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Unit spectra of K-theory from
strongly self-absorbing C *-algebras

MARIUS DADARLAT
ULRICH PENNIG

We give an operator algebraic model for the first group of the unit spectrum g/, (KU)
of complex topological K-theory, ie [X,BGL;(KU)], by bundles of stabilized
infinite Cuntz C*-algebras O, @ K. We develop similar models for the localizations
of KU ataprime p and away from p. Our work is based on the Z—monoid model
for the units of K—theory by Sagave and Schlichtkrull and it was motivated by the
goal of finding connections between the infinite loop space structure of the classifying
space of the automorphism group of stabilized strongly self-absorbing C*-algebras
that arose in our generalization of the Dixmier—Douady theory and classical spectra
from algebraic topology.

46L.80, 55P42

1 Introduction

Suppose E*® is a multiplicative generalized cohomology theory represented by a
commutative ring spectrum R. The units GL; (E®(X)) of E°(X) provide an abelian
group functorially associated to the space X . From the point of view of algebraic
topology it is therefore a natural question, whether we can lift GL; to spectra, ie
whether there is a spectrum of units g/; (R) such that g/;(R)°(X) = GL{(E°(X)).

It was realized by Sullivan in [22] that g/, (R) is closely connected to questions of
orientability in algebraic topology. In particular, the units of K—theory act on the K—
orientations of PL-bundles. Segal [21] proved that the classifying space {1} x BU C
Z x BU for virtual vector bundles of virtual dimension 1 equipped with the H-
space structure from the tensor product is in fact a I'-space, which in turn yields
a spectrum of a connective generalized cohomology theory bug (X). His method
is easily extended to include the virtual vector bundles of virtual dimension —1 to
obtain a generalized cohomology theory gl; (KU)*(X) D bug (X) answering the above
question affirmatively: GL;(K°(X)) = gl,(KU)°(X). Later May, Quinn, Ray and
Tornehave [14] came up with the notion of E.,-ring spectra, which always have
associated unit spectra.
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Since g/; (R) is defined via stable homotopy theory, there is in general no nice geometric
interpretation of the higher groups even though R may have one. In particular, no
geometric interpretation was known for gl (KU)¥(X). In this article we give an
operator algebra interpretation of gl; (KU)'(X) as the group of isomorphism classes
of locally trivial bundles of C*-algebras with fiber isomorphic to the stable Cuntz
algebra O ® K with the group operation induced by the tensor product. In fact
one can also recover Segal’s original infinite loop space BBUg as BAut(Z ® K),
where Z is the ubiquitous Jiang—Su algebra [23]. For localizations of KU we obtain
that gl (KU p))l (X) is the group of isomorphism classes of locally trivial bundles
with fiber isomorphic to the C*-algebra M(,) ® Oxo ® K with the group operation
induced by the tensor product. Here M) is a C*-algebra with Ko(M(p)) = Z(,),
K1 (Mp)) = 0 that can be obtained as an infinite tensor product of matrix algebras.

Our approach is based on the work of Sagave and Schlichtkrull [18; 19], who devel-
oped a representation of g/, (R) for a commutative symmetric ring spectrum R as a
commutative Z—monoid. Motivated by the definition of twisted cohomology theories,
we study the following situation, which appears to be a natural setup beyond the case
where R is K-theory: Suppose G is an Z—space, such that each G(n) is a topological
group acting on Rj. To formulate a sensible compatibility condition between the group
action « and the multiplication u® on R, we need to demand that G itself carries an
additional Z—monoid structure 1 and the following diagram commutes:

Km XKn

G(m) X Ry, x G(n) X Ry,
(Mﬁi.nxuﬁ,n)wt Lué‘é.n

G(mUun) X Ry4»

Ry X Ry,

Rm+n

Km+n

Here © switches the two middle factors. Associativity of the group action suggests
that the analogous diagram, which has G(n) in place of R, and € instead of u®,
should also commute. This condition can be seen as a homotopy-theoretic version of
the property needed for the Eckmann—Hilton trick, which is why we will call such a G
an Eckmann-Hilton Z—group (EH-Z-group for short). Commutativity of the above
diagram has the following important implications:

e The Z-monoid structure of G is commutative (Lemma 3.2).

e The classifying spaces B, G(n) with respect to the group multiplication v of G
form a commutative Z-monoid n — B, G(n).

e If G is convergent and G(n) has the homotopy type of a CW—complex, then
the I'-spaces associated to G and B,G satisty B,I'(G) ~ I'(B,G), where
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Unit spectra of K—theory from strongly self-absorbing C*—algebras 139

B,I'(X) for a commutative Z-monoid X denotes the I'-space delooping of
I'(X) (Theorem 3.6).

Let Q°°(R)*(n) be the commutative Z-monoid with associated spectrum gl; (R). If
G acts on R and the inverses of G with respect to both multiplicative structures p©
and v are compatible in the sense of Definition 3.1, then the action induces a map of
I=spaces I'(G) — I'(2°°(R)*). This deloops to a map B,T'(G) — B, (Q*®(R)*)
and we give sufficient conditions for this to be a strict equivalence of (very special)
I'—spaces.

In the second part of the paper, we consider the EH-Z—group G 4(n) = Aut((A®K)®")
associated to the automorphisms of a (stabilized) strongly self-absorbing C*~algebra A.
This class of C*-algebras was introduced by Toms and Winter in [23]. It contains the
algebras O and M) alluded to above as well as the Jiang—Su algebra Z and the
Cuntz algebra O, . It is closed with respect to tensor product and plays a fundamental
role in the classification theory of nuclear C*-algebras.

For a strongly self-absorbing C*-algebra A, X — K(C(X) ® A) turns out to be a
multiplicative cohomology theory. In fact, this structure can be lifted to a commutative
symmetric ring spectrum KU along the lines of Higson and Guentner [10], Joachim
[12], and Dell’ Ambrogio, Emerson, Tamaz and Meyer [7]. The authors showed in
[5] that BAut(A ® K) is an infinite loop space and the first space in the spectrum of
a generalized cohomology theory E7(X) such that Eg (X) = Ko(C(X)® A)% . in
particular Egoo (X) = GL{(K°(X)), which suggests that E(*Ooo (X) = gl, (KU)*(X).
In fact, we can prove:

Theorem 1.1 Let A # C be a separable strongly self-absorbing C*-algebra.

(a) The EH-I —group G 4 associated to A acts on the commutative symmetric ring
spectrum KUZ inducing a map T'(G4) — T'(Q®°(KU4)*).

(b) The induced map on spectra is an isomorphism on all homotopy groups m,, with
n > 0 and the inclusion Ko(A4)} — Ko(A)™ on mg.

(c) In particular
BAut(A ® Ose ® K) ~ BGL(KU%),
gly (KU)' (X) = Bunx (4 ® O ®K),

where the lower right-hand side denotes the group of isomorphism classes of
C*-algebra bundles with fiber A ® O ® K with respect to the tensor product.
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140 Marius Dadarlat and Ulrich Pennig

We also compare the spectrum defined by the I'-space I"(B, G4) with the one obtained
from the infinite loop space construction used in [5] and show that they are equivalent.
The group gl, (KU4)!(X) alias E}l (X) is a natural receptacle for invariants of not
necessarily locally trivial continuous fields of C*-algebras with stable strongly self-
absorbing fibers that satisfy a Fell condition. This provides a substantial extension
of results by Dixmier and Douady with gl; (KU 4y replacing ordinary cohomology,
[5]. The above theorem lays the ground for an operator algebraic interpretation of the
“higher” twists of K—theory. Twisted K-theory as defined first by Donovan and Karoubi
[8] and later in increased generality by Rosenberg [17] and Atiyah and Segal [2] has a
nice interpretation in terms of bundles of compact operators [17]. From the point of
view of homotopy theory, it is possible to define twisted K-theory with more than just
the K(Z, 3)—twists (Ando, Blumberg and Gepner [1], and May and Sigurdsson [15])
and the present paper suggests an interpretation of these more general invariants in
terms of bundles with fiber Ox ® K. We will pursue this idea in upcoming work.

Acknowledgements The second named author would like to thank Johannes Ebert
for many useful discussions and Tyler Lawson for an answer to his question on math-
overflow.net. The first named author would like to thank Jim McClure for a helpful
discussion on localization of spectra. The first author was partially supported by NSF
grant number DMS—-1101305, the second by the SFB 878, Miinster.

2 Preliminaries

2.1 Symmetric ring spectra, units and Z-spaces

Since our exposition below is based on symmetric ring spectra and their units, we will
recall their definition in this section. The standard references for this material are [11]
and [13]. Let X, be the symmetric group on 7 letters and let S” = ST A---A ST be
the smash product of n circles. This space carries a canonical X,-action. Define S°
to be the two-point space. Let Top be the category of compactly generated Hausdorff
spaces and denote by Top, its pointed counterpart.

Definition 2.1 A commutative symmetric ring spectrum Ro consists of a sequence of
pointed topological spaces R, for n € Ng = {0, 1,2, ...} with a basepoint-preserving
action by X, together with a sequence of pointed equivariant maps n,: S” — R, and
a collection (i, , of pointed X, x X,—equivariant maps

Umun: Rm A Ry = Rmin

such that the following conditions hold:
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Unit spectra of K—theory from strongly self-absorbing C*—algebras 141

(a) Associativity: wp+q,r © (p,g NdR,) = ppg+r 0 (iIdR, Allg,r).
(b) Compatibility:
Kp,g © (p ATg) = Np+q
Mp,00 (idg, Ano) =idg,,
Ho,q © (no ANidg,) =idg,,
where we identify S A R pand Ry A S 0 with R, via the canonical maps.
(c) Commutativity: The diagram

Mm.n

Rin A Ry =2 Ry

twj Lfm.n

Ry AR —— Rytm
Mn,m
commutes, where tw is the flip map and 1y, 5 is the block permutation exchanging
the first m letters with the last n letters, preserving their order.

