o be the axis of the infinite cyclic subgroup H, which is defined in Definition 6.1.
Then div(e, h') = div(e, €) in the Cayley graph T'(G, S) for any element /4’ in H
and let divy, = div(c, e).

For each x in I'(G, S) —« and u a point in o such that dg(x,a) = dg(x,u), the
point u must be a vertex of I'(G, S). Thus N, («) = N, (H) for each r > 1. Therefore,
ONy () = dN,(H) and Cy(a) = C,(H) foreach r > 1.

Definition 6.4 Let ¢ be an arc in ['(G, S). If ¢¢ is any subset of ¢, the Hull of cq
in ¢, denoted Hull.(cg), is the smallest connected subspace of ¢ containing cq.

Lemma 6.5 Choose r > 1 and let n be a positive integer. Choose s such that
s > 3Distg((n 4+ 2)r). Let a, b, ¢ be three different points in o such that ¢ lies
between a, b. Assume that a, b lie outside the ball B(c, s). Let y be an arc outside
B(c, s) connecting a and b. Then there are two points x, y in y N dN,(«) such that
ds(x,y) > nr and the segment of y connecting x and y lies in C, ().

Proof First, we will show that ¢ does not lie in the r —neighborhood of «. Assume
by way of contradiction that y lies in the r —neighborhood of «. For each G —vertex v
of y, let

¢y = Hully (o N B(v, 1)).
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For each edge e of y with G—endpoints v and w, let
ce = Hully (cy U cyp).

We see that the subsegment [a, b] of « is covered by the sets ¢, for all edges e of y.
In particular, ¢ lies in some ¢, , where e is an edge of y. Therefore, ¢ lies between
two vertices ©; and v; of @ whose distance from vertices of e is at most . Thus
the distance between u; and vy is less than 2r + 1. Therefore, the length of the
subsegment [u, v;] of « is less than Distg (2r +1). Thus

ds(c,y) < Distg(ZV +D)+r< 2Distg((n +2)r) <s,
which is a contradiction. Thus y does not lie in the r —neighborhood of «.

Let M ={x;|i €{0,1,2,...,n}} be the set of points of y that satisfies the following
conditions.

(1) Wehave xo =a and x,, = b.
(2) Foreachi e{l,2,...,n— 1}, the distance between x; and « is r.

(3) Foreachi €{0,1,2,...,n— 1}, the open segment (x;, x;+1) does not contain
any point in IN, («).

For each i € {1,2,...,n — 1}, let x] be a vertex of a such that dg(x;,x]) = r.
We again assign x(/) =aq and x;, = b. Foreach i € {0,1,2,...,n— 1}, define d;
to be the subsegment of « that connects x/ and xlf +1- Therefore, ¢ must lie in
some dj,. Since (Xj,, X;,+1) N IN, () = &, then either (x;,, x;,+1) C Ny(a) or
(Xig> Xig+1) N Ny() = 2.

If (Xig, Xig+1) C Ny (), we can use the same argument as above to show dg(c,y) <s,
which is a contradiction. Thus (x;,, X;j,+1) N Ny (&) = @ or (Xj,, Xjy+1) C Cr(a).

Since the distance between x;, and c is at least s and the distance between x;  and x;,
is r, then the distance between x; and c is at least s —r. Thus the length of the
segment of @ connecting xlfo and c is at least s —r. Similarly, the length of the segment
of o connecting x,fo +1 and c is also at least s —r. Thus the length of the segment of «
connecting x; and xj i is also at least 25 — 2r. Therefore, this length is strictly
bounded below by

DistZ ((n +2)r).

Thus the distance in H between x; , and Xj o1 18 strictly greater than Distg (n+2)r).

Therefore, the distance in G between xj and xj . is at least (n +2)r. Also, the
distances ds (X}, Xiy) and ds(x; 41, Xip+1) are both r. Thus the distance between

Xi, and Xx;,41 1is at least nr. We let x = x;, and y = Xx;,41. a
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Proposition 6.6 Let G be a one-ended group with a finite generating set S. Let H be
an infinite cyclic subgroup generated by some element in S and « the axis of H. Then

dive < div(G, H) = divg o(3 Distd).

Proof Denote div(G, H) = {0,}.

We will first show that o < divg o(3 Distg ). More precisely, we are going to show
that o7 (r) < divg o(3 Distg )((n 4 2)r) for all numbers r > 1.

Indeed, let s =3 Distg ((n+2)r). Let y be any arc outside the ball B(e, s) connecting
two points # and v on « such that e lies between u and v. By Lemma 6.5, there are
two points x and y in y N dN,(«) such that dg(x, y) = nr and the segment of y
connecting x and y lies in Cr(«). By Remark 6.3, two points x and y also lie in
dNy(H). Then dp,(x, y) is bounded above by the length of y. Therefore, oy (r) is
bounded above by the length of y. Thus

0, (r) = dive(s).

Therefore,
ol (r) < divg o(3 Distd ) ((n + 2)r).

We now will show that dive =< o, for each n > 20. More precisely, we are going to
show that for each r > 3,
dive(or) <o, (r) +2r.

Indeed, let x; and y; be arbitrary points in dN,(H) such that dy (xy, y1) = nr and
dr(x1,y1) <oo. Let B be any arc in C,,(H) connecting x; and y;. Let x, and y; be
vertices in « such that dg(x1,a) =dg(x1,x2) =7 and ds(y1, ) =ds(y1,)2) =7.
Let 81 be a geodesic connecting x; and x, and B, a geodesic connecting y; and y,.
Since the distance between x; and y; is bounded below by nr, the distance between x,
and y, is bounded below by (n —2)r. Let h’ be a vertex of « such that /' lies
between x;, y, such that x,, y, do not lie in the ball of center h* with radius 5r.
Let B = 1 UBUP,. Thus B is a path outside the ball B(h’, pr) connecting the two
points x5, y» in & and /' lies between x5, y,. Therefore, we could have an arc S’
from ,E connecting two points x, and y,. Thus divy(pr) is bounded above by the
length of B. Therefore, divg (pr) is bounded above by |B| + 2r. Therefore, divg (pr)
is bounded above by d,,(x1, y1) + 2r. Thus

dive (pr) < op(r) +2r.
Therefore,

divy < 0;)'. O
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Theorem 6.7 Let G be a one-ended finitely generated group and H an infinite cyclic
subgroup of G . Suppose that div(G, H) = {0} and Div(G, ) ={8,}. Then o, <8,0
((3/ p)DlstG ). In particular, div(G, H) < D1V(G e) if H is an undistorted subgroup

Proof We will show that o (r) <8, 0((3/p) Distg)((n +2)r) forall r > 1.

