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The axioms for n—angulated categories

PETTER ANDREAS BERGH
MARIUS THAULE

We discuss the axioms for an n—angulated category, recently introduced by Geiss,
Keller and Oppermann in [1]. In particular, we introduce a higher “octahedral axiom”,
and show that it is equivalent to the mapping cone axiom for an n—angulated category.
For a triangulated category, the mapping cone axiom, our octahedral axiom and the
classical octahedral axiom are all equivalent.

18E30

1 Introduction

Triangulated categories were introduced independently in algebraic geometry by
Verdier [7; 8], based on ideas of Grothendieck, and in algebraic topology by Puppe [6].
These constructions have since played a crucial role in representation theory, algebraic
geometry, commutative algebra, algebraic topology and other areas of mathematics
(and even theoretical physics). Recently, Geiss, Keller and Oppermann introduced
in [1] a new type of categories, called n—angulated categories, which generalize
triangulated categories: the classical triangulated categories are the special case n = 3.
These categories appear for instance when considering certain (7 — 2)—cluster tilting
subcategories of triangulated categories. Conversely, certain n—angulated Calabi—Yau
categories yield triangulated Calabi—Yau categories of higher Calabi—Yau dimension.

The four axioms for n—angulated categories are generalizations of the axioms for
triangulated categories. In this paper, we discuss these axioms, inspired by works of
Neeman [4; 5]. First, we show that the first two of the original axioms can be replaced
by two alternative axioms. One of these alternative axioms requires that the collection
of n—angles be closed under so-called weak isomorphisms, but not under direct sums
and summands. The other axiom requires that the collection of n—angles be closed
only under left rotations, but not right rotations. Second, we discuss the axioms that
enable us to complete certain diagrams to morphisms of n—angles. The last of these
axioms says that we can complete diagrams to morphisms of n—angles in such a way
that the mapping cone is itself an n—angle. For triangulated categories (that is, when
n = 3), this axiom is equivalent to the octahedral axiom, which was one of Verdier’s
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original axioms. We show that this generalizes to n—angulated categories. Namely,
we introduce a higher “octahedral axiom” for n—angulated categories, and show that
this is equivalent to the mapping cone axiom. For n = 3, that is, for triangulated
categories, our new axiom is almost the same as the classical octahedral axiom. In fact,
it is apparently a bit weaker, but we show that they are equivalent. Therefore, for a
triangulated category, the mapping cone axiom, our octahedral axiom and the classical
octahedral axiom are all equivalent.

This paper is organized as follows. In Section 2, we recall the definition of n—angulated
categories from [1], and in Section 3, we discuss the first two axioms. Finally, in
Section 4, we introduce the higher octahedral axiom and prove our main theorem.

2 The axioms for n—angulated categories

Throughout Sections 2—4, we fix an additive category C with an automorphism
3: C — C, and an integer n greater than or equal to three. In this section, we recall
the set of axioms for n—angulated categories as described in [1].

A sequence of objects and morphisms in C of the form

aq ap (7]
A1—>A2—> —>A — YA,

is called an n—X—sequence; we shall frequently denote such sequences by Ae, Be etc.
The n—X—sequence Ao is exact if the induced sequence

o)+ (Olz)*

--— Hom¢ (B, A1) —>Homc(B Ay) ——

(@n—1)= (@)«
—_—

Hom¢ (B, A,) —— Home(B, X A4;) — -

of abelian groups is exact for every object B € C. The left and right rotations of Ae
are the two n—3X-sequences

. —1)"%
A, 22 40wy, SV sy
-1 (=D"="ay o 0p—2 op—1
YT Ay —m— Ay — - Ap_q An,

respectively, and a frivial n—3—sequence is a sequence of the form

Ai>A—>O—>---—>0—>EA

or any of its rotations.
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The axioms for n—angulated categories 2407

A morphism A, 4 B. of n—3X-sequences is a sequence ¢ = (¢1,¢2,...,¢n) of
morphisms in C such that the diagram

o o o3 o1 oy
Al A2 A3 te An — EAI
J(pl vaz lm lfpn JE(pl
B, B1 B, B2 B, L B, ﬁ) SB,
commutes. It is an isomorphism if ¢1,¢;, ..., @, are all isomorphisms in C, and

a weak isomorphism if ¢; and ¢;4; are isomorphisms for some 1 <i < n (with
©n+1 := 2¢1). Note that the composition of two weak isomorphisms need not be a
weak isomorphism. Also, note that if two n—X—sequences Ao and B, are weakly
isomorphic through a weak isomorphism A.— B,, then there does not necessarily
exist a weak isomorphism B, — A, in the opposite direction.