In order to talk about units in a symmetric ring spectrum with respect to its graded
multiplication ppm n: Rm A Ry — Rm4n we need to deal with homotopy colimits.
Given a small (discrete) indexing category J and a functor F: J — Top, ie a diagram
in spaces, we define its homotopy colimit hocolim s F' to be the geometric realization
of its (topological) transport category Tr with object space ]_[jeobj( n F() and
morphism space [ | jjreovjn) F (j) x hom7(j, j'), where the source map is given
by the projection to the first factor and the value of the target map on a morphism
(x, f) € F(j)xhomy(j,j) is F(f)(x) [25, Proposition 5.7].

To define inverses for the graded multiplication i of R, we need a bookkeeping device
that keeps track of the degree, ie the suspension coordinate. We follow the work of
Sagave and Schlichtkrull [18; 19], in particular [19, Section 2.2], which tackles this
issue using Z—spaces and Z-monoids.

Definition 2.2 Let Z be the category whose objects are the finite sets n = {1,...,n}
and whose morphisms are injective maps. The empty set 0 is an initial object in this
category. Concatenation m Ll n and the block permutations 7, ,: mUn — nlUm turn
7 into a symmetric monoidal category. An Z—space is a functor X: Z — Top,.

Moreover, an Z—space X is called an Z—monoid if it comes equipped with a natural
transformation p: X x X — X ol of functors Z? — Top,, ie a family of continuous
maps

Hmn: X(m)x X(n) — X(m U n)
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which is associative in the sense that p; ;4,0 (dx @)y Xm,n) = Witmun © (Wim X
id y(n)) for all I, m,n € obj(Z) and unital in the sense that the diagrams

X(0) x X(n) 225 X(n) X(n) x X(0) 2% X(n)
X(n) X(n)

commute for every n € obj(Z), where the two upwards arrows are the inclusion with
respect to the basepoint in X' (0). Likewise we call an Z-monoid X commutative if

X(m) x X(m) 2% X (m un)

SWL lfm,n*

X(n) x X (m) 2% X (nUm)

commutes. We denote the homotopy colimit of X" over Z by X7 =hocolimz(X). If X
is an Z-monoid, then (X}7, it) is a topological monoid as explained in [19, page 652].
We call X grouplike if wy(Xp7) is a group with respect to the multiplication induced
by the monoid structure.

Let A be the category associated to the directed poset Ng = {0, 1,2, ...}. Note that
there is an inclusion functor A/ — Z, which sends a map n — m to the standard
inclusion n — m. This way, we can associate a space called the telescope to an 7—
space X : Tel(X) := hocolimy X . If X is convergent, then Tel(X) — Xj7 is a weak
homotopy equivalence. Any space Y together with a continuous self-map f: Y — Y
yields a functor F: N'— Top with F(n) =Y, F(n — m) = f™ where f0m—"
denotes the composition of m —n copies of f. We will denote the associated telescope
by Tel(Y; f) or Tel(Y) if the map is clear.

As described in [19, Section 2.3], a symmetric ring spectrum R, yields an Z-monoid
Q(R) as follows: Let Q®(R)(n) = Q"(R,) with basepoint 7n,. A morphism
«: m — n uniquely defines a permutation &: n = I Lm — n, which is order-preserving
on the first / elements and given by o on the last m entries. Mapping f € Q™ (R;,)
to

gn MAL mAf Ml m

sn &g "L RUA Ry B Ry, — %~ Ry

yields the functoriality with respect to injective maps. The monoid structure is induced
by the multiplication of Re as follows

fng Mm,n
Uma(f.g): ST AS" EALS Ry AN Ry —— Ryp4n

Algebraic & Geometric Topology, Volume 15 (2015)



Unit spectra of K—theory from strongly self-absorbing C*—algebras 143

for f € Q™(R,,) and g € Q"(R,). If R is commutative, then 2°°(R) is a commu-
tative Z—-monoid.

Let Q%°(R)* be the Z-monoid of units of R given as follows: Q°°(R)*(n) is the
union of those components of 2°°(R)(n) that have stable inverses in the sense that
for each f € Q°°(R)*(n) there exists g € Q°°(R)(m), such that w, »(f, g) and
Hm,n(g, f) are homotopic to the basepoint of Q°°(R)(n Lim) and Q°°(R)(m L n)
respectively. Define the space of units by GL;(R) = hocolimz(2°°(R)*).

If R is commutative, the spectrum of units associated to the I'-space I'(2°°(R)*) will
be denoted by gl;(R). If R is convergent, then 7o((R2°°(R)*)xz) = GL{(70(R)),
['(R2°°(R)*) is very special and g/, (R) is an Q—spectrum.

3 Eckmann-Hilton Z-groups

As motivated in the introduction, we study the following particularly nice class of
Z-monoids.

Definition 3.1 Let Grp, be the category of topological groups (which we assume to
be well-pointed by the identity element) and continuous homomorphisms. A functor
G:Z — Grp, is called an Z—group. An Z—group G is called an Eckmann—Hilton
T—-group (or EH-Z—group for short) if it is an Z—-monoid in Grp, with multiplication
Wm.n» such that the following diagram of natural transformations between functors
7% — Grp, commutes:

(Wm.n X m ,n)oT

G(m)x G(m) X G(n) x G(n) ————— G(m Un) x G(m Un)

Vi XVp l lvm+n

G(m) x G(n) G(m Un)

Mm.n

(Here vy,: G(n) x G(n) — G(n) denotes the group multiplication and 7 is the map that
switches the two innermost factors.) We call G convergent if it is convergent as an
T—space in the sense of [19, Section 2.2]. If all morphisms in Z except for the maps
0 — n are mapped to homotopy equivalences, the EH-Z—group G is called stable
(this implies convergence).

Let t,,: 0 — m be the unique morphism. We say that an EH-Z—group has compatible
inverses if there is a path from (i, Uidy)«(g) € G(m Um) to (idy Uiy )«(g) for all
m € obj(Z) and g € G(m).
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The above diagram is easily recognized as a graded version of the Eckmann—Hilton
compatibility condition, where the group multiplication and the monoid structure
provide the two operations. Thus, the following comes as no surprise.

Lemma 3.2 Let G be an EH-Z—group. Then the Z—monoid structure of G is com-
mutative.

Proof Let 1,, € G(m) be the identity element. If ¢,,: 0 — m is the unique morphism,
then (,,4(19) = 1,,. For g € G(n),

Pmn(Im, &) = mn(mx(10). &) = (tm Uidn)xpo,n(lo, &) = (tm Uidn)«(g)
by naturality. Let g € G(n), h € G(m). Then
Wmn (s €) = mn(Vm (L, 1), v (g5 1)) = Vmtn(mn(Lms &) mon (hy 12))
= Vmntn((tm Uidn)+(g). (idm Utn)«(h))
= Vin4n(Tm,nx (1dn Uty) % (), Tmnx (ty Uidm )« (h))
= TnnxVn+m ((idn Utm) (), (tn Uidm) (1)) = Tm,nxbn,m (8, ).

In the last step we have used the fact that 7;; 4« is a group homomorphism. a

Lemma 3.3 Let G be an EH-Z—group with compatible inverses, let g € G(m), then
there is a path connecting pm m(g, g~ ') € G(m Um) and 1,1, € G(m Um).

Proof Just as in the proof of Lemma 3.2 we see that
Hm,m (g, €)= Vimtm((tm Uidm)«(g). (dm Uim)«(g™ ).
But by assumption (ids Ut;,)+(g™1) is homotopic to (i, Uidy )« (g7 1). We get

Vintm ((bm Uidm) «(g), (tm Uidm)*(g_l)) = (tm Uidm )+ (Vi (g, g_l))
= (tm Uidp )« (1m)

proving the claim. O

Let G be an EH-Z—group and let A,: Z — Z” be the multidiagonal functor that maps

nto (n,...,n) € obj(Z"). Then we obtain an Z-monoid G from this via
G (n)=(Gx--xG)oA,(n) =G(n),
~————
r times

where we define G© (n) to be the trivial group and G(!) (n) = G (n). The multiplication
is given by

Mg,);ﬁ G(m) xG(n)" — (G(m) xG(n))" > GmUn)",
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where the first map is reshuffling the factors in an order-preserving way and the second
map is imn = /1,,(11,),1. We can rephrase the fact that ¢4: G(m) — G(n) is a group
homomorphism for every ¢ € mor(Z) by saying that ve: (G X G)o A, — G is a natural
transformation. Thus, we obtain face maps of the form

din: GO(n) > G D(n)

(g2,---,gr) lfl:()’
(&15---- &) > (&1, vn(gis &Git1)s -, &r) iFO<i <,
(81,1 8r=1) ifi =r,

and corresponding degeneracy maps S; p: G — G+ which insert the identity of
G(n) after the i™ element. Altogether, we see that G is a simplicial Z—space. If
we fix n, then G® (n) is a simplicial space. Its geometric realization is the classifying
space of the group G(n), which we will denote by B,G(r). Any morphism ¢: m —
n in 7 induces a simplicial map G® (m) — G® (n) and therefore a map on the
corresponding classifying spaces: B, G(m) — B,G(n). This way n — B, G(n)
becomes an Z-space, of which we can form the homotopy colimit (B, G)j7.