Indeed, let s = (3/p) Distg((n 4+ 2)r). Choose x and y in @ N S(e, s) such that e
lies between x and y. Let y be an arbitrary arc outside Bjs(e) connecting x and .
Since ps = 3 Distg((n + 2)r), then there are two points x; and y; in y N IN, (o)
such that dg(xy, y1) = nr and the segment of ¥ connecting x; and y; lies in C;(a)
by Lemma 6.5. Thus the two points x; and y; also lie in N, (H) and the segment
of y connecting x; and y; also lies in C,(H) by Remark 6.3. Thus the distance
dpr(x1,y1) is bounded above by the length of y. Therefore, o, (r) is also bounded
above by the length of y. Thus

0, (r) <8p(s).
Therefore,

op(r) <80 (% Distg) ((n+2)r).
Thus o5 =850 ((3/p) Distg). O

Remark 6.8 In Theorem 6.7, we could not replace div(G, H) by Div(G, H). For
example, let H = Z and K be any one-ended finitely generated group such that
Div(K,e) is superlinear. We define G = H x K. Thus G is a one-ended finitely
generated group and H is an infinite cyclic subgroup of G. Then, Distg is linear
and Div(G, H) = Div(K, e) is superlinear. Also the divergence Div(G, ¢) is linear
(see [9, Theorem 4.1]). Thus Theorem 6.7 is no longer true if we replace div(G, H)
by Div(G, H).

Moreover, the two functions o, and 6,0 ((3/p) Dlst ) in Theorem 6.7 can be equiva-
lent in some cases (for example G = Zz and H any cyclic subgroup of G ), and o,
can be strictly dominated by 8,0 ((3/p) DlSt ) in some other cases (see Theorem 5. 8)

7 Relative divergence of CAT(0) groups

In this section, we investigate the relative divergence of (G, H) where G is a CAT(0)
group. We use Theorem 5.2 to build CAT(0) groups with arbitrary polynomial upper
relative divergences with respect to some subgroup (see Theorem 7.7). We also examine
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the class of groups defined by Macura [16] to obtain arbitrary polynomial lower relative
divergence (see Corollary 7.12).

We now review some concepts and some basic properties of a CAT(0) group. We refer
the reader to Bridson and Haefliger [3] for studying more on CAT(0) groups.

Definition 7.1 Let X be a geodesic space. A geodesic triangle A in X consists of
three points p, ¢, r in X and three geodesic segments [p, ¢]. [q, ], [r, p]. A comparison
triangle for A in E? is a geodesic triangle A in E? with vertices p,7,7 such that
d(p,q) =d(p.q),d(q,r) =d(g,7) and d(r, p) = d(7, p). A point X in [g,7] is
called a comparison point for x in [q, r] if d(g,x) = d(q, X). Comparison points on
[p,q] and [p, r] are defined in the same way.

Definition 7.2 A geodesic triangle A in a geodesic space X satisfies the CAT(0)
inequality if d(x,y) < d(x,y) for all points x and y on A and corresponding
points X, ¥ on the comparison triangle A in Euclidean space E2.

Definition 7.3 A geodesic space X is CAT(0) space if every triangle in X satisfies
the CAT(0) inequality.

A group is CAT(0) if it acts properly and cocompactly on some proper CAT(0) space.
The proof of the following proposition can be found in [3].

Proposition 7.4 Let (X1,d;) and (X,,d,) be CAT(0) spaces. Then the Cartesian
product X; x X, endowed with the metric d defined by d* = d12 + d22 is a CAT(0)
space.

The following corollary is an immediate result of the above proposition.
Corollary 7.5 The direct product of two CAT(0) groups is a CAT(0) group.

The following theorem is a direct result from [3, Corollary III.I".4.8 and Theo-
rem II1.T".4.10].

Theorem 7.6 Every finitely generated abelian subgroup of a CAT(0) group is undis-
torted.

Theorem 7.7 Let f be any polynomial function or exponential function. There is a
pair of groups (G, H), where G is a CAT(0) group and H is a normal infinite cyclic
subgroup of G such that Div(G, H) ~ f.

Proof We will build the group G of the form G = K x Z and we choose a suitable
one-ended CAT(0) groups K. We choose H to be the Z factor of G. Thus we observe
that Div(G, H) = Div(G/H, ¢) = Div(K, ¢) by Theorem 5.2.
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If f is a polynomial of degree d, then we choose a subgroup K such that Div(K, e) is
equivalent to f (see [16] for example). If f is the exponential function, we choose K
to be a surface group of genus g > 2. Since a surface group of genus g > 2 is a CAT(0)
group, then the group G is also a CAT(0) group by Corollary 7.5. Moreover, K is a
one-ended hyperbolic group, then the upper divergence of K is exponential. Thus the
relative upper divergence Div(G, H) is also exponential. a

Theorem 7.8 Let G be a CAT(0) group and H a normal subgroup of G that contains
at least one infinite order element. Then div(G, H) is linear.

Proof By Theorem 7.6, there is an undistorted cyclic subgroup K in H. By
Theorem 5.4, we observe that div(G, H) is linear. O

We now investigate relative lower divergence of a class of CAT(0) groups introduced
by Macura in [16]. First, we will review this class of groups.

For each integer d > 2, we define
Gi = (ag,ay,...,aq |agay = alao,ai_laoai =a;_1,for 2 <i <d)
and Hj to be the cyclic subgroup generated by a,;.

Let X, d_ be the presentation complex of G; and X, 4 1s the universal cover of X;. The
space X, 4 is a CAT(0) square complex (see Macura [16]). Moreover, G, is one-ended
and we could consider the 1-skeleton Xcg ) of X 4 as the Cayley graph of G4. Let o
be the axis of the infinite cyclic subgroup of H,; as in Definition 6.1. By Proposition 6.6
and Theorem 7.6, we can investigate the divergence divy of « in X, 4 to understand
the lower divergence div(Gy, H;). Before computing divy, we need to review some
results from [16].

