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Detection of a nontrivial product
in the stable homotopy groups of spheres

LINAN ZHONG
YUYU WANG

In this paper, we prove that there exists a new family of nontrivial homotopy elements
in the stable homotopy groups of spheres with dimension ¢(p”" + sp + 2) —
These nontrivial homotopy elements are represented by ,BSh hy in the E s+2 t—
term of the Adams spectral sequence, where p =5, n >4, p+1<s < 2 p—1,
t=q(p"+sp+2)+s5-2,9g=2(p—-1).

55Q45; 55T15, 55510

1 Introduction

Let S be the sphere spectrum localized at an odd prime p and let A be the mod p
Steenrod algebra. To determine the stable homotopy groups of spheres 4. is one
of the central problems in homotopy theory. One of the main tools for investigating
this problem is the Adams spectral sequence (ASS) E ;’t = Extil’t(Z pLp) = w8,
where the E —term is the cohomology of A and the Adams differential is d,: E o
Ly shritr=1? . In detecting nontrivial elements of 7S with the ASS, three problems
arise: calculation of the E,—terms EXtZ’*(Z p» Zp), computation of the differentials
and questions of extensions from E, to m4.S.

The known results on Ext® 4 (ZP,ZP) are as follows. From Liulevicius [8], w
know that Ext (Zp,Zp) has a Zp—bas1s consisting of ag € EXtA (ZP,ZP) and
h; € Extl’p q(Zp,Zp) forall i =0. Ex *(Zp,Zp) has Z,-basis consisting of a5,
,aoh (z >0),gi(@=0), ki (i >O),b (i=0)and hjhj (j =i+2,i =0) whose
internal degrees are 2q + 1, 2, piq + 1, q(p'T1 +2p"), q(ZpH'1 + p), pitlqg and
q(p' + p7) respectively. Exti’*(Z p» Lp) for p > 2 has been computed by Aikawa [1].

Let M be the Moore spectrum modulo an odd prime p given by the cofibration

i J1

P.s M vS.

(1-1) S
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Let a: X9 M — M be the Adams map and V(1) be its cofibre given by the cofibration

(1-2) SIM—2 o M2y (1)—Lxat1 .

Let B: ©(P+D4y (1) — V(1) be the v;—mapping. It is well known that, in the ASS,
the B—element Bs = jy joB°i2i; is a nontrivial element of order p in 7,4 1)sg—g—2S
where p = 5; see Miller, Ravenel and Wilson [10].

From Wang and Zheng [13], we know that B € 74+ (s—1)g—2S is represented by
the second Greek letter family element, ,8 s € Ext}; Spa+(s—1)g+s=2, *(Zp.Zp), in the
ASS and ,3 s is represented by the element s(s — l)a 2hy oh1,1 in the May spectral
sequence (MSS).

Using the ASS, X Wang [12] proved in 1994 that the product E shoby is a permanent
cycle in the ASS and converges to a nontrivial element of order p in 74S. In 1998,
X Wang and Q Zheng [13] proved the convergence of ,E shohy. Recently, X Liu [4; 5]
and Liu and Li [6] proved the convergence of gshohnbo, Vs+3hohnhy, and ,gshohnhm
However, all of them are working under the condition s < p. If s > p, the computation
becomes much more complicated.

In this paper, we interest ourselves in the problem of convergence of the product ,5 shohy
(p+1<s<2p—1),and get the following theorem.

Theorem 1.1 Ifn>4, p=5and p+1<s <2p—1, the product ,gshohn survives
to E« in the ASS and it converges to an element in 7S .

Remark 1.2 If p+1 <s <2p—2, we believe that E shoby also survives. However,
this must be more complicated.

So far, not so many families of homotopy elements in 7«S have been detected. In [2],
Cohen detected a family {, € 7, q+q 38, for n = 1, which has filtration 3 i 1n the ASS
and is represented by hob € EXtA P"atq (Zp.Zp). Lee [3] proved that ,Bp {y is non-
trivial for all n, ie, b hob is a permanent cycle in the ASS and converges nontrivially
to B P 1;‘,, This result gave another infinite family of elements in the stable homotopy
of spheres. In [9], M Mahowald detected a family 1 € 7, ;4 pq—2S, for p =2, j #2,

which has filtration 2 in the ASS and is represented by h1h; € Ext%? Ta+pq (Zp.Zp).

For the convenience of the reader, let us briefly indicate the main idea in the proof of
Theorem 1.1.

Note that ,gs and hohy are both permanent cycles, so gshohn is a permanent cycle,
that is d,(Bshoh,) = 0. Thus, to prove the convergence of the product Bshohy, it is
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enough to show that the product
Bshohn # 0 € Ext, > (Z, Zp)
and that it is not a d, boundary in the ASS. For the latter, it is enough to show that
Ext! 2 tspt sl g =0, s+2>r22.
The MSS is a powerful tool to prove both of the above.