Alternatively, we can first form the homotopy colimit of the r—simplices to obtain
the simplicial space G}(lrz) = hocolimy G . Let B,(Gyz) := |G}(z.z)| As the notation
already suggests there is not much of a difference between these two spaces.

Lemma 3.4 Let J be a small (discrete) category, and let X be a simplicial J —space.
Then, ¢ — |X®)(c)| is a J—space, r — hocolim; X" is a simplicial space and
there is a homeomorphism |hocolim; X ()| 2 hocolim 7| X ®)| . In particular, we have
(ByG)yr = By (Gpz) =: ByGjz. Given another category J', a functor F: J — J’,
a simplicial 7' —space X' and a natural transformation k: X = X' o F, the following
diagram, in which the vertical maps are induced by F and k, commutes:

~

|hocolim 7 X (®| hocolim 7| X ¥

| |

|hocolim 7+ X”(®)] hocolim 7/ | X'(®|

~

Proof The first two statements are clear, since the face and degeneracy maps are maps
of J—spaces. In particular, the space X ) of r—simplices is a 7 —space. Let C};) be
the transport category of X ) and let N Cg;) be the s space of the nerve of CSP.
This is a bisimplicial space and we have

lhocolimz X | = [|N;C¥sr = ||NsCP)r |5 = hocolim 7| X ®).
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The functor F' in combination with the natural transformation yield a map of bisim-
plicial spaces N C)(f) — NsCf‘f,). So the last claim follows from the fact that the
homeomorphism ||NsCf‘f)|s|r ~ ||NsCf‘f)|,|s is natural in the bisimplicial space. O

Lemma 3.5 Let G be a stable EH-T—group, such that G(n) has the homotopy
type of a CW—complex for each n. The inclusion map G(1)"" — G}(l';) induces
a homotopy equivalence for every m € N. In particular, B,G(1) — B,Gyz is a
homotopy equivalence.

Proof Since we assumed all maps G(m) — G(n) to be homotopy equivalences for
every m > 1, the lemma follows from [19, Lemma 2.1] together with [21, Propo-

sition A.1(ii)]. |

Due to the Eckmann-Hilton condition the following diagram commutes:

(r)
G (m) x GT) (n) fomn G (m un)
di,dei,nl jdi.mun
GOV (m) x GOV () ——= G (m un)
Mm,n

Thus, G is a simplicial Z-monoid, which is commutative by Lemma 3.2. This
implies that n > B, G(n) is a commutative Z-monoid. Let B,G®): T8 — Top,, be
the Z*—space given by B, G (ny,...,ns) = B,G(ny)x---x B, G(ny). As explained
in [19, Section 5.2] there is a I'-space I'(B,G) associated to B,G constructed as
follows: For a pointed set (S, %) let S = S\ {*} and let P(S) be the power set of .S
considered as a category with respect to inclusion. We define D(.S) to be the category
of those functors P(S) — Z that map disjoint unions of sets to coproducts of finite
sets. The morphisms in D(S) are natural transformations. Then

['(B,G)(S) = hocolimp sy ByG* o g,

where 7g: D(S) — Z% is the canonical projection functor, which restricts to one-
point subsets. All G are commutative Z—monoids. Therefore we have analogous
I'—spaces I'(G")) and T'(G). Following [21, Definition 1.3], we can deloop I'(G):
Let Y ©)(S) =T(G)([k]AS). This is a simplicial space and B,T'(G)(S) = 1Y@ (S)|
is another I'-space.

In [3], Bousfield and Friedlander discussed two model category structures on I'-spaces:
a strict and a stable one. The strict homotopy category of very special I'-spaces is
equivalent to the stable homotopy category of connective spectra [3, Theorem 5.1].
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Instead of topological spaces, Bousfield and Friedlander considered (pointed) simplicial
sets as a target category. The discussion in [20, Appendix B] shows that this difference
is not essential. Recall from [3, Theorem 3.5] that a strict equivalence between I'—
spaces X and Y is a natural transformation f: X — Y, such that fs: X(S) — Y (S)
is a weak equivalence for every pointed set S with |S| > 2. This agrees with the notion
of strict equivalence given in [20].

Theorem 3.6 Let G be a convergent EH-Z—group, such that each G(n) has the
homotopy type of a CW—-complex. Let B, Gz be the classifying space of the topo-
logical monoid (Gpz, ). There is a strict equivalence of very special I'-spaces
B,TI'(G) ~ I'(B,G) inducing a stable equivalence of the induced spectra in the stable
homotopy category.

In particular, B,Gyz ~ B, Gpz. If G is stable, then B, Gz is a classifying space for
principal G(1)-bundles and B, G(1) is an infinite loop space.
Proof Let G"%): I% — Top, be the simplicial Z°—space given by

G (ny,....n5) =GP (my) x--x G (ny).

Observe that G"%) o7 is a simplicial D(S)-space with |G org| = B,G®ong;
therefore Lemma 3.4 yields a homeomorphism T'(B,G)(S) = |T'(G®)(S)|. By the
commutativity of the diagram in Lemma 3.4, this is natural in .S'. Let

IT(G®)[(S) := [T(GO)(S)].

We obtain a levelwise homeomorphism of [—spaces I'(B, G) = |T'(G®)|. In particular,
this is a strict equivalence. The projection maps

7 GO(n) = G(n) — Gn) = GV ()

induce
7: T(GP)(S) = T(G)(S) x---x T(G)(S).

For S =S° we have I'(G")(S) = G,(lrz), I'(G)(S)=Gyz. 7 fits into the commutative

diagram

G,(lrz) Gur X---XGpr

~T ~
~

Tel(G ") T Tel(G) x - - - x Tel(G)
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in which the homotopy equivalences follow from [19, Lemma 2.1], since G is conver-
gent. Note that

Tk (Tel(G) ") = lim(mx (G () x -+ x mx (G(m))),
where the limit runs over the directed poset No. Moreover,

7 (Tel(G)') = lim(m (G(m1)) X -+ X m (G (ny ).

where the limit runs over the poset NJ. The map 7 is induced by the diagonal
Ay: No — N . Since the subset A,(Ny) is cofinal in N, we obtain an isomorphism
on all homotopy groups and therefore — by our assumption on G — a homotopy
equivalence.

Let now S be arbitrary, and s = |S|. Let G,(lgs) = hocolimzs G, By [19, Lemma
5.1], the natural map

r(G")(s) - G\

(l’s) iS

is an equivalence. From the above, we obtain that #: G — G}(III’S) XX Gy

hT
an equivalence. The diagram

T(GM)(S) —==T(G)(S) x---x T(G)(S)

:L lf_v

(r.9) 7 (1,5) (1,5)
GhI ~ GhI X"'XGhz

shows that  is an equivalence for arbitrary S, which in turn implies that the induced
map 7 BMF(G(’))(S) — BuI'(G)(S) x---x B, I'(G)(S) is an equivalence as well.
Now observe that B, |T'(G®)|(S) = |B,T'(G®)|(S) and [k] — B, (GP)(S) is
a simplicial space satisfying the properties of [21, Proposition 1.5]. In particular,
o (BuI'(G)(S)) = mo((BuwGpz)®) is trivial. Therefore

BuT(G)(S) — Q|BLT(G®)|(S) = QBLIT(G®)|(S)

is a homotopy equivalence, which is natural in S'. Altogether we obtain a sequence of
strict equivalences

['(B,G) ~ QB,T(B,G) ~ QB,|T(G®)| ~ B,T(G).

We used that B, G is connected (and therefore I' (B, G) is a very special ['-space) in
the first step. S = S° together with Lemma 3.5 yields B,G(1) ~ B, G ~ B, Gz
in the case where G is stable. a
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3.1 Actions of Eckmann-Hilton Z—groups on spectra

As was alluded to in the introduction, the compatibility diagram of an EH-Z—group G
from Definition 3.1 enables us to talk about the action of G on a commutative symmetric
ring spectrum R.

Definition 3.7 Let G be an EH-Z—group and let R be a commutative symmetric ring
spectrum. Then G is said to act on R if G(n) acts on R, via k,: G(n) X R, —> R,
so that:

(i) «p preserves the basepoint of R, and is X,—equivariant, where ¥, acts on
G(n) x R, diagonally and G(0) acts trivially on Ry.

(i) The action is compatible with the multiplication in the sense that the following
diagram commutes

Km XKn

G(m) X Ry, x G(n) X Ry,
(/Lf,’;,nxurﬁ,n)orl ju,’f;,n

G(mUn) X Ry4n

Ry AN Ry,

Rm+n

Km+n

where t denotes the map that switches the two inner factors.

(iii) The action is compatible with stabilization in the sense that the following diagram
commutes for /,m,n € No with [ +m =n, 0y, = g m © (N ANidg,,) and the
order-preserving inclusion ty, : m — n onto the last m elements:

idSl AKm

G(m) x (S A Rp) SUA Ry,

lm.nx X0 m l jal,m

Theorem 3.8 An action of an EH-Z—group G on a commutative symmetric ring
spectrum R defines a map of Z-monoids G — Q°°(R), which sends g € G(n) to
g M :=kn(g,nn) € L®(R)(n) = Q"R,. If G has compatible inverses, this factors
over a morphism G — Q°°(R)* of commutative Z—-monoids, which deloops to a map
B, I'(G) — BuT'(Q%°(R)*). In particular, we obtain B;,Gpr — BGL{(R).