Let N be a collection of n—X-sequences in C. Then the pair (C,N) is a pre—n—
angulated category if N satisfies the following three axioms:

(N1) (a) W is closed under direct sums, direct summands and isomorphisms of
n—X—sequences;
(b) forall 4 €C, the trivial n—X—sequence

A—1>A—>O—>---—>0—>EA

belongs to N';
(c) for each morphism «: A; — A, in C, there exists an n—X—sequence in
N whose first morphism is «;

(N2) an n—X-sequence belongs to N if and only if its left rotation belongs to N';

(N3) each commutative diagram

o] o2 a3 Up—1 On
A1 A2 A3 An — EA]
J(Pl J(PZ i ¥3 i Pn lz(pl
B, B1 B, B2 B By Bu- B, ﬁ) SB,

with rows in N can be completed to a morphism of n—X—sequences.

In this case, the collection N is a pre—n—angulation of the category C (relative to the
automorphism ), and the n—X—sequences in N are n—angles. If, in addition, the
collection N satisfies the following axiom, then it is an n—angulation of C, and the
category is n—angulated:
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2408 P A Bergh and M Thaule

(N4) in the situation of (N3), the morphisms ¢3, ¢4, ..., ¢, can be chosen such that
the mapping cone

T
v2 B1 v3 B2
A2@31—>A3@Bz—>--~

[—an 0 ] [—Zal 0]
on Bn—1 Zo1 Bn
sS4, @B ——— %4, & S B,

belongs to N.

Note that in [1], it was not explicitly assumed that N be closed under isomorphisms, but
it follows implicitly from closure under direct sums. Since closure under isomorphisms
is a crucial part of many of our proofs, we have included it as a part of axiom (a). Note
also that by [1, Proposition 1.5], every n—angle in a pre—n—angulated category is exact.
Consequently, the composition of two consecutive morphisms in an n—angle is zero.

3 Axioms (N1) and (N2)

In this section, we discuss the first two defining axioms (N1) and (N2) for pre—n—
angulated categories. It turns out that we may replace these axioms by the following
ones:

(N1*) (a) if Ae A B, is a weak isomorphism of exact n—X—sequences with 4, € N,
then B, belongs to N';
(b) forall 4 €C, the trivial n—X—sequence

Ai>A—>O—>---—>O—>EA

belongs to N;
(c) for each morphism a: A; — A, in C, there exists an n—X—sequence in
N whose first morphism is «;

(N2%*) the left rotation of every n—X—sequence in N also belongs to N'.

In axiom (N1%*), we do not require that N be closed under direct sums and summands.
However, we do require that N be closed under weak isomorphisms (in one direction),
and this is stronger than requiring that N be closed under isomorphisms. In axiom
(N2%*), we only require that N be closed under left rotations. This is sometimes done
when considering triangulated categories, cf Keller and Vossieck [3].
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The axioms for n—angulated categories 2409

Because of the new axiom (a), the exact n—3X—sequences play an important role in the
proofs to come. We therefore need to determine which properties a collection N of
n—Y-sequences must satisfy in order for all its elements to be exact. We do this in the
following result.

Lemma 3.1 If N is a collection of n—X —sequences satisfying the axioms (b), (N2*)
and (N3), then all the elements in N are exact.

Proof Let

o] o2

Opn—1 277
Ae: Al A2 An — EAI

be an n—X—sequence in N, and pick an integer 1 < j < n. In the diagram

$4;

1
Aj Aj 0
o
o aj ‘

(—1)"Sa;_

0
j—1 —— XA4;

j +1 7 @itz —D)"Zaj_n
Aj — Ajp1 — Ajypo

the two rows both belong to N': the top row by (b), and the bottom row by (re-
peated use of) (N2*). Here we have made the conventions o—; = (—1)"Zoay—1, 09 =
(=D)"Zay, ap+1 = (—D)"Zay, 42 = (—=1)"Za,. By (N3), we can complete the
diagram to a morphism of n—X—sequences, hence the compositions

Qp0Q],H300,...,0, 00,1, (Z0q)oay
are all zero.

