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On the geometric realization and
subdivisions of dihedral sets

SHO SAITO

We extend to dihedral sets Drinfeld’s filtered-colimit expressions of the geometric
realization of simplicial and cyclic sets. We prove that the group of homeomorphisms
of the circle continuously act on the geometric realization of a dihedral set. We also
see how these expressions of geometric realization clarify subdivision operations on
simplicial, cyclic and dihedral sets defined by Bokstedt, Hsiang and Madsen, and
Spaliriski.

18G30; 55U10

1 Introduction

By expressing the geometric realization of simplicial sets and cyclic sets as filtered
colimits, Drinfeld [2] proved in a substantially simplified way the fundamental facts that
geometric realization preserves finite limits, and that the group of orientation-preserving
homeomorphisms of the interval [0, 1] (resp. the circle R/Z) acts on the realization of
a simplicial (resp. cyclic) set. In this paper, we extend his result to dihedral sets. We
also see how these expressions lead to a clarified description of subdivision operations,
which were introduced by Bokstedt, Hsiang and Madsen [1] for simplicial and cyclic
sets, and by Spaliniski [6] for dihedral sets. In Spalifiski’s definition, the subdivisions of
dihedral sets are merely simplicial sets. We prove that they in fact have richer structures.
We have strived to make the exposition self-contained and to give complete proofs of
the stated results.

1.1 Terminology and results

Firstly, we review here the results of Drinfeld [2] on geometric realization. Let A be the
simplicial index category of the finite linearly ordered sets [n] ={0 <--- <n}, n >0,
and order-preserving maps. By definition, a simplicial set is a contravariant functor
X|[-] from A to the category Sets of sets. We write A[n][-] for the standard simplicial
n—simplex Homa ([-],[#]) and set A[n] = {(Zo, ..., zn) €0, 11711 | Yoz = 1},
with the standard Euclidean topology.
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Definition 1.1 (Milnor [4]) The geometric realization |X|-]| of the simplicial set
X[-] is the colimit
colima[n)[.1— x[-1 Aln].

where the index category is formed by simplicial maps from standard simplicial sim-
plices to X[ -] and natural transformations.

We can construct | X[-]| explicitly by

(X[ =] Xl x AL/ ~,
n=0
where X|n] is given the discrete topology and where ~ is the equivalence relation
generated by the relation that identifies (x, fxz) with (6*x, z) for every pair (x,z) €
X[n]x A[m] and for every map 6: [m]— [n] in A. However, we interchangeably adopt
any other space having the universal property of the colimit as a definition of | X|-]|,
since there are canonical isomorphisms between such spaces.

Drinfeld [2] re-defined the geometric realization as a filtered colimit, showing that
his definition is equivalent to Milnor’s. To introduce his expression, we first need
to extend the simplicial set X|-] to a contravariant functor X [-] from the category
Aypig of all non-empty finite linearly ordered sets. We denote by F the set of all
finite subsets of [0, 1], viewed as a category with morphisms being inclusions. For
each F € F, we order the set of connected components ([0, 1]\ F) by declaring
that [x] < [y]if x <y e€[0,1]\ F. If F C G there is an order-preserving map
7o([0, 1]\ @) — 7o ([0, 1]\ F).

Theorem 1.1 (Drinfeld [2]) The geometric realization | X|[-]| of the simplicial set
X[-] is given by the colimit

colimper X[mo([0. 1]\ F)].

The point is that the index category F is filtering, so it results as an immediate
consequence that geometric realization, at least as a functor from the category of
simplicial sets to Sets, preserves finite limits. This expression also makes it obvious
that the group Homeo([0, 1], [0, 1]) of order-preserving homeomorphisms of [0, 1]
acts on the set | X[-]].

