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Gravitational anomaly cancellation
and modular invariance

FE1 HAN
KEFENG L1U

In this paper, by combining modular forms and characteristic forms, we obtain
general anomaly cancellation formulas of any dimension. For (4k + 2)—dimensional
manifolds, our results include the gravitational anomaly cancellation formulas of
Alvarez-Gaumé and Witten in dimensions 2, 6 and 10 [1] as special cases. In
dimension 4k + 1, we derive anomaly cancellation formulas for index gerbes. In
dimension 4k + 3, we obtain certain results about eta invariants, which are interesting
in spectral geometry.

53C27, 53C80

1 Introduction

In [1], it is shown that in certain parity-violating gravity theories in 4k + 2 dimensions,
when Weyl fermions of spin % or spin % or self-dual antisymmetric tensor fields are
coupled to gravity, perturbative anomalies occur. Alvarez-Gaumé and Witten calculate
the anomalies and show that there are cancellation formulas for these anomalies in
dimensions 2, 6 and 10. Let I 1/25 I 3/2 and I 4 be the spin %, spin % and antisymmetric
tensor anomalies, respectively. By direct computations, Alvarez-Gaumé and Witten
find anomaly cancellation formulas in dimensions 2, 6 and 10, respectively,

(1-1) ~1yy+14=0,
(1-2) 211 /5 — I35+ 814 =0,
(1-3) ~Lyja+ Iy +14=0.

These anomaly cancellation formulas can tell us how many fermions of different types
should be coupled to the gravity to make the theory anomaly free. Atiyah and Singer [7]
and Alvarez, Singer and Zumino [2] relate the above types of anomalies to the family
index theorem.

When perturbative anomalies cancel, this means that the effective action is invariant
under gauge and coordinate transformations that can be reached continuously from the
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identity. In [24], Witten introduces the global anomaly by asking whether the effective
action is invariant under gauge and coordinate transformations that are not continuously
connected to the identity. Witten’s work suggests that the global anomaly should be
related to the holonomy of a natural connection on the determinant line bundle of the
family of Dirac operators.

From the topological point of view, anomaly measures the nontriviality of the determi-
nant line bundle of a family of Dirac operators. The perturbative anomaly detects the
real first Chern class of the determinant line bundle while the global anomaly detects
the integral first Chern class beyond the real information (cf Freed [15]).

For a family of Dirac operators on an even-dimensional closed manifold, the determinant
line bundle over the parametrizing space carries the Quillen metric as well as the Bismut—
Freed connection compatible with the Quillen metric such that the curvature of the
Bismut—Freed connection is the two-form component of the integration of the A-
form of the vertical tangent bundle along the fiber in the Atiyah—Singer family index
theorem [10; 11]. The curvature of the Bismut—Freed connection (after multiplied by
V—1/(2x)) is the representative of the real first Chern class of the determinant line
bundle. In this paper, by studying modular invariance of certain characteristic forms, we
derive cancellation formulas for the curvatures of the determinant line bundles of family
signature operators and family tangent twisted Dirac operators on (4k +2)—dimensional
manifolds (Theorems 2.2.1 and 2.2.2). When k =0, 1, 2, ie in dimensions 2, 6, and 10,
our cancellation formulas give the Alvarez-Gaumé and Witten anomaly cancellation
formulas (1-1)—(1-3) (see Corollaries 2.2.1-2.2.3 and Theorem 2.2.5 as well as its
proof).

For the global anomaly, in [11], Bismut and Freed prove the holonomy theorem
suggested by Witten. Later, to detect the integral information of the first Chern class of
the determinant line bundle, Freed uses Sullivan’s Z/k manifolds [15]. In this paper,
we also give cancellation formulas for the holonomies of the Bismut-Freed connections
on the determinant line bundles of family signature operators and family tangent twisted
Dirac operators on (4k + 2)—dimensional manifolds over torsion loops which appear
in the data of Z/k surfaces (Theorems 2.2.3 and 2.2.4 and Corollaries 2.2.1-2.2.3).

The general anomaly cancellation formulas in dimension 4%k have been studied by
the second author in [19]. One can naturally ask if there are similar results in odd
dimensions.

For a family of Dirac operators on an odd-dimensional manifold, Lott [21] constructs
an abelian gerbe-with-connection whose curvature is the three-form component of the
Atiyah—Singer families index theorem. This gerbe is called the index gerbe, which
is a higher analogue of the determinant line bundle. As Lott remarks in his paper,
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Gravitational anomaly cancellation and modular invariance 93

the curvature of such gerbes are certain nonabelian gauge anomalies from a Hamil-
tonian point of view. In this paper, we derive anomaly cancellation formulas for the
curvatures of the index gerbes of family odd signature operators and family tangent
twisted Dirac operators on (4k + 1)—dimensional manifolds (Theorems 2.3.1 and 2.3.2
and Corollaries 2.3.1-2.3.3). Moreover, as the K! index of the fiberwise signature
operators vanishes, we can also derive anomaly cancellation formulas on the de Rham
cohomology level (but not on the form level), which do not involve the signature
operators (Theorems 2.3.3 and 2.3.4 and Corollaries 2.3.1-2.3.3). We hope there is
some physical meaning related to our cohomological anomaly cancellation formulas.