This paper is organized as follows. In Section 2, we introduce a good method used
to compute the generators of the MSS E;—term. In Section 3, we use this method to
prove some important results on Ext groups. The proof of Theorem 1.1 will be given
in the last section.

2 Detecting generators in the May E;—term

From Ravenel [11], there is an MSS {E;""*, d,} which converges to Ext}; (Z,.Z,)
with E{-term

EF™  =Ehijli>0,j=0)®Pbijli>0j=0)®P(a;|i=0),

where E(-) denotes the exterior algebra, P(-) denotes the polynomial algebra, and

’ ’

1,2(p'—1)p7 ,2i—1 2,2(p' 1) p/ 1, p(2i—1 1,2p"—1,2i+1

hij € E| (p'—1)p’,2i bij € E] (»'-Dp pQi-1) a; € E| p i+l
M 1,6,M— . M M
One has d,: ES™™M — ESTUEMTT for > 1, and if x € ES"M and y e ES 7™,

then
dr(x-y) =dr(x)-y+(=1)°x-dr(p).

From Liu and Wang [7, Proposition 2.5], there exists a graded commutativity in the
May E;-term as follows:

amhn,j = hn.jam,  hmphn.j = —=hn,jhmk.
(2-1) ambn,j = bn,jam’ hm,kbn,j = bn,jhm,k,
Amdp = Apdm, bm,nbi,j = bi,jbm,n-

The first May differential d; is given by

di(hi,j) = =2 o<k<i Mi-k+jhk,j-
(2-2) di(ai) = =Y o<k<i Mi—k k%,
di(b;,j) =0.
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s, t,M

For each element x € £ "

, we define dim x = s, deg x = ¢. Then we have

dim /’li,j = dim a; = 1, dim bi,j =2,

deghij =2(p' —1)p! =q(p'™/ " 4.+ p7),

(2-3) degbij =2(p" =)p/ T =q(p"™ 44 pITh),
dega; =2p' —1=q(p'"" +--+ D +1,
degag =1,

where i > 1, j = 0.

We denote a;, ;,j and b; j by x, y and z respectively. By the graded commutativity
of £ T’*’*, we can consider a generator

b+m+21,t+b,*
g=1 X)W1 ym) (21, 2p) € B m

where t = (co+c1p+---+cupp™)g with 0<¢; <p (¢, >0),0<b <gq.
Note that the degrees of x;, y; and z; can be uniquely expressed as

degx; =q(xjo+xi1p+---+xinp")+1,
degyi =q(yio+ yiap+- -+ yinp"),
degzi =q(0+zi1p+---+zinp").

Furthermore, the sequence (x;0,X; 1,...,Xi) is of the form (1,...,1,0,...,0),
while the sequences (y;0,¥i1,...,%in) and (0,z;1,...,z;,) are of the form
©,...,0,1,...,1,0,...,0). Denote the sequences by columns, then the generator g
determines a matrix:

A B
X1,0 *** Xpo|V1,0 *** Ymo O - 0
X1,1 0 Xp1| V1,1 0 Vm,1 Z1,1 0 Z]1
(2-4) . : ) ) ) .
X1,n *°° Xbu|Vin * Ymupn Zin *°° Zln

The entries of the matrix (2-4) are 0 or 1. Because of the graded commutativity
of £ T’*’*, by interchanging columns in part A and B respectively, the matrix (2-4)
can always be transformed into a new one whose entries X; j, yi j, z;,j satisfy the
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following conditions:

(1) X1,j=Xx2,j=+=Xpj.Xi0=Xi,1 =Xipfori <band j<n.
(2) Ify;j—1=0andy;; =1, thenforallk < j,y;x =0.
(3) Ifyij=1land y;jy+1 =0, thenforallk > j,y;x =0.
(2-5) @) Y1,0=2120Z" = Ym,o-
(5) If yio = Yi+1,0. Vit = Vit1,15---+Vi,j = Vi+1,j. then
Vij+1 Z Vi+1,j+1-
(6) Conditions (2)—(5) apply also to z; ;.

For example, part A of the matrix (2-4) may be transformed into the following form:

1 1 e e 1 e 1

1 1 e oo 1
(2-6) R

1 .- 1

\ 1
i
. . f-/\\

The entries not displayed are all 0 and a column (1,...,1,0,..., O)T denotes a; . Part

B of the matrix (2-4) may be transformed into the following form:

e

Iy
The entries of each I; are all 1, the others are all 0. Unfortunately, we can not determine

which columns (0,...,0,1,...,1,0,...,0)7 (j0s, ils, 0,...,0) in the above matrix
denote A; j or b; j_1. For this reason, we give the following definition.