In fact, these statements still hold when the geometric realization is considered to
take values in the category of k—spaces. Drinfeld [2] proved that the topology on
| X[-]| given in Definition 1.1 can be described by the metric d on the above colimit,
defined as follows. For every F € F, we write g for the measure on ([0, 1]\ F)
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On the geometric realization and subdivisions of dihedral sets 1073

defined by ur(A) =) .c41(c). Here A is a subset of 7¢([0, 1]\ F) and /(c) denotes
the length of the path-connected component of [0, 1]\ F corresponding to ¢ € A4,
ie, if ¢ is the interval between x € F and y € F then /(c) = |x — y|. Take two
elements of colimpe f[no ([0, 1]\ F)]. Since F is filtering, we may assume these to
be represented by elements u and v of X [0 ([0, 1]\ F)] with some common F € F.
We define the distance of the two elements to be the minimum of w g (7o ([0, 1]\ F)\ 4)
with respect to subsets A of 7([0, 1]\ F) such that the map f[no([O, 1\ F)]— )?[A]
takes u and v to an identical element. (If there does not exist such an 4, we set the
distance to be 1.) See [2] for details.

A similar argument applies to cyclic sets introduced by Connes. Let AC be the
category that makes the family {C,+1},>0 of cyclic groups of order n + 1 into a
crossed simplicial group in the sense of Fiedorowicz and Loday [3]. Recall:

Definition 1.2 (Fiedorowicz and Loday [3]) A crossed simplicial group is a family
of groups {G},>0 together with a category AG that has one object [r] for each n >0,
containing A as a subcategory, and satisfies the following conditions:

(1) The group of automorphisms Autag[r] on each [#] is isomorphic to the group
Gy’

(2) Every morphism [m] — [r] can be uniquely written as a composite ¢ o g with
¢ € Homp ([m], [n]) and g € Autag[m].

For a AG-set X[-] (ie, a contravariant functor from AG to Sets), we define its
geometric realization to be the realization of the underlying simplicial set
XI-
AP — (AG)P —[—L Sets.

Cyclic sets are defined to be AC —sets. Drinfeld [2] constructed AC as the category of
the Z 4 —categories [n]cyc, n > 0, and Z —functors, as recalled in Section 2 below.

The cyclic set X[-]: (AC)°P — Sets can be extended to a contravariant functor X [-]
from the extended category ApigC of Z —categories isomorphic to some [n]cyc. Write
JF’ for the set of all finite subsets of R/Z, viewed as a filtered category.

Theorem 1.2 (Drinfeld [2]) The geometric realization | X|-]| of the cyclic set X|-]
is given by the filtered colimit

colimper X[mo(R/Z\ F)].

In particular, the group Homeo™ R /Z of orientation-preserving homeomorphisms of
the circle R/7Z acts continuously on | X[-]].
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Our result on the realization of dihedral sets is analogous to the above theorem. A
dihedral set X[-] is a AD-set, where AD is the category that makes the family
{Dy+1}n=0 of the dihedral groups of order 2(n + 1) into a crossed simplicial group
(Fiedorowicz and Loday [3]). Fiedorowicz and Loday [3] constructed A D by giving a
presentation of it, ie, by specifying generators and relations. We show that A D can be
equivalently introduced as the category of [1]cyc, 7 > 0, and covariant and contravariant
7.+ —functors.

There is a similar extension of the dihedral set X|-]: (A D)°P — Sets to a contravariant
functor X [-] from the extended category Apig D of Z 1 —categories isomorphic to some
[n]eye and covariant and contravariant Z 4 —functors. It is known that the geometric
realization of a dihedral set admits a continuous action by the orthogonal group O(2).
We prove the following new, stronger result:

Theorem 1.3 The geometric realization | X|[-]| of the dihedral set X|[-] is given by
the filtered colimit
colimper X[mo(R/Z \ F)].

In particular, the group Homeo R /Z of all homeomorphisms of the circle R /7. acts
continuously on | X[-]]|.