In dimension 4k + 3, we derive some results for the reduced n—invariants of family odd
signature operators and family tangent twisted Dirac operators, which are interesting in
spectral geometry (Theorems 2.4.1 and 2.4.2 and Corollaries 2.4.1-2.4.3). Moreover,
functions of the form

exp{2m v/ —1(linear combination of reduced eta invariants)}

have appeared in physics (see Diaconescu, Moore and Witten [13]) as a phase of
effective action of M—theory in 11 dimensions. We hope our results for the reduced
n—invariants can also find applications in physics.

We obtain our anomaly cancellation formulas by combining the family index theory
and modular invariance of characteristic forms. The gravitational and gauge anomaly
cancellations are important in superstring theories. It is quite interesting to notice that
these cancellation formulas are consequences of the modular properties of characteristic
forms which are rooted in elliptic genera.

2 Results

In this section, we will first prepare some geometric settings in Section 2.1 and then
present our results in Sections 2.2-2.4. The proofs of the theorems in Sections 2.2-2.4
will be given in Section 3.

2.1 Geometric settings

Following Bismut [9], we define some geometric data on a fiber bundle as follows. Let
m: M — Y be a smooth fiber bundle with compact fibers Z and connected base Y .
Let TZ be the vertical tangent bundle of the fiber bundle and gZ be a metric on TZ.
Let THM be a smooth subbundle of TM transversal to TZ such that TM = T'M @ TZ.
Assume that 7Y is endowed with a metric g¥ . We lift the metric of TY to T"M and
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by assuming that T"M and TZ are orthogonal, TM is endowed with a metric which
we denote g¥ @ gZ. Let VL be the Levi-Civita connection of TM for the metric
g¥ ® gZ and Pz denote the orthogonal projection from TM to TZ. Let VZ denote
the connection on 7Z defined by the relation U € TM,V € TZ, VgV = PZV(L]V.
We have that VZ preserves the metric gZ . Let RZ = (VZ)? be the curvature of V<.

Let E, F be two Hermitian vector bundles over M carrying Hermitian connections
VE VF respectively. Let RE = (VE)? (resp. RF = (VF)?) be the curvature of VZ
(resp. VE). If we set the formal difference G = E — F, then G carries an induced
Hermitian connection V in an obvious sense. We define the associated Chern character
form as (cf Zhang [25])

- 0o (410 vl (470
2-1) ch(G,V )_tr[exp( . R ) tr exp( . R ) .
For any complex variable ¢, let

A{(E)=C+tE+1>A*(E)+---, S(E)=C+tE+t*S*(E)+---,

denote respectively the total exterior and symmetric powers of E, in K(M)[t]. The
following relations between these two operations hold (see Atiyah [3, Chapter 3]):

A(E— F) = A(E)

@2 SE) =37 By AL(F)

The connections VE, VF naturally induce connections on S; E, A; E, etc. Moreover,
if {w;}, {w;’} are formal Chern roots for Hermitian vector bundles E, F respectively,
then by [16, Chapter 1],

(2-3) ch(A(E), VAE) =TTt + ).

1

We have the following formulas for Chern character forms:

] SH(E)y _ 1 _ 1
@4 DEEL VD = AL (), VA ®) T —eo)

ch(A((E), VAE)  T[;(1+e1)
ch(A;(F), VA~ TT.(14e%'t)

(2-5)  ch(A(E —F), VME-F)) =

If W is a real Euclidean vector bundle over M carrying a Euclidean connection V7,
then its complexification Wc = W ® C is a complex vector bundle over M carrying a
canonically induced Hermitian metric, as well as a Hermitian connection V#< induced
from V%
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If E is a vector bundle (complex or real) over M, set E=E—F*E K (M) or
KO(M), where F is C or R.

Let ¢ = e?™ V=IT with 1 € H, the upper half complex plane. Let TcZ be the
complexification of 7Z. Set

(2-6) 01(TcZ) = Q) S (Tc Z) @ R) Agn(Tc Z).
2-7) 0:(Tc2) = Q) S (TcZ) ® Q) A_gm-12(Tc 2),
n=1 m=1

which are elements in K(M)[¢'/?].

O1(TcZ) and O, (Tc Z) admit formal Fourier expansion in ql/ 2
(2-8) O1(TcZ) = Ao(Tc Z) + A1 (Tc Z)q"/? + -,
(2-9) ©,(TcZ) = Bo(Tc Z) + B1(Tc Z)g"/? +---

where the 4; and B; are virtual bundles formally generated by complex vector bundles
over M . Moreover, they carry canonically induced connections denoted by V4
and VB respectively. Let VO1(Tc2)  vO2(TcZ) pe the induced connections with
ql/ 2_coefficients on ©;, ®, from the V4i, V5B

Consider the g—series

(2-10) 8§1(x) = —+6Z > dg" _—+6q+6q +-
n=1d|n,d odd
R 1
(2-11) sl(r)=1—6+ZZ(—1)dd3q":E_q+7q2+...,
n=1 d\n
(2-12) 82(1) = ———32 S dg"r = 3¢ 2 3g 4
n=1d|n,d odd
o0
(2-13) M=) Y &= +8q+-.