Definition 2.1 Define the polynomial algebra

EY™* = Plhij i >0,/ 201 Plb; |i >0, j 2 0]® Pla; |i 2 0]
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and note the obvious identification E}"* = Ef’t’*/(h?j). If, in the above, b; ; is
replaced by /; j 1, then we get

Fy'* = Pla; |i 2 0]® Plhij|i >0,/ =0].

By the graded commutativity of F' IS 1* ' we can consider a generator

b+m,t+b,
g:(xl,...,xb)(yl,...,ym)eFlertJr ¥,

where t = (co+c1p+---+cup™)g with 0 < ¢; < p(c, > 0),0 < b < ¢. Similarly,
the generator g determines a matrix:

A B
X1,0 **° Xp,o|V1,0 *** Vm,0 €o
X1,1 = Xp1 | V1,1 o Vm,i 1
(2-7) ) i ) ) )
xl,l’l oo xb,n yl,n oo ym,n Cn

By interchanging columns in parts A and B respectively, the matrix (2-7) can be
transformed into a new matrix of the form

A B

11’7

441_2,_1

B

where a column (1,...,1,0,...,0)7 (with i 1s) in part A denotes a; and a column
0,...,0,1,...,1,0,...,00T (jOs, ils, 0,...,0)) in part B denotes hi j. By the
properties of the p—adic numbers, we have the following system of equations:

X1,0+ -+ Xpot+yi,0t+r+ Ymo =Co+kip=co,
Xpp+tXxp gyt Yym = —ki+kap=cy,
8 { °
Xtn—1++Xpp—1+V1in-1++ Ymn-1

= Cn—1 —kn—1 +knp = cn-1,
Xtnt+ o+ Xpun+tVin+ -+ Ymn =cn—kn=cn,

where k; = 0.
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Definition 2.2 In (2-8), the integer sequence k = (k1, k,, ..., ky,) is called the carry
sequence.

Definition 2.3 In (2-8), the integer sequence ¢ = (¢g, ¢1, ..., y) Which is determined
by (co,¢1,-..,Cy) and the carry sequence k = (ky,k», ..., ky) is called the sum of

the row sequence.

Definition 2.4 For the sum of the row sequence ¢, we denote mg = max{co — b, 0},
m; = max{¢; —ci—1,0} for i >0 and 7 = mo +my +---+my.

We have the following simple method for constructing matrix solutions of (2-8) which
satisfy the conditions (2-5)(1-5).

Simple method 2.5 Without loss generality, we suppose the first i rows are as follows:

1 -
1 -

.1+-1+-1---10---00---0---0---0)\ o

11--
11 o1 «o- 1 +--1 1 -1 1--1¢--1---11]c
L 111 P11 e 1] Cioi

Then the (i + 1) row is constructed as follows:

(1) Ifc¢; = cj—1, put 1s in the next neighboring c; —c;—1 columns, like so:

co
1

-11--1¢++1--1¢+-1l10---00---0:-0---00---0
11 11

A R O | L - .1 1 ---1l0---0

Ci—1

—_ e

Ci
N——
Ci—Ci—1

(2) Ifc; <cj—1, delete 1s from some former c¢;—1 — ¢; columns:

L eoo 11 ool eeel ool --110-00:-0+:-0-:--0)\ co

1.11.1...1...1‘ 111 ++-1-+1--11}c1
Ci—1
ci

where r +h=cj_1—ci,r,h = 0.
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Sometimes, by Simple method 2.5, we can not detect the generators of F btm.t+bx

For example, assume that the first two rows are as follows:

I -~ 1T 1]1Y\ s
I -~ 10/1) s—1

By Simple method 2.5(1), we have the following matrix:

Lo 1O s
1.~ 10/1 ] s—1
Lo 10[1/) s—1

It detects the generator a§_2a h3 o € Ff’+m’t+b’*

matrix by Simple method 2.5(1):

, but we can not get the following

Lo 11[10Y) s
1.+ 10[10] s—1
1.~ 10[01) s—1

However, the above matrix actually exists, and it will in fact detect the generator

ag_zalhz,ohl,z € Ff"“"“’t"'b’*. The following discussion gives us a good idea to

solve this problem.

For an element ¢ = XX Xp - V1V2' " Vm € Fb+m t+b,x , we denote the set of

terms in d;{g} by D;{g}. Then D;{g} generates a subrnodule of Fll’+m+1”+b’* and

le{g} = Dy{--- Di{g}---} generates a submodule of Ff’+m+k’t+b’*. Furthermore,
we have

Difai} ={aohio.arhi—1,1,....ai—1hyi—1},
Di{hijy=1{hyjhi—1,jvi,hojhi—a jya, .o hicyjhyivj—1}-
From [7, Lemmas 5.5 and 5.7], we get the following diagram:

Fb-}—fﬁ

/ IL*I T~
%/. Fht+itk \
\\ 1 L*Z *2/ 1

\ ), /

F1b+m
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where *; denotes the resolution %; j — h;_g j4khk,; and a; — aj—jhji—j, k=0,
and *, denotes the replacement /; j 1 — b; ;.