From these filtered-colimit expressions, we find a clearer description of subdivision
operations. For every positive integer r, Bokstedt, Hsiang and Madsen [1] defined
an operation called the r—fold edgewise subdivision of simplicial or cyclic sets. We
denote by sd, X[-] the r—fold edgewise subdivision of the simplicial or cyclic set
X[-], whose definition is recalled in Section 3. Write F, and F, for the set of finite
subsets of [0, 7] and R/rZ, respectively. We introduce the following expression for
subdivisions, which gives a new natural proof of the result by Bokstedt, Hsiang and
Madsen [1] that | X[-]| and |sd, X[-]| are canonically homeomorphic.

Theorem 1.4 For the simplicial (resp. cyclic) set X|-], the realization |sd, X[-]| is
given by the filtered colimit
colimper, X[mo([0,r]\ F)]  (resp. colimper X[no(R/rZ\ F)))
and hence admits an action by
G, = Homeo([0, 7], 9]0, r]) (resp. G, = Homeo™ R/r7Z).

In particular, the bijection [0, r] — [0, 1] (resp. R/rZ — R /Z) given by x + Xx/r in-
duces isomorphisms D, : |sd, X[-]|—|X][-]| and d,: G — G =Homeo([0, 1], 9]0, 1])

Algebraic & Geometric Topology, Volume 13 (2013)



On the geometric realization and subdivisions of dihedral sets 1075

(resp. d;: G, — G = Homeo™ R/rZ ) such that the diagram
G, x|sd, X[-]] —— |sdr X[-]

ld,-xD,, lDr
Gx|X[-] ——  |X[]I

commutes.

Bokstedt, Hsiang and Madsen [1] used the diagonal embedding A[n] — A[r(n+1)—1],
ur> (u/r,...,u/r), to give a homeomorphism |sd, X[-]| — |X[-]|, but it required
some effort to construct its inverse and to prove that the homeomorphism is compatible
with the appropriate actions on both sides. In contrast, our homeomorphism induced
from x +— x/r is clear to have an inverse and to make the diagram above commute.
(The same thing can be said to Theorem 1.5 below.)

For dihedral sets, Spalifiski [6] defined two types of subdivision operations, sd, and
sdS.. In his definition, both operations assign to a dihedral set X[-] a simplicial set. We
re-define in Section 3 sd, X[-] and sd; X[-] to have the richer structures of a A, D—set
and a A, D—set, respectively. Here A, D is the category that makes { D, ,41)}n>0
into a crossed simplicial group.

Theorem 1.5 For the dihedral set X[-], |sd, X[-]| (resp. |sd}. X[-]|) is given by the
filtered colimit

colim e 7 f[no (R/rZ\ F)] (resp. colimper,, )?[710 (R/2rZ\ F)))

and hence admits an action by G, = HomeoR /rZ (resp. Gy = HomeoR/2rZ ). In
particular, the bijection R/rZ —R/Z (resp. R/2rZ — R /Z ) given by x +— x/r (resp.
X — x/(2r)) induces isomorphisms D,: |sd, X[-]| — |X[-]| (resp. D: |sdS X[-]| —
|X[-]|) and d,: G, - G = HomeoR/Z (resp. df: G; — G = HomeoR/Z ) such
that the diagram

Gr x|sdy X[-]| —— [sd, X[-]] Gy x|sdy X[-]| —— [sdy XT-]]
JVD,‘ xdy lDr resp. lDﬁ xdy lDﬁ
Gx|X[-] ——  [X[]] Gx|X[-l —— X[
comimutes.

Finally, we will explain how sdS X[ -] admits simplicial actions by D, and C,, and
hence defines simplicial sets (sd X|-]) Dr and (sds XT- )Cr, respectively, and see that
the latter one again has the structure of a dihedral set.
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2 The proof of Theorem 1.3

2.1 Geometric realization of dihedral sets

We first recall Drinfeld’s construction of AC as a category of Z 4 —categories [2]. Here
Z 4 is the additive monoid of non-negative integers, and a Z 4 —category is a category
C together with a nontrivial monoid map Z4 — End¢ id¢. Ie, there is a non-identity
endomorphism 1.: ¢ — ¢ on every object ¢ € obC such that f ol = 1., o f for
every f:ci — cy. A Z4—functor is a functor between Z 4 —categories that preserves
the structural endomorphisms.