For objects X, Y € C, denote the abelian group Hom¢ (X, Y') by (X, Y). Since all the
possible compositions of morphisms from Ae are zero, the doubly infinite sequence

. Ei_l ) s . Ei «
---—>(B,Z’_IA,,)(—#(B,E’AI)&---
=i n—1)x P Ein* P
---&(B,E’An)&(B,E"HAI)—»--

of abelian groups and maps is a complex for every object B € C. Now pick an
integer 1 <i <n, and let f be an element in Ker(X' ®j)«. Then f is a morphism in
Hom¢ (B, EiAj) with (Eiaj) o f =0. Applying the automorphism X%, we obtain
aj o (X7F ) =0, where X~ f is a morphism in Hom¢(XZ ™/ B, Aj). Now consider
the diagram
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2410 P A Bergh and M Thaule

—1)n
YiB—0 »l-ip — xl-ip
lzif J{ ig lzl—if
j j —1)"Za;_ Yo (=1)"Saj_
A] i Aj+1 %t ( ) %i—2 Aj—l (—)) o) EAJ

in which the two rows belong to N by (b) and (repeated use of) (N2*). By (N3), we
can complete this diagram to a morphism of n—X—sequences, and in particular we
obtain a morphism g € Hom¢ (X!~ B, X A;_q) with

(Saj_1)og=3""7/.
Applying the automorphism X/~! gives
[ =)0 (2 ).

hence f € Im(T'a i—1)x. This shows that the complex is exact, and so A, is an exact
n—X—sequence. a

We may now prove that axiom (N1) can be replaced with axiom (N1%).

Theorem 3.2 If N is a collection of n—3 —sequences satisfying the axioms (N2) and
(N3), then the following are equivalent:

(1) W satisfies (N1);
(2) W satisfies (N1%).

Proof The implication (1) = (2) is part of [1, Lemma 1.4], hence we must prove
that (1) follows from (2), ie that N satisfies (a) whenever it satisfies (N1*). Suppose
therefore that N satisfies (N1%).

Since the collection N satisfies the axioms (b), (N2) and (N3), the n—X—sequences
in N are exact by Lemma 3.1. Now let 4, and B, be isomorphic n—X¥—sequences,
with A, in N. Then A4, is exact, and so B, must also be exact since it is isomorphic
to Ae. Since Ao and B, are trivially weakly isomorphic through an isomorphism
Ae — B., the n—X-sequence B, also belongs to N. This shows that N is closed
under isomorphisms.

Next, we show that N is closed under direct sums. Given two n—3X—sequences

231 2% Op—1 op
Ae: Al A2 A, — EA],
B.. B Lhpy, PPl Prsp
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The axioms for n—angulated categories 2411

in N, the direct sum Ao, @ B, is exact, since each of the sequences is exact by the
above. Now use (c) to complete the first morphism in Ae @ Be to an n—3X—-sequence

a; 0
% 5] S
A1®BI—I>A2®BZ—>C3—> EUNFGRRLNS YR ) )

in N. By (N3), the two commutative diagrams

a; O
5 5] o
A1€BB141>A2®32 7 C3 B 2 Cn 4 YA, @ XB;
J[l 0] J[l o] 03 ' on l[l 0]
A1 o A2 - 7 A3 % - An & ZAl,
5 5]
0 A V2 V3 Yn—1 Vn
A1 ® B —— A, ® B, > C3 Cy YA D XB,
J[o 1 j[o ] e v J[o 1
B, B1 B, B> B By Bn— B, Bn S B,

can be completed to morphisms of n—X—sequences, since the sequences involved are
all in N'. This gives a weak isomorphism

5 5
doB P e o
a; O ar O J([‘?] a3 O
A, ® B [0 Bl] A, ® B, —>[0 ﬂj A3@B; [0 ﬂ3l...
Yn—1 c, Yn SA, @SB,

|:0an—1 ﬂn01i|A Miﬂ[ag f;ﬂ
. y

nP B, — EAI@EBI

of n—¥—sequences. The top sequence belongs to N and is therefore exact, whereas the
bottom sequence Ao @ B. is also exact. From (a) we conclude that A, & Be belongs
to N.
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2412 P A Bergh and M Thaule

Finally, we show that N is closed under direct summands. Suppose therefore that A,
and B, are n—3X-sequences as above, that Be belongs to N (hence B, is exact), and
that A, is a direct summand of Be.. Then there exists a diagram

A 24, B4y B T4, P g

J((ﬂl J(fﬂz l% J(pn Jerl

B, B1 B, B2 B By Bu— B, ﬁ) S B,

J{Wl Jlﬁz l% Jllfn JE%
(31 0%} a3 Opn—1 Qn

A] A2 > A3 An — ZAl

of morphisms Ae A Be and B, L Ao of n—X—sequences, with ; o g; = 14, for
all i. For every object Z in C, the sequence Hom¢(Z, As) of abelian groups and
maps is a direct summand of the exact sequence Hom¢(Z, B.), and is therefore itself
exact. Consequently, the n—X—sequence Ao is exact. Now use (c) to complete the
first morphism in A to an n—X—sequence

