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On third homologies of groups and of quandles via the
Dijkgraaf—-Witten invariant and Inoue-Kabaya map

TAKEFUMI NOSAKA

We propose a simple method for producing quandle cocycles from group cocycles by
a modification of the Inoue—Kabaya chain map. Further, we show that, with respect
to “universal extension of quandles”, the chain map induces an isomorphism between
third homologies (modulo some torsion). For example, all Mochizuki’s quandle
3—cocycles are shown to be derived from group cocycles. As an application, we
calculate some Z—equivariant parts of the Dijkgraaf—Witten invariants of some cyclic
branched covering spaces, via some cocycle invariant of links.

20J06, 57M12; 57M27, 57TN65

1 Introduction

A quandle is a set X with a binary operation whose definition was partially motivated
by knot theory. Fenn, Rourke and Sanderson [8; 9] defined a space BX, called the
rack space in analogy to the classifying spaces of groups. Carter et al [3; 4] introduced
quandle cohomologies H 5 (X; A) with local coefficients by slightly modifying the
cohomology of BX; in addition they defined combinatorially a state-sum invariant
L, (L) of links L constructed from a cocycle ¢ € H, (’5 (X; A). The construction can
be considered as an analogue of the Dijkgraaf—Witten invariant [6] of closed oriented
3—manifolds M constructed from a finite group G and a 3—cocycle « € Hg3r(G; A).
To be specific, the invariant is defined as the formal sum of pairings expressed by

(1) DW,(M):= Y (f*().[M]) € Z[A],

S €Homg (1 (M),G)

where [M] is the fundamental class in H3(M;Z). Inspired by this analogue, for
many quandles X', Nosaka [22] gave essentially topological meanings of the cocycle
invariants, using the Dijkgraaf—Witten invariant and the homotopy group 7, (BX).

We mainly focus on a relation between quandle and group homologies, which have
been investigated in several studies. For example, the second quandle homology has
been extensively studied by Eisermann [7] on the basis of the first group homologies.
In addition, Nosaka [22] roughly computed some third quandle homologies from the
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group homologies of w1 (BX) with some ambiguity. Furthermore, for any quandle
X, Inoue and Kabaya [11] constructed a chain map ¢k from the quandle complex to
a certain complex. Although the latter complex seems far from something familiar,
Kabaya [13] modified the ¢gix mapping to a group homology under a certain strong
condition of X . Furthermore, for certain special quandles, Nosaka [21] proposed a
method for constructing quandle cocycles from invariant theory via their chain map.

This paper demonstrates a relation between third homologies of groups and those of
quandles via the Inoue—Kabaya map, with respect to a broad subclass of quandles. Here,
a quandle in the subclass is defined as a group G with the operation g <1/ := p(gh~!)h
for g,h € G, where p: G — G is a fixed group isomorphism (Definition 2.1). Let such
a quandle be denoted by X = (G, p). Let also Hy (G;Z)z be a quotient of the group
homology of G subject to the action of p, called the Z—coinvariant. In Section 2.2,
we reformulate the Inoue—Kabaya map, ®,, which induces a homomorphism

(Bn)s: HE(X:Z) — HE(G:7Z)z.

We then lift this map ®, to a chain map ¢, from CnQ(X ;Z) to the usual group
homology Hy (G;Z); see Proposition 2.6. As a corollary, if a presentation of a group
n—cocycle k of G is given, we can easily obtain the presentation of the induced quandle
n—cocycle ¢y (k).

This paper also investigates properties of the chain map ®, above. First, we focus
on a class of universal quandle coverings Y that are constructed from “connected”
quandles Y of finite order. Here Y isa quandle of the form (Ker(ey), p) for some
group Ker(ey), and it possesses an epimorphism py: Y >Y (as a quandle covering);
see Example 2.3 for details. Then we show that the associated chain map @ induces
an isomorphism

2) (53)*: H3Q()~’) ~ Hfr(Ker(sy))Z up to ty —torsion,
where 7y € N is the minimal number satisfying p’* = id (Theorem 2.10).

Needless to say, @3 is not always an isomorphism for such quandles (G, p); however,
from the universality of coverings, in some cases we can analyze the map ®3 as
follows.

We consider quandles Y of the form (F;, x w) with w € F,, referred to commonly
as Alexander quandles. Here we regard the finite field I, as an additive group and
the symbol “ x @ denotes the w—multiplication of [, . Fortunately, Mochizuki [19]
determined all the quandle 3—cocycles of Y, which are the most well-known quandle
cocycles so far. However, he found the 3—cocycles of Y by solving certain differential
equations over F,, and his statement was not so simple (see Section 4.1). In this paper,
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we easily obtain and explain all his 3—cocycles on the basis of some group 3—cocycles
via the map ®; (see (25) and Lemma 4.6). Moreover, we show that the third quandle
cohomology H 22(Y~ [Fy4) is isomorphic to a sum of some group homologies via the
maps ®,, &3 and 3 (see Theorem 2.13 in detail). In conclusion, all the Mochizuki
3—cocycles stem from some group 3—cocycles via the three maps. Therefore, such
an approach using ®, is generally expected to be useful for finding valuable quandle
cocycles of the quandles (G, p).

As an application of the isomorphism (2), we propose a relation to a partial sum of
some Dijkgraaf—Witten invariants of C T, where C 1 denotes the 7—fold cyclic covering
space of .S 3 branched over a link L (see (10) for the detailed definition of the partial
sum, and denote it by DW% (@ 1) € Z[A]). To be specific, we show (Theorem 2.15) that
if the induced map pj: Hé(Y; A) — Hé(?; A) is surjective, and if Y is connected
and of finite order, then any group 3—cocycle k of the above group Ker(ey) admits
some quandle 3—cocycle ¥ of Y for which the equality

3) DWZ(CE) = I, (L) € Z[A]

holds. Here I, (L) is the quandle cocycle invariant of links L [4] (see Remark 2.16
for some quandles satisfying the assumption on p3 ). While the equivalence of the
two invariants was implied in the previous paper [22] by abstract nonsense and the
proofs of (2) and (3) are based on some results in [22], the point of our results is that
the cocycle ¥ is directly obtained from the chain map &)3.

Compared with [22], we emphasize that our theorem serves to compute some parts of
the Dijkgraaf-Witten invariants DW% (6 i) via the right invariant 7, (L). A standard
way to compute the invariant is to find a fundamental class from a triangulation of
M (see Dijkgraaf and Witten [6] and Wakui [23]). However, presentations of group
3—cocycles are intricate in general. Hence most known computations of the Dijkgraaf—
Witten invariants are those with respect to abelian groups. However, in computing
them via the right invariant I, (L), we use no triangulation of M and many quandle
3—cocycles are simpler than group ones (in our experience).

In fact, in Section 5, we succeed in computing some of the formal sums DW% (6' i) by
using the Mochizuki 3—cocycles, which are derived from triple Massey products of
a meta-abelian group Gy (see Proposition 4.7). For example, we will calculate the
cocycle invariants of the torus knots 7'(m, n) (see Theorem 5.1); hence, we obtain the
partial sum DW% of the Brieskorn manifold X (m, n, t), which is the covering space
branched over the knot 7T'(m, n). As the special case w = —1, we compute the cocycle
invariant of some knots K and thus obtain some values DW% (6' It() for the double
covering spaces branched along K (see Table 1 in Section 5.1).

Algebraic & Geometric Topology, Volume 14 (2014)



2658 Takefumi Nosaka

This paper is organized as follows. In Section 2, we introduce a lift of the Inoue—
Kabaya chain map and state our theorems. In Section 3, we prove Theorems 2.10 and
2.15. In Section 4, we show that Mochizuki 3—cocycles are derived from some group
3—cocycles. In Section 5, we calculate some partial sums of the Dijkgraaf—Witten
invariants.

Notation and convention [ is a finite field of characteristic p > 0. HE'(G) denotes
the group homology of a group G with trivial integral coefficients. We assume that
manifolds are smooth, connected and oriented.

2 Results

In Section 2.3 and 2.4, we state our theorems. For this purpose, we briefly review
quandle homologies and their properties in Section 2.1, and we modify the Inoue—
Kabaya map in Section 2.2.

2.1 Review of quandles and quandle cohomologies

We start by recalling basic concepts about quandles. A gquandle is a set X with
a binary operation (x, y) — x <1 y such that, for any x,y,z € X, x < x = X,
(x<ty)<dz=(x<z) < (y < z) and there exists a unique w € X such that
w <1y =Xx. A quandle X is said to be of type ty if ty > 0 is the minimal number N
satisfying a = (--- (@ <t b)---) <« b (N nested parentheses to the right of ») for any
a,b € X. The associated group As(X) of X is defined to be the group expressed by

As(X) := (ey | e;i]ye;lexey for x,y € X).

The group As(X) acts on X by the formula x-e), :=x <1y for x, y € X . If the action
is transitive, X is said to be connected. If we have a homomorphism ey: As(X) — Z
sending ex to 1, we get an exact group extension

) 0 — Ker(ex) —> As(X) -5 Z — 0.

Next we introduce a subclass of quandles that we mainly investigate in this paper.

Definition 2.1 (Joyce [12, Section 4]) Fix a group G and a group isomorphism
p: G — G. Equip X = G with a quandle operation by setting

(5) g <th:=p(gh™"Hh.
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Note that the quandle (G, p) is of type ty if and only if £y is the smallest number for
which p’¥ =idg holds.

Although the (G, p) only form a subclass of quandles, they include interesting examples:

Example 2.2 (Alexander quandle) Let X = G be an abelian group. Denoting p
by T, we can regard X as a Z[T, T~ ']-module. Then the quandle operation is
rewritten as

x<1y=Tx+1-T)y

and X is called an Alexander quandle. Given a finite field Fy and w € Fj* with w # 1,
the quandle X =F,[T]/(T — w) is called an Alexander quandle on Fy with w.

The type tx of X equals the smallest n satisfying 7" =1 in X'. We can easily check
that X is connected if and only if (1 — 7') is invertible.