Proposition 7.9 [16, Proposition 4.4] There is a polynomial g4, of degree d , such
that for any point O in X; and any two points P, Q on the sphere S(O,r) C Xy,
there is a path y in Xg — B(O,r) connecting P and Q such that the length of y is at

most ¢g(r).

Proposition 7.10 [16, Theorem 5.3] There is a polynomial p,;, of degree d, such
that the following holds. Let T' be any vertex on X, 4. Let yo be a geodesic ray which
is the infinite concatenation of edges ag, and y; a geodesic ray which is the infinite
concatenation of edges a; . We assume that yy and y,; have the same initial point T .
For each path B outside the ball B(T,r) connecting P € y; and Q € yq, the length
of B is bounded below by p;(r).

Proposition 7.11 The divergence divy is polynomial of degree d .
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Proof By Proposition 7.9, there is a polynomial g, of degree d such that the following
holds. Let r be any positive number and u#, v two points in S(e, r) Na such that e lies
between u, v. There is a path outside B(e, r) of length at most ¢4 (r) connecting u
and v. Therefore, divy is bounded above by ¢ .

aq aq -_ad aq dde dq dq dq ! aq aq

Figure 2: The path y lies outside B(e,r) with endpoints on « and on
different sides of e.

We now prove that divy has some polynomial of degree d as a lower bound. Let p; be
the polynomial of degree d in Proposition 7.10. We will show div, is bounded below
by this polynomial. Indeed, for each positive r, let y be any path outside B(e, r) with
endpoints on « and on different sides of e (see Figure 2).

Figure 3: The subsegment y; of y connecting two points of yp and yy,,
where yo and y,; are two geodesic rays issuing from e such that they are
infinite concatenations of edges ao and a4 respectively
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We are going to show that there exists a subsegment y; of y connecting two points
of Yo and y;, where Yo and y,; are two geodesic rays issuing from e such that they
are infinite concatenations of edges a¢ and a,4 respectively (see Figure 3).

Figure 5: The position of the 2—cell ¢, in the diagram D

We will use the same technique as in [9] for this argument. We observe that the path y
and the subsegment of o between two endpoints of y form a loop in X, 4 which may
fill in with a reduced van Kampen diagram D (see Lyndon and Schupp [15]). Since
the path y lies outside the ball B(e,r), the edge ag) of o with the initial point e
must lie in some 2—cell of D. By the presentation of G4, the edge afil) must lie in
a 2—cell c; labeled by a;laoada;ll . There are two cases for ¢; depending on its
orientation in D (see Figure 4).

‘We now only argue on the first case (see Figure 4(a)) and the argument of the second case
(see Figure 4(b)) is almost identical. If the edge a&z) that is opposite to ag,l) in ¢; lies
in the path y, it is obvious that there exist a subsegment y; of y connecting two points
of Yo and y,;. Otherwise, aflz) must lie in some 2—cell ¢, labeled by a;laoada;ll
of D. Again, there are two possibilities for ¢, depending on the orientation of ¢, in D
(see Figure 5).
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In the second case (see Figure 5(b)), we see that the two 2—cells ¢; and ¢, form a
cancellable pair in D. This is impossible since the diagram D is reduced. Thus the
second possibility is ruled out. By arguing inductively, we obtain a corridor that is a
concatenation of 2—cells labeled by a;laoada;ll such that one edge ag’) labeled
by a, of the last 2—cell in the corridor must lie in the boundary of D. If ag,") is an
edge of «, the diagram D would not be planar topologically. Thus ag,") must be an
edge of y (see Figure 6).

Figure 6: The corridor that is a concatenation of 2-cells labeled by
a;'apagay! | in the diagram D

Therefore, there exists a subsegment y; of y connecting two points of y, and y,;.
Since the length of y; is bounded below by p;(r) by Proposition 7.10, then the
length of y is also bounded below by p,;(r). Therefore, the divergence div, must be
dominated the polynomial p;(r). a

Corollary 7.12 Let H; be a cyclic subgroup of G, generated by a,;. Then the
relative lower divergence div(Gy4, H;) is polynomial function of degree d .

Proof This is an immediate consequence of Propositions 6.6 and 7.11. a

8 Relative divergence of relatively hyperbolic groups

We now investigate the relative divergence of a relatively hyperbolic group with respect
to a subgroup.
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Definition 8.1 A geodesic metric space (X, d) is §—hyperbolic if every geodesic tri-
angle with vertices in X is §—thin in the sense that each side lies in the §—neighborhood
of the union of other sides.

A finitely generated group G is hyperbolic if the Cayley graph I'(G, S) is a hyperbolic
space for some finite set of generators S'.

Definition 8.2 A subspace Y of a geodesic metric space X is quasiconvex when there
exists some k > 0 such that every geodesic in X that connects a pair of points in Y
lies inside the k—neighborhood of Y .

Suppose G is a hyperbolic group with a finite generating set .S. A subgroup H of a
group G is quasiconvex if it is quasiconvex in the Cayley graph I'(G, S).

Remark 8.3 The concepts of hyperbolic groups and quasiconvex subgroups do not
depend on the choice of finite set of generators (see [10; 1]).

We now discuss a generalization of the concepts of hyperbolic groups and quasiconvex
subgroups. They are relatively hyperbolic groups and relatively quasiconvex subgroups.

Definition 8.4 Given a finitely generated group G with Cayley graph I'(G, S) which
is equipped with the path metric and a finite collection P of subgroups of G, one can
construct the coned off Cayley graph f‘(G, S, P) as follows. For each left coset g P
where P € PP, add a vertex vgp, called a peripheral vertex, to the Cayley graph
I'(G, S) and for each element x of gP, add an edge e(x, gP) of length 1/2 from x
to the vertex vgp. This results in a metric space that may not be proper (ie closed balls
need not be compact).

Remark 8.5 Throughout this section, we denote the metric in I'(G, S) by dg and
the metric in I'(G, S, P) by d.

Definition 8.6 (Relatively hyperbolic group) A finitely generated group G is hyper-
bolic relative to a finite collection P of subgroups of G if the coned off Cayley graph
is §—hyperbolic and fine (ie for each positive number 7, each edge of the coned off
Cayley graph is contained in only finitely many circuits of length 7).