The most basic example of a Z 4 —category is the circle R/Z. Morphisms from x to y
are homotopy classes of continuous maps f: [0, 1] = R — R/Z such that f(0) = x
and f(1) =y, with [0, 1]— R non-decreasing and R — R /Z the canonical projection.
The Z 4 —category structure is given by 1, =(class of degree 1 loops based at x).
If F C R/Z is a finite subset, the set of connected components 7o(R/Z \ F) can
be considered as a Z —category. The set of morphisms from ¢ to d is defined by
choosing representatives x. € ¢ and xg7 € d:

Homr/z\F)(c,d) = Homg 7 (xc, Xq)
If F C G thereis a Z4—functor mog(R/Z\ G) — mo(R/Z\ F).

There is a way of constructing a Z  —category Acyc from a given small category A
[2, Example 4 of Section 2]. In the particular case where A = {ag <--- < ay} isa
linearly ordered set, viewed as a category, then Ay is the Z  —category that has the
same objects as A and that has morphisms generated by those in A together with one
new generator a, — ag. The structural endomorphisms are given by 14,: a; — a, —
aop — a;. If A= {[n] then [n]cy. is identified with the full Z —subcategory

0L/ +D).....[n/(n+ D]} CR/Z,

where [-] denotes the class in R/Z. (For notational simplicity we will frequently
omit such brackets.) The cyclic index category AC (resp. ApigC) is defined to be the
category of the Z  —categories [n]cyc (resp. small Z —categories isomorphic to some
[n]eye) and Z 4 —functors.
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Analogously, we set A D to be the category whose set of objects is the same as that of
AC, and whose set of morphisms from [m]cyc to [11]eyc is the disjoint union of the sets
of covariant and contravariant Z 4 —functors from [m]cyc to [1]cyc.

Remarks (1) If C is a Z4—category, the Z —category structure on the opposite
category CP is givenby 1, = (1,)°P for c €ob C°P. (2) Considering the disjoint union
means that a functor cannot be both covariant and contravariant. As a consequence,
eg, Homa p ([Olcyc, [0lcyc) has two elements: the identity idjg),,,: [O]cyc = [O]cyc as a
covariant functor, and idj,,.: [O]cyc — [O]SEC as a contravariant functor.

The composition in A D is defined by usual composition of functors, under the rule
that the composite of two covariant or contravariant functors should be covariant, and
the composite of covariant and contravariant functors should be contravariant.

The following proposition shows that A D is the correct dihedral index category.

Proposition 2.1 The category A D makes the family { Dy 1},>0 into a crossed sim-
plicial group.

Proof We have to check Conditions (1) and (2) of Definition 1.2.
(1) For each n > 0, define Z 4+ —functors
Tnt [Mleye = [M)eye and wn [neye = [n]N

by ty(x) =1/(m+ 1)+ x and w,(x) = —1/(n + 1) — x, respectively. Then t;, and
wp are isomorphisms in AD on [n]eyc of order n + 1 and 2, respectively, and satisfy
the relation 1,0, = w,T, 1. In addition, any ¢ € Autp D[7]eye can be written as a
product of 7, and w,. Indeed, if ¢ is covariant, then ¢ € Autpc[n]eyc = (1) is a
power of 7. If ¢ is contravariant, then ¢ o w, is covariant, and so a power of ;.
Hence Autp p(n]eyc is generated by 7, and wy,. This means that

Autaplileye = (tn, on | T = 0F = 1, tyoon = wnty, ')

is the dihedral group of order 2(n 4 1).