Example 2.3 (Universal quandle covering) Given a connected quandle X, con-
sider the kernel G = Ker(ey) in (4). Fix a € X. Using a group homomorphism
pa: Ker(ex) — Ker(ex) defined by p,(g) = e, 'ge,, we have a quandle X =
(Ker(ex), pa), called an extended quandle of X . We can easily check the independence
of the choice of a € X up to quandle isomorphisms.

Considering the restriction of the action X ¢~ As(X) to Ker(ey), the map px: X—>X
sending g to a- g is known to be a quandle homomorphism (see [12, Theorem 4.1]),
and is called a (universal quandle) covering [7]. It can easily be seen that if X is of
type fx and of finite order, then so is X . Furthermore, the quandle X is connected
[22, Lemma 6.8].

Finally, we briefly review the quandle complexes introduced in [3]. Let X be a quandle.
Let us construct a complex by considering the free Z—module C, R(X) spanned by
(x1,...,xn) € X" and letting the boundary af(xl, co,Xp) € C *,(X) be

Z (—l)i((xl,...,x,-_l,xi+1,...,xn)—(x1 < Xi, ..., Xi—1 <1x,',x,~+1,...,xn)).
2<i<n
The composite 35_1 ) 85 is zero. The pair (CR(X),dR) is called a rack complex.
Let CnD (X) be a submodule of C, R(X) generated by n—tuples (xi,...,x,) with
X; = Xj+1 forsome i € {l,...,n—1} if n > 2; otherw1se let CD(X) = 0. Since
BR(CD(X)) C CD (X)), we can deﬁne a complex (C (X), 0x) by the quotient
CR(Xx)/CP(X). The homology H (X) is called the quandle homology of X .
Dually, we can define the cohomologies Hy(X; A) and H, (X ; A) where A is a
commutative ring.
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However, the second term of the differential X seems to be incomprehensible. In the
next subsection, for quandles of the form (G, p), we give another simple definition
of ok,

2.2 A lift of Inoue—-Kabaya chain map

We now construct a chain map (7) with respect to a class of quandles in Definition 2.1.
Our construction is a modification of the Inoue—Kabaya map [11, Section 3] (see the
Remark below).

In this subsection, we often denote p(x) by x” and p”(x) by x"P, respectively.

For a quandle X of the form (G, p) in Definition 2.1, we will reformulate the rack
complex CR(X) (= Z(G")) in non-homogeneous coordinates. To be specific, we
consider a module isomorphism Y: CR(X) = CR(X) derived from the bijection

. —1 -1 -1
(6) Yo (Xp,..0,X0) > (XX, X2X5 .o, Xp—1X, , Xn),

and we define another differential 856: CnR XxX)—>C nR; {(X) to be the composite
—Y 03dR oY1, Then a direct calculation shows the following:

Lemma 2.4 For generators (g1,...,8n) € CnR (X), the differential 8,15 G is

35G(g17--~7gn) = Z (_l)i((glw--7gi—1»gigi+1,gi+2, s &n)
1<i<n—1

—(g]. . 80 .8l git1. Givas o2 8))-

When we discuss this 8,150 , we often denote the module CnR (X) by CnRG (X). We also
define a subcomplex D, (G) generated by n—tuples (g1, ..., gn) such that g; =1 for
some i <n—1. We denote the quotient complex C,,RG (G)/ Dy(G) by CnQG (X). Its
homology HnQG (X) is isomorphic to the quandle homology HnQ (X) in Section 2.1.

Next we give a brief review of the normalized chain complexes C5' (G) of groups
in non-homogeneous terms (see Brown [2]) as follows: Let C %,r(G) denote the free
Z-module generated by G", and let its boundary map 9% (g1, ...,gn) € C ir_l (G) be

(2. 8+ D (=D'(g1.-- - 8i-1.8igi+1.8it2: -+ &n)

1<i<n—1 +(=D"(g1s s 8n-1)-

We can easily check that 85 (D, (G)) C D,—1(G) for the submodule D, (G) mentioned
above. Let C5' (G) denote the quotient complex of C% (G) modulo D,(G). As is well
known, the associated homology H(CE'(G)) coincides with the usual group homology
of G (see [2, Section 1.5]).

We now construct a chain map ¢, from the complex C,,RG (X) to CF(G).
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Definition 2.5 Assume that a quandle X of the form (G, p) is of type ¢y . Take a set
Kni={(ki,....kn) €Z" |0 <kj—y—ki 1,0 <kn <ty —1}
of order ty2"~!. We define a homomorphism ¢,: C,,R %(X) — C5(G) by setting

- k k
on(g1.82.. . gn) = Y (=DF1TRn(g[1P g2 gknh) e CF(G).
(kla-“akn)EICn

For example, when n = 3, ¢3(x, y, z) is written as

MDY Py ) = (DR, e 2y
0=<i<tx—1 _ (X(H-l)p’ y(i—i-l)p’ Zip) + (x(i+2)p’ y(i-i-l)p’ Zi,o).

Proposition 2.6 Let X be a quandle of the form (G, p). If X is of type ty < o0,
then the homomorphism @y: CnRG (X) — C5'(G) is a chain map. To be specific,
O 0 ¢n = gn_1 005

Furthermore, the image of D, (G) under this map is zero. The ¢, induce a chain map
from the quotient CnQG (X) to C£'(G) and a homomorphism H,,QG (X) - HE' (G).

Proof Since the identity 85 o ¢ = @n_1 © XS is proven similarly those in [11,
Lemma 3.1] or [21, Appendix], we defer the details to the Appendix. It is easy to check
the latter part directly by using the definitions. a

We realize an easy construction of quandle cocycles from group cocycles:

Corollary 2.7 Let a quandle X = (G, p) be of type ty . For any normalized group
n—cocycle k of G, the pullback ¢;; (k) is a quandle n—cocycle.

Remark We roughly compare our map ¢, with a chain map ¢k introduced by Inoue
and Kabaya [11]. For any quandle Q, they constructed a complex CnA(Q) from a
simplicial object and formulated the map ¢ik: CnR(Q) — CnA(Q) in its homogeneous
coordinate system (see [11, Section 3] for details).

To see this in greater detail, we define a module C5' (G)z as the quotient of C5 (G)
modulo the relation (g1, ...,gn) = (p(g1),-..,p(gn)), called the Z—coinvariant of
Cy'(G). Let 7, denote the projection Cyy (G) — Cyy (G)z. We can see that if Q is a
connected quandle of the form (G, p), then the above complex C,,A(Q) is isomorphic
to the coinvariant C' (G)z ; further, we can check the equality tx - ¢ix = 7,0 ¢y. In
summary, our map ¢, is of a lift of the Inoue—Kabaya map ¢k in connected cases
and is relatively simple. Therefore we fix some notation:
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Definition 2.8 Let &, be the composite chain map 7, o ¢,: CnQG (X)— C5(G)z,
that is,
Oy C26(X) 2 CE(6) 25 ¢ (G)y.

Incidentally, we prepare a “reduced map” of the ®,,, which is used temporarily in
Theorem 2.15. Consider a homomorphism P: C,,RG X)—C RGI (X) derived from a
map X" — X"~ 1 sending (x1,...,x,) to (x1,...,X,—1). We discuss the composite
®,_10P:

Proposition 2.9 Let X be a quandle (G, p) of type ty . The composite
®y—1 0P G (X) > L (G)z

is a chain map. Furthermore, it induces a chain map from the quotient CnQG (X) to
Cply(G)z.
-1

Proof From the definitions, first note that

(@, C 0P =Podf) (g1, ... gn) = (=1 (1. &n2) — (&].-... 85_,)).

The map ®,,_; sends this element to zero by the definitions of /C,, and ¢, . Here, we
use p'¥ (g) = g forany g € G. Since ¢, is a chain map (Proposition 2.6), so is the
composite. a

2.3 Results on the chain map @3

We now study the chain map &, with n = 3 (see Theorems 2.10, 2.13).

First we study the maps &, with respect to extended quandles in Example 2.3.

Theorem 2.10 Let X be a connected quandle of type ty , and let X = (Ker(ex), pa)
be the extended quandle in Example 2.3. Let ®,, denote the chain map in Definition 2.8.
Assume that the Hfr(As(X )) is finitely generated (eg X is of finite order). Then the
induced map

(@3)x: HP(X) — H'(Ker(ex))z

is an isomorphism modulo ty —torsion.

Remark 2.11 We can compare this theorem with [22, Theorem 3.18], which states the
existence of an isomorphism H3Q (f ) = H§"(As(X)) modulo 7y . Later, in Lemma 3.4,
we obtain a canonical isomorphism H5'(As(X)) = Hj'(Ker(ex))z modulo 7y . Thus
this theorem says that the chain map (®3)s« gives an explicit presentation of this
isomorphism.
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Next, as a special case, we focus on the Alexander quandles on [F; in Example 2.2.
Using the maps ®,,, we will characterize the third quandle cohomology from group
homologies. Identifying X =, with (Z p)h as an additive group, let p: F;, — F,
denote the multiplication by @. Then we have a chain map ®;: Cg”r((Z p)h)Z — Cé (X)
and will later show the following:

Proposition 2.12 Let X be an Alexander quandle on F; with w as in Example 2.2.
Let g = p". The induced map ®%: Hg3r((Zp)h;IFq)Z — H} o(X:Fg) is injective.

Furthermore, if H2Q (X) vanishes, then this ®3 is an isomorphism.