o 8 83 Sn—1

8n
Ds: A1 A2 D3 D, — EAI

in N (in particular, D, is exact). Using this sequence, we can obtain a diagram

ay 82 83 8n—1 8n
Al A2 D3 Dn — EAl
J((ﬂl J{fﬂz 63 : 6n J’Erm
B, B1 B, B2 Bs B3 _ Bn— B, ﬁ) S B,
J/Wl Jlﬁz llﬁz Yn Xy
(31 0%} a3 Opn—1 Qn
A1 A2 > A3 Ay — XAy

whose rows are Do, Be and A.. The top half of this diagram is a morphism
0: D¢ — B., which we obtain from (N3), whereas the lower half is the morphism
Y: Be — Ae. Moreover, the composition ¥ o §: De — A, is a weak isomorphism,
since Yo =14, and Y09y = 14,. Since both De and A, are exact, and Do € N,
the sequence Ao belongs to N by (a). This shows that the collection N is closed under
direct summands. We have now proved that N is closed under isomorphisms, direct
sums and direct summands, which is axiom (a). O
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Next, we study the rotation axiom (N2). The following result shows that when we
replace (N1) with (N1%), then we can also replace (N2) with the weaker version (N2%).
In other words, in the rotation axiom we only need to require that the left rotation of
an n—3% sequence in N also belongs to N

Theorem 3.3 If N' is a collection of n—%—sequences satisfying the axioms (N1*) and
(N3), then the following are equivalent:

(1) W satisfies (N2);
(2) N satisfies (N2%).

Proof The implication (1) = (2) is trivial. Thus assume N satisfies (N2*), and let

o o) o

Ao A 25 4, Sk O IN S

be an n—X—sequence in N. By repeatedly applying (N2*), we obtain the n—X—
sequence

. —1)"s — 1) Say, 1) Sa,
A,,LZAI =D"Zay __.( )" Za 22An_1( )" T IEAn

N"r la,
in N'. Now use (c) to complete the morphism >4, LO; Ay toan n—X—

sequence

_1 nE_ln 3 n— n
E_IA,,( ) o A B2 B Bs B an B A,

in N. By repeated use of (N2*), we obtain the n—X—sequence

n —1)"E —1)"E —1)" S, —1)" B,
g, gg, COEE g OSBGOSR COMER

in N. By (N3), we may complete the diagram

-D"'X —-D"X
EAI( ) 5ZEB3 =1D"ZB3
n"s ¥ (=D"E
EAl( ) Otlez( ) S
—1)"%28,_ —1)"2B,
()ﬂlan()ﬂEAn
iwn
D"Say—r _ ¥ (~D)"San_
— YA, —— YA,
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2414 P A Bergh and M Thaule

and obtain a morphism of n—X—sequences. By applying the automorphism X! to
the rows, and multiplying the maps with (—1)", we obtain a weak isomorphism

-1 nE_l n n— n
sS4, -1 o A, B2 B By Bu— B, B A,
|- [
—1)rx g, n— n—
E—lAn =D « Al o1 N A2 o2 %n—2 An—l % An

of n—X—sequences. The top row belongs to N and is therefore exact by Lemma 3.1,
whereas the bottom row is the right rotation of A.. Since A, is exact, so is its right
rotation, and from (a) we conclude that this right rotation also belongs to N'. |

Collecting the results in this section gives the following.
Theorem 3.4 For a collection N of n—%—sequences, the following are equivalent:

(1) W satisfies (N1), (N2) and (N3);
(2) N satisfies (N1*), (N2) and (N3);
(3) N satisfies (N1%*), (N2*) and (N3).

4 Axiom (N4)

For triangulated categories, it is a well known fact that Verdier’s original octahedral
axiom has several equivalent representations; see eg Holm and Jgrgensen [2] for a
discussion. It is natural to ask whether this also holds true for general n—angulated
categories. We prove in this section that it does: we introduce a higher “octahedral
axiom” (N4*) for n—angulated categories, and show that it is equivalent to axiom (N4).

What is the essence of the classical octahedral axiom for triangulated categories? It
starts with three given triangles

Al —)Az —)A3 ad EAI,
A] —)Bz—)B?, —)EAl,
A2 — Bz — C3 — EAz,
that are connected, in that each pair of triangles share a common object. The axiom

then guarantees the existence of two new morphisms, and from these new morphisms
we obtain three things:
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The axioms for n—angulated categories 2415

(1) a morphism of triangles;
(2) anew triangle, whose objects are objects in the three original triangles;

(3) commutativity relations between morphisms.

The reason why the axiom is called the “octahedral axiom” is that everything fits into
an octahedron whose vertices are the objects, and where the edges are the morphisms.

The essence of the higher octahedral axiom for n—angulated categories that we now
introduce is exactly the same. It starts with three given n—angles, and guarantees the
existence of 37 —7 new morphisms. From these new morphisms we obtain a morphism
of n—angles, a new n—angle and a certain commutativity relation between morphisms.