Each group P € PP is a peripheral subgroup and its left cosets are peripheral left cosets
and we denote the collection of all peripheral left cosets by IT.
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An element g of G is hyperbolic if g is not conjugate to any element of any peripheral
subgroups.

Lemma 8.7 (Hruska [14, Proposition 9.4]) Let G be a group with a finite generating
set S. Suppose xH and yK are arbitrary left cosets of subgroups of G . For each
constant L there is a constant L' = L'(G,S,xH, yK) so that in the metric space
(I'(G, S),ds) we have

Nr(xH)NNp(yK) C N (xHx ' nyKy™h.

Definition 8.8 Let (G, P) be a relatively hyperbolic group. A subgroup H of G is
relatively quasiconvex if the following holds. Let S’ be some (any) finite generating set
for G. Then there is a constant k = «(S) such that for each geodesic ¢ in f(G, S, P)
connecting two points of H, every G —vertex of ¢ lies within a dg—distance k of H.

Remark 8.9 We note that the concepts of relative hyperbolicity and relative quasicon-
vexity do not depend on the choice of finite set of generators (see Osin [21]).

Definition 8.10 Let (G, P) be a relatively hyperbolic group.

(1) A relatively quasiconvex subgroup H of G is strongly relatively quasiconvex if
for each conjugate g~! Pg of any peripheral subgroup P and HNg~! Pg isa
finite subgroup of g~ ! Pg.

(2) A relatively quasiconvex subgroup H of G is fully relatively quasiconvex if for
each conjugate g~ ! Pg of any peripheral subgroup P, H N g~ ! Pg is a finite
subgroup or finite index subgroup of g~! Pg.

Lemma 8.11 [21, Theorem 4.13] Let (G, P) be a relatively hyperbolic group. Let H
be a subgroup of G . Then the following conditions are equivalent.

(1) H is strongly relatively quasiconvex.

(2) H is generated by a finite set T such that the natural map (H, dt) — f‘(G, S, P)
is a quasi-isometric embedding.

Lemma 8.12 [21, Theorem 1.14] Let (G, P) be a relatively hyperbolic group with
a finite generating set S. Then for any hyperbolic element h € G of infinite order,
there exist A > 0 and ¢ > 0 such that d(e, h"*) > A|n| — c. In particular, the cyclic sub-
group H generated by h is undistorted with respect to (G, dg) and strongly relatively
quasiconvex.

The following lemma is an immediate result of [21, Proposition 2.36].
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Lemma 8.13 Let (G, P) be a relatively hyperbolic group. Then the following condi-
tions hold.

(1) g1P1g;' NgyPrg,! is finite, where Py and P, are two different peripheral
subgroups.

(2) gPg~!'N P is finite, where P is a peripheral subgroup and g ¢ P.

Theorem 8.14 (Gromov [11, Section 8.2]) Let (G,P) be a relatively hyperbolic
group and H an infinite subgroup of G . If H is not conjugate to a subgroup of any
peripheral subgroup, H contains a hyperbolic element.

Lemma 8.15 Let (G, P) be a relatively hyperbolic group and H an infinite index,
infinite normal subgroup of G. Then H contains at least one infinite-order hyperbolic
element.

Proof If H is not conjugate to a subgroup of any peripheral subgroup, H contains a
hyperbolic element by Theorem 8.14. Suppose that H is a subgroup of some conjugate
gPg~! of some peripheral subgroup P, then H = g~ ! Hg is a subgroup of P. Let g;
be an element in G — P, then H = gl_ngl is also a subgroup of gl_1 Pgq. Then,
|[PN gl_1 Pg | = o0, which is contradicts Lemma 8.13. Therefore, H is not a subgroup
of any conjugate of any peripheral subgroup. |

Lemma 8.16 [21, Theorem 3.26] There is a positive constant o such that the follow-
ing holds. Let A = pqr be a triangle whose sides p, q,r are geodesic in f‘(G, S, P).
Then for each G —vertex v on p, there is a G —vertex u in the union ¢ Ur such that
ds(u,v)<o.

The following lemma is an immediate result of Lemma 8.16.

Lemma 8.17 There is a positive constant o such that the following holds. Let pqrs
be a quadrilateral whose sides p,q,r,s are geodesic in I'(G, S, P). Then for each
G —vertex v on p, there is a G —vertex u in the union ¢ Ur Us such that dg(u,v) <20.

Lemma 8.18 (Drutu and Sapir [6, Lemma A.3]) Let (G, P) be arelatively hyperbolic
group with a finite generating set S. Then there is a constant K > 1 such that the
following holds. Let p and g be paths in f‘(G, S,P) such that p— =g—, p+ =q+
and ¢ is geodesic in f‘(G, S, P). Then for any vertex v € q, there exists a vertex w € p
such that dg(w,v) < Klog,|p|.
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Lemma 8.19 [6, Lemma 4.15] Let (G,P) be a relatively hyperbolic group with
a finite generating set S. For each A there is a constant A1 = A1(Ag) such that
the following holds in Cayley(G, S). Let ¢ be a geodesic segment whose endpoints
lie in the Ay-neighborhood of a peripheral left coset gP. Then c lies in the A;—
neighborhood of gP.

Lemma 8.20 [6, Theorem 4.1] Suppose (G, IP) is relatively hyperbolic with a finite
generating set S. For each M, M’ < oo there is a constant t = ((M, M) < oo so that
for any two peripheral cosets gP # g’ P’ we have

diam(Nps (gP) NNy (g’ P)) <t
with respect to the metric dg .

The following concepts are introduced by Hruska (see [14, Definition 8.9]) and he
used it to describe the connection between geodesics in I'(G, S) and geodesics in
raG,s.P).

Definition 8.21 Let ¢ be a geodesic of I'(G, S), and let €, R be positive constants.
A point x € ¢ is (€, R)—deep in a peripheral left coset gP (with respect to ¢) if x is
not within a distance R of an endpoint of ¢ and B(x, R) N¢ lies in N¢(gP). A point
x €c is (€, R)—deep if x is (e, R)—deep in some peripheral left coset gP. If x is not
(e, R)—deep in any peripheral left coset gP then x is an (e, R)—transition point of c.