In general, this ®F is not surjective. To get around the obstruction H. Q(X ), we
consider the chain map ®,: C Q(X ) — C&(Ker(ex))z with respect to the extended
quandle (Example 2.3). As seen in Section 4, the abelianization of Ker(ey) is given by
Proj: Ker(ex) — (Z p)h (as a set-theoretic projection). Then we obtain a commutative
diagram:

n h. Z @ n .
Hy(Zp)";Fq) Hp (X Fyg)
lProj* jP}k(
o L
H!(Ker(ex): Fg)? Hp(X:Fy)

We remark that when n = 3, the bottom map <1> is an isomorphism by Theorem 2. 10
Let res(CD*) denote the isomorphism restrlcted to the cokernel Coker(Proj*).
addition, we take the chain map ®,_1 oP: C, Qg (X)—>C, & 1(G)z in Proposition 2. 9

To summarize these homomorphisms, we characterize the third quandle cohomology

of X:

Theorem 2.13 Let X be an Alexander quandle on . Let g = ph be odd. Then
there is a section s: Hé (X;Fy) — Hé (X:Fq) of py such that the following homo-
morphism is an isomorphism:

(8) (P20P)* DD @ (s ores(ﬁv);‘)):
HZ(Zp)": F)® & HY((Zp)":Fy)* @ Coker(Proj*) — H}(X:F,).
The proof will appear in Section 4. Although the paper [22, Theorem 3.16] showed the

existence of an isomorphism

HY(X:Fg) = HY (As(X)) & (HZ (X) A H2 (X)),

Algebraic & Geometric Topology, Volume 14 (2014)



2664 Takefumi Nosaka

this theorem gives an explicit formulation of the isomorphism in some sense, and
implies clearly that all the Mochizuki 3—cocycles are derived from group 3—cocycles
of (Zp)h and Ker(ey) via the chain map .

Incidentally, at a higher degree, we now observe that the induced map (¢y)«: H,,Q (X)—
HE'(G) is far from injective and surjective.

Example 2.14 To see this, we let ¢ = p and examine the chain map ¢,, with respect to
an Alexander quandle X on IF,, in Example 2.3. There we see that Ker(ey) = Z) (cf
(20)); hence Hg”r(Z p:Fp) =, for any n € N. Nosaka [20] showed that the integral
quandle homology HnQ (X) is (Z p)b“ , where b, € Z is determined by the recurrence
formula

buy2t =bp+byy1+byya, by =by=---=by;2=0 and by =by =1,

and ¢ > 0 is the minimal number satisfying w’ = 1. In conclusion, since the b, grow
exponentially, the map (¢y)« is not bijective.

2.4 Shadow cocycle invariant and Dijkgraaf—Witten invariant

We address a topological relation between the shadow cocycle invariant [4] and
the Dijkgraaf—Witten invariant [6]. We will review both the invariants and state
Theorem 2.15.

First, to describe the former invariant, we review X—colorings. Given a quandle X', an
X—coloring of an oriented link diagram D is a map C: {arcs of D} — X satisfying
the condition on the left-hand side of Figure 1 at each crossing of D. Let Coly (D)
denote the set of all X—colorings of D. Note that two diagrams D; and D, related
by Reidemeister moves admit a 1:1 correspondence Coly (D7) <> Coly (D,); see [3;
4] for details.

We define a shadow coloring to be a pair consisting of an X—coloring C and a map
A from the complementary regions of D to X such that, if regions R and R’ are
separated by an arc « as shown on the right-hand side of Figure 1, the equality
A(R) <1C(a) = A(R’) holds. Let Coly (D) denote the set of shadow colorings of D.
Given an X—coloring C, we put x¢ € X on the region containing a point at infinity.
Then, by the rules in Figure 1, the colors of other regions are uniquely determined,
and they ensure a shadow coloring S denoted by (C; x¢). Thus, we obtain a bijection
Coly (D) x X ~ Coly (D) sending (C, xo) to S = (C; xo).

We briefly formulate (shadow) quandle cocycle invariants [4]. Let D be a diagram
of alink L, and let S € Coly (D) be a shadow coloring. For a crossing T shown in
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N " ;
— s AMR)<C(e) =A(R)

\ Y Cl@) <C(B)=Cy)

Figure 1: Coloring conditions at each crossing and around arcs. In this paper,
we describe orientations of links as normal orientations.

Figure 2, we define a weight of t to be €;(x, y,z) € C3Q (X;Z), where ¢; € {£1} is
the sign of t according to Figure 2. Then, the fundamental class of S is defined to be
D oer(x,y.2) € C3Q (X;7Z), and it is known to be a 3—cycle. We denote the homology
class by [S]. For a quandle 3—cocycle ¢ € C (32 (X; A), we consider the pairing
(Y, [S]) € A. If X is of finite order, the formal sum 7y (L) := ZSe@X(D) 1z {{y, [S])}
in the group ring Z[A] is called the quandle cocycle invariant of L, where the symbol
1z{a} € Z[A] denotes the generator corresponding to @ € A. By construction, in order
to calculate the invariant concretely, it is important to find explicit formulas for quandle
3—cocycles.

Figure 2: Positive and negative crossings with X—colors

On the other hand, we will briefly formulate a Dijkgraaf—Witten invariant below (10).
For alink L, let C 7' denote the m—fold cyclic covering space of S 3 branched over L.
Note that Z canonically acts on the space C 7' by covering transformations. According
to [22], when X is connected and of type ¢, for an X—coloring of L, we can construct
a Z—equivariant homomorphism ['¢c: 4 (6 1) — Ker(ex), where Z acts on Ker(ex)
via the homomorphism p, in Example 2.3; see Section 3.1 for the definition of ['¢. In
summary, given a link-diagram D, we have a map

©) Ie: Coly (D) — Hongr(nl(@i), Ker(eX)),

where the right-hand side is the set of the Z—equivariant group homomorphisms
Ty (C ) — Ker(e x ). Furthermore, consider the pushforward of the fundamental class
[CL] € Hj (CL) via the induced map (I'¢)«: Hj (CL) — Hf'(Ker(ex)). Using this,
with respect to a Z—invariant 3—cocycle k of Ker(ey), we define a Z—equivariant
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part of the Dijkgraaf-Witten invariant of C ]i by the formula

(10) DWZ(CH = Y (k. (T)«(CLD) € Z[Al.
CeColy (D)

We remark that this invariant depends on the link L, and not on only the topological
type of the cyclic branched coverings space Cj with the Z—action on their fundamental
group. Actually, in general, the map (9) is not surjective.

Next we state that with respect to a connected quandle that satisfies a certain assumption,
the two invariants explained above are equivalent (see Section 3 for the proof).

Theorem 2.15 Let X be a finite connected quandle of type ty . Assume that an abelian
group A contains no ty —torsion, and the induced map p’: Hé (X;A)— Hé (X~; A) is
surjective. Then any Z —invariant 3—cocycle k of Ker(ey) admits a quandle 3 —cocycle
Y of X, which ensures the equality

Iy (L) = |X|-DWZ(C[¥) € Z[4]

Conversely, given a quandle 3—cocycle W of X, there is a Z —invariant group 3 —cocycle
k of Ker(ey) for which the equality holds.

Remark 2.16 As seen in in Section 3.2, for some quandles, we can obtain the quandle
cocycle ¥ in Theorem 2.15 concretely from a group 3—cocycle k. For instance, if
rx: X —> X is an isomorphism, then ¥ is given by ¢3(«). As another example,
for Alexander quandles on [, the relations between ¥ and « are given by explicit
formulas (see Section 4.2 in detail).

As mentioned in the introduction, the homotopical equivalence of the two invariants
was implied in [22]. However, this theorem gives the equivalence explicitly in the
cohomological viewpoint and hence it serves to compute some parts of the Dijkgraaf—
Witten invariants DW,, (6‘ EX ) via the quandle cocycle invariants 1., (L).

To conclude, under the assumption on the p;‘( , the invariant DW% (6 1) constructed
from any Z—invariant 3—cocycle « of Ker(ey) can be computed from the quandle
cocycle invariants via link-diagrams. Fortunately, there are some quandles satisfying
the assumption of the surjectivity of p¥ : for example, connected Alexander quandles
X such that the order | X| is odd or tx is even [22, Lemma 9.15], and “symplectic
quandles X over [F,” with g =1 [22, Section 3.3].

In contrast, other quandles do not satisfy the assumption. In fact, with respect to
symplectic quandles X with g > 1 in a stable range, which are of type p, it has been
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shown [22, Section 3] that
H¥ (Ker(ex)) = HE(SpQg;Fy)) = Z/qg* —1 and HZ(X)=0.

Hence the invariant DW% (@ iX ) can not always be interpreted from shadow cocycle
invariants.

3 Proofs of Theorems 2.10 and 2.15

We will prove Theorems 2.10 and 2.15. The idea of the proofs is, roughly speaking,
to reduce of the chain map ¢3 to two homomorphisms from a certain group I1 2(X~ ).
As was shown in [22], the homomorphisms are isomorphisms in some cases, which
play roles in the proofs. Thus Section 3.1 reviews the group IT,(X) and the two
homomorphisms. In Section 3.2, we prove the theorems using the homomorphisms
and a key lemma. In Section 3.3, we give a proof of the key lemma. Readers who are
interested in only Theorem 2.13 may skip to Section 4.

3.1 Review of two homomorphisms Ay ., and Oy

We construct the two homomorphisms that appear in (11) and (12) below. For this,
we start by reviewing the group IT,(X) defined in [8; 9]. Consider the set of all
X—colorings of all link-diagrams. We define IT,(X) to be the quotient set subject to
Reidemeister moves and concordance relations illustrated in Figure 3. Disjoint unions
of X—colorings make IT,(X) into an abelian group. For a connected quandle X of
finite order, the group IT,(X) has been well-studied (see Theorem 3.1 below).

O CE G-

Figure 3: The concordance relations

Next we will explain the first homomorphism (11). Recall from Section 2.4 that given
an X—coloring C and x¢ € X', we can construct a shadow coloring of the form (C; x¢)
and the fundamental class [(C; x¢)] contained in H3Q (X). We easily see that if two
X—colorings C, C’ are related by Reidemeister moves and concordance relations, then
the associated classes [(C; x¢)], [(C'; xo)] are equal in H3Q (X) by definition. Hence
we obtain a homomorphism

(11) Ax xo: Th(X) > HZ(X), C[(Cx0)].
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We will now explain the second @y, which appears in (12). To this end, we first
examine the fundamental group of the z—fold cyclic branched covering C 1. Given
a link-diagram D of L, let yy,..., ¥, be the arcs of D. Consider the Wirtinger
presentation of 71(S3\ L) generated by Yy, ..., yn. For s € Z, we take a copy Vs
of the arc y;. Then by the Reidemeister—Schreier method (see [13, Section 3] for the
details), the group (6 ]i) can be presented by

generators Yig (0<i <n,seZ)
relations  yg ¢ = Vj_sl—l Vis—1Vj,s  for each crossing in the figure below

Yi,s = Vi,s+t>»  Y0,s = 1

X

Let X be a connected quandle of type ¢. Given an X—coloring C € Coly (D), we denote
the color on the arc y; by x; € X. Define a group homomorphism I'¢: nl(é 1) —
Ker(ex) by setting
Te(yis) 1= €%, exiex,

(this is well-defined; see [22, Section 4]). Furthermore, considering the fundamental
class, [C}], in Hs(C}), it gives a (group) homology class in H;gr(nl(@]ﬂ))A. We
often denote the pushforward of this homology class under (I'c)x by (I'c)«([CL)) €
H§"(Ker(ex)) in abuse of notation. We thus obtain a map

Ox,p: Coly (D) — HY (Ker(ex)), €+ (Te)«([CLD.