Proof To see that G — Q°°(R) really defines a natural transformation, observe that
each morphism o: m — n factors as @ = @ o ¢, , wWith @ € X, as explained in the
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paragraph after Definition 2.2. Now note that

(g Nm) =0 puf (A (g Nm)) 0 & =& 0ty na(g) - fy (1t Am) 0!
= x(g) @0y o ' = ax(g) M.

where we used (i) and (iii) of Definition 3.7. That G — Q°°(R) is a morphism of
Z-monoids is a consequence of (ii). Indeed, for g € G(m), h € G(n),

1R (g nm o) = uG (g h) - 1R i) = 16 (8. 1) Nman.

If G has compatible inverses, then g—! provides a stable inverse of g € G(n) by
Lemma 3.3. Forming homotopy colimits, we obtain a morphism of topological monoids
Gpz — GL1(R), which deloops. a

3.2 Eckmann-Hilton Z—groups and permutative categories

Given a permutative category (C, ®) and an object x € obj(C), there is a canonical
commutative Z—monoid E associated to it: Let E,(n) = End¢(x®") (with x®° =
I¢), let @ € X, be the permutation associated to a morphism «: m — n as above and
define ay: Ex(m) — Ex(n) by sending an endomorphism f to & o (id,@n—m ® f) 0
a~!, where the permutation group X, acts on x®” using the symmetry of C. The
monoid structure of E is given by

ne: Ex(m)x Ex(n) > Ex(mun), (f.g)—~ f®zg.

Let Ax(n) = Aute(x®") together with the analogous structures as described above.
This is an Eckmann—Hilton Z—group. Let Cx be the full permutative subcategory of C
containing the objects x®", n € Nj.

Definition 3.9 A strict symmetric monoidal functor 8: Z — C, will be called a
stabilization of x if (1) = x and for each morphism «: m — n in Z and each
f € Ex(m) the following diagram commutes:

0(m) —L 0(m)

O(a)t jQ(Ot)

On) 5 0m)

Lemma 3.10 Let t1: 0 — 1 be the unique morphism in Z. The map that associates

to a stabilization 6 the morphism 6(t1) € home(l¢, x) yields a bijection between
stabilizations and elements in hom¢(1¢, x).
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Proof Note that a stabilization is completely fixed by knowing 6(t1), therefore the
map is injective. Let ¢ € home(1¢, x). Define 8(n) = x®" on objects. Let a: m — n
be a morphism in Z and let « = @& o (;;,, be the factorization as explained after
Definition 2.2. Define

O(tmn) = e®"™™ @id em: x&" = lg(n_m) R x®M 5 x®n

and let () be the permutation of the tensor factors. The decomposition o = @ 0
is not functorial, due to the fact that 8 oo and B o (id Uer) differ by a permutation.
Nevertheless 6(«) = () 0 6(4n,,) turns out to be functorial due to the permutation
invariance of <p®k. It is straightforward to check that this is also strict symmetric
monoidal. Let f: x®” — x®™ be in E,(m). We have

0(a)o f =@o(p®" ™™ Qid, @m)o f =@o(id,@n-m ® f )o@ ‘o (a) =ax(f)ob ().

This shows that the map is also surjective. a

As sketched in [21] there is a ['-space ['(C) associated to a I'-category .A¢, which is
constructed as follows: Let S be a finite pointed set and denote by S the complement
of the basepoint of S, then the objects of A¢(S) are families {xy € obj(C) | U C
§} together with isomorphisms ay,p: Xy ® xy — xyuy, whenever U NV = &,
compatible with the symmetry of C and such that xz = 1¢ and xy ® xz — Xy is the
identity. The morphisms of A¢(.S) are families of morphisms By, y’: Xy — Xy in C
such that

ay,.v
Xy ® Xy Xyuv
Bu.ur®By v j LﬂUuV,U’UV’
Xy @ Xyr — Xyruy’
U’ v’/

commutes. We define I'(C)(S) = | Ac(S)]. Let Cy be the full (permutative) subcategory
of C containing the objects x®” for n € Nj.

In the next lemma we will introduce a technical tool from simplicial homotopy theory:
The nerve of a topological category D is the simplicial space N,D = Fun([n], D),
where [n] is the category of the directed poset {0, ..., n}. We define the double nerve of
D as the bisimplicial space No NeD with Ny, N D = Fun([m]x[n], D). It consists of an
m x n—array of commuting squares in D. The diagonal functors diag,: [n] — [n] X [n]
induce a simplicial map ¢,: N, N,D — N,D.

Lemma 3.11 The simplicial map ¢, induces a homotopy equivalence

|N0N0D| — |N.D|
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Proof To construct the homotopy inverse, let maxy,: [r] x [n] — [r] be given by
maxy (k,{) = max{k, £}, which completely determines its value on morphisms. We
have max,odiag, = id[,). Let (k,£) € [n] x [n]. There is a unique morphism
Kk,e): (k,£) — (max{k, £}, max{k, £}). Therefore there is a natural transformation
K idp)x[a) — diag, o max, . From «, we can construct a functor /: [n] x [n] x [1] —
[1] x [n], which induces

H: N,N, D xhom([n]x[n],[1]) = NyN,D
(F, ) > Foho (idpxu) X f) o diagp,1x[x] -
After geometric realization, / yields a homotopy inverse of diag, o max, . a
Let Sg: Cx — Cx be the functor x®”" > x®@+1 and 1+ f Qid,. Observe that
|Tel(NiCx: NiSe) i = Tel(| NeCx[; [ No Sg[) = Tel(| NeCx|)

by Lemma 3.4 and that 6 provides a natural transformation id¢, — Sg . Therefore we
obtain a map Tel(|NeCx|) — | NeNoCyx|.

Lemma 3.12 The map Tel(] NeCx|) — | Ne NoCyx| constructed in the last paragraph is
a homotopy equivalence.

Proof 0 yields a natural transformation idc, — Sg . Therefore | NeSg| is homotopic
to the identity and the map |NeCx| — Tel(|NeCx|) onto the O—skeleton is a homotopy
equivalence. Likewise, | NeCx| — | Ne NeCx|, induced by the simplicial map N;Cy —
N¢NyCx sending a diagram to the corresponding square that has £ copies of the
diagram in its rows and only identities as vertical maps, is a homotopy equivalence by
Lemma 3.11 since composition with ¢, yields the identity on Ny;Cx . The statement
now follows from the commutative triangle

Tel(| NoCx|) |No NoCx|

N AL

|N.Cx

which finishes the proof. O

Theorem 3.13 Let x € 0bj(C) and let 8: T — C, be a stabilization of x. Let G = Ax.
There is a map of I'—spaces

®y: T(ByG) — I'(Cy).

If G is convergent and there exists an unbounded non-decreasing sequence of natural
numbers A, such that B,G(m) — |NeCx| is A, —connected for all m > n, then Oy is
an equivalence as well.
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Proof Lemma 3.4 yields a homeomorphism I'(B,G)(S) = |T'(G®)(S)| with
T'(G")(S) = hocolimp sy G o 7s.

The last space is the geometric realization of the transport category TG(r ) (S) with
object space || deobi(D(S)) G "9 (g (d)) and morphism space

mor(7¢7($) =[] G (rs(d)) xhomps)(d.d").
d,d’ €obj(D(S))

Given a diagram d € obj(D(S)), we obtain nyy = d(U) € obj(Z) for every U C S and
define n; = d({i}). Let (g1,...,gs) € GO (ny) x---x G (ng). We may interpret
gi as an r—tuple (gj,i)je(1,...,r; Of automorphisms g;; € G(n;) = Autc(6(n;)). If
U,V C S are two subsets with U NV = &, then d yields two morphisms ny — nyuy
and ny — nyyy, which form an isomorphism (y,y: ny Uny — nyyy in . Let
ayy =0(y,y): 0(ny) ® 0(ny) — O(nyyy). Let Lliji n; — ny be induced by the
inclusion {i} C U and define g; v = [];cy tfy(gj.i)- This does not depend on the
order in which the factors are multiplied. The elements g; y fit into a commutative
diagram

xy. v

O(ny) ® O(ny) O(nyuy)
gj,U®gj,VJ lgj,UUV
O(ny) ® 0(ny) ————— 0(nyuy)
Thus, we can interpret the families g; iy for j € {1,...,r} as an r—chain of automor-

phisms of the object (6(ny ), ay,y) in Ac, (S).

Let d’ be another diagram, let my = d'(U), (. p: my Umy — myyy and let
Bu,y = 0(iy, ). A natural transformation d — d’ consists of morphisms ¢y : ny —
my for every U € P(S). Let fy = 0(¢y). Then, the following diagrams commute:

O(ny) —2~ f(ny) O(ny) ® O(ny) ——"—~ B(nyuy)
fUl lfu fU®fVl lfUuV
Q(mU)me(mU) 9(’"U)®9(mV)W9(mUUV)

The first since 6 is a stabilization; the second by naturality of the transformation. This
is compatible with respect to composition of natural transformations of diagrams.
Altogether we have constructed a bisimplicial map NgTG(’ )(S ) = N¢N;Ac, . (S).
Combining this with NyNyAc, (S) — NyAc,(S) from Lemma 3.11, we obtain
I'(ByG)(S) — I'(Cx)(S) after geometric realization.
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It remains to be proven that this map is functorial with respect to morphisms «: S — 7'
in ['°P. Recall that

NS =[] TT16@i(sh)xhomps)(dy. da)x--xhompsy(de—1. dp).
d],...,dg SES

€obj(D(S))

Let kx: N7, (r)(S) — Ny (r)(T ) be the induced map as defined in [19, Section 5.2].
We have

kx((g),i)ies, jeto...., r},(Pla---a(Pe_l)Z((hj,k)keT,je{O ..... r},K*fpl,---,Kwe_l),

where hj j = Hie;c—l(k) l,fcfl(k)*(gj,i). If the left-hand side lies in the component
(di,...,dy), then the right-hand side is in (k«dy,...,kxdy) With (kxdp)(V) =
dm (k1 (V) for V C T. Likewise (kx¢™)y = @1 (py- The functor kx: Ac, (S) —
Ac. (T) sends the object

(v.auy)ypes o (1@ 0 @ ) g T

and is defined analogously on morphisms. Observe that the composition N, gT(r )(S ) —
Nﬂ'(r)(T) — NyNyAc,.(T) maps (gj,i)ies,je{o,...,r} to the r—chain of automor-
phisms given by % y: 0(k«d(V)) — 0(k«d(V)) with

hiv=T1 T1 GG od )@= 1 dig)(@) = g1y

keViek—1(k) iexk—1(V)

for V. .C T. The transformations ¢™ are mapped to 6(¢ —l(V)) fxnll(V)‘ This
implies the commutativity of

NeTE(S) NeTE(T)
%l L%
NNy Ac, (S) - NNy Ac, (T)

and therefore functoriality after geometric realization.