Lemma 8.22 [14, Lemma 8.10] Let (G, P) be relatively hyperbolic with a finite
generating set S. For each € there is a constant R = R(¢) such that the following
holds. Let ¢ be any geodesic of I'(G, S), and let ¢ be a connected component of the
set of all (e, R)—deep points of c¢. Then there is a peripheral left coset gP such that
each x € ¢ is (¢, R)—deep in gP and is not (¢, R)—deep in any other peripheral left
coset.

Lemma 8.23 [14, Proposition 8.13] Let (G, P) be relatively hyperbolic with a finite
generating set S. There exist constants €, R and L such that the following holds.
Let ¢ be any geodesic of T'(G, S) with endpoints in G, and let ¢ be a geodesic of
f‘(G, S, P) with the same endpoints as ¢. Then in the metric dg, the set of G —vertices
of ¢ is at a Hausdorff distance at most L from the set of (¢, R)—transition points of c.
Furthermore, the constants € and R satisty the conclusion of Lemma 8.22.

Lemma 8.24 [6, Lemma 4.12] Let (G, P) be relatively hyperbolic with a finite
generating set S. Then for each 6 € |0, %) there exist a number M = M(0) > 0
such that for every geodesic g of length £ and every peripheral left coset gP with
q(0),q(£) € Nog(gP) we have g N Np(gP) # &.
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Theorem 8.25 Let (G, P) be a relatively hyperbolic group and H an infinite index,
infinite normal subgroup of G . Then div(G, H) is linear.

Proof The proof follows from Theorem 5.4 and Lemmas 8.12 and 8.15. a

Proposition 8.26 Let (G,P) be a relatively hyperbolic group and H a subgroup
of G for which H contains at least one infinite order hyperbolic element. If 0 <
e(G, H) < oo, then Div(G, H) is at least exponential.

Proof Suppose that H contains an infinite order hyperbolic element /2 and assume
that / is an element of the finite generating set S of G. By Lemma 8.12, there is
a positive integer L such that d(1,4") > (n/L) — L. Moreover, the subgroup H;
generated by £ is strongly relatively quasiconvex. Thus there is a constant 4 > 1 such
that the set of G —vertices of any geodesic § in f(G, S, P) connecting two elements
of H; must lie in the A-neighborhood of H; with respect to the metric dg.

We define m =e(G, H) and M = L(12m+ 2L + 2). Let K > 1 be the constant in
Lemma 8.18 and let o the constant in Lemma 8.17. Denote Div(G, H) = {§;}. We
will prove that e” < 83’[ " More precisely, we define ro =20+ (2/p)(A+20)+ L +1
and we will prove 2°7/2K < 8'{,"1 "(r) for each r > ry. We assume r is an integer.

Indeed, for each i € {0,1,2,...,m} we define y; to be an H —perpendicular geodesic
ray with the initial point k; = AL +L) Since m = &(G, H), there are two different
geodesics y; and y; (i < j) such that y; N C,(H) and y; N C,(H) lie in the same
component of C,(H). We define x = y;(r) and y = y;(r); then x, y lie in ON, (H)
and d,(x, y) < oco. Also,

ds(x,y) =dg(x,ki) +ds(ki,e) +ds(e. kj) +ds(hj. y)
<r+L6inr+ L)+ L(6jnr+L)+r
<L(2mnr+2L)+2r < L(12m+2L 4+ 2)nr < (Mn)r,
d(ki, k) = d(e, hSLU=Dy > 6(j —iynr — L > 12r — L > 6r.
Let «; be a geodesic in f(G, S,P) connecting k;, kj and let a, a geodesic in
I'(G, S, P) connecting x, y. Let 81 be a geodesic in I'(G, S, P) connecting x, k;
and B, a geodesic in I'(G, S, P) connecting y and k;. Let u be a point in «; such

that d(u, k;) > 2r and d(u,kj) > 2r. Thus there is a G—vertex v in B Uay U B3
such that dg(u,v) <20.

If v lies in B, then the distance in f(G, S, P) between u and k; is bounded above
by r 4+ 20 . Thus this distance is at most 2r which contradicts the choice of u. Thus v
does not lie in B;. Similarly, v does not lie in ;. Thus v must lie in «;. Also, u lies
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in the A-neighborhood of the subgroup H; with respect to the metric dg. Thus v lies
in the (A 4 20)—neighborhood of H; with respect to the metric dg. Therefore, the
distance in I'(G, S) between v and H is bounded above by (A4 + 20).

We now prove that dp,(x, y) > 2°7/2K Indeed, let y be any path in C,r(H) con-
necting x and y. By Lemma 8.18, there exists a vertex w € y such that dg(w, v) <
Klog,|y|. Since

ds(w,v)>ds(w,H)—ds(v,H)> pr —A—20 > ,oZ_r

then
;
Klog,|y| = %-

Thus |y| > 2°7/2K  Therefore, dpr(x,y) > 207/2K Therefore, 2°7/2K < 53/[”(;").
Thus e” < 5{)"[”. |

The following is a key lemma we are going to use to investigate the lower divergence
of a relatively hyperbolic group with respect to a fully relatively quasiconvex subgroup.

Lemma 8.27 Let (G, IP) be relatively hyperbolic with a finite generating set S . There
exist constants €, R, o, K and A such that the following hold.

(1) A subgroup H is relatively quasiconvex if and only if there is a constant k
such that for each geodesic ¢ in I'(G, S) joining points in H , the set of (€, R)—
transition points of ¢ lies in the k —neighborhood of H .

(2) Let A = pqr be a triangle whose sides p, q,r are geodesic in I'(G, S). Then
for each (e, R)—transition point v on p, there is an (€, R)—transition point u in
the union ¢ U r such that dg(u,v) <o.

(3) Let p and g be paths in I'(G, S) such that p— = g—, p+ = g+ and ¢ is
geodesic in I'(G, S). For any (e, R)—transition point v € ¢, there exists a vertex
w € p such that dg(w,v) < Klog,|p|+ K.

(4) For each peripheral left coset gP and any geodesic ¢ with endpoints outside
N4(gP). If £(c) > 9max{dg(cT, gP);dg(c™,gP)}, then the path ¢ contains
an (e, R)—transition point w which lies in the A-neighborhood of gP .

Furthermore, the constants € and R satisty the conclusion of Lemma 8.22.