As is shown [22], if two X—colorings C,C’ can be related by Reidemeister moves
and concordance relations, then 6y, p(C) = 0y, p/(C’). Therefore the maps 0y p with
respect to all diagrams D yield a homomorphism

(12) Ox: M,(X) — Hj (Ker(ex)).
This ®x plays an important role in the study of the group IT,(X) up to ¢—torsion.

Theorem 3.1 [22, Theorems 3.4 and 3.18]' Let X be a connected quandle of type
tx - Recall the inclusion t: Ker(ex) — As(X) in (4). If the homology H{'(As(X)) is
finitely generated, then t o Ox: I15(X) — H{'(As(X)) is a split surjection modulo
tx —torsion, whose kernel is isomorphic to HZQ (X) modulo ty —torsion.

Furthermore, the induced map (px)x: Hz(f) — I1,(X) is a split injection modulo
tx —torsion, and this cokernel is isomorphic to the kernel of the composite t« 0 Ox .

In [22], the maps @y and (4 0 @y were denoted by Opq, Oy, respectively.
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3.2 A key lemma and proofs of Theorems 2.10 and 2.15

For the proofs, we state a key lemma. We here fix terminology: A (shadow) X —coloring
of D is said to be based if an arc yy of D is colored by the identity lger(ey) € X .

Lemma 3.2 (cf [13, Theorem 9.1]%) Let X be a connected quandle of type ty < oo,
and let py: X — X be the projection in Example 2.3. Take the chain isomorphism
T: C3R()?) — C3RG (f) described in (6). Let S € Colg (D) be a based shadow
coloring. Let Ce Col ¥ (D) be the restriction of S € ﬁi (D). Then

Ox ([px () = 930 Y (IS]) € Hy' (Ker(ex)).

Before proving the lemma, we will complete the proofs of Theorems 2.10 and 2.15.

Proof of Theorem 2.10 As mentioned in Remark 2.11, there is an isomorphism
H Q(X ) = H{'(As(X)) up to Ix - —torsion, as finitely generated Z—modules. Hence,
in order to prove that the map (@3)* is an isomorphism, it is enough to show it is
surjective. To this end, we set the composite of the three homomorphisms mentioned
above:
I, (X) P 2(X) X5 HE (Ker(ex)) = HE (As(X)).

It follows from Theorem 3.1 that this composite is an isomorphism up to £y —torsion.
Note that Lemma 3.4 below ensures the existence of an isomorphism

£ HY (As(X)) — H5 (Ker(ex))z

such that {0ty =1y -(7,)«, Wwhere 7, is the projection Cfr(Ker(sX)) — Cfr(Ker(eX))Z
explained in Section 2.2. Hence, the following composite is an isomorphism up to
ty —torsion as well:

(710)% © Ox o (px)s: T2 (X) — HY (Ker(ex))z.

Therefore, for any 3—cycle K € H, ¥ (Ker(ex))z that is annihilated by rx, we can
choose some based X —coloring C such that IC = (7,)% 0Oy o (px)«([C ]) We here
set a shadow coloring S of the form (5 ;1). Then by the key Lemma 3.2, we notice
the equalities

@3 (Y ([S]) = () 0 (93 0 T)([S]) = (7p)x 0 Ox (px (IC)) = K
Since K is arbitrary, we obtain the surjectivity of &)3 as required. a

2Kabaya [13] showed a similar statement under a certain strong condition of quandles. However,
as seen in the proofs of Theorems 2.10 and 2.15, in order to verify a relation to the Dijkgraaf—Witten
invariant, we may deal with only the extended quandle X in Example 2.3, which may not satisfy the
strong condition. The point is that Kabaya’s condition (16) is strong and does not hold in most cases.
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Proof of Theorem 2.15 We first construct two homomorphisms (13), (14) below. Let
X be a finite connected quandle of type fx . Given a Z—invariant group 3—cocycle «,
consider a composite homomorphism from IT,(X):

(13) I1,(X) Ox, H; (Ker(ex)) LAy
On the other hand, by the assumption that
Py HY(X: A) - H)(X: 4)
is surjective, we can choose a quandle cocycle ¥ € H é (X: A) such that py (V) =

(¢3 0 T)*(k). We then set a composite homomorphism

;%0]

(14) I, (x) =2 HE(X) Wy

We remark that this kernel contains the kernel of ®x by Theorem 3.1, since 4 contains
no ty—torsion by assumption.

Next we claim the equlvalence of the two > maps (13) and (14). For this, we choose X-
colorings Ci.....Cp that generate I1 2(X ); here we may assume that these colorings
are based by Lemma 3.3 below. Notice that, by Theorem 3.1, the group I1,(X) is
generated by the kernel Ker(txo®y) and the elements py (5 s--os PX (5,,) . Therefore,
the claimed equivalence results from the equalities

(k. ©x (px (€)= (k. 03 0 T (((Ci: To)]))
= (px (V). [C1:30)]) = (¥. [x (C0): px (Fo))]).
where the first equality is obtained from Lemma 3.2.

We further show the equivalence of the two invariants as stated in Theorem 2.15. By
definition, these invariants are reformulated as

DWZ(C)¥) = Z 1z{({k, ©x(C))},

CeColy (D)
Iy(Ly=>" > 1z{{(v.[C:x]} € Z[A].
x€X CeColy (D)

We know that I, (L) = | X| ZCGCOIX(D)IZ{(w, [C; xo])} for any xo € X [11, Theo-
rem 4.3]. In conclusion, since the homomorphisms (13), (14) are equal as claimed
above, so are the two invariants.

Finally, to prove the latter part of Theorem 2.15, recall that the map 53 is an iso-
morphism after tensoring by A (Theorem 2.10). So, given a quandle 3—cocycle ¥,
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we define a Z—invariant group 3—cocycle x of Ker(ex) to be (Y o &)g‘)_l( pY(W)).
Hence, by a similar argument as above, we have the desired equality

Iy (L) = |X|-DWZ(CpY). o

3.3 Proof of the key lemma

We will prove Lemma 3.2 as a modification of [13, Theorem 9.1].

For this purpose, we review descriptions in [13, Section 4] to formulate concretely the
orientation class [(A? Tle Hs (6 !'. 7)) of the branched covering space C T . Letco,...,cn
be the crossings of the diagram D. For each crossing ¢;, we can construct 4 tetrahedra
T(”) C 83 with 1 <u <4, and further decompose the 3—sphere S3 into these 4 (14 1)
tetrahedra Furthermore, set up 4¢ tetrahedra 77 (”) that correspond to lifts of T; ON

where 0 <s <t and 1 <u <4, and consider the actlon of Z/t on the set { }, s,u
defined by (T(“)) xSy = T(“) Let us fix the orderings of the vertices of T(”) followmg
Kabaya in [13 Figure 8] There, Kabaya glued each of the tetrahedra Tl(“) along
appropriate boundary triangles of other tetrahedra (see [13, Figures 7 and 14]). Then he
showed that the resulting union  J;  , l(s) is homeomorphic to the branched covering
space C! T » that the homeomorphism is compatible with the orientations and the Z—
actions, and that, in particular, the formal sum ), Se,(T(l) — T(Z) -1 & 4T (4))
represents the orientation class [C '], where ¢; € {#£1} is the sign of the crossmg Ci.

Moreover, he examined the pushforward f ([é 11) with respect to a homomorphism
f:m1(C}) — G as below. Let us set up some situations to give a labeling of the
tetrahedron Tl(’;) by a group G . Let us take the generators y; s € 71 (C}) in Section 3.1,
and assume we have the identities

Fks) = fWis=0" f(is) f(rjs) (G, j.k asinFigure 2, s = 1,...,1),

5)
Sro) = f(r2) == flros) =1lg.

Also, consider a map L : {Ti(?)}i,s,u — G* satisfying the conditions

(16) L) S =L@ ). LAY (i) = LTP, ) € G2

where the symbol - means the diagonal multiplication. We assume that if a point
xeC i is contained as a vertex in two tetrahedra, then the two images of x under £
are equal in G.

Condider the constant map Z: {T( )}, s,u — G that sends all elements to the identity
of G. We here regard the product T x L as a labeling of vertices in Tl(’;) according

to the vertices of the ordering. As is seen in [6; 23], we have a (simplicial) map from
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the 1-skeleton of the union | J; ; , T(”) to the Eilenberg-MacLane space K (G, 1);
hence we have a group homomorphlsm from 7y ([C 7] to G. Then, as a result of
[13, Section 4], the condition (16) implies that this homomorphism coincides with the
original f. In what followed, the pushforward f ([6‘ 7]) was shown to be represented
by the formula

an ( >, 2 LTy - Tifﬁ)—Tifé’)+T,-f;”))) e CE(G).

0<i<n 0=<s<t

where Y: C5'(G) — CE£'(G) is the isomorphism defined in (6).

Proof of Lemma 3.2 We will prove the lemma by expressing the left-hand side
Ox (px(C)) in detail. We later denote the X—coloring px (C) by C for short.

Starting from the based shadow X —coloring S, we will define a labeling £ compatible
with the group homomorphlsm Ie: mq (C 1) — Ker(ex) in (9). For each crossing Ci,
let (g.h,k)yeX Y3 = Ker(eX)3 be the weight of ¢;. Using the quandle structure on X,
we then define a map L: {T’ i,s }s’,,u — Ker(ey)3 = X3 by

LT = (gsmrihsmr ko), LTD) = (ot Qs gy k).
L(TD) = (g5 ks hs ks ko), LTS = (g5 < hy) ks hs < kg ks),
where we temporarily use notation g := e, ge,* € Ker(ey) for short.