(2) Let ¢: [m]eyc — [n]eyc be @a map in AD. If ¢ is a covariant functor, then ¢ €
Homa ¢ ([m]cye, [1]eye) » so that it can be uniquely written as ¢ = v o g with ¥ being
amap in A and g € Autac[m]eyc C Auta p[m]eye. If ¢ is contravariant, then we can
uniquely write ¢ o w,, € Homa ¢ ([m]eyc, [11]eyc) as a composite ¢ 0wy, = o g with ¥
in A and g € Autac[m]eyc. Multiplication by wy, on the right yields ¢ = ¥ o g o wp,
with g o @y, € Auta p[m]eye. |

Algebraic & Geometric Topology, Volume 13 (2013)



1078 Sho Saito

We extend the dihedral set X[-] to a functor X [-]: (ApigD)°P — Sets, by defining on
objects f[k] = X[m)]ecyc and on morphisms f[f] = X[f]: X[myleye = X[mpleyes
where f: A — u is amap in Ay;g D and ]7 is the unique map in A D that makes the
following diagram commute:

A —2\—_) [mk]cyc

1o

tu
p——> [myleye

Equivalently, X[-] is the unique (up to unique isomorphism) map that is identical
to X[-] on ADP. For example, if X[-] is the standard dihedral set Agn[n][-] =
Homa p([-], [#]eyc), the extension Agin[n][-] is given by A HomAbigD(k, [7]eye) -

By definition, | XT-]| is the realization of the underlying cyclic set X" |(ac)r [-]. Hence
we have

1X[1l = 1X [acye -1 = colimpez (X |(acyr) [o(R/Z\ F)].

The extension CYRTC)‘;) [-]of X [(ac)or[]t0 (ApigC)®P is nothing but the restriction
X [(Ayeeyor [-] of X[-] to (ApigC)P, so that we see:

| X[ = colimper X |(ay,cyn [To(R/Z\ F)] = colimpez X[mo(R/Z \ F)]

2.2 Dihedral simplex Simg,,

Let Sim’c’yC denote, as in [2], the set of points (xo,...,x,) € (R/Z)*T! such that
Xo, - - ., Xy are in the correct cyclic order. We also denote by Simg’,gp the set of points
(X0,....Xn) € (R/Z)"F1 such that x,,...,xo are in the correct cyclic order. The
geometric realization of the standard dihedral set Agin[n][-] = Homap([-], [#]cyc) is
identified with the disjoint union Simfy, of Simg,. and Simgye! . This identification is
induced from the maps ¢: Homa,, p (7o (R/Z \ F), [n]eyc) — Simgy,, F € F', given
as follows. Let f: mo(R/Z\ F) — [n]cyc be a covariant Z 1 —functor. We associate to
Jf apoint ¢(f) = (xg,...,Xn) € Simfyc in the following way. Let i be the smallest
integer between 0 and n such that i/(n + 1) € [n]c,e C R/Z is in the image of
/. Suppose that an arc starting from x € F is sent to i/(n + 1) € [n]cyc, and the
preceding arc is not (remember that the arcs are oriented in the cyclic order). We set

Xo = X1 =---=x; = x. Next, suppose j be the second smallest in the image of f,
and that an arc starting from y € F is sentto j/(n+ 1) € [n]cyc (and the preceding arc
is not). We set x; 41 =---=x; = y. In this way we obtain x¢ through xj, where k
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is the largest in the image of f. We finally set xx4+1 = -+ = X,4+1 = Xo, and thus get

(X0, - -+, Xn) € Simgy,.