We now give the proof for the above lemma. The reader can also find the proof of
statement (1) in [14].
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Proof Let € and R be constants in Lemma 8.23. Statements (1), (2) and (3) are
immediate results of Definition 8.8 and Lemmas 8.16, 8.18 and 8.23. We now focus on
proving statement (4).

Let

Ay = Ao(%) be the constant in Lemma 8.24,

A1 = A1(Ap) be the constant in Lemma 8.19,

Ay = A»(Aq, €) be the constant in Lemma 8.20,
A=Ag+ A1+ A +e+1.

Let gP be any peripheral left coset. Let ¢ be any geodesic with endpoints outside
N4(gP) such that £(c) > 9max{dg(ct,gP),ds(c™,gP)}. Let

r=max{ds(c",gP),ds(c”,gP)}.
Thus the length of ¢ is greater than 97 and r > A. Since
£(c) > 9max{ds(ct,gP),ds(c™, gP)},

¢cN Ny,(u P) # @ by Lemma 8.24. Let a; and a, be the first vertex and the last
vertex in ¢ N Ny, (gP). Thus the subsegment [a1, a3] of ¢ connecting a; and a, must
lie in the A{-—neighborhood of gP. Let a’l and a’2 the vertices in ¢ — [a1, a»] such
that dg(ay.a}) <1 and dg(az.a)) < 1. We assume that a} lies between ct, a
and that a), lies between ¢~ , a,. Obviously, | and a’, must lie in the (4o + 1)—
neighborhood of gP. In particular, they lie in the r—neighborhood of gP. If the
distance between ¢ and a; is greater than 4r, then the distance in between ¢
and a/ is greater than 3r. Thus the subsegment of ¢ connecting xT and a', must
intersect the Ag—neighborhood of gP which contradicts to the choice of @;. Thus
dg(cT,ay) < 4r. Similarly, dg(c™,a,) < 4r. Also, the length of ¢ is at least 9r.
Thus the length of [aq, a;] is at least r. In particular, this length is bounded below
by A2 .

We now show that ¢ contains an (e, R)—transition point w in the A-neighborhood
of gP. Indeed, if [a1, a;] contains an (e, R)—transition point w, then w must lie in
the A;-neighborhood of gP. In particular, w lies in the A—neighborhood of gP and
we are done.

We now consider the case that [a;, a;] contains only (¢, R)—deep points. Therefore,
[a1,a,] lies in some e-neighborhood of some peripheral left coset g’ P’. Thus

[a1.a2] C N4, (gP) N Ne(g'P).
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Also, the length of [a;, a;] is at least . Thus the length of [a;, a;] is bounded below
by A,. Therefore, diam(N4,(gP) N Ne(g'P’)) is strictly greater than A,. Thus
gP = g’ P’. Tt follows that [ay,a5] lies in the e-neighborhood of gP. Also, the
endpoints of ¢ both lie outside the e—neighborhood of gP. Thus we could find an
(e, R)—transition point w in ¢ such that dg(w, gP) < € + 1. In particular, w lies in
the A-neighborhood of gP. O

Theorem 8.28 Let (G, P) be a relatively hyperbolic group and H an infinite fully
relatively quasiconvex subgroup of G. If 0 < e(G, H) < oo, then div(G, H) is at least
exponential.

Remark 8.29 Before giving the proof of the theorem, we would like to discuss a
large class of groups and their subgroups to which the theorem applies. More precisely,
we are going to discuss different pairs of groups (G, H), where G is a relatively
hyperbolic group and H is an infinite fully relatively quasiconvex subgroup of G with
0<e(G,H) < oo.

Let G be the fundamental group of some hyperbolic surface and H an infinite cyclic
subgroup of G. Thus G is a hyperbolic group and H is an infinite malnormal
quasiconvex subgroup of G. In particular, G is a relatively hyperbolic group and H
is an infinite fully relatively quasiconvex subgroup. Obviously, the number of filtered
ends ¢(G, H) = 2.

We now come up with other example. Let G be the fundamental group of some hyper-
bolic finite volume three manifold with cusps. Therefore, G is relatively hyperbolic
with respect to the collection of its cusp subgroups. Let H be any cusp subgroup
of G. We can see that H is an infinite fully relatively quasiconvex subgroup of G and
e(G,H)=1.

We now discuss the case where H is a strongly relatively quasiconvex subgroup with
finite number of filtered ends €(G, H). We can choose G be the fundamental group
of some hyperbolic finite volume three manifold with cusps as above. Again, G is
relatively hyperbolic with respect to the collection of its cusp subgroups. Let H be a
cyclic subgroup generated by a hyperbolic element. It is obvious that H is a strongly
relatively quasiconvex subgroup and the number of filtered ends (G, H) = 1

Now, we come up with a pair of groups (G, H) satisfying all conditions in Theorem 8.28
and H is neither strongly relative quasiconvex nor a subgroup of some peripheral
subgroup. Let G be the fundamental group of some hyperbolic finite volume three
manifold with more than one cusp. We can pick up any cusp subgroup P and any cyclic
subgroup K of G generated by some hyperbolic element. By Martinez-Pedroza and
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Sisto [17, Theorem 2], it is obvious that we can choose some finite index subgroup P
of P and some finite index subgroup K; of K such that the subgroup H generated
by P; and K is isomorphic to their free product and H is also a fully relatively
quasiconvex subgroup. It is not hard to see that the number of filtered ends (G, H) = 1.

Proof Lete, R, 0, K and A be the constants in Lemma 8.27.

Let x be the constant such that for each geodesic ¢ in I'(G, S) joining points in H,
the set of (e, R)—transition points of ¢ lies in the x —neighborhood of H.

By Lemma 8.7, we observe that the diameter of the set (N, (H) N Ne(¢P)) is finite
whenever |tPt~! N H| < co. Also, the number of peripheral left cosets ¢P, where
|t|s <k +¢€ and P € P, is finite. Thus the number B = max{diam(N,(H) N N¢(zP) |
lt|ls <k +e€, PP and [tPt~!' N H| < oo} is finite. Similarly, we could choose a
finite number C such that the C-neighborhood of H contains all peripheral left
cosets tP where |t|s <k +e€ and |tPt™: (tPt™' N H)| < c0.