n=1d|n,n/d odd

When the dimension of the fiber is 8m + 1, 8m + 2 or 8m + 3, define virtual complex
vector bundles b, (TcZ) on M, 0 <r < m, via the equality

m
(2-14) ©2(TcZ) = Y br(Tc Z)(882)*™ 172 ¢}, mod ¢ +V/2. K(M)[¢"/?].
r=0
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When the dimension of the fiber is 8m — 1, 8m —2 or 8m — 3, define virtual complex
vector bundles z,(TcZ) on M, 0 <r <m, via the equality

m
2-15) Ox(TcZ) =)z (TcZ)(88)>" ey mod ¢ +D/2- K(M)[g"/?].

r=0

It is not hard to show that each b, (Tc Z),0 <r <m, is a canonical linear combination
of Bj(TcZ),0 < j <r. This is also true for the z,(TcZ). These b,(TcZ) and
zy(Tc Z) carry canonically induced metrics and connections.

We will use §; and &; later in the proofs of our results. We list them here for com-
pleteness.

From (2-14) and (2-15), we can calculate that
(2-16) bo(TcZ)=—C, b(TcZ)=TcZ + <CZ4(2m+1)—dimZ’
(2-17) Zo(T(CZ) =C’ Z1 (T(CZ) — _T(CZ—C48m_dimZ‘

2.2 Determinant line bundles and anomaly cancellation formulas

Suppose the dimension of the fiber is 27 and the dimension of the base Y is p. Assume
that 7Z is oriented. Let T*Z be the dual bundle of 7Z.

Let £ = @?ﬁo E' be the smooth infinite-dimensional Z—graded vector bundle over ¥
whose fiber over y € Y is C*(Z,, Ac(T*Z)|z,). ie

C®(Y, E') = C®°(M, AL (T*2)),
where Afc (T*Z) is the complexified exterior algebra bundle of 7Z.

For X € TZ, let ¢(X) and ¢(X) be the Clifford actions on Ac(T*Z) defined by
c(X)=X*—iy, ¢(X) = X*+iy, where X* € T*Z corresponds to X via gZ.

Let {eq,e2,...,e2,} be an oriented orthogonal basis of T7Z. Set
Q= (vV=1)"c(e1) - clean).
Then € is a self-adjoint element acting on Ac(T*Z) such that Q2 =1Id | Ac(T*Z) -

Let dvz be the Riemannian volume form on fibers Z associated to the metric g£
(dvz is actually a section of A%mZ(T*Z)). Let (-,+)Ac(r*z) be metricon Ac(T*Z)
induced by gZ. Then E has a Hermitian metric #£ such that for o, o’ € C®(Y, E)
and yeY,

(a,a/)hE(y)=/Z (. o) Ac(rrz) dvz, .

y
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Let dZ be the exterior differentiation along fibers. dZ can be considered as an element
of C®°(Y,Hom(E®, E**T1)). Let d%* be the formal adjoint of < with respect to the
inner product (-, - ), . Define the family signature operator (cf Ma and Zhang [22])
ng to be

(2-18) =d? +d%*. C®(M, Ac(T*Z)) —> C®(M, Ac(T*Z)).

51g

The Z,-grading of ng is given by the +1 and —1 eigenbundles of 2. Clearly, for
each y €Y,

(DZ)y : C®(Zy. Ac(T*2)]y) —> C®(Zy. Ac(T*2)ly)

sig

is the signature operator for the fiber Z,, .

Further assume that 77 is spin. Following [9], the family of Dirac operators are defined
as follows.

Let O be the SO(2n) bundle of oriented orthogonal frames in 7Z. Since TZ is spin,
the SO(2n) bundle O—Q>M lifts to a Spin(2#) bundle

0O—0—M
o 0

such that o induces the covering projection Spin(2n) — SO(2n) on each fiber. Assume
F, F1 denote the Hermitian bundles of spinors

F = 0" Xgpin(an) S2ns  F+ = 0" Xspin(an) S+,2n

where S», = S4 2, ® S— 2, is the space of complex spinors. The connection vZ
on O lifts to a connection on O’. F, Fy are then naturally endowed with a unitary
connection, which we simply denote by V.

Let V be a [-dimensional Hermitian vector bundle on A . Assume that V' is endowed
with a unitary connection V¥ whose curvature is R¥ . The Hermitian bundle F ® V
is naturally endowed with a unitary connection which we still denote by V.

Let H* and HZ° be the sets of C sectionsof F® V and Fr ® V over M. We
view H> and HS® as the sets of C° sections over Y of infinite-dimensional bundles
which are still denoted by H>, H°. For y € Y, H°, H> s are the sets of Cc®
sections over Z, of FQV, FL V.

The elements of 7Z acts by Clifford multiplication on F'® V. Suppose {e1, ez, ... €25}
is a local orthogonal basis of 7Z. Define the family of Dirac operator twisted by V'
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tobe DZ @V = Zl_l eiVe;. Let (DZ ® V)1 denote the restriction of D ® V
to HY®. Foreach y €Y,

0 (DZ ®V)y,—

VA _
2-19) (D <§3>V)y_[(DZ®V)y’+ .

] € End*(H° & H°)

is the twisted Dirac operator on the fiber Z,,.