From the discussion above, the determination of E f’t+b’* is reduced to the following

steps:
Step 1 Express /g as a p—adic number so that t = (co +c1p+ -+ p™)q.

Step 2 List all possible carry sequences k such that in the corresponding sum of row
sequence ¢, m < s — b (Definition 2.4).

Step 3 For each sum of a row sequence ¢, we can solve the associated system of
equations by Simple method 2.5. Thus, we get all generators of F' Ib Hitbx

Step 4 Through the replacement and resolution
(2-9) hijj1r = bij,  hij = hi—k jyichk,j,  ai —>ai—jhji—j,

we get all generators of E f’t+b’*.

3 Some results on Ext groups

In this section, we will prove some results on Ext groups which will be used in the
proof of the main theorem.

Theorem 3.1 If p=5,n>4and p+1 <s <2p—1, then we have that the product
Bshohn # 0 € ExtSt2*(Zy, Zp), where t = q(p" +sp +5) +5—2.

Proof Let s =s'+ p. Then
t=q(p"+p*+ 6" +D)p+s)+5 +p-2,
where 0 < s’ < p—1.
In the MSS, the product ,g shohy, is represented by
s(s = 1)as haoh1,1h1 oh1p € ETHJ’M,

where M = 55 —4 = 55’ + 5p — 4. We need to prove that E;+1’I’M+r =0(r=1).

§,1 %
1
imjm- FOr convenience, we write

g =X1--X1y1-Ym € FPP¥, where x; = ag,, yi = h ki =Zky=---=2ky,

By using the method which was introduced in Section 2, the generator g € F
can be represented by ay ay,---akhi j, ---h

imjm>
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J1<j2 << jm, im Zims1 if ji = jiz1. Since [ =5+ p—2 and m <s+1, then
Sl % . .
E=X1"Xgyp 2V Vm€ F;"" and we have the following system of equations:

x1,0+'“
xl,l +...
x1’2+...

x1!3+...

+ Xy p—2,0 + V1,0t
+ Xyt p—2,1 F V1,1t
+ Xs'4p—2,2+ Y12+
+Xy4p—2,3+V1,3+--

+ Ymo =5"+kip = co,

+Vm1 =8 +1—-ki+kyp=cy,
+Vma2=1—ky+ksp=cy,
+Vm3=0—ks+kap=cs,

(3-1)

Xip—1+ -+ Xg4p—2n—1+Viu—1+-+ Ymn-1
=0—ky—1+knp=cn-1,
Xin+ o+ Xggpo2ntVint ot Vmn=1—kn=cn.

Case 1: 0 <s’ < p—2 From (3-1), the carry sequence k = (ky,k3,...,k,) can
only be of the following forms:
0,...,0),
(1,0,...,0),
(1,1,0,...,0),
(1,1,...,1).
Subcase 1.1 When k = (0, ..., 0), the corresponding ¢ = (s’,s" +1,1,0,...,0,1).

We see that the first two rows are:

11--100--0/00Y)¢s
11--100--0/10) s +1
Then the possible third rows are:
11---100---0[{00 !
11--100--0{10]|s+1
10---000---0[00]1 - (D
00---000---0(10 - (2)

If we choose (1) as the third row, then we get the following solution:

11--100---0{00Y s
11--100--0{10])s+1
10---000---0{00/ 1
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Thus, we can obtain the following matrix:

(11 100 0[00
11 - 100--0/10])s+1
10 --000--0/00]|1
00 --000--0[00]0
00 «-000---0 0
\0 0 - 000001/ 1

It detects the generator a3a§/_1ag _zhlslhl,n eF ls A% and by the replacement and
resolution (2-9), we have

'—1 p—l
ai h3 o101, a2 611610 hz 1hi,1h1n c ESHLLM
_2 1
asal” *hahihp 613615 a0 h g

with May filtration M; = 55"+ p+1 < M, and
’_ -2 ’_ -2 +1,t,M.
{a3a”§ 1a0p bi,ohin aza; 1a0p hl,lbl,n—l} GE]V 2
with May filtration M, = 55" +2p+1< M.

Similarly, if we choose (2) as the third row, then we get the following solution:

11 100 0/00Y\ s
11 100 0/10]s+1
00 000 010/ 1
Thus we can obtain the following matrix
(11--'100 -OOO\S/
11+ 100--0[10] s+1
00--000---0(101]1
00---000---0(001]0O0
00---000---0(001]0
\ 00000001/ 1

It detects the generator agag _zhzylh 1n€F f’t’* , and by the replacement and resolution
(2-9), we have
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! p—2 s'—1,p—1 -1 p—2 s+1,6,M,
{aiao hl,zhl,lhl,n a, d h2,1h2,0h1,n ai aa, h2,1h1,1h1,n EEl

with May filtration My =55+ p+1< M,
{a‘gag_2/’l2,1b1’n_1} c Ei‘“‘l,t;MZ
with May filtration My = 5s'+2p+ 1< M, and
{asal " al "2 hy by ey} € BT

with May filtration M3 = 55" +4p—1< M .