Denote div(G, H) = {0, }. We will prove that " = 037”. More precisely, we define

roz%(K+K+A+B+C+20)

and we will prove 2°7/4K < 037"(;") for each r > ry. We assume r is an integer.

Let x and y be arbitrary points in N, (H) such that dg(x, y) > (27n)r and d, (x, y) <
00. (The existence of x and y is guaranteed by the condition 0 < &(G, H) < c0.)
Let x; and y; be points in H such that dg(x,x1) =ds(x, H)=r and ds(y, y1) =
ds(y,H)=r.

Let y be any path in C,,(H) connecting x and y. Let ¢ be a geodesic in I'(G, S)
connecting x and y and ¢; a geodesic in I'(G, S) connecting x; and y;. Let §; be a
geodesic in I'(G, S) connecting x and x; and f, a geodesic in I'(G, S) connecting y
and yq.

By Lemma 8.27, for each (e, R)—transition point # in ¢y there is an (€, R)—transition
point v, in B; UcU B, such that dg(u,v,) < 20. We have two main cases.

Case 1 Suppose that v, lies in ¢ for some u in c;.

Since u lies in the xk —neighborhood of H, vy, lies in the (k +20)-neighborhood of H .
By Lemma 8.27, there exists a vertex w € y such that dg(w,v,) < Klog,|y|+ K.
Since w lies outside N,,(H), the distance dg(w, v,) is bounded below by pr —«k—20.
Thus Klog,|y| > pr —k —20 — K > pr /4 by the choice of r. Thus the length of y
is bounded below by 2°7/4K

Case 2 Suppose that v, lies in 81 U 8, for all (¢, R)—transition point u in ¢y .
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We could choose #; and u; in ¢; such that v,, € B, vy, € B2 and all points
in the geodesic c¢; lies between u; and u, are (¢, R)—deep points with respect to
some peripheral left coset gP. In particular, the two points u;, u, lie in the €—
neighborhood gP. Since vy, lies in B; and the length of B, is r, the distance
between u; and x; is bounded above by r +20¢ . Thus the distance between u{ and x
is bounded above by 2r by the choice of r. Similarly, the distance between #, and y;
is bounded above by 2r with respect to the metric dg. By the same argument, the
distances dg(u1,x) and dg(u,, y) are also bounded above by 2r. Also, the distance
between x and y is at least (27x)r. Thus the distance between u; and u, is bounded
below by (27n—4)r. Therefore, this distance is bounded below by (23)r by the choice
of n.

Since the distance dg(H,gP) <ds(H,u1)+ds(u1,gP) <k + €, there are some /1,
in H and ¢ in G such that |t|g <« + ¢ and gP = h;tP. Thus

diam(N¢(tP) N N (H)) = diam(Ne(h1tP) N N (hy H))
= diam(N¢(gP) N N (H)).
Since uq and u; lie in Ne(gP) N N (H), then
diam(Ne(gP) NN (H)) = ds(uq,up) = (23)r > 23r > rg > B.

Thus
diam(N¢(tP) N N (H)) > B.

Therefore, |tPt~! N H| = oo by the choice of B. It follows that
|tPt™1 (P N H)| < 00
since H is a fully relatively quasiconvex subgroup. Therefore, tP C Nc(H). Thus
gP =hitP ChNc(H)= Nc(H).

Therefore, y lies outside the (pr — C)-neighborhood of gP. Thus y lies outside the
(pr/2)—neighborhood of gP by the choice of r.

We now show that there is an (€, R)—transition point w in ¢ such that dg(w, gP) < A.
Since gP lies in the C —neighborhood of H and the distance between x and H is r,
then x lies outside the (r — C)—neighborhood of gP. In particular, x lies outside the
A-neighborhood of gP. Similarly, y also lies outside the 4-neighborhood of gP.
Since the distance between x and u is bounded above by 2r and u; lies in the e—
neighborhood of g P, then x lies in the (2r + €)—neighborhood of gP. In particular, x
lies in the 3r-neighborhood of gP. Similarly, y also lies in the 3r—-neighborhood
of gP. Since x and y lies in the 3r —neighborhood of gP and the distance between x
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and y is greater than 27r, then £(c) > 9max{dg(c*, gP),dg(c™,gP)}, then ¢ con-
tains an (€, R)—transition point w in the 4-neighborhood of gP by Lemma 8.27.

We now prove that the length of y is bounded below by 2" /4K Indeed, by Lemma 8.27,
there exists a vertex v € y such that dg (v, w) < Klog,|y|+ K Also

ds(v.w) = ds(v.gP) —ds(gP.w) = 5 — 4.

Thus
Klog,|y| > '02—r—A—K > %.

Therefore, the length of y is bounded below by 2°7/4X  Thus dpr(x.y) = 20118K.
Thus 2°7/4K < 037’1' Therefore, " < 0/%7’1' N

Question 8.30 For the pair (G, H) as in Theorem 8.28, is the relative lower divergence
div(G, H) exactly exponential? What conditions do we need to put on the pair (G, H)
to force the lower relative divergence div(G, H) to be exactly exponential?

Corollary 8.31 Let G be a hyperbolic group and H an infinite quasiconvex subgroup
of G.If 0 < e(G, H) < oo, then div(G, H) is at least exponential.

Corollary 8.32 Let (G, P) be a relatively hyperbolic group and P an infinite periph-
eral subgroup. If 0 < e(G, P) < oo, then div(G, P) is at least exponential.

Corollary 8.33 Let (G, IP) be a relatively hyperbolic group and H an infinite strongly
relatively quasiconvex subgroup. If 0 < e(G, H) < oo, then div(G, H) is at least
exponential.

Remark 8.34 From the results of Corollary 8.31 and Theorem 6.7, we could extend
the result of Corollary 7.12. More precisely, there is a pair of groups (G, H), where G
is a one-ended CAT(0) group and H is an infinite cyclic subgroup of G such that
div(G, H) is exponential. For example, let G be the fundamental group of a hyperbolic
surface M and H the fundamental group of a closed essential curve C of M . Then G
is a one-ended CAT(0) group and it is also hyperbolic. Since the infinite cyclic sub-
group H is also quasiconvex, then div(G, H) is at least exponential. Also, div(G, H)
is dominated by the upper divergence of G (see Theorem 6.7) and the upper divergence
of one-ended finitely presented group is at most exponential (see [22, Lemma 6.15]).
Thus div(G, H) is at most exponential. Therefore, div(G, H) is exactly exponential.