The family signature operator is a twisted family of Dirac operator. Actually, we have

ng DZQF (cf Berline, Getzler and Vergne [8]).

Let Lpzgy = det(Ker(DZ ® V) 4)* @ det(Ker(DZ ® V)_) be the determinant line
bundle of the family operator DZ ® V over Y see Quillen [23] and [10]. The
nontriviality of £z g} corresponds to an anomaly in physics.

The determinant line bundle carries the Quillen metric gﬁ DZ®V as well as the Bismut—
Freed connection VX0Z&v compatible to g“0Z®V | the curvature R“PZ®V of which
is equal to the two-form component of the integration of A (TZ, V%) ch(V,VY) along
the fiber in the Atiyah—Singer family index theorem [10; 11]. ~/—1/ (2]‘[)R£DZ ®V is
a representative of the local anomaly.

For the global anomaly, in [11], Bismut and Freed give a heat equation proof of the
holonomy theorem in the form suggested by Witten in [24]. To detect information for
the integral first Chern class of Lpz gy , Freed uses Z/k manifolds in [15]. Z/k
manifold is introduced by Sullivan in his studies of geometric topology. A closed Z/k
manifold (cf [15]) consists of (1) a compact manifold Q with boundary; (2) a closed
manifold P; (3) a decomposition dQ = ]_[le(aQ)i of the boundary of Q into k
disjoint manifolds and diffeomorphisms o;: P — (3Q);. The identification space Q,
formed by attaching Q to P by «; is more properly called Z/k manifolds. O is
singular at identification points. If Q and P are compatibly oriented, then Q carries a
fundamental class [Q] € Hx(Q,Z/ k). In [15], the first Chern class of the determinant
line bundle is evaluated for all Z/k surfaces X and all maps ¥ — Y to detect the rest
information not contained in the real cohomology.

For local anomalies, we have the following cancellation formulas.

Theorem 2.2.1 If the fiber is (8m 4+ 2)—dimensional, then the following local anomaly
cancellation formula holds:
C m
(2-20) R pg _ 8 Z 26m—6r pEpZep, (1 z) — ()
r=0
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Theorem 2.2.2 If the fiber be (8 m —2)—dimensional, then the following local anomaly
cancellation formula holds:

m
(2-21) RLDsiZg — Z 26m—6r pEpZ ez (e z) — ()

r=0

For global anomalies, we have the following cancellation formulas concerning the
holonomies of the Bismut-Freed connections on the determinant line bundles.

Theorem 2.2.3 If the fiber is (8m + 2)—dimensional, (X, S) is a Z/k surface and
f: X —Y isamap, then

vV “ 6m—6r vV —1
S Inholz , (5) 8 > 2 —— Inhol,

e r=0
= (f*(ﬁpsi))[i] —8) 2" (f*(Lpzep, rez)IE] mod 1,
r=0
where we view Z/k = Z[1/k]/Z C Q/Z.

(2-22)

DZ @by (T¢ Z) (S)

Theorem 2.2.4 If the fiber is (8m — 2)—dimensional, (2, S) is a Z/k surface and
f: X — Y is amap, then

V-1 = /1
o Inhol;.__, (S) — Zzﬁm 6" 2 Inhol,

g 0 2 DZ®Zr(TcZ)(S)
r=

(2-23)

= (/" LpDIEI= Y 2" e (f* (L7 g, (rez) IS mod 1,

r=0
where we view Z/k = Z[1/k]/Z C Q/Z.

Putting m = 0 and m = 1 in the above theorems and using (2-16) as well as (2-17),
we have the following.

Corollary 2.2.1 If the fiber is 2—dimensional, then the following local anomaly can-
cellation formula holds:

c
(2-24) R P% 1 8REpZ =0
If (2,S) isa Z/k surface and f: ¥ — Y is a map, then

Inhol S)+38
= nOLDsiZg( )+ o7

= Cl(f*(ﬁpé))[i] +8¢1(/*(Lpz))[E] mod 1.

(2-25) Inholz_, (S)
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Corollary 2.2.2 If the fiber is 6—dimensional, then the following local anomaly can-
cellation formula holds:

L
(2-26) R P& 4 RfpZetcz _2REDZ =

If (Z,S) isa Z/k surface and f: ¥ — Y is a map, then

e lnhOIEDsf; (S)+ e lnhOILDZ®TCZ(S)_22 e

= (f*(EDsizg))[i] +e1(f*(Lpzere 2)IE]
—22¢1(f*(Lp2))[E] mod 1.

(2-27)

Inholz_, (S)

Corollary 2.2.3 If the fiber is 10—dimensional, then the following local anomaly
cancellation formula holds:

c
(2-28) R P& _gR"pZercz 4 16R DZ =0

If (Z,S) isa Z/k surface and f: ¥ — Y is a map, then

lnholgDZ (S)-—38 Inhol (S)+16

2 die 27 DZRTcZ 2
= Cl(f*(chiZg))[i] —8¢1(f*(Lpzere2)Z]
+ 16¢1(f*(Lpz))[Z] mod 1.

(2-29)

Inholz_ , (S)

We find that we have the following.

Theorem 2.2.5 In dimensions 2,6, 10, our anomaly cancellation formulas (2-24),
(2-26) and (2-28) give the gravitational anomaly cancellation formulas (1-1)—(1-3) of
Alvarez-Gaumé and Witten.