Subcase 1.2 When k = (1,0, ...,0), the corresponding ¢ = (s’ + p,s’, 1,0, ..

Similar to Subcase 1.1, we have

s'—1 _p—2 _ s'—=1_p —
asda, Cll h1,0h1,0h17n =0 and asd, Cll h2,0h2,0h1,n = 0.

Subcase 1.3 When k=(1,1,...,0), the corresponding ¢ = (s'+ p,s’+p, 1,0,.

Then we have

s'+p—2
a, haoha 0l = 0.

.,0,1).

..,0,1).

Subcase 1.4 When £ = (1,1,1,...,1), then we have that the corresponding
c=(s,s,p,p—1,p—1,...,p—1,0). We can construct the matrix solutions of

(3-1) as follows.

Note that the first two rows are:
1 -+ 1111 1|11Y\s
l1---1111--1|11)s

Then the possible third rows are:

l---1111--1]11
l---1111--1/111]s
l--1110--0[00])p - (D
1---1100---0/10 - (2)
1---1000---01/11 - (3)
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If we choose (1), (2) and (3) as the third row, respectively, then we get the following
three solutions:

(1o 1111 11 1Ys
Lee 1111+ 111

1+ 1110--0[00) p,
(T 1111 11 1Y s
Loe 1111 111 |s
1+ 1100--0[10) p,
P 11T T e 11 1Y s
oo 1111 111
1+ 1000 0[11/ p.

If we choose (1), then the four rows can be expressed as:

1o 1111 - 111\ s
1w 1111 - 1(11]s
1~ 1110---0[00]p
1+ 1100--0/00/ p—1

We obtain the following matrix:

(Lo DL 1Ty s
1w 1111 1[11]s
1~ 1110--0[00]p
1~ 1100--0[00] p—1
1---1100---0[00] p—1
\0--0000---0[00/ 0

So we can get the generator aﬁ_1a3a§_2h2,0h2,0 € Fls’t’M5 with May filtration
Ms=Q2n+1)(p—1)+5s"+3.

If we choose (2), then the four rows can be expressed as:

oo 1111+ 111\ s
Lo 1111+ 1|11 ]s
1.~ 1110--0[10]p
- 1100--000]|p=1-- (D
1~ 1100--0/10 ()
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Similarly, we can get a,’,’_lai/_lhlohz,o, Cl,};_zaga‘g_lhn,ohz,o € Fls’t’M5 with May
filtration Ms = (2n+1)(p —1) + 55"+ 3.

If we choose (3), then the four rows can be expressed as:

l - 1111+ 1]11Y\ s
l---1111--1(11]s
l1---1110---0[11]p
l1---1100---0/10) p—1--- (1)
l1---1100---0]11 (2)

Similarly, we can get aﬁ_zai/hn,0h3,o, aﬁ_3a3a§/hn’0hn,o € FIS’I’M5 with May filtra-
tion Ms = (2n+ 1)(p—1)+ 55" + 3.

From the above discussion, we get the following possible generators in F ls o Ms,

p—1 /-2 p—1_s'—1 p—2 '—1 =2

an ~a3ay""haohao, an a3 hyohz0, an “a3ay ™ hnohae, an "ayhaohs,o
and a},’_3a3a§ hp,0hn,0 Which will be denoted by xg, x1, X2, x3 and x4 respectively,
where xo = 0 and x4 = 0. It is easy to see that xq, X1, x5, x3 and x4 belong to
Ei”’M5. At the same time, we also get generators of Ef“”’MS by (2-9). Then we

list all the possibilities in Table 1.

Let

k= af_lawgﬂhz,ohl,lhl,m ky = aﬁ_la§/7201h3,ohz,oh1,1,

k3 = ag_lai/_lhz,lhz,ohl,o’ kg = af_la3a§/_2h2,oh1,1h1,07

ks = af_lag_zalhmohz,ohl,h ke = arf_lag_lhz,lhz,ohhm

k7 = 05_20305_2611%,0}!2,0}11,17 kg = af_zai/hn,ohz,ohm,

ko = aﬁ_zag_lalhn,ohs,ohl,h k1o = ar’;_zag_lalhn,OhZ,th,Ov
kit =af2a8 " aghy,ohs oha 0. kiz =af " 2azad " hyy 1ha0hi 0.
kis = al~2a8 hy_1,1h3 0h1 0. kia =af 2a8 " ayhy_1 1h3 0h20.
kis =al 2ajal " hniihsoha. kig = af 2asal " hy_s 3h3 0ha 0.
k17 = al~2a8 hys 2h3 0 0. kig = ab 2asad " hu—iihioha o,
kio = af~2a8 hu—iihiohs 0. kao = af "aza$ hyohu—1,1h1 0.
kot = ab azal ayhyohy—1,1ha 0. kay = ab " ad ayhyohu—y,1h30.
kay = al " a3a$ hy ohu—s 213 0. kaa = af a8 ayhy ghp—z 2h3 0.
kas = af > asas hy ohu—s 3h3 0. kag = af asal " hyohu—33h20.