We will verify the equalities (16) for this £ in order to apply I'c to f. From the
definition of the action X" v~ As(X'), we notice an equality €, () = €zk = k= leqk €
As(X) for any k € X . In addition, we note (px)«(S(yo)) = pX(l)?)Az a € X since
the S is based by assumption. Hence, using the generator y; s € m;(C i), we have

(18) Ce(yis) = (ea)s_lea.s(yi)e;s = (eq)* ! Cpy (k)ea. =€ V= eake;s
Using (18) we see that for any b € X', we have the identity
(c5~"beg ™) Telyis) = g (b < k)eg" € Ker(ex).

Plugging the three cases b = g, b = h or b = g <1 h into this identity establishes
condition (16).

Hence the labeling £ yields the homomorphism I'¢: 7y (6 1) — As(X). Actually, the
homomorphism f = I'¢ satisfies (15) by definition, and it is not hard to see that the
labels £ of any two vertexes that are identified in the union Ui’ s Tl(;’) are exactly
equal, where we follow the description of the tetrahedra by Kabaya [13, Section 3, 4].
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Finally, we discuss the pushforward of tEe orientation class (I'¢)« ([6 2]) eC 3gr (Ker(ey)).
We first check that, for any x, y,z € X = Ker(ey), we have
YT lops0T(x,y,2)
= Z (X5, Vs, 2s) — (X5 <V ys, Vs. Zs) — (X5 < zg, Y5 < Zg, Zg)
I=s=t + ((xs < ys) <zg, ys < Zg, Zg).

This verification is easily obtained by recalling the definitions of ¢3 in Definition 2.5
and Y in (6). Hence, comparing with the map £, we immediately have the equality

T ops 0 X(S) = Y- Y L(e(T — TP ~ T3 + T,Y)) € CF (Ker(ex)
i K

exactly. Notice that the right-hand side is the push-forward Y ! ((FC)*([CA‘i])) by (17).
Hence, from the definition of ®x, we conclude the desired equality in Lemma 3.2. O

We now provide proofs of the two lemmas which we used above.

Lemma 3.3 Let X be a connected quandle. Any element in T1 z(f ) is represented by
a class of some based X —coloring.

Proof Let C be an X —coloring representing the element and / € X be the X—color
of the arc yp. Since the extended quandle X is also connected [22, Lemma 9.15], we
have gi,...,gn € X suchthat (---(h <1 g) <---) < gn = 1 . Then, by considering
the following picture, we can change C to another X —coloring C’ of D such that the
arc yq is colored by & <1 gq and that [C]=[C"] € Hz()?).

Yo h h h<ag h<1g
A A N /A
C = C g1= = Cl = C/ EH2(X)
Q ¢ Qe

Here the first and forth equalities are obtained from the concordance relation, and in
the second (resp. third) equality, the loop colored by g; passes under (resp. over) all
the arcs of D. Note that here we only use Reidemeister moves. Hence, iterating this
process, we have a based )?—coloring C™ of D such that [C] =[C™] e Hz()?). a

Lemma 3.4 Let X be a connected quandle of type ty . Let i: Ker(eyx) — As(X) be
the inclusion (4), and 7p: C5 (Ker(ex)) — Cj (Ker(ex))z be the projection. Then
there is an isomorphism &: Hfr(As(X)) — Hégr(Ker(SX))Z modulo ty —torsion such
that oty =ty - (7p)x.
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Proof Fix x € X and consider the subgroup (¢t ), ez of As(X), which is contained
in the center (see [22, Lemma 4.1]). Define the quotient Qx := As(X)/ (€% )nez . By
the Lyndon—Hochschild spectral sequence, the projection P induces an isomorphism
Py: HS'(As(X)) = H{ (Qx) up to ty —torsion, since H5 (As(X)) is annihilated by zx
[22, Corollary 6.4]. Furthermore, noting the group extension Ker(exy) - Qx — Z/tx,
the transfer gives an isomorphism 7: H} (Qx) — HY (Ker(ex))z modulo #x; see [2,
Section III.10]. Hence, denoting 7 o Py« by &, we have the equality &£ o1, =ty - (7))«
by construction. a

4 Proofs of Proposition 2.12 and Theorem 2.13

The outline of the proofs of Proposition 2.12 and Theorem 2.13 is as follows. A basis for
the third cohomology of an Alexander quandle over [F; was found by Mochizuki [19],
which we review in Section 4.1. We will see that it is enough to show that the map in
(8) is surjective. So we will construct group 3—cocycles of As(X) as preimages of the
basis via the chain maps 3 and 5133 (see Section 4.2).

To implement this outline, we start by reviewing a simple presentation of As(X),
where X of a connected Alexander quandle, according to Clauwens [5]. Consider
a tensor product X ® X over Z to be an abelian group. Define a homomorphism
Ux: XX - X ®X by

px(x®y)=x®y—TyQx.
We equip a product Z x X x Coker(uy) with a group operation given by
(19) (n,a,k)-(m,b,v)y=m+m,T"a+b,k+v+[T"a®Db]).

Then a homomorphism As(X) — Z x X x Coker(uy) sending the generators ey to
(1, x,0) is an isomorphism [5, Theorem 1]. Then we easily see that the lower central
series of As(X) are then described as

20) As(X) D X x Coker(uuy) D Coker(iuy) D O.

In particular, the kernel Ker(sy) in (4) is a subgroup of the set X x Coker(uy).
Incidentally, there is an isomorphism H2Q (X) = Coker(ux) [5]. Note that the action
of p, in Example 2.3 is reformulated as p,4(0, x, ) = (0, T'x, @).

Notation Denote by Gy a subgroup of X x Coker(uy). In this section, we let X
be an Alexander quandle on [F; with w € [F;. Let X be of type 7y . That is, 7y is the
minimal number satisfying ' = 1. Note that #y is coprime to ¢ since w9~ ! = 1.
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4.1 Review of Mochizuki 3—cocycles

We will review Mochizuki 2— and 3—cocycles of X = IF;. We here regard polynomials
in the ring [F4[Uy, ..., Uy] as functions from X to F,, and as being in the complex
Céc (X;Fy) in Section 2.2.

Theorem 4.1 [19, Lemma 3.7] The following set is a basis of H (22 (X TFg):

{UNUP | 01192 = 1,1 < ¢y < q, <q and g; is a power of p}.

Next, we describe all the quandle 3—cocycles of X . For this, recall the following three
polynomials over [y [19, Section 2.2]:

Q1) XU Upp) = Y (—l)i_li_lUJ.”_iU]?+1
1<i<p-1
= (WU + Uj1)? U = UL )/ p.
Eog(a- p,b) := (x(@Uy,Ua) — x(Uy, Up))* - UY,
Ei(a.b-p):=Uf(x(Uz,Us) = x(w™" - Uy, Ua))b-

Define a set [ qu » consisting of the polynomials under some conditions:

22) If,={Eo(q1-p.q2) | 0PI =1,q1 < g2}
U{E1(q1.92- p) | o' 7792 = 1,41 < g3}
DB URUP 8924 — g, <03 <)

Here the symbols ¢; range over powers of p with ¢; < g¢q.

We review polynomials denoted by I'(¢1, g2, g3, q4). For this, we define a set Qg ,, C
Z* consisting of quadruples (¢1,¢2.¢3,¢4) such that:

e ¢2<q3,q1 <q3, g2 < qa4, and 0?19 = 92194 = | Here, if p = 2, we
omit ¢, = ¢3.
* One of the following holds:
Casel 71192 =1,
Case2 w792 £ 1 and g3 > g4.
Case3 (p#2), w9192 £ 1 and g3 = q4.
Cased (p#2), 01" 241, gy <q1 <q3 <qa, 07" = 0?.

Case5 (p=2), 0N 92 £1, gy <qy <q3 <q4, 07 = 0.
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We call an element of the set Qy ,, a Mochizuki quadruple. For (q1,q2,93,q4) € Qg.0,
in each case the associated polynomial T'(¢1, g2, ¢3,q4) is defined as follows:?

Casel T'(¢1,92.93.94) = Ulq1 UZqZ’Lq3 U3q4.
Case2 T(q1.42.43.94) := U UPTHUL — U U T4 U
_ (qu _ 1)—1 (1 _wq1+qz)(Ulql Uzqz ans-i-fm _ Ulql+qu2q4U3qs).
Case3 T(q1.92.93.94) := U UF UL,
Cases 4,5 T(q1.42.43.94) == UP U T2UM.

Remark 4.2 The 3—cocycle in Case 3 (resp. 4 and 5) is formulated as that in Case 1
after changing the indices (1,2, 3,4) to (1, 3,4,2) (resp. to (3, 1,2,4)).

Theorem 4.3 [19] The following set composed of quandle 3 —cocycles gives a basis
of the third cohomology H 5 (X:;Fg4). Here q; means a power of p with g; <q.

1, Uil (41.92.93.94) | (91.92.93.94) € Qg .0} U{ U UL |01 F92 = 1,41 < g2}

Remark Unfortunately the original statement and his proof of this theorem contained
slight errors, which have been corrected by Mandemaker [17].

4.2 Proofs of Proposition 2.12 and Theorem 2.13

First, to prove Proposition 2.12, we prepare a lemma for a study of the quandle 3—
cocycles in (22), using the notation x from (21):

Lemma 4.4 Let us identify G = (Z P)h with [F, as an additive group. Then the second
group cohomology ngr(G; Fy) = (IFq)h(h+1)/ 2 js generated by the group 2—cocycles
(23) {U' U2, x (U, Up)® |1 <q1 <q2 <q.1=q3 <q, where g; is a power of p}.
Furthermore, Hg3r(G; Fg) = th h+D(h+2)/6 g spanned by the 3 —cocycles
{UNULUE 1 g1 <qp <q3} U{x(U1. U)T - UL | q1 < g2}

ULU - x(Us, U3)® | 41 < g2},

where q1,q2, g3 run over powers of p with 1 < gq; < q. Regarding the multiplication
of w € Fy as an action of Z on I, , the Z—invariant parts Hér(G; IFq)Z are generated
by the above polynomials of degree d satisfying w? =1, where i =2, 3.