To see that ®y is an equivalence for each S it suffices to check that B, Gpz — | NeCx|
is a homotopy equivalence due to the following commutative diagram:

['(ByG)(S) —= T'(Cx)(S)

:l l:

(BthI)S |Nocx|s
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Let Tel(|NeCx|) be the telescope of |NeSg| as defined above. The conditions on
the maps B, G(n) — |NeCx| ensure that Tel(B,G) — Tel(|NeCx|) is a homotopy
equivalence. Now we have the commutative diagram

:] ]:

Tel(ByG) — Tel(| NoCx|)

in which the upper horizontal map is the one we are looking for. This finishes the
proof. O

4 Strongly self-absorbing C *-algebras and gl, (KU *)

A C*-algebra A is called strongly self-absorbing if it is separable, unital and there exists
a x—isomorphism ¥: A — A ® A such that v is approximately unitarily equivalent
tothemap I: A > A® A, l(a) = a ® 14 [23]. This means that there is a sequence of
unitaries (u#,) in A such that ||u,@(a)u;; —I(a)|| — 0 as n — oo for all @ € A. In fact,
it is a consequence of [6, Theorem 2.2] and [26] that ¥, / and r: A - A ® A with
r(a) = 14 ®a are homotopy equivalent and in fact the group Aut(A) is contractible [5].
The inverse isomorphism ¥~ equips K+(C(X)® A) with a ring structure induced by
the tensor product. By homotopy invariance of K-theory, the Ky—class of the constant
map on X with value 1 ® e for a rank 1-—projection e € K is the unit of this ring
structure. Given a separable, unital, strongly self-absorbing C*-algebra A4, the functor
X K«(C(X)® A) is a multiplicative cohomology theory on finite CW—complexes
with respect to this ring structure.

4.1 A commutative symmetric ring spectrum representing K-theory

A C*-algebra B is graded if it comes equipped Z/2Z—action, ie a x—automorphism
a: B — B, such that o =idp. A graded homomorphism ¢: (B,a) — (B’,a’) has
to satisfy ¢ o = o’ o ¢. The algebraic tensor product B ® B’ can be equipped with
the multiplication and *—operation

@Ob)d Bb)= (=D (ua' Sbb) and (a Db)* = (=) (* O b*),

where a,a’ € B and b, b’ € B’ are homogeneous elements and da denotes the degree
of a. It is graded via d(a ® b) = da + db modulo 2. The (minimal) graded tensor
product B ® B’ is the completion of B ® B’ with respect to the tensor product of
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faithful representations of B and B’ on graded Hilbert spaces. For details we refer the
reader to [4, Section 14.4].

We define S = Cy (R) with the grading by even and odd functions. The Clifford
algebra C{£; will be spanned by the even element 1 and the odd element ¢ with ¢2 =1.
The algebra K will denote the graded compact operators on a graded Hilbert space
H = Hy® H; with grading Ad,, u = ((1) _01 ) , whereas we will use K for the trivially
graded compact operators. If we take tensor products between a graded C*-algebra and
a trivially graded one, eg C£; ® K, we will write ® instead of &. It is a consequence
of [4, Corollary 14.5.5] that (C¢; ® K) ® (Cl; ® K) =~ M>(C) ® K = K, where

M>(C) is graded by Ad, with u=(} 9).

As is explained in [7, Section 3.2; 12, Section 4], the algebra S carries a counital,
coassociative and cocommutative coalgebra structure. This arises from a 1:1 corre-
spondence between essential graded *—homomorphisms S — A and odd, self-adjoint,
regular unbounded multipliers of A [24 Proposition 3.1]. Let X be the multlpher
correspondlng to the 1dent1ty map on S . Then, the comultlphcatlon A:S—>S®Sis
given by 1 ® X + X ® 1, whereas the counit e: S—C corresponds to 0 € C, ie it

maps f +— f(0).

Definition 4.1 Let A be a separable, unital, strongly self-absorbing and trivially
graded C*-algebra. Let KU ;4 be the sequence of spaces

KU = homg (8, (CL; ® A @ K)®),
where the graded homomorphisms are equipped with the point-norm topology.
KU ,‘14 is pointed by the 0—homomorphism and carries a basepoint-preserving %, —
action by permuting the factors of the graded tensor product (this involves signs!).
We set B®0 = C and observe that KU, (‘;1 is the two-point space consisting of the 0—

homomorphism and the evaluation at 0, which is the counit of the coalgebra structure
on §.

Let pm,n be the following family of maps:
tmn: KUAAKUL - KUL, ., oAy (@@v)oA.

To construct the maps 7,: S"* — KUA, note that ¢ — t¢ is an odd, self-adjoint,
regular unbounded multiplier on Cy(R, C£;). Therefore the functional calculus for
this multiplier is a graded *—homomorphism S — Co(R,Cty). This in turn can be
seen as a basepoint-preserving map S! — homgr(§ ,Cy). Now consider

Co(R,Cly) = CoR,Cl @ ARK), [ f@(1®e),
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where e is a rank 1-projection in K. We obtain a graded *«—homomorphism 7;: S -
Co(R,Cl; ® A ®K) after concatenation, and from this a continuous map 7;: S! —
homgr(§ , (CZ1A® A®K). We define ny: S° — K U{)1 by sending the non-basepoint to
the counit of S. Now let

fin: S = Co(R", (CL @ AQK)®")  with 7y = (7, &+ ® 1) 0 Ay

where A,: S — §®" is defined recursively by Ay = id§, A, = A and A, =
(A®id)o A,_; for n> 3. This yields a well-defined map 7,: S" — KU,’?.

Theorem 4.2 Let A be a separable, unital, strongly self-absorbing C*-algebra. The
spaces KUZ together with the maps We,e and ne form a commutative symmetric ring
spectrum with coefficients

(KUY = Ku(A).

Moreover, all structure maps KU;;1 — QKU;;I_H are weak homotopy equivalences
forn=>1.

Proof It is a consequence of the cocommutativity of A that A, is X, —invariant, ie for
a permutation 7 € X, and its induced action 74: S ®" — §®” we have t40 A, = A,,.
If we let T act on

Co(R", (Cl; ® A ®K)®") = (Co(R, CL, ® 4 @ K))®"

by permuting the tensor factors, then we have that 7, is invariant under the action of
>, since

ol =10(( ® - ®N)oAy={1 & - ®N1)0otx0 Ay =1

which proves that 7, is X, —equivariant. The %,, X X,—-equivariance of js, , is clear
from the definition of the X,,,,—action on KU ;:11 4 and the symmetry of the graded
tensor product. Associativity of jie e (see Definition 2.1(a)) is a direct consequence of
the coassociativity of S and the associativity of the graded tensor product. The map

Wm,n(Mm A np) corresponds to the *—homomorphism
(ﬁm®ﬁn)°A =1 ®®ﬁl O(AméAn)oA-
~——— —
n-+m times

By coassociativity we have (A, ® Ap) o A = Apipn. Therefore (Mm ® NMn)o A =
Nm+n > Which translates into the first compatibility condition of Definition 2.1. The
other compatibility conditions are consequences of the fact that S is counital. The
commutativity of (e e follows from the definition of the permutation action and the
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cocommutativity of the coalgebra structure on S. Thus, the spaces KUZ indeed form
a commutative symmetric ring spectrum.

To see that the structure maps induce weak equivalences, observe that for k > 1,
Tk (KUY = mo(QFKUZ) = 7 (homg (S, Co(R¥, (CL; @ K ® 4)®M))).

The algebra C£; ® K with trivially graded K is isomorphic as a graded C*-algebra
to C¢; ® K, where K = K(Hy @ H_) is equipped with its standard even grading.
Therefore,

Co(R¥, (CEL; @ K ® 4)®") = Co(RF(CL; @ 4)®") & R®"
~ Co(R¥, (Cl; @ )P ®K

and by [24, Theorem 4.7]

7o (homg: (8, Co(R¥, (Tt ® 4)®") @ K) = KK(C. Co(R¥, (Cl; @ 4)®™))
= Kk—n (A)

where we used Bott periodicity and the isomorphism A®” = A in the last map. The
structure map KU ,‘14 — QKU "14 1 1s now given by exterior multiplication with the class
in KK(C, Cy(R,Cl; ® A)) represented by 771 . But by definition this is a combination
of the Bott element together with the map 4 ® K — (4 ® K)®? that sends a to
a® (1 ® e), which is homotopic to an isomorphism, since A is strongly self-absorbing.
Thus, both operations induce isomorphisms on K-theory and therefore also on all
homotopy groups. Finally, we have for n € Z

T (KUZ) = colimy o0 nn+k(KU,‘;1) >~ K,(A). O

Remark 4.3 As can be seen from the above proof, the fact that A is strongly self-
absorbing (and not just self-absorbing, which would be 4 =~ A ® A) is important for
the spectrum to be positive fibrant.