=3 s'—1 p=3 s
ka7 =ay “ajazay " hpohn—iiha0, kg =ay ~aiay hyohn—iihso.

_ p—3 s’
koo = ay ~azay hyohn—iihio,
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The generators of Fls,t,MS

The generators of E~1V+1,z, Ms

_ p-1_ g2
Xo=ay azay " “hyohayg

p=1__ g 2
ap azay " “hyohy1ho

_ b1 -1
X1 =dp a2 /13’0}12,0

p=1 _¢—1
ap @y haohyhig

p—1 _s'—1
ap a5 " hy 1haohy
— ’
al laé -
pP=2 s'—1
ay a2 aohn,oh:;’ohz,o

=2 §'—1
an “ay " arhy—1,1h30ha 0

P=2, 5'—1

an “a3 " azhy—3 2030020
p—2 S/_lh h );

an “azay " hy—33h3 0020

- g .
af “ajal hy_iih3ohy o (4<i<n-—1)

1
ayhsohy ohy,

p—2

/
Xy =ap "aza “hyohao

P2 g1
ap “azal " hyohy1hi

p—2 s'—1
an “ay " aohnohzehao
=2 s'—1
an “ay " arhyohaihap

=2 ¢
an @y hpohaoht 2

) ’_
ak aza; 2

P2, -1
an “azay " hp—1,1h20010

p—2 s'—1
an “azay” hy—33h3,0h2,0

p

arhpoh ol i

p=3, 851
ap ~azay " ayhpohp—1,1h2,0

p=3 91
an ~azay " azhpohp—22h20

p=3 2 s5'—1
(25 a3a§ hn,ohn_g,,:;hz,o

-3 i .
af ajazal hyohp_iihyg (4<i<n—1)

-2 ¥—1 .
an “azay” hy—johighao (d<i<n-—1)

_ p2 g
x3=ay “ahyoh3o

P2
anp a3 hpoha1hio

ap_zaéld()hn,ohz’ohl,z
a2 a8 "\ aghn,ohs 0ha 0
a,’,’_zai/_l
ab™2a8 hy—y 1hs oo

a2 a8 hy—z 2h3 0h2 0

al 2@ hyiohiohs o (4<i<n—1)
af a8 ayhy ghu—1,1h3,0
a5_3a§/a2hn,ohn—2,2h3,o

p—3 s’
ap ~azay hyohp—33030

ayhpohsoht

_3 4 .
af "ajazal hyohn—iihso (4<i<n—1)

_ b3 s
X4 =ay ~azay hyohpo

05_3a3a§/hn,ohn—1,1h1,o
af " asas hy ghn—z 20,0
af " asas hy ohn—s 3h3,0
ah a3al hyohn—iihip (4<i<n-1)

Table 1: The generators of £

S+1,Z,M5
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where 4 < i < n — 1, and then consider the first May differential of x1, x7, x3,
di(x1))==ki+---,di(x2) =—ky+---, di(x3) = —k3 +---. We can see that the
leading terms ki, k;, k3 are not contained in the first May differential of the other
generators and are also not equal to agﬂ’_zhzgohl,lhl,ohl,n up to sign. From the
above results we know that x1, x5, x3 in E f’t’*(r > 2) is not bounded.

Since Ms = (2n+1)(p —1) + 55’ + 3, we take

g4=ap_la§_zaoh3 oha,0hi 10,0, gs =al™'ad 2aihy 1haohiih o,

g6 =al'a lhz oh1,2h1,1h1,0, g7 =a,’,’_2a3a2_ aohn,ohz,0h1,101,0,
g8 = ap—2a2 “Yayhyohaohy 2h g, g9 = aﬁ’_zaﬁl_laohn,oh3,oh1,1h1,o,
g0 =al™2a " Yayhyohahy1h o, g = ay],)_za;/_laOhn,OhZ,th,Ohl,O,

g2 =al™? 612_ aohn—1,1h3,0h2,0h1,0. g3 = a,lf_zag/hn—l,1h2,0h1,2h1,0,

g4 = Cl,l,’_za;/_la1hn—1,1h3,0h1,1h1,o, gis = af,’_zaiag_lhn—i,ihz,lhz,ohl,o,
g6 = aﬁ_zdwg_lhn—3,3h3,0h1,1h1,0, g7 = af,’_zaghn—z,zhz,lhz,ohl,o,

g18 = a572a3a§/71hn—i,ihi,ohl,lhl,0’ g19 = ayll)iza;/hn—i,ihi,th,lhl,O’

g2 = a5_3a§/+1hn,Ohn—l,1h1,2hl,Os g1 = a,lf_3asa§/_laohn,ohn—l,lhz,ohl,o,

_ . p—3 s'—1 — 03, -1
822 =al™>a) T araohnohn—1,1h3,0h2,0. 823 =alazay " arhpohn—z,2h2,0h1 1.