31n Cases 3, 4 and 5, we change the forms of I'(¢1,¢2,¢3,q4) in [19]; however, our I" are cohomol-
ogous to the original ones.
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Proof In the proof, we rely on the well-known graded ring isomorphism

24) HX(G:Fy) = N, ....a5) ®F, FlBi.. ... Bal.

where the degrees of «; and of §; are 1 and 2, respectively. See [2, Sections V.2, 3, 4]
for details.

We will determine a basis of the second cohomology (G Fg). We remark that
the first one H (G:Fy) 2 Hom(G,Fy) = (IFq) is generated by the Frobenius maps
U P with 0 < l < h. Recall that the cup product is the usual product in the complex

(G [Fy); see [2, Section V.3]. Hence, remembering (24), the cup products Uy 1 U, 12
for g1 < ¢» < g are non-trivial and are linearly independent in ngr(G; ]Fq) up to
coboundary. For any z € [F; we set Z := 2111;1 (z,nz) e Cfr(G; Fy). Then we easily
see that Z is a 2—cycle, and further compute the pairings

(UI'U2. 2) =0, (x(Ur.Un)®. 2) = (—2)=7.

Since z is arbitrary, we see the linear independence of these 2—cocycles. Noting that
dim H2 (G;Fy) = h(h+1)/2, the set in (23) forms a basis of gzr(G; Fy) as desired.

Next we discuss the third cohomology. Following (24) again, the third cohomology is
generated by the products of Hglr(G; Fy) and ngr(G; [F4). Hence, by the presentation
of their cohomologies, the above polynomials give a basis of Hg3r(G; Fy) as desired.

Finally, concerning the invariant parts, notice that the boundary 9% commutes with the
action of Z on [y, by definition. We therefore have a direct decomposition

CE(G:Fy) = P CF(G:Fy)®
i
as chain groups, where C5 (G; T, q)“’j denotes the w/ —eigenvalue space of C5' (G;TFy).
Hence all cocycles of the Z —invariant parts Hér(G; Fq)Z are given by ones in a subring
of Hér(G;Fq) as desired. O

Returning to our subject, we apply these generators in Lemma 4.4 to the pullback of
the chain map @3 (see Definition 2.5). Then the quandle 3—cocycles in I in (22)
explicitly appear as follows:

qa)

Lemma 4.5 We have
oy (U ULUR) = tx(1— 01— ! T2) . U U UE,
(25) 0 (x(Up, U)? - Uf?) = tx (0" = 1) - Eo(p - q1.92),
03 (U - x(U2. Un)®) = tx (0T = 1)- E1(q1. p-42) € CH(X: Fy).
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Proof We will show only the second identity since we can do the others in a similar
manner.

Since the 3—cocycle x(Uy, Uy)9! - U3q2 is Z—invariant by Lemma 4.4, the sum in the
formula (7) becomes the multiplication of zy and it is sufficient to consider the case
i = 0. Hence, according to the formula (7), the left-hand side hand is

tx - (x(U1, U2)?" = x (U, U)" — x(0Uy, 0Un)?" + x(0* Uy, 0Uy)?) - U2
=1y (1—0®)- (x(U1. U)? — x(Uy. Up)?") - Uj2.

Here we use that x(wU;, wU;)? = w7 x(Uy, U,)9! by definition. Since the last term
is ty (w9t — 1) - Eo(q1, g2) exactly, we obtain the desired identity. o

Compared with the method [19] in which the right quandle 3—cocycles were found
as solutions of a differential equation over [F,, the three identities via the map ¢} are
simple and miraculous.

Using the identities, we will prove Proposition 2.12 as follows:

Proof of Proposition 2.12 The injectivity of ®} = (i, o ¢3)* follows from the
fact that @7 gives a 1: 1 correspondence between a basis of H;r((Z p)h;IFq)Z and a
basis of a subspace of H, é (X;Fg4) because of the previous three identities (compare
Theorem 4.3 with Lemma 4.4).

Next assume H, é (X;F4) =0. Then Theorem 4.1 implies that no pair (g, q2) satisfies
w9192 = 1 with ¢; < g, < q. Hence, by examining Theorem 4.3 carefully, we see
that Hé (X:F,) is generated by the image of ®}. Therefore @7 is an isomorphism
as desired. |

To prove Theorem 2.13, we now examine the cokernel Coker(CID;‘). To begin with, we
study the chain map

(@3 0P)*: H2((Zp)":Fg)” — HY(X)

from Proposition 2.9. Recall from Lemma 4.4 that this domain is generated by polyno-
mials of the form U{'U;”*. So, recalling the composite ®, o P from Proposition 2.9,
we easily see

(@20 P) (U UP) = tx (1 =™ U U2 € C) L (X:TFy).
Hence, the third term in Theorem 4.3 is spanned by the image of this map (®, o P)*.

We also discuss the cokernel of ®3 @ ($; 0P)*. By examining Theorem 4.3 carefully,
we see that a basis of the cokernel consists of the polynomials I' coming from the
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Mochizuki quadruples Q4 . Let us denote a quadruple (¢1,q92,¢3,q4) € Qg,0 by
q for short. Case by case, we now introduce a map 9}1: (Gx)® — [, by setting the
values of 01‘1 at (x,a®b,y,c®d,z,e® f) e (X xCoker(uy))?® = (Gy)? as follows.
In Case 1, 911 is defined by the formula
(26) (1—w) 2 (xth yt12+43 4 x71t43 y22

— (1 —w) 2 (w?2a9 b2 + q92p7" — qu+qz)y613

+ (1 —w) 1 (@91 b9 4 w91 a93p9" — xq1+q3)yqz)zq4.
In Case 2, the value of 91‘1 is given by the formula
(1—w) 91792 (qu (y221493 294 4 92 ,93F44) _ (x91F92 )94 | 92 1,91144) 243

+ (1 —w) B (x99 — B g9 pa3 — q93p41) 92794

—(1—w) % (xqz-HM —w?4q?2p?4 — q94p92) 91 qu)_
Furthermore, for Case 3 (resp. 4 and 5), the value is defined to be that of Case 1

after changing the indices (1,2, 3,4) to (1, 3,4,2) (resp. to (3, 1,2,4)), according to
Remark 4.2.

Lemma 4.6 For q = (¢1,92,93.94) € Qq.. the map 0} from (Gx)* to Fq is a
Z —invariant group 3—cocycle of Gy .

Moreover, the pullback &D;‘(Qf") equals ty - pyx(I'(q)) in Cé (X: Fy).

Proof Note that a map 0: (Gx)> — A is a Z—invariant group 3—cocycle, by definition,
if and only if it satisfies the two equalities

0(b,¢,0)—0(ab,c,0)+ 0(a,bc,0)—6(a, b, cd)+0(a,b,c) =0,
0((wa, ), (wb, B), (wc, y)) = 0((a, ), (b, B). (c. 7))

for any a = (a,«),b=(b,B),c=(c,y),0=(d,8) € Gy = X x Coker(uy). Then,
by elementary and direct computations, it can be seen that the maps 9101 are Z:invariant
group 3—cocycles of Gy . Also, similar to Lemma 4.5, the desired equality CD’;(Q{i) =
tx - px (I'(q)) is easily obtained by a direct calculation. O

Proof of Theorem 2.13. Let g be odd. As is known [22, Lemma 9.15], the induced
map py: Hé (X;Fy) — Hé(X; [Fy) is surjective. Hence, Lemma 4.6 ensures the
existence of a section

s5: Hé(X~;IE’q) — Hé(X;IFq)
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such that s(®7(6{1)) = I'(q) for any q € Qg Thus the sum
(P20P) &P} D (s0 res(&%‘))
explained in (8) is an isomorphism to H é (X;Fy). O

We will show that the above group 3—cocycles 67, except the ones from Case 2, are
presented by Massey products. To see this, we consider a group homomorphism

fi: Gy - Fy, (x,a)>x7,

which is a group 1-cocycle of Gy . For group 1-cocycles f, g and /&, we denote
by f A g the cup product; also, if fAg=gAh=0¢ ngr(GX; F,), we denote by
(f, g, h) the triple Massey product in ngr(G x:Fy) as usual (see Kraines [15] for the
definition).

Proposition 4.7 Lete # 2. Let (¢1.92.93,q4) € Qg0 satisfy Case e in Section 4.1.
The group 3—cocycle 91‘1 described above is of the following form in the cohomology
group Hg3r(GX; Fy).
(1 _qu)—1<qu’fq1’ fI2)A f94 fore =1,
Hg(Gx:Fq) 3 0 = (1= ®) 7 (9%, [0 fB) A [T fore =3,
(1 =93~ (fa1, f92, faB3)A f94 fore =4 or5.
Proof We use notation (x,a®b,p,c®d,z,e ® f) € (X x Coker(juy))* as above.

For Case 1, we now calculate the Massey product { 43, f91, f92). We easily check
the two equalities

xBy? = (1 —w) 181 (a9 bB + 011 qB3p7t — x911493),

x1 %2 = (1 —w) 928 (w?2a9' b2 + q92p7! _qu-i-qZ)'
Hence, from the definition of Massey products, ( 43, 91, f92) is represented by
(1—w) 1 (a2 b9 4 91 gD 91 — xq1+q3)yq2

+ (1 — ) 2xB (w211 d? + 1249 — 7! +qz).

Furthermore, we define a group 2—cocycle F by the formula
(1-w)™ 92 ((qu SN Y4 (1—w) 281 (02 x93 a9 T2 x93 92 pT1 —x 01 +(I2+113))'
A direct calculation then shows the equality F -z94 = 9; by definitions, immediately
leading to the desired (1 —w)™91( f93, f91, f92) A f94 = 0151 € H;(GX;IF‘]).