(N4*) Given a commutative diagram

/P Py P I T BN )7
|, e |
A, 2oy Pypy By Pz p Pip Posy,
ll’z
G

45 B (B<i<n),
A,-ﬂCi_l (4<l <n),

with the following two properties:

(a) the sequence (1, @2, ¢3,...,y) is a morphism of n—angles;

Algebraic & Geometric Topology, Volume 13 (2013)



2416 P A Bergh and M Thaule

(b) the n—X-sequence

—a4 O
|:0‘3 ] |: 04 —B3 ]
@3 Vs 03

A3—>A4®B3—>A5@B4@C3E)AGQBBS@C‘lﬂ)...

n— 6n Vn— Yajoy,
B @ Buy B Gy b By @ Gy 2 0, 2 5y,

is an n—angle where p; and 7 are the matrices

—Uj+3 0 0
. " —B,,_ 0
pi=| (D" giy —Bixa 0 |, = [( W) on /Zn : y 2]
5 1 Y
Vits Oit2 Viti e

and y, 06, = Zoq 0 fy.

For small values of n, objects A;, B;, C; with i > n appearing in the axiom should be
interpreted as zero objects (and so should objects C; with i < 3). Specifically, when
n =3, that is, when C is a triangulated category, the triangle in (b) becomes

»3 63 Zazoys
A3—>B3—>C3—>2A3

and for n = 4, the 4—angle in (b) becomes

LI o
3 3 [% Yas0
A3—>A4€BB3;>B4@C3 [0 731 Cy it Y As.

Our aim is to prove that axiom (N4) may be replaced by the new axiom (N4*). In other
words, we shall prove that if our category C is pretriangulated (that is, C satisfies (N1),
(N2) and (N3)), then it satisfies (N4) if and only if it satisfies (N4*). In order to prove
this, we need the following lemma.

Lemma 4.1 Suppose C is n—angulated, and let

o o o3 Opn—1 (7]
Ay — Ay — Az — =+ — Ay — XA,

Alﬂ)Bng:;ﬁ)ﬂ”;iBn&)EAl

be a commutative diagram whose rows are n—angles. Apply axiom (N4) and complete
the diagram to a morphism

Algebraic & Geometric Topology, Volume 13 (2013)
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oy o a3 On—1 ®n
A — Ay — Az — - =5 A, — T A,
J(pz L3 ' On
B1 B ¥ Bs Bu—1 ¥ Bn

Ay — By — B3 — =+ — B, — X A4,

of n—angles, in such a way that the mapping cone is also an n—angle. Then the
n->X—sequence

[ %] [ 0] [ 5]
B, — 5.

Ay —— A3@ By ——— A4 @ B;

on—1 0
[(—1)"%1— Bn— ] - tlg, B._ YajoB,
1 2 A, @ B, (D" gy Br—1] B, ajof S A4,

is an n—angle.

Proof The mapping cone is the middle n—%—sequence in the direct sum diagram

—o a; O
A [ wz] A & B, [«J; ﬁz}
|:é:||:—o¢2 01|
ao4r 280 e,

[ e [1 0}
o] L )

A2 4)1‘13@32 —_—

o 7 Fo g

03 B2

[ 8
=D"on—1 Bu—2 [(—1)"+1¢?n ﬂnfl] Yoo B,
3 4, ® Bu—i By, XA,
(_1)n+1 0 _ﬁn 1
[ 1] 7] o]
—Qp—1 0 —ay, 0 —Ya; O
[ $n—1 ﬂn—2i| |: Pn ﬂn—l:| |: 1 Ign:|
— 5 A4, B, ———— YA DB, ——— YA, D XA,
1t o0
[ - o } [ o 1} [o 1] [1 Zai]
=D"on—1 Bu—2 [(_1)’1+1(/7n Ignfl] YajopB,
> A, P By By > XA,
Therefore, by axiom (a), the top (bottom) row is also an n—angle. O
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2418 P A Bergh and M Thaule
Now we prove that axioms (N4) and (N4*) are equivalent. We do this in two steps,
showing first that axiom (N4) implies axiom (N4*).

Theorem 4.2 If N is a collection of n—X —sequences in C satistying axioms (N1),
(N2), (N3) and (N4), then it also satisfies (N4*).

Proof Suppose we are given a commutative diagram

ol (2% a3 Qp—2 Opn—1 Qn
A] A2 A3 o —— An—l — A, — EAI
H B ‘L(pz B2 B3 Bn—2 Bn—1 Bn H
A] Bz B3 r Bn—l — Bn — 2/11

where the two rows are n—angles, and in addition an n—angle

¥2 V2 V3 Yn—1 Vn
Ay — B, 5 C3 =5 .. 5 C, =5 2 4,.