Similarly, we associate to a contravariant Z—functor f: mo(R/Z \ F) — [n]eyc a
point ¢ () = (xg,...,Xn) € Simgy’gp as follows. Let i be the smallest integer between
0 and n such that i/(n 4 1) € [n]eyc C R/Z is in the image of /. If an arc ending
at x € F is sent to i/(n + 1) € [n]ey. and the succeeding arc is not, then we set
Xo =---=X; = x. We next suppose j be the second smallest in the image of f, and
that an arc ending at y € F is sentto j/(n + 1) € [n]cyc (and the succeeding arc is not).
Then x;4; =---=Xx; = y. We thus obtain x, through xj, where k is the largest in

the image of f. Setting xx 1 =--- = Xp4+1 = Xo, We get (xg,...,Xn) € Sim'gy’gp

Since Simé’yC is homeomorphic to the product of R/Z and the standard simplicial
n—simplex A” (see [2]), and since Sim’g);gp is homeomorphic to SimgyC by the order-
reversing map x: (xo,...,Xn) > (Xz, ..., Xo), we see that the dihedral simplex Simg’ih

is identified with the product of A” and the disjoint union of two copies of R/Z.

A homeomorphism «: R/Z — R/Z induces a homeomorphism « X --- X & on
(R/Z)**1. If « is orientation-preserving, then a x --- X @ restricts to a homeo-
morphism on Sim’c’yc. In this case we also get a homeomorphism on Simg)’,gp via
conjugation by x. If « is orientation-reversing, then « x --- X o defines a homeo-

. . . N,0] . . .
morphism between Sim” . and Slmcycp . Hence « gives rise to a homeomorphism

cyc
®(ar) on Simg, that sends a point (Xo, ..., X,) € Simg, or Simgye’ to the point
(a(x0), ..., &(xn)) € Simgy, or Simgyc’ .

2.3 The Homeo R /Z-action
We are now going to complete the proof of Theorem 1.3, by constructing the desired

continuous action of Homeo R/Z on the realization of a general dihedral set X|-].

A homeomorphism of R/Z gives rise to an isomorphism pg: |X[-]| = | X[-]| defined
by
pa oinp = ing(r) oX[oF' ],
where ap: mg(R/Z\ F) — no(R/Z \ a(F)) is the covariant or contravariant Z 4 —
isomorphism induced by «. Thus Homeo R/Z acts on | X|[-]|, and the proof of the
continuity is as follows, being analogous to the cyclic case (see [2]). First, we have
| XTI = colimp g, (ng- 1 x7- 1| Adin[2][ - 1| = colimp g fm[- 1> x -] Simgin.

and the action of « on |X|-]| is the same as the one induced from the action ®(«) of
o on Sim(, described above. Hence the continuity of the action is equivalent to the
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continuity of the map Homeo R/Z — Homy (Sim[;,, Sim};, ), o — ®(«). (Here K
denotes the category of k—spaces and the sets of maps are topologized by the standard
k —space topology.)

In the argument below, we use the distance on R/Z, given by
|x —y| =min(|x — [, [x = 0] + |1 = y]),

where x and y € R/Z in the left-hand side are represented by the unique elements in
[0, 1], still denoted by x and y and assumed that x < y, in the right-hand side. We
get an induced distance on the product (R/Z)"*!, its subsets Simé’yC and Simgy’gp,
and hence on their disjoint union Simj; . Remember that the sub-basis of the space

Homy (Simj;, , Simf;, ) is given by the subsets
N(h,U) ={f: Simg, — Simg, | /(h(K)) C U}

where /i: K — Sim(;, is a continuous map from a compact Hausdorff space K and
where U is an open set of Sim’};, . Hence it suffices to show that i, ! N(h, U) is open in
Homeo R/Z. To this end, we fix an arbitrary o € ju,, ! N(h, U) and will show that there
is an open neighbourhood N («) of & in Homeo R/Z such that N(«) C ;' N(h,U).
Since U C Sim}, is open, for every x € h(K), there exists a positive real number
ex such that BY = {y € Simfj, | |y — un(a)(x)| < ex} is contained in U. We
take a smaller ball B}, = {y € Sim}, | |y — un(2)(x)| < ex/n} in BY, and put
By = pn(a)"1(BL) N h(K). Then {Bx}xen(k) forms an open cover for 1(K). A
compactness argument tells us that we can choose finite x(1, ..., x® e h(K) such
that 7 (K) = U§=1 B,.(y. If By denotes the closure of By in /(K), we also have

l —
h(K) = Uj+1 Bi».
Note that B, is compact (because it is a closed set in a compact set). We let ¢y: B, —

h(K)— Simgih be the inclusion, and consider forevery i =1,...,nand j =1,...,/,
the set