The proof this theorem will also be given in Section 3.

2.3 Index gerbes and anomaly cancellation formulas

Now we still assume that 7Z is oriented but the dimension of the fiber is 2n + 1, ie we
consider odd-dimensional fibers. We still adopt the geometric settings in Section 2.1.

Let {e1,e3,...,e2,+1} be an oriented orthogonal basis of TZ. Set
I'=(=D"c(e)) - cleansr)

Then T is a self-adjoint element acting on Ac(T*Z) such that I'? =1d | . (r+7)-
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Define the family odd signature operator BsiZg to be
(2-30) B =Td? +d?T: C®(M,ALNT*Z)) — C®(M, AX(T*Z)).

Foreach yeY,
(2-31) (B&)y: C®(Zy, AG(T*2)]y) —> C=(Zy, AZNT*2)y)
is the odd signature operator Beye, for the fiber Z, in Atiyah, Patodi and Singer [5].

Now assume that 7Z is spin and still let V' be an /—dimensional Hermitian vector
bundle with unitary connection V¥ One can still define the family of Dirac operator
DZ ® V similar as the even-dimensional fiber case. The only difference is that now
the spinor bundle F’ associated to TZ is not Z,—graded. Let H* be the set of C*®
sections of F/ ® V over M. H® is viewed as the set of C* sections over Y of
infinite-dimensional bundles which are still denoted by H*°. For y € Y, H}® is the
set of C*° sections over Z, of F'® V. Foreach y €Y,

(D” ® V), € End(H{®)
is the twisted Dirac operator on the fiber Z,,.
The family of odd signature operator is a twisted family of Dirac operator. Actually,
we have Bsi, =D?Q®F.
As a higher analogue of the determinant line bundle, Lott [21] constructs the index gerbe

gP “®V with connection on Y for the family twisted odd Dirac operator D ® V,

the curvature R902®V (a closed 3—form on Y') of which is equal to the three-form
component of the integration of A (TZ,VZ%)ch(V, V) along the fiber in the Atiyah—
Singer families index theorem. As remarked in [21], the curvature of the index gerbe is
certain nonabelian gauge anomaly in physics (see Faddeev [14], cf [21]).

We have the following anomaly cancellation formulas for index gerbes.

Theorem 2.3.1 If the fiber is (8m + 1)—dimensional, then the following anomaly
cancellation formula holds:

m
(2-32) Rng%g -8 Z 26m—6r pIDRH (T 2) — ()
r=0
Theorem 2.3.2 If the fiber is (8m — 3)—dimensional, then the following anomaly
cancellation formula holds:
g m
(2-33) R B% _ Z 26m—6r PGPz (Tc2) — ()
r=0
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If w is a closed differential form on Y, denote the cohomology class that w represents
in the de Rham cohomology of Y by [w].

We have the following cancellation formulas for cohomology anomalies.

Theorem 2.3.3 If the fiber is (8m + 1)—dimensional, then the following anomaly
cancellation formula in cohomology holds:

(2-34) fj 26m=6r [ RGPS (1c )] =
r=0
Theorem 2.3.4 If the fiber is (8m — 3)—dimensional, then the following anomaly
cancellation formula in cohomology holds:
m
(2-35) D 28m=6r[RIP@ T 2] = 0
r=0

Putting m = 0 and m = 1 in the above theorems and using (2-16) as well as (2-17),
we have the following.

Corollary 2.3.1 If the fiber is 1 —dimensional, ie for the circle bundle case, the follow-
ing anomaly cancellation formula holds:

G
(2-36) R 5% £ §RIpZ =
The cohomology anomaly,
(2-37) [R9pZ] = 0.

Corollary 2.3.2 The fiber is S—dimensional, then the following anomaly cancellation
formula holds:

(2-38) RngiZg + R9pZeTcZz _ 9|1 R9pZ — ()
The cohomology anomaly,
(2-39) [RIPZ®Tc 2] 21[R9p7] = 0.

Corollary 2.3.3 If the fiber is 9—dimensional, then the following anomaly cancellation
formula holds:

(2-40) R7%% _gRInzercz +8R9Z =0
The cohomology anomaly,

(2-41) [R9P#&Tc 2] —[R9pZ] = 0.
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2.4 Results for n—invariants

For yeY, letny (DZ ® V)(s) be the eta function associated with (DZ ® V) y . Define
as Atiyah, Patodi and Singer in [4]
ny(DZ @ V)(s) + ker(DZ @ V),
7 .
Denote 77, (DZ ® V)(0) (a function on Y ) by (D% ® V).

We still adopt the setting of family odd signature operators and family twisted Dirac
operators on a family of odd-dimensional manifolds in Section 2.3. We have the
following theorems on the reduced n—invariants.

(2-42) y(DZ @V)(s) =

Theorem 2.4.1 If the fiber is (8m + 3)—dimensional, then

sig

(2-43) exp {27r ~/—_1(ﬁ(BZ) -8 i 2" 7(D? ® b (T Z))>}
r=0

is a constant function on Y .