In Theorem 8.28, we could not replace the condition “fully relative quasiconvexity” of
the subgroup H by the condition “relative quasiconvexity”. Readers could look at the
following theorem as a counterexample.
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Theorem 8.35 Let G = (ay,as,as3,b,c |[ay,as][asz,b] = e,[b,c] = e) and H be
the cyclic subgroup of G generated by c. Let P be the subgroup generated by b
and ¢. Then, G is a relatively hyperbolic group with respect to the subgroup P,
0 <e(G, H) < oo, H is arelatively quasiconvex subgroup and div(G, H) is linear.

Before giving the proof of Theorem 8.35, we need to review a result in Hruska [13].

Definition 8.36 [13, Definition 5.1] A CAT(0) 2—complex X has the isolated flats
property if there is a function ®: R4 — R4 such that for every pair of distinct flat
planes F; # F, in X and for every k& > 0, the intersection Ny (F;) N Ni(Fy) of
k —neighborhoods of F; and F, has diameter at most ®(k).

Theorem 8.37 [13, Theorem 1.6] Suppose a group G acts properly and cocompactly
by isometry on a CAT(0) 2—complex with the isolated flats property. Then G is
hyperbolic relative to the collection of maximal virtually abelian subgroups of rank
two.

We now give the proof for Theorem 8.35.

Proof We are going to show that G acts properly and cocompactly by isometry on a
CAT(0) 2—complex with the isolated flats property. It is obvious that
G = G1 * P,

<b;>=<byr>

where G = (a1, a,,as, by |[ay,az][as,bi]=¢e) and P = (b,,c|[b2,c]=¢). Let X;
be the presentation 2—complex of G and X, the presentation 2—complex of P. We
build the 2—complex presentation for G by identifying the 1—cell b; of X; and the

1—cell b, of X5 into one 1—cell called b. Let X 1 and X > be the universal covers of X ¥
and X, respectively. It is well known that we can put a metric on X, such that X;
becomes the 2—dimensional hyperbolic plane and G acts properly and cocompactly
on X, by isometry. Similarly, we can put a metric on X, such that X, becomes the
2—dimensional flat and P acts properly and cocompactly on X > by isometry. It is
obvious that the universal cover X of X is the union of copies of X 1 and X > such
that a copy of X 1 intersects a copy of X » in a bi-infinite arc labeled by b. Thus X
is a CAT(0) 2—complex with the isolated flats property. Moreover, the group G acts
properly and cocompactly by isometry on X . Therefore, G is a relatively hyperbolic
group with respect to the subgroup P by Theorem 8.37.

By examining the construction of X, we can see that e(G, H) = 1. Moreover, H isa
relatively quasiconvex subgroup since it is a subgroup of peripheral subgroup P. We
now show that the relative lower divergence div(G, H) is linear.
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First we show that |b"|g = |n|. Let m = |b"|g. Obviously, m =< |n|. There is a
homomorphism ® from G to Z that maps every element in S to the generator of Z.
Since m = |b"|g, then there is a word w in S U S~! with the length m such that
b" =G w. Therefore

b" =G $152 - Sm, where sie SUSTL.

Thus
D(") = D(s1) + P(s2) + -+ + D(sm).

Since ®(b")=n and ®(s;) =—1 or 1, then |n| <m. Thus |b"|s =m = |n|. Similarly,
c"]s = In].

We now show that dg(b™c”", H) = |m|. Denote dg(b™c", H)={. Obviously, £ <|m|.
There is a group homomorphism ¥ from G to Z that maps b to the generators of Z
and the remaining elements in S to 0. Suppose that dg(b™c", H) =dg(b™c", c”/) for
some ¢” in H. Thus there is a word w’ with the length £ such that 5"¢" =g ¢ w'.
Therefore,

b =g c"'slsy -5, wheresie SUST!.

Thus
W(B™) + W(c") = W(c™) + W(s)) + W(sh) + -+ U(s)).

Since W(b™) =m, W(c") = W(c") =0 and W(s;) = —1, 0 or 1, then |m| < £. Thus
ds(™c", H) = |m|.

Denote div(G, H) = {0, }. We will prove that o} is bounded above by a linear function.
More precisely, we will show o < nr for each r > 0.

We assume 7 is an integer. Let x =5b" and y =b"¢"". Then x and y liein dN, (H) and
dg(x,y)>nr. Let y be the path with vertices {b”,b"c,b"c?,...,b"c"}. Then, y is
apath in C, (H) connecting x and y. Thus d,(x, y) < oco. Moreover, d,,(x, y) <nr
since the length of y is nr. Thus ¢” < nr. Therefore, ¢/ is bounded above by a

0 0
linear function. O

Theorem 8.38 Let (G, P) be a relatively hyperbolic group and H a subgroup of G
such that 0 < (G, H) < oo. We assume that H is not conjugate to any infinite-index
subgroup of any peripheral subgroup. Then Div(G, H) is at least exponential.

Proof If H is a finite subgroup, then the relative upper divergence Div(G, H) is
equivalent to the upper divergence of G by Theorem 4.15 and Remark 4.7. Also, the
upper divergence of G is at least exponential by Sisto [22]. Thus Div(G, H) is at least
exponential.
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In the case that H is conjugate to a finite index subgroup of some peripheral sub-
group, we assume that H is a finite index subgroup of some peripheral subgroup
by Theorem 4.15. Thus div(G, H) is at least exponential by Theorem 8.28. Also,
div(G, H) is dominated by Div(G, H) by Theorem 4.14. Therefore, the upper relative
divergence Div(G, H) is also at least exponential.

If H is an infinite subgroup that is not conjugate to any subgroup of any peripheral
subgroup, H contains a hyperbolic element by Theorem 8.14. Thus Div(G, H) is at
least exponential by Proposition 8.26. |

Remark 8.39 In Theorem 8.38, if the group G is finitely presented, then the upper
divergence of G is exactly exponential. Therefore, the upper relative divergence
Div(G, H) is also exponential when the subgroup H is finite. However, it is still
unknown whether the upper relative divergence Div(G, H) is exactly exponential in
general, or what conditions we need to put on the pair (G, H) to make the relative
upper divergence Div(G, H) to be exactly exponential.
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