Apply axiom (N4) and complete the given diagram to a morphism (1, @3, @3, ..., @y)
of n—angles, in such a way that the mapping cone is an n—angle. Then the first part of
axiom (N4%*) is already satisfied.

By Lemma 4.1, the n—3X—-sequence

[ %] [25] [ 5]

Ay —> A3 ® By, ———> A4y B3 —— -+

Op—1 0
[(_l)n n—1 Bn— ] —1)"tlg, Bu— YajoB;,
o P2l @B, LT Bt Beich

is an n—angle. Then by axiom (N4) again, we have that there exist morphisms
Yt A > Ci—1 (4<i <n)and ;: B - C; (3 <i <n) such that the mapping cone
of the morphism

—02 az 0 ay O
[ ‘PZ] [fﬂs /32] [—w B3]
A2*>A3@324)A4@B3—>"’
C e e
A > + B SENYe :
’ anj 0 ’
|:(_1)n¢7n—1 ,Bn—2j| A, @B [(_1)n+l¢n Bn—l] B Xay o By . YA
n n—1 n 2
l[llfn 91471] len H
Yn—2 Cn_l Yn—1 Cn Vn N ZAz
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The axioms for n—angulated categories 2419

is an n—angle. In other words, the n—X—sequence

—a3 0 O

—33—,132 0
A3@32@A2—W>A4€BB3®32£>AS@B4@C3g...
[—Ealoﬁn 0 ]

e On Yn—
...u)An@Bn_l@cn_len@Cn_l--- : XA, ®Cy

Yar 0
—2¢p2 0
1 Yn

—— S5 YA XEB, D XA,

is an n—angle, where w; and n are the matrices

—043 0 0 n
: 1Y'¢n —Pur O
pi=| D" iy —Biva 0|, = [( W) on ’g” i y 2].
Vits Oiv2 Vit1 " " "

This n—angle is the middle »—X—sequence in the direct sum diagram shown in Figure 1.
Note that since the composition of the last two morphisms in the middle n—angle is
zero, the equality

VYn © n:Ealo,Bn

holds, and this in turn implies the commutativity of the square €2. Consequently, by (a),
the top (bottom) n—X—sequence is an n—angle. This shows that the second part of
axiom (N4%*) is satisfied. m|

‘We now prove the converse to Theorem 4.2, namely that the octahedral axiom (N4*)
implies axiom (N4).

Theorem 4.3 If N is a collection of n—X —sequences in C satistying axioms (N1),
(N2), (N3) and (N4*), then it also satisfies (N4).

Proof Given a commutative diagram

Al “ A2 - A3 % ) An ﬂ) EAl
lfpl J(Pz l&ol
B, B1 B, B2 B, By Bu— B, ﬁ) S B,
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5]

As

-1
0
0 —a3 0 O
|:*<ﬂ3 —B2 O ]

A3€BB2€BA2%

]

[-1 0 az]

A4 @ B;

B
Ya

P4

0
—53j|
03

S o=
o= o

|

|

Mn1

P A Bergh and M Thaule

A5@B4@C3

Ay ® B3 @By —————— As® B4 D (s

10
01

Aj

,;’J{—

Q4
P4
Ya

0
—ﬂsj|
03

A4 @ B;

£)A6@B5@C4 ﬁ) L. Mo

£>A6@BS@C4 g Hn—4

Mn—a

L2 Ag@ Bs@ Cy 2 o B

n
—— Apn® By1 ®Cyp— — By ®

A5@B4@C3

n
—— An® By 1 ®Chy — By ® Cyy

n
An® By—1®Ch— — By ® Cy—y

On VYn— Yoz oyy
[ 2N Cn ©2oy S A5
-1
—¥Yn 0
Q |: ! i| Xay 0 |: 0:|
[_E‘;IOBH y()_l:| |:—2i(p2 0 ]
! YA, BC, —— 5 A D EB, ® XA,
[0 1] [-1 0 Zay]
On Vn— Sazoyy
[ l] Cn 20, EA3
Figure 1

Algebraic & Geometric Topology, Volume 13 (2013)



The axioms for n—angulated categories 2421

where the two rows are n—angles: we denote these by Ao and B,. We want to prove
that we can complete the above diagram to a morphism of n—angles in such a way that
the mapping cone of that morphism is again an n—angle.