Theorem 2.4.2 If the fiber is (8m — 1) —dimensional, then
m
(2-44) exp {2n VA (ﬁ(BsiZg) — 32 5(DZ @ 2, (T Z)))}
r=0

is a constant function on Y .

Putting m = 0 and m = 1 in the above theorems and using (2-16) as well as (2-17),
we have the following.

Corollary 2.4.1 If the fiber is 3—dimensional, then

(2-45) exp{27V=1((BZ,) + 87(D?))}

is a constant function on Y .

Corollary 2.4.2 If the fiber is 7—dimensional, then

(2-46) exp{2m v/ —1((BZ%) + N(D* ® Tc Z) — 237(D%))}
is a constant function on Y .

Corollary 2.4.3 If the fiber is 11—dimensional, then

(2-47) exp{2m v/~ 1((BZ%) — 87(D* ® Tc Z) + 24i1(D%))}

is a constant function on Y .
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3 Proofs

In this section, we prove the theorems stated in Sections 2.2-2.4.

3.1 Preliminaries

SL,(Z) := {(j Z)

as usual be the modular group. Let

0 —1 11
s=(1a) =)

be the two generators of SL;(Z). Their actions on H are given by

Let

a,b,c,d eZ, ad —bc = 1}

|
Sit—>—, T:t—>1+1.
T

Let
a b
Fo(2) = {(C d) e SLa(Z)

r'e) = {(‘Cl 2) € SL,(Z) ‘ b=0 (mod2)},

¢ =0 (mod 2)} ,

be two subgroups of SL,(Z). It is known that the generators of I'g(2) are 7, ST?ST
and the generators of I'%°2) are STS, T?>STS (cf Chandrasekharan [12]).

The four Jacobi theta functions are defined as (cf [12])

0(v.7) = 2¢"/% sin(rrv) ﬁ[(l —g)(1 =2V ) (1 — T2V TGy,
j=1
61 (v, 7) = 2478 cos(rv) ﬁ[(l — g )1+ VTG (1 eIV,
j=1
62(v.7) = 10‘0[[(1 —g7)(1 = PV (2SI
j=1
B3(v.7) = 10'0[[(1 — g )(1 + 3TV (] 4 o2Vl 2y

j=1
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They are all holomorphic functions for (v, t) € C x H, where C is the complex plane
and H is the upper half plane.

If we act on theta-functions by .S and 7', the theta functions obey the transformation
laws (cf [12])

(3-1) O(v, 7+ 1) = VD490, 1), 0(v, —1/7)

1/2
o L

(3-2) 01 (v, T+ 1) =eT@VD/49, (v, 1), 0, (v, —1/7)
1/2
:( ‘ ) e”v_”vZGZ(rv,t),

NS
(B3)  Oy(v, T+ 1) =03(v, 1), 02 (v, —1/7) = (%)l/ze”ﬁ“’zel(w, 0),
G4)  O3(v, T+ 1) = 0s(v, 1), 03(v, —1/7) = (\/L_l)l/ze”ﬁwze3 (zv, 7).

Definition 3.1 Let " be a subgroup of SL,(Z). A modular form over T is a holo-
morphic function f(t) on H U {oo} such that for any

ab
g_(c d)eF,

at+b
ct+d

the following property holds:

1(g0) = (=) = x@er +a)! 1),

where x: I' — C* is a character of I and / is called the weight of f.

Let Mgr(T') denote the ring of modular forms over I with real Fourier coefficients.

Writing simply 6; = 0;(0, ), 1 < j <3, we have (cf Hirzebruch, Berger and Jung [17]
and the second author [20]),

§1(1) = 2(05 +05),  e1(r) = 10505,
82(v) = —§(6] +03), e2(v) = 10765

We have transformation laws (cf Landweber [18] and [19]) given by

(3-5) 52(— %) = ‘L’251(‘E), 82(— %) = ‘L’481(‘E).
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Let A (TZ,VZ) and L(TZ,VZ) be the Hirzebruch characteristic forms defined respec-

tively by [25] for (TZ,VZ):
R No1RZ
A(TZ, V%) = detl/Z(“”—),

(3-6) sinh(%Rz)

) . J=ipz
L(TZ, V%) = det'/? (2”—)
tanh(% RZ)

If w is a differential form, denote the j —component of w by o).

3.2 Proofs of Theorems 2.2.1, 2.2.3, 2.2.5, 2.3.1, 2.3.3 and 2.4.1

If the dimension of 7Z is 8m+1, 8m+2 or 8m + 3, for the vertical tangent bundle 77,
set

G- Pu(VZ 1):={L(TZ.VZ)ch(©1(Tc Z), VO Te D)) (Bm+4)
(3-8) Py(VZ 1) := {A(TZ,V?) ch(©,(Tc Z), VO Tc 2 Bm+4)

Proposition 3.1 We have P;(VZ, 1) is a modular form of weight 4m +2 over I'y(2);
P,(VZ 1) is a modular form of weight 4m + 2 over I'°(2).