-3 s/ -3 s/

824 = al™azad aohp,0hn—2,2h3,0h2.0, g2s = al™azad hyohp—33h2,1h 0.
-3 s'—1 -3 s'—1

826 =al™azay, " hyohn—3,3h1,1h1,0. 827 =al™ajasal ™ hyohn—iihi,1h1,0,
3¢ 3 g

g2 =ala;a3 hyohn—iihaohio. g2 =alaszay " aohpohn—iihiohs.o,

where 4 <i <n—1. By (2-2), an easy computation shows that
diks) = gat+gs—ge +--,
di(ks) = —ga+gs+---,
di(ke) = gs—g +-,
di(k7) = —g7+-,
di(ks) = —gs +-,
di(ke) = g9 —giot+ -+,
di (ko) = g0 =8+,
di(ki1) = g9 +gi -,
di(ki2) = —g12 —g13tg1a -,
di(k13) = —g12 tg&13tguat--,
di(kis) = g3+ guat---,
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dilkis) =gis+--,

di(kie) = g6t

di(ki7) = g1+,

dy(kig) = g1g+--+,

di(k19) = g9+,

di(kz0) = g2+,
di(ka1) =—ga1+-- .

di(ka2) = —s'gan+--,

di(ka3) = g3+,

di(kas) = —("+ Dgag+---,

di(kzs) = a5+,

di(kae) = g6+,
di(k27) = ga7+-+-,

di(kas) = —gag+ 00,

di (ko) = —s'gag 4 e

Through the computation of the first May differentials of the generators and the rank of

its coefficient matrix, we see that their first May differentials of generators are linearly
independent.

Case2: s’ = p—2 From (3-1), we can get the carry sequence k = (0,0, 1,...,1),
the corresponding ¢ = (s',s"+ 1, p+1,p—1,..., p—1,0). Similar to Subcase 1.4,

we can get the five generators in the £ Lo as follows:

614610 *hahighy o =0, a4a0 *hyahy1hy o,
s'—1
ay lazal” hz 2032051 =0, Cl4 azal” h3 1thaohi s,

ai _zagag /’13’1//12’2/’12,2 =0.
The first May differential of the above generators are as follows:

dl (ai/ap_zhz zhz lhl 2) = s'ai/_lap_lh4’0h2’2h2’1h1,2 4+ ?é 0’
dl(a4 a3a0 h3 1h2 2hy 2)——61‘2_1 _1h3,1h3,0h2’2h1,2+"'750.

From the above results, we get ESJrl LMAT — 0 (> 1) in the MSS, so it follows that
Bohohy # 0 € EXCH 204 (2, 2,). ¥
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Theorem 3.2 Let p =25, n >4 and p+ 1 <s <2p—1. Then we have that
ExtS 2=+ (7,, 7,) = 0, where t’ = q(s +sp + p") +s and 2 <7 <5+ 2.

Proof We need to prove ESJF2 PRl g Let s = 5 + p.thent/ —r+1=

q(p" + p* + (s’ +1)p+s/)+s/+p—r—1. We claim that 5"+ p—r — 1= 0.
Otherwise, if '+ p—r—1<0and p>5,then p>g+(s'+p—r—1)=p,it
is a contradiction. Consider g = X+ Xy 4 p_p_1 1+ ym € F§ TP H2L7r—1x
where x; = ay,,yi = h

b
imjtn’kl Bkz Z'”Zkl’jl S]Z $$]m’1m Bim-i-l if
Jm = Jm+1-

Case 1: 0<s/<p—2

Subcase 1.1 When k& = (0,...,0), the corresponding ¢ = (s’, s’ +1,1,0,...,0,1).
Then we get that the generators are
a3a2 1 0 lhl lhlnEFs+p r+1t’—r—1M

1 "+ +1,t'—r—1,M
aza{)’ r= h2,1h1,n€Ff p=r = S

with May filtration M = 55’ + p —r + 3. By (2-9), we have

asz_l b= h3 oh1,1h1,n ai_lalao h21h1 Al
hthllhln azal~ hz oh1,1hin
a3a§_1 b= b] ()hl n a3a§_1 p - hl 1b1 n—1 c Fs’+p—r+2,t/—r—1,M/
alal hl 20110, as2—1 “"haihaohy . ! '
a§_1a1a0 hz hiihy,  adal” - "o 1b1 e
azal = al " hy 1by s

Subcase 1.2 When k = (1,0,...,0) or k = (1,1,0,...,0), it is easy to show that
such a g cannot exist.