From the given diagram we build the diagram

|:(—1())"061 8i| [0—0{20:|
0o -1 100 [—es3 0] oy
A1®B ——————— B, A, B ——— A3 ® By —— A4 — -+
| sy S . -8
Al@Bl @200y P Bz 2 B3 3 \344;1”.
J n
L e, o [l ]
0 - >An—1 An EAI@ZBI
B 2] iyt se, 1y, H
. L}an_l A EAlEBBn[( Do (=D"TB }EA1€BEB1
0
YA, ® X By

—D"Zy (=D
(=n" 0
0 (="

YXB, XA, XB,

in which the top left square commutes. Let Xo, Yo and Z, denote the three n—>—
sequences
1 — —
Bz@Az@Bl M}BZQO—)...
|:(—1)”sz (—1)"2131]
(=n" 0

0 —-1"
—)0—)21‘12@281 b EBz@EAz@ZBl,

e ]
(=D)"a; 0 [0 —a» o]
0 -1 1 00 4 [—az 0] ay

AIGBBI—)Bz@Az@Bl—) 36532—)/14_)...

I:(_l)nan ]
Ap—1 0
. Ay YA, XBq,
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[(=1)"Ftlpr0a; B1] B2 —B3

A1 @ B, By —> By —> .-+
5] L coime coton |
—Bn—2 —Bn—1 (D" Zg (=11,
--~—>Bn_1—>EA1@Bn EAléBEB],

respectively. In order to apply (N4*) we need to prove that these n—X—sequences are
n—angles.

It can easily be shown that X, is isomorphic to the direct sum of the trivial n—angle
on B, and the left rotations of the trivial n—angles on A, and B;. Next, the n—X—
sequence Y, is isomorphic to the direct sum of the n—angle A., the trivial n—angle
on B;p and the right rotation of the trivial n—angle on B,. Similarly, the n—X—
sequence Z, is isomorphic to the direct sum of the n—angle Be and the left rotation of
the trivial n—angle on A{. Hence, by (a) it follows that X,, Ye and Z, are n—angles.

Since X., Yo and Z, are n—angles, we may apply axiom (N4*) to the above dia-
gram. Consequently, there exist morphisms 03, 0y, ..., 0, and a morphism 6 with the
following three properties:

(1) the sequence (1,[1 —¢, —B1].03.04,...,0p) is a morphism Y — Z, of

n—angles;
(2) 6 is amorphism XA ® B, —> XA, ® ¥ B; with
(~1)"Sgs (~1)"SBy 00 _1 .
(—g)” (—(i)” ol = (—1)820!1 _(1) o |:(_1)n+12(p1 (—1)"+1}3n];
(3) the n—X-sequence
CEARN TP )
PRy Nkt OFYFS N LR GRS S ALt G
[ —ay—g 0 ] [(—1)"0,,,1 0 ]
=D"*t1oy_1 Bu—2 A, ® By, (=D"0n2 Bu—1 SA, @ B,

[(—1)"+12a2 0 ]
0 -1z -1z
Y sa, @ xp, N Ee CUERL & 5B,

is an n—angle.
Observe that the n—angle X, consists of the zero object at positions 3 through n — 1.

Therefore the morphisms v; (4 <i <n) and 6; (3 <i <n) given by (N4*) are all
zero, except for 6,,, which we have called just 6.
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From property (1) the diagram

|:(—1())"011 8:| [O—az 0] 3
o -1 1 00 [-a3 0] aq
AI@BI—>32@A2@314)A3®BZ A4
J[l —¢2 —Bi1] Jcm JCM
(~)+lgroar B ) )
AI@BI[ — 1]Bz b2 B; BN By b
[(—1)”%}
Op—2 Opn—1 0
.4)14;1—1 An EAIGBEB]
‘/Unl ‘(0’,1
0 —1 0
_ﬂn—Z [_ﬁn—l] [(_1)r1+12‘pl (_1)n+lﬁn:|
.*>Bn—14>ZA1€BBn EAl@EBl

is commutative. Using the commutativity, we can conclude that

[03,1 03,2] = [903 ,32],
04 = ¢4,

05 = —¢s,

On—1=(=1)""pp1,
|:0n,1i| _ [(—1)”“%]
On,2 (—=D"¢n |’
for some morphisms ¢;: A; — B; (3 <i <n)making the sequence ¢ = (¢1, ¢2, ..., Pn)
into a morphism ¢: Ae — Be of n—angles.