Similarly, the same calculation holds for Cases 3, 4, 5 according to Remark 4.2. O

An algebraic interpretation of the cocycle 91‘1 in Case 2 remains to be found.
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5 Some calculations of shadow cocycle invariants

As an application of Theorem 2.15, we will compute some Z—equivariant parts of the
Dijkgraaf—Witten invariants, which are equivalent to a shadow cocycle invariant. In this
section, we restrict ourselves to the Alexander quandles on [, with w € ;. Recall
from Lemma 4.6 that the quandle 3—cocycles I'(¢1, ¢2, g3, ¢4) found by Mochizuki
(see Section 4.1 for the definition) are derived not from group cohomologies of abelian
groups, but from that of the non-abelian group Gy . So we focus on the 3—cocycles,
and fix some notation: for short, let q denote a Mochizuki quadruple (¢1, 42,43, ¢4)
in Q4 ,4, and let I'(q), denote the 3—cocycle I'(¢1.92,q3,q4), if q satisfies Case e
in Section 4.1 (e <5).

We remark that the set of X—colorings has been well-studied. In fact, if D is a diagram
of a knot K, then there is a bijection

27) Coly (D) < X & P Fy[T1/(T — . Ai(T)/Aiy1(T)).
i=1

where A;(T) is the i™ Alexander polynomial of K (see Inoue [10]). Therefore, we
shall study weights in the cocycle invariants.

5.1 Cocycle invariants of torus knots constructed from I'(¢1, 42, ¢3, q4)

This subsection deals with the torus knots 7 (m, n). We here remark that m and n are
relatively prime and there is an isotopy T (m,n) >~ T (n, m), so we may assume 7 is
relatively prime to p without loss of generality. We determine all of the values of the
invariants for T (m, n) as follows:*

Theorem 5.1 Let g be relatively prime to n. Take the torus knot T'(m,n). Let
q € Qq,0 be a Mochizuki quadruple, and I'(q). be the associated quandle 3—cocycle.
Then the quandle cocycle invariant It (q), (T (m, n)) is expressed by one of the following
formulas:

(i) Ife=1,0"" =1, 0™ #1 and ®" # 1, then It (), (T (m,n)) equals

NS lz{—2mn(

acly

{—w)12Ta3094
(1- g‘)112+613

. aq1+qz+q3+q4} c Z[Fq],

where { is the n™ primitive root of unity satisfying @™ = ¢™ . Furthermore, if
e =3 (resp. 4 or 5), then the value of It (), is obtained from the above value

4 We here refer to known results of Asami and Kuga [1, Section 5.2]. They partially calculated some
values of It (qy, (T'(m,n)) in the case Fy = F52 and n = 3, with the help of a computer.
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Ir(q), after changing the indices (1,2,3,4) to (1,3,4,2) (resp. to (3,1,2,4))
such as Remark 4.2.

(i) Let p=2or3,andlete =1. If " =1 and if m is divisible by p, then

29)  Ir@, (Tm.m)=q*)_ 1Z{%(1 —w)q3+q4a41+q2+q3+q4} € Z[F,]-

acly,

Furthermore, if e = 3 (resp. 4 or 5), then the value I (), Is obtained from
the value Ir(q), after changing the indices (1,2,3,4) to (1,3,4,2) (resp. to
(3,1,2,4)), similarly.

(iii) Lete=2.1If p=2, »" =1 and if m is divisible by 2, then Ir(q), (T (m,n))
is equal to q Za,éeﬂ?q lz{mn&,(a,8)/2} € Z[F,]. Here &E(a,d) € Fy is tem-
porarily defined by

aqz-i-qs ((1 +w‘11)a415‘14 + (1 +wq4)aq45q1)

4 af}1+q4 ((1 4 wQZ)aqz(gtB 4 (1 4 a)qs)aqs(ng).

(iv) Otherwise, the invariant is trivial. Namely, It q), (T (m,n)) € Z.

This is proved in Section 5.3. Note that for e = 2, the invariant is non-trivial in only
the case (iii).

As an application, we consider the ¢—fold cyclic cover of S branched over T'(m, n),
which is the Brieskorn manifold X (m,n,t); see Milnor [18]. Hence, according to
Remark 2.16, we obtain the Z—equivariant part of the Dijkgraaf—Witten invariant of
Y(m,n,t).

Corollary 5.2 Let m,n be coprime integers. Assume that X is of type t. Let a
Mochizuki quadruple (q1.q2,43.q4) € Qg0 satisfy Case 1, and Or € H;r(GX; Fy) be
the group 3—cocycle in Lemma 4.6. Let p > 2 be coprime ton andto t. If o"™" =1,
" # 1 and ™ # 1, then

(¢ —w)92T93 94
(1- é‘)CI2+qs

DW‘%F (S(m,n, 1)) = Z 17 {—2Zmn aq1+‘12+q3+q4} € Z[F,).

acly
Here recall from Proposition 4.7 that the cocycle Or forms a Massey product; hence
we clarify partially the Massey product structure of some Brieskorn manifolds. Here
we emphasize that there are a few methods for computing Massey products with
7./ p—coefficients, in comparison with those with QQ—coefficients viewed from rational
homotopy theory.
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Finally, we comment on the interesting result in Theorem 5.1(ii). In general, for finite
nilpotent groups G, the Massey products in Hg3r(G; Fg4) with p = 2,3 often display
exceptional phenomena. For example, when g = p?, the group Gy is isomorphic to the
group P(3) in Leary [16]. See [16, Theorems 6 and 7] for an exceptional phenomenon
in the cohomology ring Hg*r(GX; Fp) with p =2, 3.

5.2 Further examples in the case v = —1

We change our focus to other knots. However, it is not so easy to calculate the cocycle
invariant Ir(q), (K) of knots, although it is elementary.

We now consider the simplest case w = —1; hence the Alexander quandle X on
[F4 is of type 2. Note that, for any Mochizuki quadruple q = (¢1,¢2.,93,94), the
associated 3—cocycle forms U™ Uzqz-"q3 UJ* by definition. Thus it is not relatively
hard to compute the cocycle invariant. However, in computer experiments, for many
knots whose colorings satisfy |Coly (D)| = ¢?, the invariants are frequently of the
form ¢ Y ep, a?' 92193744 up to constant factors. In order to avoid the cases
|Coly (D)| = ¢ and |Coly (D)| = g2, recall the bijection (27). Accordingly, we shall
deal with some knots having non-trivial second Alexander polynomials as follows:

Example 5.3 Let w = —1. The knots K in Table 1 are those whose crossing numbers
are less than 11, satisfying |Coly (D)| = ¢3 with p > 3, and whose second Alexander
polynomials are non-trivial. We only list computations of the invariants without the
proofs, although the computations seem interesting. Here note that, according to
Theorem 2.15 and Proposition 4.7, the cocycle invariant stems from triple Massey
products of double branched covering spaces. We refer to the tables in Kawauchi
[14, Exercise 5.5.5, Appendix F.2] for some information of double coverings of S3
branched over such knots K.

K p Irg,(K)
9%0 5 G(1:1,5)
941 7 G(9;3.4)
99 5 G(9;3,4)
10503 5 G(4:2,1)
10123 11 q*

10155 5 Giss(9)
10157 7 g(q,l,S)

Table 1: The values of It(q), (K)
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Here q € Qg4 is arbitrary and, for n, m € Z, the symbols G(4;n,m) and G;55(q) are
polynomials expressed by

G(a:n,m) = q2 Z 1Z{n(aql+42b43+44 + g93taapaitaz
a,beF, 4 g1t pa2tas o aqz+q4bq1+q3)

+ m(aq1+q4qu+qs + aqz+q3bql+q4)}e Z[Fq],

Giss(d0) :=¢ ) _ 1g{d(a?T92Hastda g g1 ptatastas)
a,belF, + (aql +qz+qzbq4 + g0 +q2bq3+q4)

4 2(aql +4q2+4q4 492 4 g7 +42+44 43

+ g9 a3 paatas a‘12+‘14b‘11+q3)} € Z[Fq].

5.3 Proof of Theorem 5.1

For the proof, we first recall a slight reduction [11, Theorem 4.3] of the cocycle invariant,
which implies that the shadow cocycle invariant does not depend on the complementary
containing the infinity point. That is, we may consider only shadow colorings of the
forms & = (C; 0). More precisely,

(30) Iy(Ly=q- Y 1z{(y.[(C:0)])} € Z[4]

CeColy (D)
We establish terminologies on the torus knot 7' (m2,n). Regard T (m,n) as the closure
of a braid A™, where A :=0,_1---01 € By. Let aq,...,a, be the top arcs of A™.
For 1 <i <m, welet X; 1,...,X;,—1 be the crossings in the i™ A see Figure 4.

s )
RN

°

iy \ M2 A X\ U g
N \\

Figure 4: The arcs «; and crossing points x; ; on the diagram of the torus knot
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Proof of Theorem 5.1 Although Asami and Kuga [1] formulated some X—colorings
of T'(m,n), we will give another formulation appropriate to the 3—cocycle I'(q).. If
given an X—coloring C of T'(m,n), we define a; := C(x;), and consider a vector
a=(ay,...,ay) € (Fy)"; notice that it satisfies the equation a = a P, where P is
given by a companion matrix

(O w o -+ 0 0 \
0 0 w - 0 0
P = O 0 O -0 O € Mat(n x n;Fy).

0 0 o -- 0 w
Kl l-wl—-w -+ 1—w 1—w

Note that the characteristic polynomial of P is (A —1)(A" —w")/(A —®), and that the
roots are A = &K@ and 1, where 1 <k <n and by ¢ we mean an n' primitive root of
unity in the algebraic closure F p- Therefore, the proof comes down to the following
two cases:

Casel " # 1 To be precise, the roots are mutually distinct.

Case I ®" =1 Then A = 1 is the unique double root of the characteristic
polynomial.

We will calculate the weights coming from such X—colorings case by case. While
statement (i) will be derived from Case I, (ii) and (iii) will come from Case II.

Casel Let w" # 1. We will study the solutions of @ = a P . We easily see that if
(% w)™ =1 for some k, then the solution is of the form

ajp1=a((1=)/(1=0) +a(t¥ /(1 —w)) +6

for some a,§ € Fp; conversely, if the equation @ = @ P™ has a non-trivial solution,
then there is a unique k satisfying (¢( Kw)™ =1 and 0 < k < n. It is further verified
that such a solution gives rise to an X—coloring C if and only if «, §, { are contained
in F;. To summarize, we may assume that a,§,¢ € F; and ({7 !w)™ =1 with { # w.
Indeed this assumption justifies a shadow coloring S of the form (C; 0).