Remark 4.4 Note that the spectrum KUZ is not connective. However, the Z—monoid
Q%°(R)* of a symmetric ring spectrum R only “sees” the connective cover. In fact,
Q%> (R)y7 is its underlying infinite loop space. This was already remarked in [18,
Section 1.6] and was the motivation for the introduction of 7 —spaces to also capture
periodic phenomena.
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4.2 The Eckmann-Hilton Z-group G4

Let A be a separable, unital, strongly self-absorbing algebra and let
G4(n) = Aut((4 ® K)®")
(with (4 ® K)®9 := C, such that G4(0) is the trivial group). Note that o0 € X,, acts

on G 4(n) by mapping g € G4(n) to 6 ogoo~!, where o permutes the tensor factors
of (A®K)®". Let g € G4(m) and a: m — n. We can enhance G4 to a functor
G4: T — Grp, via
ax(g) = ¥ o (id( ygx)®0—m ®g)od
with & as explained after Definition 2.2. Moreover, G4 is an Z-monoid via
Pmn: Ga(m) x G4(n) —> G4(mUn), (g,h)+—>gQh.

Note that 0 and 4o, are induced by the canonical isomorphisms C ® (4 ® K)®" =~
(A®K)®" and (A ®K)®" ® C = (4 @ K)®™ respectively.

Theorem 4.5 G4 as defined above is a stable EH-Z —group with compatible inverses
in the sense of Definition 3.1.

Proof The commutativity of the Eckmann—Hilton diagram in Definition 3.1 is a
consequence of (g®h)-(g'®h)=(g-g")R(h-h') for g, g’ € G4(m) and h,h' € G4(n).
Well-pointedness of G4(r) was proven in [5, Proposition 2.6]. To see that non-
initial morphisms are mapped to homotopy equivalences, first observe that G 4 maps
permutations to homeomorphisms; therefore it suffices to check that

Aut(4 @ K) - Aut((A®K)®"), g+ g ®id4gK)@m-

is a homotopy equivalence. But the target space is homeomorphic to Aut(4 ® K) via
conjugation with a suitable isomorphism. Altogether it is enough to check that we can
find an isomorphism ¥: 4 ® K — (4 ® K)®? such that

Aut(4 ®K) > Aut(AQK), g+ ¥ lo(g®idggr) oy

is homotopic to idaw(4@K)- Let fﬁ\: I x (A®K) = (4 ®K)®? be the homotopy of
[5, Theorem 2.5] and let ¢ = w(%). Then
H: I x Aut(4 @ K) — Aut(4 ® K)

PG e (g @idgr) 0Y(§) for0<i <L,
& g fort =0,

satisfies the conditions.
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Let g € G4(m). To see that there is a path connecting (t, Uidm)«(g) =1d 4gK)em ®F
to gQid(4gK)®m , Observe that 74: AQA— A® A with T4(a®b) =b®a is homotopic
to the identity by the contractibility of Aut(4 ® A) =~ Aut(A) [5, Theorem 2.3].
Similarly, there is a homotopy between tx: KQK - K®K with tx (SQT)=T®S
and the identity since Aut(K ® K) = PU(H) is path-connected.

Thus, we obtain a homotopy between the identity on (4 @ K)®” ® (4 ® K)®™ and
the corresponding switch automorphism

Tm: (AQK)®" @ (AR K)®" - (AQK)®" @ (4 9 K)®™.

But, Tm © (id(A®K)®m ®g) o TrZI =g ® id(A@K)@m . O

Recall that KU ,‘;1 = homgr(§ (CLh AR K)é’”). There is a unique isomorphism that
preserves the order of factors of the same type:

O: (CL @ ARK)®" - (CL1)®" @ (A R K)®"

where — as above — the grading on both sides arises from the grading of C¢;, and A®K
is trivially graded. In particular, if o € X, is a permutation and ox: (C{; RARK)®" —
(Cl; ® AR®K)®" is the operation permuting the factors of the graded tensor product,
then

(1) Oy 005 = (crfgl ®0;4®K) 06y,

where oC%1: (C€1)®” — (C€1)®” and o 1®K. (A®K)®" - (4 ® K)®" are the
corresponding permutations. Thus, we can define an action of G4(n) on KU ,‘14 via

kn: G4(n) ><KU;;1 —>KU,‘;1,
(g,0)— 9”_1 o (idCE?” ®g)ob,oq.

Theorem 4.6 Let A # C be a separable, unital, strongly self-absorbing C*—algebra.
The EH-Z—group G 4 associated to A acts on the commutative symmetric ring spectrum
KUZ via ke as defined above. We obtain a map of very special T'—spaces I'(G4) —
['(Q°(KU4)*), which induces an isomorphism on all homotopy groups m, of the
associated spectra with n > 0 and the inclusion Ko(A)} — Ko(A4)* on mo. If A
is purely infinite [16, Definition 4.1.2], this is an equivalence in the stable homotopy
category.
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Proof It is clear that «, preserves the basepoint of KU ,‘14. The X, —equivariance is a
direct consequence of (1). Indeed, we have for a permutation o € ¥,, g € G4(n) and
¢ e KUA,

(O,A®K A®]K)—l

Kn ogo(o .0 0Q)

- 9”—1 0 (id ®(4%K 0 g 0 (6 4¥K) 1)) 0 6, 05 0 ¢
= 9,1_1 o (U(Cel ® %K) 6 (id ®g) o (U(CZI ®c4®K)"1 50, 0000
=006, 0(ild®g)oby00=00ku(g,9),

where we omitted the stars from the notation.

Let 1 CL8" @ (A® K)®" & CLY" ® (A K)®" — CLE™ " & (A ® K)®"*+ be
the permutation of the two middle factors; then 7 o (6, ® 6) = Oy4n. This implies
that

(Km (g, 9) @ kn(h, Y1) 0 A = kmin(g @, (p @ Y) 0 A)

for g € G4(m), h € G4(n), ¢ € KUZA y € KU, which is the compatibility condition
in Definition 3.7(ii). The same argument shows that for / +m = n, g € G(m) and
¢ e KUA

(1 ® km(g.9)) 0 A = kn(id ®g. (1 ® ¢) 0 A)

which is the crucial observation to see that diagram (iii) in Definition 3.7 commutes.

Thus, we have proven that G = G4 acts on the spectrum KUA. By Theorem 3.8
together with Theorem 3.6 we obtain a map of I'-spaces I'(B,G4) — B,I'(G4) —
B, T (Q*™(KU Ay*)  where the first map is a strict equivalence. We see from Lemma 3.3
that G,z is in fact a grouplike topological monoid, ie Gz — 2B, Gy is a homotopy
equivalence. Thus, to finish the proof, we only need to check that G,z — GL{(KU4) =
Q®(KU A)ZI has the desired properties. Consider the diagram

Gir GL(KU4)
G(1) — Q® (KU *(1)

where the vertical maps are given by the inclusions into the zero skeleton of the
homotopy colimit. The latter are equivalences by [19, Lemma 2.1]. By this lemma,
we also see that mo(GL{(KU4)) = GL; (no(KU4)) = GL; (Ko(A4)) = Ko(A)*. Tt
remains to be seen that

O: Aut(4 ® K) — QKU = homg (S, Co(R, CL1) @ A®K), g ki(g, 1)
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induces an isomorphism on all homotopy groups m,, with n > 0 and the inclusion
Ko(A)} — Ko(A) on my. The basepoint of the target space is now given by 7
instead of the zero homomorphism. ® fits into a commutative diagram

(]

Aut(4A ® K) homg (S, Co(R, Cl;) ® A ® K)

el

Pr(A®K)>

with ®(g) = g(1 ®e) and ¥(p) =7 ® p, where 7; € homgr(g, Co(R, C¥y)) arises
from the functional calculus of the operator described after Definition 4.1. It was
shown in [5, Theorem 2.16, Theorem 2.5] that ® is a homotopy equivalence. Let
€€ homgr(§ , C) be the counit of S. The map W factors as

W: Pr(4 @ K)* — homg (S, 4 ® K) — homg (S, Co(R, Cl;) @ A ® K),

where the first map sends a projection p to €-(% ) and the second sends ¢ to p&7;0 A
and applies the graded isomorphism to shift the grading to Cy(R, C£;) only. Since
the second map induces multiplication with the Bott element, it is an isomorphism
on mo. It was proven in [5, Corollary 2.17] that o (Pr(A4 ® K)*) = Ko(A4)} . The
discussion after the proof of [24, Theorem 4.7] shows that the first map induces the
inclusion Ko(A4)} — Ko(A4) on 7.