Subcase 1.3 When we have k = (1,...,1), then we have that the corresponding
c=(G"+p,s"+p.p,p—1,...,p—1,0). The generators exist if and only if r = 2.
We list all the possibilities in the following:
ap 2, 1h40h3 thoer-l-p —r+2,t/—r+1,%
05_103612 hz,ohz,ohz,o =0, a2 S 2h3,0h2,0h2,0 =0,
a,’,’_2a3a§/_2h4,0h2,0h2,0 =0, ap_laz_ h3,0h3,0h2,0 =0,

5

—4 s/
al=*asa hs ohs ohs,o =0, ablajal h4 oh3,0h3,0=0,

6 7
CZ,I; Cl a2 h4 0h4 0h30 =0, le; a CZZ h4 0h4 0h40 =0.
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Furthermore,
61’1(015_1 - rh30h11h1n)— s2—1 P hy yhyahiohi g+ #0,
dl(az a1a hz 1hyhyg) =—(s ’—2)a§_2ag_r+ hayhihaohin+--#0,
di (@S al™ " hyghy b g) = (5" = Vad T al T hy oy ahy g e #0,
di(azas "2al ™ hyohyhy ) = a5 2al ™ ha ohy oy by e £ 0,
di(azas = al™ 7 by ohy p) = @ "tal T hs oy ol -+ £ 0,
di(asas " al " " hy by a—r) = ab " al T haohy byt + o #£ 0,
di (@ al ™ hyahy 1hyg) = ("= Dad " al ™ " hyohiphiihip+- 70,
dl(az - a¥™"hy 1hy ohln)—a2 ~lg P hyoh1phiihig+ -+ #0,
dy (a8~ 1611610 "haahi i) =as " al” r+1h21h1 thiohin=+---#0,
di(aSal™ " hy by aer) =adal T T i phy by ey o £ 0,
dl(a3a2 la{,’ hllbln 1)—as_1 P h3 ohi,1b1p—1+---#0,
dy(@?2a5 " hy ohs oha o) = ab~ 2a2 Yhs 1hsohy oh10 4+ # 0.

Obviously, the first May differential of every generator contains a term which is not
contained in the first May differential of the other generators. This implies that all the
first May differentials of the generator are linearly independent.

Case 2: s’ = p—2 In this case, we have that the carry sequence k = (0,0, 1,...,1)
andc=(s",s'+1,p+1,p—1,..., p—1,0). Similar to Subcase 1.3, we get the five
generators in the E STIEZLEX a5 follows:

a4a0 h31h12h12—0 614010 hz 2ha1hy 2,

s'—1__ p—r—1 _ g1, p—r—1
a,” aza haahyohy 1 =0, a,  azag h3,1hy2h 2,

§'=2 2 p—r— —
ay 03610 /’l3,1h2,2/’l2,2 =0.

Consider the first May differential,
dy (a5 al™ -t hz 2haihig) = s'al " al ™ hy ohyaha 1hy g+ £ 0,
dl(a4 613610 h3 1h2 shy 2)——61‘2_1 _rh3’1h3’0h2’2h1’2+...75()'

Similarly, the first May differentials of the generator are linearly independent.
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f— /_
From the above results, it is easy to see that E;+2 PUSIRL* — 0 for ¢ = 2. Tt follows

2—rt'—r+1, —
that Ext{ 2" ~"+1%(Z, Z,) = 0. O

4 Proof of the main theorem

In this section, we give the proof of the main theorem.

Proof of Theorem 1.1 From [2], (i1)«(hohy) € Exti’panrq(H*M, Zp) is a per-
manent cycle in the ASS and converges to a nontrivial element &, € mpng g2 M.
Consider the composite

wp'q+q-2g b M 2 V(1) F E—S(p+1)qV(l)ﬂz—S(pH)quqHS_

Since &, is represented by (i1)«(hohn) € Exti’panrq (H*M,Zp) in the ASS, then ]7
is represented by

¢ = (j172)x(B)x(i2)x (1)« (hohn) = (j1j2B"i2i1)x (hohn)
in the ASS.

By using the Yoneda products, we know that the composite

(i201)x

G172+ s
Exty(Zp.Zp) ExtOO(H* M, 7, ) T Bt ats 2z, 7

is a multiplication by
Bs € Extil’quJr(s_l)qﬂ_z(Zp, Zp).
Hence ]7 is represented by
,gshohn € Eth4+2’an+Spq+sq+s_2(va Zp)

in the ASS.

From Theorem 3.1, we see that E shohn # 0. Moreover, from Theorem 3.2 it follows
that Bshohy, can not be hit by any differential in the ASS. Thus the Bshoh, survives
nontrivially to a homotopy element of 74S. a
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