Remark 5.4 We give a remark on this assumption. Notice that for s € Z, two equalities
o™ =" and @° =1 imply ™ = 1, hence ¢° = 1 since m and n are coprime.
In particular, considering special cases of s = ¢; + ¢3 and s = g + g4, we have
¢91+43 = ¢92%44 = 1, Similarly we notice that if w1792 = |, then {91792 =1,
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We will present the weights of [S]=[(C; 0)], where C is the X—coloring as the solution
mentioned above. We then can easily check the color of every regions in the link-
diagram. After a tedious calculation, the weight of x; ; turns out to be

R B A . (1=l j—1 —i—1,i+1
aé'_la)’i+(l—a)]_l)5,a§_’w’ ; +€ +8,a§—w+8
1-¢ 1-¢ l—w l—w

in C3Q (X). We next compute the pairing (I'(q)e,[S]) € F,;. To begin with the case
e = 1, recalling that I'(q), = Ulquzqz-"q3 U* = (x1 — x2)7 (xp — x3)92 193 x1% by
definition, we describe the pairing as

a;—iaﬂgj—i - g1 a;—i—laﬁ(ar_z)(gj__l) q2+43 a;—i—laﬁ4—1 g4
() (e ) ()

i<m
j=<n—1
in F;. We note that Y 7L, (¢ ~1w)%" =0 unless ¢ *w® = 1. Therefore, several terms
in this formula vanish by Remark 5.4 above. In the sequel, it is easily seen that the
non-vanishing term in (I"(q)y, [S]) forms

a91 19243144 (§ ) 92143 94
3D

Z (C_la))i(q‘ +4q2+43 +q4)§qu (1 _{j)42+43 ,

i<m
j=<n—1

(1—w)1 +4q2+93+44 (1 _é‘)tIz+qs

in [F;. Here, by Remark 5.4 again, we notice two equalities
(o) tatastas — 1 gpd 91— )2t = D L 2

Therefore, noting that '?;1 Hn = '-1;1 ¢/92 = —1, the sum in the formula (31)
j=1 j=1

equals —2nm. By (30), we hence obtain the required formula (28).
Similarly, by Remark 4.2, the same calculations hold for the cases 3 <e < 5.

Next we deal with e =2. For the shadow coloring S = (C; 0), we claim (I"(q)2, [S]) =0.
To see this, by a similar calculation to (31), we can reduce the paring (I"(q)», [S]) to
(T'(q)2.[S]) = —2nmad1T92+43%494 . Ay where Ajq is temporarily defined by
((—) 2T B ((—p)d1Hdagds  |—p11a2 ((g_w)qzqu s ((—) P43 )

(=@t (=pata | 1o

(1-5)22 (1-5)24

We assert that the last term in this formula Aq is zero. Indeed, noting that (1 —¢)7%4 =

C92(1 —¢)794¢792 = {92(¢ — 1)792 by Remark 5.4, we easily have
((—0)P2eBTH ([ —p)HeB ((—0)PeBT 4 (- w)949209

TERE a—on TERE =0
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Similarly we easily see an equality (1 —¢)™91794 = (92793 (] — ¢)~92793  Therefore
the first and second terms in Ajq are canceled. Hence Aq = 0 as claimed. In conclusion,
the cocycle invariants using I'(q), are trivial as desired.

Case II We next consider another case of w” = 1. Notice that the matrix P — E, is
of rank n — 1. Hence, if the above equation @ = a P™ has a non-trivial solution, then
m must be divisible by p (consider the Jordan block of P). For such an m, we can
verify that the solution is of the form a; = aw —aw’ + § for some a,§ € F,, which
provides an X—coloring C. Consider a shadow coloring of the form S = (C;0). The
weight of the crossing x; ; is then given by

(a(1—j)(1—w)w! " (@giw—ai+a+8)(1—w’ 1), a(l—w/+iw—i)+8, ai (w—1)+3§).

Let us calculate the pairings (I'(q)e, [S]). First, when e = 1, the pairing (I"(q)1, [S])
equals

(32) Z ((aj(@—1)—ai(w—1)— S)wj_l)ql (a —aa)j)q2+q3 (ai(@—1)+ 5)q4.
i<m
j=<n—1
We consider the sum on i and note Y ; ., i1 =%, i?=m(m+1)2m+1)/6.
Hence, since m is divisible by p, the pairing vanishes unless p = 2, 3.

Similarly, we can see that in other cases of e, the pairings are zero unless p = 2, 3.
We therefore may devote ourselves to the cases p = 2, 3 hereafter.

First, assume p = 3 and e = 1. Note that the non-vanishing term in (32) is only the
coefficients of Y i91%94, and that ), i9'"9% = —m/3. Then the pairing (32) is
reduced to

a1 TRFa+aa (] _ )1 +4a4 Z a)ql(j_l)(l _wj)fIz-HIs Z j917144
1<j<n—1 1<i<m
— % gdrtaatastas g _ )43 taa
where " w?' U= (1 — ©/)92%93 = 2nw™9" in this equality follows from " = 1.
Hence, by running over all shadow colorings, we obtain the required formula (29).

Similarly, when p =2 and e =1, a calculation using Lemma 5.5(i) below can show
the formula (29).

The same calculation holds for the cases 3 <e <5 and p =2, 3. Actually, it is done
by changing the quadruple (¢1,¢2,¢3,¢4) in the previous calculation in Case 1, as is
routine for these cases.
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At last, it is enough for the proof to work out the remaining case ¢ =2 and p =2, 3.
By Lemma 5.5(ii) below and the definition of I'(q),, the pairing is reduced to

33 (T@28) = (U U U (s) - (U U T U, [8]).

We claim that if p =3, (I'(q)2,[S]) = 0. The first term is reduced to

2mnaq1+q2+q3+q4(l _w)q3+q4/3’

by a calculation similar to (29). The second term is obtained by changing the indices
(1,2, 3,4) in the first term to (2, 1,4, 3). Hence the pairing (I'(q),,[S]) vanishes.

To complete the proofs, we let p = 2. The explicit formula of the first term in (33)
follows from Lemma 5.5(iii) below. Furthermore, by the previous change of the indices,
we can determine the second term in (33). In summary, we conclude the desired formula
in (iii). |

The following lemma used in the above proof can be obtained from the definitions and
elementary calculations, although they are a little complicated.

Lemma 5.5 Let S = (C;0) be the shadow coloring in Case II as above.
(i) If p=2 and w9192 =1, then
(Ulql U242+43 U3q4, [S]) = (1 + w)B3Haag91+a2+a34da /o
(i) Ifw?'92 £ 1 and p =2 or 3, then
([Uhufufte —uhteuiu® [s) = o.

(iii) If p =2 and w9192 # 1, then (U UL TP U, [S)) is equal to

—q1 —q2
mn _g>+q; q1\,491 5§94 q4\,494 591 @ to q1+4q4
5 d ((1+w )a?t 5§ + (1 + w¥*)a46 +(1+ pTES a .
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Appendix: Proof of Proposition 2.6

For the proof, we will use the notation pX(g) = g%® and K, defined in Section 2.2.
Furthermore, for i <n — 1, we set up the following two subsets of the set C;;:

Ky ii=Akn, . kn) €Knl ki =kipa+13, Kp =Ky, ... kn) €K | ki =kiy1}.

Note that |IC:Z.| = |IC2 = tx2" % and K, = IC:I. UICgl. for any i <n—1. Hereafter,
we denote elements of C;, by k, for short.

Proof of Proposition 2.6 Our goal is to prove the equality 9% 0@y = @y 09XS . For
arbitrary (g1,...,gn) € G", we start computing the left ¢,_; o B,Ifc (g1,...,8n) as

n—1
wn—l(Z(—l)’((gl,...,gigi+1,...,gn)—(gf,..',gf_l,gfgi+1,gi+z,...,gn)))
i=1
— ki—kn+i( kip ki—ip kivip kivip0  kitap knp
=2 X R TE(Etg g  a)
i<n—1 knGICg,,’
ki—kn+i+1, kip ki—1ip (kivi+Dp kitip kiyap k
—Z (=D (g g e IRV SS9
kn €K,

ki—kn+i, kip ki— kip _ki+10 kiyop k
:Z Z(_l)l g g i &k &™) )

i<n—1 k€K,

Next we compute the other 95 o @,(g1....,gn) as
- k
a’glr( Z (_l)kl kn(gll/),‘“’g’]:np))
k,eXn
—_ k - k kn—
_ Z (_1)k1 k"(gzzp,...,g,lf”p)—i- Z (_1)k1+n kn(gllp""’gn—llp
ke, k€K,

i+ky—ky (1P kicip _kip _kit10 kitap k
+ Z Z (=)™ n(gl e &8 TG 8 ""’gn"p)
i<n—1k,eK,
by definition. Noticing from the previous equation that the third term here is the left
@n—1 0 0RG (g1, ..., gn), it suffices to show that the first and second terms vanish.

We immediately verify the first vanishing by considering the sum according to K, =
IC,;':I U ICS,I. Next, for m < ty — 1, we define a subset, Kg:f,”_l, of Kg,n—l to be
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{ky, € IC?, n—1 | kn =m}. Then we can formulate the second term as

k n k kn
Z Z (— 1)k1 k,,+n((g m,”_’gn lm) (g( 1+1)p B ( 1+1)p))

0<m<ty Kk, GICO .m

n.n—1
Z Z (— l)kl —kn+n ((g(k1+m)p g(knl 1+m)p)
O=m<tx |, ex?? ky+m+1 kn—1+m+1
SRnin—1 _(ggl m )p""’g,(,_ll m )P))
—k, k kn K1+ kn_1+
_ Z (_1)k1 k +n((g11p"“’gn 11/0) (g( 1 tX),O ‘ ,g( 1 tX)P))
k”GKnn 1
Since p'X (g) = g for any g € G, this term is zero as desired. a
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