N'(piotyir. pi(Bl;))) ={p € HomeoR/Z | B(pi(B,i)) C pi(B.;))}.

where p;: Sim’, — R/Z is the projection onto the i component. Then N'(p; o
L) s p,-(B;C(j))) is an open set in Homeo R /Z containing «. We also have

M N'@iotw pi(Blg) C iy (NG, U)).

1<i<n,1<j=<l
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Indeed, let B be in the left-hand side and take x € h(K) arbitrarily. Then there is some
J such that x = (xq,...,x,) € B,). Forevery 1 <i <n, we have
B(pi(x) = B(xi) € pi(Bly) € i €[0.11] 131 = pi(ua (@) (xD))| < e /n}.

Hence,

|tn(B) ) = pin (@) (D)2 = DB —axIP < Y62, P =62, fn <.

i+1 i=1
Therefore we see w,(B)(x) € B;’(j) C U. This implies B € w,, '(N(h,U)). Thus we
take N (@) =y <j<n.1<j<t N'(Piotyi, pi(B;(j))), obtaining the desired conclusion.

The proof of Theorem 1.3 is now complete.

3 Subdivisions and proofs of Theorems 1.4 and 1.5

3.1 Subdivisions of simplicial and cyclic sets

Let X[-] be a simplicial set. For every positive integer r, let sd,: A — A be the
functor defined on objects by sd,[n] = [r(n + 1) — 1] and on morphisms by

sdy[fllaim+1)+b) =an+1)+ f(b),

where f:[m]—[n], 0 <a<r,and 0 <b <m. The r—fold edgewise subdivision of
X|-] is defined to be the composite sd, X[-] = X[-]osd,, which is again a simplicial
set.

If X[-] is a cyclic set, its subdivisions are defined analogously, but they are not
cyclic sets but A,C—sets. The category A,C, for each r, is defined to make the
family {C,(;+1)}n>0 into a crossed simplicial group, by using the Z . —category
R/rZ instead of R/Z. Denote by [r], the subset (considered as a Z 4 —subcategory)
{{ltkr+ D)+ /(n+1]|0<k <r,0<] <n} of R/rZ. We define A,C to have as
objects the Z —categories [n], CR/rZ, n > 0, and to have as morphisms from [m];
to [n], Z—functors satisfying f(x 4+ 1) = f(x) + 1. The simplicial index category
A is embedded into A, C via the functor that sends [r] to [#], and f: [m] — [n] to
Srilmlr 3 (k(m+1D) +D/(m+1) = (k(n+ 1)+ f()/(n+1) €n].

Let sd,: A,C — AC be the functor that is defined on objects by
Sdr[n]r = [V(I’l + 1) - 1]cyc

and on morphisms by

sd [ f1=pp o fopm: [rm+1) = eye = [r(n+ 1) — eye,
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where f: [m], — [n], isamap in A,C and p, and p, are the set bijections from
[m], to [r(m + 1) — l]eye, and from [n], to [r(n + 1) — 1]y, respectively, induced by
the isomorphism p: R/rZ — R/Z, x + x/r. This functor is an extension of the
subdivision functor for simplicial sets, in the sense that the diagram

AC 2 AC

I I

A A

commutes. The r—fold edgewise subdivision sd, X|-] of the cyclic set X|-] is defined
to be the composite X|-]osd,.