Let B be a graded, o —unital C*-algebra and define K),(B) to be the kernel of the map
K'(C(S™) ® B) — K'(B) induced by evaluation at the basepoint. Here, we used the
notation K'(B) = mq (homgr(§ ,B®K )) introduced in [24]. The five lemma shows
that K, (B) is in fact isomorphic to K,(B), if we identify the latter with the kernel
Ko(C(S™) ® B) - Ko(B). For n > 0 we have the commutative diagram

Tn(PrA®K)*, 1 ®e) —2*

:

Kn(4)

T (QKUE, 1)

|

K, (Co(R,Cl;)® A)

~

where the lower horizontal map sends [p] —[¢] € K,(A4) = ker(Ko(C(S") ® A) —
Ko(A)) to [711 ® (§ 9)] € K;,(Co(R, CL;) ® A). The same argument as for 7o above
shows that this is an isomorphism. Every element y: (S”, x¢) > (Pr(A®K), 1 ®¢)
induces a projection p, € C(S") ® A ® K. The vertical map on the left sends
[v] to [py]l —[lcsn) ® 1 ® e] € Ko(C(S",x9) ® A) = K,(A). This map is an
isomorphism by Bott periodicity. Finally, we can consider y’: S" — QKU‘I‘1 as an
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element ¢,/ € homgr(§, C(S" QRCy(R,Cl) ® ARK) (K trivially graded!). The
vertical map on the right-hand side sends

71 o (T 1cenen )] € KuGo® cty e ).

It corresponds to the “subtraction of 17, ie it corrects the basepoint by shifting back to
the component of the zero homomorphism. Its inverse is given by

lesm ® 01 0
where @ is the addition operation described in [24].

If A is purely infinite, we have K¢(4)} = Ko(A4)™, which implies the last statement.
This finishes the proof. |

4.3 Applications

In this section we apply the above results to some examples of strongly self-absorbing
C*-algebras starting with O and Z. It is a consequence of [23; 26] that any unital
x—homomorphism between two strongly self-absorbing C*—algebras is unique up to
asymptotic unitary equivalence. From a categorical point of view, the Jiang—Su algebra
Z is characterized by the property that it is the unique infinite dimensional strongly
self-absorbing C *-algebra which maps into any other infinite dimensional strongly
self-absorbing C*-algebra by a unital x—homomorphism. In this sense it is initial
among those [26]. Likewise the infinite Cuntz algebra O« is the unique purely infinite
strongly self-absorbing C*-algebra that maps unitally into any other purely infinite
strongly self-absorbing C*-algebra. Alternatively, O is the universal unital C*-
algebra generated by countably infinitely many generators s; that satisfy the relations
s¥sj = 8;j 1. For any locally compact Hausdorff space X the unit homomorphisms
C - Ox and C — Z induce natural isomorphisms of multiplicative cohomology
theories K%(X) = Ko(C(X)) = Ko(C(X)® Z) and K°(X) — Ko(C(X) ® Ono).

Theorem 4.7 The very special I'-spaces I'(Go, ) and I'(Q2%°(KU)*) are strictly
equivalent, which implies that the spectrum associated to I'(Go__) is equivalent to
gl (KU) in the stable homotopy category. In particular, BAut(Os ® K) is weakly
homotopy equivalent to BBUg x B(Z/27). Likewise, the spectrum associated to
I'(Gz) isequivalent to sl{ (KU), the 0—connected cover of gl (KU), and BAut(Z®K)
is weakly homotopy equivalent to BBUg.

Proof The unit homomorphism C — Oy yields

[(Q®(KUC)*) — [(QX(KU>)*).
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To see that this is a strict equivalence, it suffices to check that GL;(KU) — GL (KU“>)
is a weak equivalence. Let X be a finite CW—complex. The isomorphism

[X, Q1 (KUY>)] = Ko(C(X) ® Oco)

constructed above restricts to [X, GL1(KU®>*)] = GL{(K¢(C(X) ® Oso)) and simi-
larly with C instead of O . The composition

GL;(K°(X)) 2 [X,GL{ (KU)] = [X, GL; (KU®>*)] = GL; (Ko(C(X) ® Ouo))

is the restriction of the ring isomorphism K%(X) — K¢(C(X)® Os) to the invertible
elements.

By Theorem 4.6 we obtain a strict equivalence I'(Gp__ ) — I'(Q%°(KUY<)*). There-
fore the zig-zag T'(Go.,) — T'(QX(KU>)*) < T'(Q®(KU)*) proves the first claim.
From this, we get a weak equivalence between BGL(KU) >~ BBUg x B(Z/2Z.) and
B,G4(1) = BAut(Os ® K) using Lemma 3.5 and the stability of G 4.

The unit homomorphism C — Z yields T'(Q2°(KU®)*) — T'(Q%®(KU?)*), which
is again a strict equivalence by the same reasoning as above. By Theorem 4.6 the map
I'(Gz) — I'(Q®(KU?)*) induces an isomorphism on 7 for k > 0 and corresponds
to the inclusion Ko(2)} — Ko(Z)™ on mo. But since Ko(Z2)} = (Z)7 is trivial,
the spectrum associated to I'(Gz) corresponds to the 0—connected cover of the one
associated to I'(Q%°(KU?)*), which is sl;(KU). This implies BAut(Z ® K) ~
BSL{(KU) >~ BBUg by Lemma 3.5. a

The UHF-algebra Moo is constructed as an infinite tensor product of matrix algebras
M,(C). It is separable, unital, strongly self-absorbing with Ko(Mpeo) = Z[%],
K (Mpe) = 0. Likewise, if we fix a prime p and choose a sequence (d;);jeN such
that each prime number except p appears in the sequence infinitely many times, we
can recursively define 4,1 = 4, ® My, , Ag = C. The direct limit M,y = lim 4,
is a separable, unital, strongly self-absorbing C*-algebra with Ko(M(,)) = Z(p) —
the localization of the integers at p —and K{(M(,)) = 0.

Theorem 4.8 The very special I'=spaces I'(Gpy,,,®04,) and I'(2%°(KU(,))*) are
strictly equivalent, which implies that the spectrum associated to I'(Gpy,,®0,,) 18
equivalent to gly (KU ) in the stable homotopy category. In particular, BAut(M(,) ®
Ooo ® K) is weakly homotopy equivalent to GL{ (KU p)). The analogous statement
for the localization away from p is also true if M(py is replaced by Mpoo.

Proof Consider the commutative symmetric ring spectrum KUM»®P with homo-
topy groups o (KUM»®0c0) = Z(py> T2k +1 (KUM@»®0) = (. Note that the unit
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homomorphism C — M) ® O induces a map of spectra KUC — KUM(»®0
which is the localization map Z — Z,) on the non-zero coefficient groups. Let
S p) be the Moore spectrum ie the commutative symmetric ring spectrum with
H! (S(p):Z) = Zp) and H* (S(p):Z) =0 for k # 1. We have KU,y = KU A S(p)
and 7y (KU) — 71 (KU (p)) = 7y (KU) ® Z ) is the localization map. It follows that

KU () — KUM»®%%0  § « KUM@ @00

is a zig-zag of my«—equivalences. Just as in Theorem 4.7 we show that it induces a
zig-zag of strict equivalences

C(QP(KU(p))*) —> T(QX(KUM»®% A §(1)*) «— [(Q®(KUM»®00)*)

which shows that g/, (KU(p)) is stably equivalent to gll(KUM<P)®O°°). But by
Theorem 4.6 we have a strict equivalence

T'(GM, ) 00.) = D(QX (KUM@ B0y,
The proof for the localization away from p is analogous; therefore we omit it. |
In [5] the authors used a permutative category Bg to show that BAut(4 ® K) carries

an infinite loop space structure: The objects of Bg are the natural numbers Ny =
{0,1,2,...} and

hom(m, n) = { € hom((4 ® K)®", (4 ® K)®")
| (1 ®€)®™) € GL; (Ko (4 @ K)®™)}.

where e € K is a rank-1 projection and (1 ® ¢)®° = 1 € C. Since hom(0, 1) is
non-empty, there is a stabilization 6 of the object 1 € obj(Bg) by Lemma 3.10. In
fact, we may choose 6(t11) € hom(C, 4 ® K) tobe 8(A) = A(l ®e).

Theorem 4.9 Let A be a separable, strongly self-absorbing C *-algebra. Then there
is a strict equivalence of I'=spaces I'(B,G4) — I'(Bg). In particular, the induced
infinite loop space structures on BAut(4 ® K) agree.

Proof Note that Autsg (1) = Aut(4 ® K) and that the maps
B,G4(m) = BAut((4 ® K)®™) — | N, Bg|
are homotopy equivalences for m > 0. Thus, the statement follows from Theorem 3.13.

O
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The above identification may be used to prove theorems about bundles (and continuous
fields) of strongly self-absorbing C*-algebras using what is known about the unit
spectrum of K-theory. As an example let X be a compact metrizable space and
consider the cohomology group [X, BAuty(Os ® K)], where we use the notation
of [5]. Note that the third Postnikov section of BAuty(Ox ® K) is a K(Z, 3), let
BAuty(Oso ® K) — K(Z, 3) be the corresponding map and denote by F' its homotopy
fiber. The composition BAut(K) — BAuty(Ox ® K) — K(Z, 3), where the first map
is induced by the unit homomorphism C — O, is a homotopy equivalence. Therefore
we obtain a homotopy splitting

BAut(K) x F = BAuty(Os @ K)

and a corresponding fibration BAut(K) — BAuty(Os ® K) — F. The weak equiva-
lence between BAuty(Oso ® K) and BBUg >~ BBU(1) x BBSUg identifies F with
the corresponding homotopy fiber of the third Postnikov section of BBUg, which is
BBSUg. Thus, we obtain a short exact sequence

0 — [X, BAut(K)] — [X, BAuty(Oco ® K)] = [X, F] = bsul(X) — 0

The following was proven by Gémez in [9, Theorem 5].
Theorem 4.10 Let G be a compact Lie group. Then bsué-g (BG)=0.
In light of our previous results, we obtain the corollary:

Corollary 4.11 Let X be a compact metrizable space, let G be a compact Lie group
and let P — X be a principal G —bundle. Let a: G — Auty(Ooo ® K) be a continuous
homomorphism. Then the associated Auty(Oso ® K)—bundle Q — X given by Q =
P xqy Autg (O ® K) is isomorphic to Q X ad Auty(Ooo ® K) for a principal PU(H) -
bundle Q.