0
Next, consider the morphism X A4; & B, — X A4, & X B;. Using property (2), we see
that

(—1)"S¢, (—1)'SBy T 00 _1 .
(_(}) (_Ol)n o = (_1)020{1 _(1) o|:(_1)n+12(p1 (—1)n+1ﬁn]

0 0
=| (=)' 2, 0
| (=D"Z¢1  (=1)"Bn
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Thus the morphism 6 is given by the matrix

9 = |:—EO[1 0]
o1 Bul’

Finally, from property (3) and what we have shown so far, the n—X—sequence

=], Ll
o3 B2 v4 B3
A3 By ————> A4, By —— ---
[—an 0 ] [—Eal 0]
©n Bu—1 X1 Bu
e s A, @ By — T s 4, ® B,

[(—1)"+12a2 0 ]
=D"Zgx (—1D"Z

A3 D EB,
is an n—angle. Its right rotation

55 [ 5]

Az@Bl——%A3@Bz—————>'--

[—an 0 ] [—Zal 0]
on Bn—1 X1 Bn
sS4, @B, ——— %4, ® S B,

is the mapping cone of ¢, and this is an n—angle by axiom (N2). This completes the
proof. |

Collecting Theorems 4.2 and 4.3 gives the following.

Theorem 4.4 If N is a collection of n—3 —sequences satistying axioms (N1), (N2)
and (N3), then the following are equivalent:

(1) W satisfies (N4);
(2) N satisfies (N4%).

We now discuss the case when n = 3, that is, when our category C is a triangulated
category. In this case, the classical octahedral axiom, which was introduced by Verdier
in [7; 8], is the following:

(TR4) Given a commutative diagram
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A =24, 2 4, -2 va,
-
LN NN LN )

V2

G3

V3

YA,

in which the top rows and second column are triangles. Then there exist
morphisms ¢3: A3 — B3 and 03: B3 — C3 with the following properties: the

diagram
Ay —2 s 4, =2 4y B 34,
a4 g P g B sy,
2 © 03
G G
V3 Zazoy;3

EOlz
EAz — 2A3
is commutative, the third column is a triangle and 3 0 63 = Xy o 3.

This is almost the same as our axiom (N4*): there is one difference. Namely, axiom
(N4*) does not guarantee that the square ® commutes. However, when n = 3 and we
start with the diagram given in (TR4), then in the proof of Theorem 4.2 we obtain the
commutative diagram

—an

[ 902] [o3 B2] Ta o B3
A2 E— A3 D Bz B3 EAz
oo s
A2 ©2 . Bz Y2 C3 V3 EAZ.
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The commutativity of the middle square implies that the square ® in (TR4) commutes.
Therefore, we recover the original octahedral axiom (TR4) from axioms (N1), (N2),
(N3) and (N4). Conversely, Neeman proves in [4, Theorem 1.8] that axioms (N1),
(N2), (N3) and (TR4) together imply axiom (N4). Consequently, when n = 3 and
the collection N of 3—X—sequences satisfies axioms (N1), (N2) and (N3), then the
following are equivalent:

(1) W satisfies (N4);
(2) N satisfies (TR4);
(3) W satisfies (N4*).

We end this section with a discussion of homotopy cartesian diagrams. Recall that
when n = 3, then a commutative square

AILAz

[o ﬂ |

314)B2

is homotopy cartesian if there exists a triangle

—a
[ (/’1] 9
A1—>A2@BIM>32—>ZA1

a
for some morphism B, — ¥ A;. Now let (TR4*) be the axiom which is the same as
(TR4), but with the additional requirement that the commutative square

as
A2 —_— A3

lwz l(ps
B2

32%33

is homotopy cartesian. Neeman shows in [4; 5] that (TR4) is equivalent to the stronger
(TR4*). Consequently, the axioms (N4), (N4*), (TR4) and (TR4*) are all equivalent.

Now let C be n—angulated. Motivated by the above, we say that a commutative diagram

Ar — = Ay — o T Ay T Ay

l(pl J/¢72 l‘ﬂn—Z J/(on—l
B1 B2 Bn—3 Bu—2

B B, > By — Bp—q
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The axioms for n—angulated categories 2427

is homotopy cartesian if the n—X—sequence

] (el [

Al — > A, @B —— A3 By —— -+

op—2 0
|:(_1)n(ﬂn7 Bn— ] —1)ntl n— n— a
2o @B, e Bl g O gy

d
is an n—angle for some morphism B,_1 — X A. In the proof of Theorem 4.2, when
we showed that axiom (N4*) follows from axiom (N4), we proved in addition that the
commutative diagram

A, @2 A, 93 ... Yn2 Ap_y nmt, Ap
J/ @2 l @3 l Pn—1 l $n
Bz BZ B3 ﬁ3 . Bn72 Bn_l ﬁnfl Bn

is homotopy cartesian. In fact, that was precisely Lemma 4.1. Consequently, axiom
(N4*) (and then also axiom (N4)) is equivalent to the stronger axiom which requires
the above commutative diagram to be homotopy cartesian.
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