Proof Interms of the theta functions, by the Chern—Weil theory, the following identities
hold:

RZ 0/(0.7) el(g—i,ﬂ)}%“
272 9(%,1) 01(0,7) ’

Z
RZ 9'(0,7) 02(25.7)\)Emt+d
(3-10) Py(VZ . 1 ={det1/2( 4n )}
2 ) 47729(%,‘[) 6>(0, 7)

(3-9) Pi(VZ, 7)) = {detl/ 2(

Applying the transformation laws of the theta functions, we have
G-11) Py (VZ, —%) _g4mt24mt2p (vZ 1) p(vZ 1) = P (VZ 1)

Because the generators of [g(2) are 7, ST2ST and the generators of I'°(2) are
STS,T?STS, the proposition follows easily. O

Lemma 3.1 [19] One has that §;(t) (resp. €1(t)) is a modular form of weight

2 (resp. 4) over I'g(2), 65(t) (resp. e,(t)) is a modular form of weight 2 resp. 4)
over I'°(2) and moreover Mg (I'°(2)) = R[82(7), £2(7)].
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We then apply Lemma 3.1 to P»(VZ, 1) to get that
(3-12)  Po(VZ.1) = ho(Tc Z)(882)™ ! + hi (Tc Z)(862)*" ez + -
+ hn(Te Z)(882)€%.
Comparing with (2-14), we can see that
he(Tc Z) = {A(TZ, V) ch(b, (Tc Z)}E™ 9, 0<r <m.
By (3-5), (3-11) and (3-12), we have
(3-13) Py(VZ,0) = 2" 2[ho(Tc Z)(881)*" ! + hi(Te Z) (88> o1 + -
+ hm(Tc Z)(861)eT'].
Comparing the constant term of the above equality, we have

(3-14) {f,(TZ, VZ)}(8m+4) =8 Z 26'”_6’{//1\(]"2’ VZ) ch(b, (T Z))}(8m+4)_
r=0

In the following, we will deal with the even case and odd case respectively.

3.2.1 The case of even-dimensional fibers We have the following theorem for the
curvature of the Bismut—Freed connection on the determinant line bundle.

Theorem 3.2.1 (Bismut and Freed [11])

@)
(3-15) RfpZev = 2m/—1{/ ATZ, Vz)ch(V,VV)}
Z

To detect mod k information of the first Chern class of the determinant line bundle,
Freed has the following result.

Theorem 3.2.2 (Freed [15]) If (X, S) isa Z/k surface and f: ¥ — Y is a map,
then

316 o/ Cprap)El = 2 Ef*( [ E(Tz,v%ch(v,vV))

+271

thlﬁDz@V (S) mod 1,

where we view Z/k = Z[1/k]/Z C Q/Z.
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If TZ is (8m + 2)—dimensional, integrating both sides of (3.14) along the fiber, we
have

~ 2 m R (2)
(3-17) {/ L(1Z, VZ)} = 26’"—6’{/ A(TZ, V%) ch(b,(T(CZ))} =0.
z z
r=0

By Theorem 3.2.1, we get

m
(3-18) REDs%g -8 Z 26m—6r pLpZ @b (1¢ 2)

r=0

~ @)
=27mv/—1 { / L(TZ, VZ)}
zZ

m )
—8 ) 20m=rn /-1 { / X(Tz,vz)ch(b,(TCZ))}
r=0 z

=0.
Therefore Theorem 2.2.1 follows.

Freed’s Theorem 3.2.2 and (3-17) give us

(3-19) e (f*Lp2)[E]=8 ) 2" e1(f*(Lpzan, qe2)E]
r=0

sig T

! o m—er ¥ —1
— ( 5 Inholz, ($)—8 > 2 ’2— Inholz 7 ez, (S))
r=0

=0 mod 1
and so Theorem 2.2.3 follows.

To prove Theorem 2.2.5, it is not hard to see from [1, (32), (38) and (56)] that, up to a
same constant,

~ ~ @)
L= {/ A(TZ,VZ)} = RFpZ,
Z
~ . @
Ly = {/ A(TZ, V) (ch(TcZ, V%) — 1)} = R"pZ®Tcz _ RLpZ
Z

~ ~ @ c
1A=—1{/ L(TZ,VZ)} — _1g™ng,
g1/, 8

where in the fiber bundle Z — M — Y, Z is a (4k + 2)—dimensional spin manifold
and Y is the quotient space of the space of metrics on Z by the action of certain
subgroup of Diff(Z).
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In dimension 2, by (2-24),

~ ~ L
fijat Ta=—REpZ — LR™PE = _1(R"PE L gREp7) =0,
Therefore (1-1) follows.
In dimension 6, by (2-26),
211,y — Iy + 814 = 21 R“pZ — (R“PZ®Tcz _ REDZ) RP%

_ 2REpz _ REpZetcz _ RPE ),

Therefore (1-2) follows.
In dimension 10, by (2-28),

—IAl/z + f3/2 +14=—RpZ 4 (REDZ@TCZ — RFp7) — IR DMZg
c
_ _l(16REp7 —gREpZerez 4 REPR) =0
Therefore (1-3) follows.