Proof The class [Q] € [X, BAuty(Ox ® K)] is the pullback of
[Ba] € [BG, BAuty(Oso ® K)]
via the classifying map fp: X — BG of P. The diagram

[BG, BAuty(Ooo ® K)] — [BG, F] = bsul (BG)

| |

0 — [X, BAut(K)] —= [X, BAutg(Oco @ K)] (X, F] 0

shows that [Q] is mapped to 0 in [X, F] = bsu}® (X), which implies the statement. [

Algebraic & Geometric Topology, Volume 15 (2015)



Unit spectra of K—theory from strongly self-absorbing C*—algebras 167

References

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

[9]

(10]

(11]

[12]

(13]

(14]

(15]

[16]

(17]

M Ando, A J Blumberg, D Gepner, Twists of K-theory and TMF, from: “Super-
strings, geometry, topology, and C*—algebras”, Proc. Sympos. Pure Math. 81, Amer.
Math. Soc. (2010) 27-63 MR2681757

M Atiyah, G Segal, Twisted K-theory, Ukr. Matem. Visn. 1 (2004) 287-330
MR2172633

M G Barratt, M E Mahowald (editors), Geometric applications of homotopy theory,
11, Lecture Notes Math. 658, Springer, Berlin (1978)

B Blackadar, K-theory for operator algebras, second edition, MSRI Publ. 5, Cam-
bridge Univ. Press (1998) MR1656031

M Dadarlat, U Pennig, A Dixmier—Douady theory for strongly self-absorbing C*—
algebras arXiv:1302.4468 to appear in J. Reine Angew. Math.

M Dadarlat, W Winter, On the KK—theory of strongly self-absorbing C* —algebras,
Math. Scand. 104 (2009) 95-107 MR2498373

I Dell’Ambrogio, H Emerson, T Kandelaki, R Meyer, A functorial equivariant K—
theory spectrum and an equivariant Lefschetz formula (2011) arXiv:1104.3441v1

P Donovan, M Karoubi, Graded Brauer groups and K—theory with local coefficients,
Inst. Hautes Etudes Sci. Publ. Math. (1970) 5-25 MR0282363

JM Gomez, On the nonexistence of higher twistings over a point for Borel cohomology
of K—theory, J. Geom. Phys. 60 (2010) 678-685 MR2602381

N Higson, E Guentner, Group C*-algebras and K-theory, from: “Noncommu-
tative geometry”, Lecture Notes in Math. 1831, Springer, Berlin (2004) 137-251
MR2058474

M Hovey, B Shipley, J Smith, Symmetric spectra, J. Amer. Math. Soc. 13 (2000)
149-208 MR1695653

M Joachim, K-homology of C*—categories and symmetric spectra representing K—
homology, Math. Ann. 327 (2003) 641-670 MR2023312

M A Mandell, JP May, S Schwede, B Shipley, Model categories of diagram spectra,
Proc. London Math. Soc. 82 (2001) 441-512 MR1806878

JP May, E ring spaces and E ring spectra, Lecture Notes in Math. 577, Springer,
Berlin (1977) MR0494077

JP May, J Sigurdsson, Parametrized homotopy theory, Mathematical Surveys and
Monographs 132, Amer. Math. Soc. (2006) MR2271789

M Rgrdam, E Stgrmer, Classification of nuclear C*—algebras. Entropy in operator
algebras, Encyclop. Math. Sci. 126, Springer, Berlin (2002) MR1878881

J Rosenberg, Continuous-trace algebras from the bundle theoretic point of view, J.
Austral. Math. Soc. Ser. A 47 (1989) 368-381 MR1018964

Algebraic & Geometric Topology, Volume 15 (2015)


http://dx.doi.org/10.1090/pspum/081/2681757
http://www.ams.org/mathscinet-getitem?mr=2681757
http://www.ams.org/mathscinet-getitem?mr=2172633
http://www.ams.org/mathscinet-getitem?mr=1656031
http://arxiv.org/abs/1302.4468
http://www.ams.org/mathscinet-getitem?mr=2498373
http://arxiv.org/abs/1104.3441v1
http://dx.doi.org/10.1007/BF02684650
http://www.ams.org/mathscinet-getitem?mr=0282363
http://dx.doi.org/10.1016/j.geomphys.2009.12.009
http://dx.doi.org/10.1016/j.geomphys.2009.12.009
http://www.ams.org/mathscinet-getitem?mr=2602381
http://dx.doi.org/10.1007/978-3-540-39702-1_3
http://www.ams.org/mathscinet-getitem?mr=2058474
http://dx.doi.org/10.1090/S0894-0347-99-00320-3
http://www.ams.org/mathscinet-getitem?mr=1695653
http://dx.doi.org/10.1007/s00208-003-0426-9
http://dx.doi.org/10.1007/s00208-003-0426-9
http://www.ams.org/mathscinet-getitem?mr=2023312
http://dx.doi.org/10.1112/S0024611501012692
http://www.ams.org/mathscinet-getitem?mr=1806878
http://dx.doi.org/10.1007/BFb0097608
http://www.ams.org/mathscinet-getitem?mr=0494077
http://dx.doi.org/10.1090/surv/132
http://www.ams.org/mathscinet-getitem?mr=2271789
http://dx.doi.org/10.1007/978-3-662-04825-2
http://dx.doi.org/10.1007/978-3-662-04825-2
http://www.ams.org/mathscinet-getitem?mr=1878881
http://dx.doi.org/10.1017/S1446788700033097
http://www.ams.org/mathscinet-getitem?mr=1018964

168

(18]

(19]

(20]

(21]
(22]

(23]

[24]

[25]

[26]

Marius Dadarlat and Ulrich Pennig

S Sagave, C Schlichtkrull, Diagram spaces and symmetric spectra, Adv. Math. 231
(2012) 2116-2193 MR2964635

C Schlichtkrull, Units of ring spectra and their traces in algebraic K—theory, Geom.
Topol. 8 (2004) 645-673 MR2057776

S Schwede, Stable homotopical algebra and T —spaces, Math. Proc. Cambridge Philos.
Soc. 126 (1999) 329-356 MR1670249

G Segal, Categories and cohomology theories, Topol. 13 (1974) 293-312 MRO0353298

D P Sullivan, Geometric topology: Localization, periodicity and Galois symmetry,
K-Monogr. Math. 8, Springer, Dordrecht (2005) MR2162361

A 'S Toms, W Winter, Strongly self-absorbing C*—algebras, Trans. Amer. Math. Soc.
359 (2007) 3999-4029 MR2302521

J Trout, On graded K-theory, elliptic operators and the functional calculus, Illinois J.
Math. 44 (2000) 294-309 MR1775323

M'S Weiss, Cohomology of the stable mapping class group, from: “Topology, geometry
and quantum field theory”, London Math. Soc. Lecture Note Ser. 308, Cambridge Univ.
Press (2004) 379404 MR2079381

W Winter, Strongly self-absorbing C* —algebras are Z—stable, J. Noncommut. Geom.
5(2011) 253-264 MR2784504

Department of Mathematics, Purdue University
150 N University Street, West Lafayette, IN 47907-2067, USA

Mathematisches Institut, Westtéilische Wilhelms-Universitit Miinster
Einsteinstralle 62, D-48149 Miinster, Germany

mdd@math.purdue.edu, u.pennig@uni-muenster.de

Received: 12 June 2013 Revised: 14 May 2014

Geometry € Topology Publications, an imprint of mathematical sciences publishers :.msp


http://dx.doi.org/10.1016/j.aim.2012.07.013
http://www.ams.org/mathscinet-getitem?mr=2964635
http://dx.doi.org/10.2140/gt.2004.8.645
http://www.ams.org/mathscinet-getitem?mr=2057776
http://dx.doi.org/10.1017/S0305004198003272
http://www.ams.org/mathscinet-getitem?mr=1670249
http://dx.doi.org/10.1016/0040-9383(74)90022-6
http://www.ams.org/mathscinet-getitem?mr=0353298
http://www.ams.org/mathscinet-getitem?mr=2162361
http://dx.doi.org/10.1090/S0002-9947-07-04173-6
http://www.ams.org/mathscinet-getitem?mr=2302521
http://projecteuclid.org/euclid.ijm/1255984842
http://www.ams.org/mathscinet-getitem?mr=1775323
http://dx.doi.org/10.1017/CBO9780511526398.016
http://www.ams.org/mathscinet-getitem?mr=2079381
http://dx.doi.org/10.4171/JNCG/74
http://www.ams.org/mathscinet-getitem?mr=2784504
mailto:mdd@math.purdue.edu
mailto:u.pennig@uni-muenster.de
http://msp.org
http://msp.org

	1. Introduction
	2. Preliminaries
	2.1. Symmetric ring spectra, units and I–spaces

	3. Eckmann–Hilton I–groups
	3.1. Actions of Eckmann–Hilton I–groups on spectra
	3.2. Eckmann–Hilton I–groups and permutative categories

	4. Strongly self-absorbing C*–algebras and gl_1(KUA)
	4.1. A commutative symmetric ring spectrum representing K–theory
	4.2. The Eckmann–Hilton I–group G_A
	4.3. Applications

	References