3.2.2 The case of odd-dimensional fibers Lott has the following theorem for the
curvature of index gerbes.

Theorem 3.2.3 (Lott [21])

3)
(3-20) R9pZev = { / A(TZ. VZ)ch(V,VV)}
Z

If TZ is (8m + 1)—dimensional, integrating both sides of (3-14) along the fiber, we get

R @) m ~ 3)
(3-21) {/ZL(TZ,VZ)} —8226’”_6’{/2A(TZ,VZ)ch(br(T(CZ))} =0.
r=0

Note that we have /I(TZ, VZ)ch(F', VF/) = z(TZ, VZ). So by Theorem 3.2.3 and
(3-21), we have

m
(3-22) RngiZg -8 Z 26m_6ngDZ®h,~(TC Z)

m

LTZ v%) (3)8 p6m—6r A(TZ, V%) ch(b,(Tc Z ©
{ ( }—; {/Z< )c(r(c»}
0.
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Therefore Theorem 2.3.1 follows.
The following theorem for the odd Chern form of a family of self-adjoint Dirac operators

is due to Bismut and Freed.

Theorem 3.2.4 (Bismut and Freed [11]) [, A (TZ, V%) ch(V,VY) represents the
odd Chern character of ind(D% ® V).

However, as ind(BSiZg) vanishes in odd K theory, we have

ch(ind(BZ,)) = 0 € H*¥(Y)

and therefore Theorem 3.2.4 tells us that [ [, z(TZ, VZ)]=0e H*Y4(Y). In particular,
by Theorem 3.2.3, [RY8%] = 0 € H3(Y). Therefore, (3-22) implies that

m
(3-23) 3 26m=6r[RIpZ 0 e 2)] = 0,
r=0

So Theorem 2.3.3 follows.

If r is a real number, let {r} denote the image of r in R/Z. As noted in Atiyah, Patodi
and Singer [4; 6], 7 (DZ ® V)(0) has integer jumps and therefore {7((DZ ® V))} is
a C® function of on Y with values in R/Z [4; 6]. For odd-dimensional fibers, we
have the following Bismut-Freed theorem for the reduced n—invariants.

Theorem 3.2.5 (Bismut and Freed [11])

(1)
(3-24) d{f(DZ @ V)} = {/Z A(TZ, V%) ch(V, VV)}

If TZ is (8m + 3)—dimensional, integrating both sides of (3-14) along the fiber, we get

R (1) m R (1)
(3-25) { /Z L(TZ,VZ)} —8226’”_6’{ /Z A(TZ,VZ)ch(br(TCZ))} =0.
r=0

Then the Bismut—Freed Theorem 3.2.5 gives us

(3-26) d{(BE)}—8 ) 25" 5" d{i(D? & by (Tc 2))}
r=0

= L(TZ.VZ (l)smzm—“ A(TZ.VZ)ch(b (Tc Z v
—{[Z(, )}—;‘) {/Z< )c(r(c»}

=0.
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Therefore we have

(3-27) d({n(B&)}—8) 25"~ {n(D? @ by (Tc Z))}) =0.

r=0
Since Y is connected,

M(BE)y—8 ) 26m=¢ {ﬁ(DZ ® b (Tc Z))}
r=0

must be a constant function on Y . Therefore it is not hard to see that Theorem 2.4.1
follows.

3.3 Proofs of Theorems 2.2.2,2.2.4, 2.3.2, 2.3.4 and 2.4.2

The proofs are similar to the proofs of Theorems 2.2.1, 2.2.3, 2.3.1, 2.3.3 and 2.4.1.
If the dimension of 7Z is 8m — 1, 8m — 2 or 8m — 3, for the vertical tangent bundle
TZ, set

(3-28) 01(VZ,7):={L(TZ,VZ) ch(®(Tc Z), VO Tc 2y (8m)

(3-29) 02(VZ . 1) 1= {A(TZ, V) ch(®,(Tc Z), VO T 2))y (8m),
Similar to Proposition 3.1, we have

Z

RZ 0'(0.7) 61(Z5. 0\ ™

3-30 vZ 1) = dtl/z( i 27 )} ,
(3-30) 01(V7, 1) {e 27129(%’1) 5,09

RZ 0/0,v) 02(25, r)) }(8’")

) 7z _ 1/2
(3 31) QZ(v s T) {det (47-[2 9(%’ -[) 02(0, 'L')

Also Q;(VZ, 1) is a modular form of weight 4m over I'y(2) and Q»(VZ, 1) is a
modular form of weight 4m over I'°(2). Moreover,

(32 0i(VZ. 1) =2e0y(VZ 1), 0i(VE T+ 1) = 04(VZ ).

Similar to (3-12) and (3-13), by using Lemma 3.1 and (3-32), we have
02(VZ. 1) = {A(TZ,V7) ch(zo(Tc 2))} 8™ (855)*"
+{A(TZ, V) ch(z (T Z))} B (85,) 2™ 2e,
+ -+ {A(TZ,VZ) ch(zm(Tc 2))}E™ e,
01(VZ. 1) = 2*"[{A(TZ.VZ) ch(zo(Tc 2))} 8™ (851)*™ + - --
+{A(TZ,VZ) ch(zm(Tc 2))}E™ ™.
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Comparing the constant term of the above equality, we have

(3-33) {L(1Z.V#)}8m =3 " 26m=6( 4(1Z,V#) ch(z, (T 2))} ™.

r=0

Then one can integrate both sides of (3-33) along the fiber and combine the theorems
of Bismut and Freed and Freed and Lott to obtain Theorems 2.2.2, 2.2.4,2.3.2,2.3.4
and 2.4.2.
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