3.2 Proof of Theorem 1.4

Case of simplicial sets By Drinfeld’s formula for simplicial sets, we have
|sd; X[-]| = colimper sdr X [mo([0, 1]\ F)].

For each F € F,let F, denote the finite set {n+x |0 <n<r,x € FU{0,1}} CO0,r].
If n is the cardinality of m(([0, 1]\ F), then that of 7([0, 7]\ F;) is rn. In this case
we have sd, X [70([0, 1]\ F)] = sd, X[n — 1] = X[rn — 1] = X[n0([0, 7]\ F,)] by
construction. Therefore the realization of the subdivision can be rewritten as

|sdy X[-]| = colim e X[mo([0, ]\ Fy)].

Now we compare the index categories of the colimits colimge X [0 ([0, 7]\ F;)] and
colimper, )?[no([o, r]\ F)]. For every F € F, there exists a set F’ € F such that
F C (F'),. Indeed, {x €[0,1]|n+ x € F for some 0 <n < r} C|[0, 1] is such a set.
This means that the subcategory of F, consisting of subsets in [0, 7] of the form F,
with F' € F is cofinal, whence we obtain the expression of the statement.

Case of cyclic sets In general, it can be likewise proved that the geometric realization
of a A,C-set Y[-] is given by

colimg Y[no(R/rZ \ F)],

where F runs through finite subsets of R/#Z such that card 7g(R/rZ) =r(n + 1),
n > 0, and where Y[-] is the extension of Y[-] to the category A, pjcC of Z4—
categories isomorphic to some [7],. Thus |sd, X[-]| is the colimit

colimg sd, X[mo(R/rZ\ F)],

which can be deformed into the desired form in a similar way to the previous case.

Algebraic & Geometric Topology, Volume 13 (2013)



On the geometric realization and subdivisions of dihedral sets 1083

3.3 Subdivisions of dihedral sets and proof of Theorem 1.5

Define the category A, D to have the same set of objects as A, C, and to have as
morphisms covariant Z 4 —functors f satisfying f(x+1) = f(x)+1 and contravariant
Z +—functors g satisfying g(x 4+ 1) = g(x) — 1. This category contains A,C and, in
particular, A as subcategories. We notice that if we write

Tr,n- [n]y — [n]r Wr.n: [n]y — [n],

for the isomorphisms in A, D given by t,,(x) = 1/(n + 1) + x and @, ,(x) =
—1/(n 4+ 1) — x, respectively, for each n, then they satisfy the relations

-1

r(n+1) _ 2 __ _
D = wpp =1, Trn@rn = WrnTyp -

Tr,n

Moreover, an argument analogous to Proposition 2.1 shows that A, D is generated
by Tru, Wru, and fp with f in A. Therefore A, D makes {D,+1)}n>0 into a
crossed simplicial group. We also note that A, D has a presentation described as
follows. If d’: [n — 1] — [n] and s': [n + 1] = [n], 0 < i < n, denote the face and
degeneracy operators in A, then A, D is generated by d?, s%, t,.,, and w; 5, subject
to the relations:

(S-1) did] =djdi=" (j <i)

(S-2) sis} =sf_1s£ i<j)

S (4T G<D)
(S-3) spdi =11 (i=j.j—=1
di7lsi (i <j-1)

O-1) w2, =79t =1

(D-2) T nwrn = wrnp Tr_,y}
(SD-1) wppdl =d" wpp—y (0<i <n)
(SD-2) a)r,nsff = S;l_ia)r,n—i-l 0=<i=n)

(SD-3) rrndi:{diﬂfr’"—l G #m)
s r

dy (i =n)

i+1 .
(SD-4) Ty ps’ = {Sg Jrnrt GEm
STyt (i=n)

The extended category A, pig D, and the extension of a A, D—set Y[-] to

Y[]: (Arpig D)°P — Sets
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are defined likewise. The geometric realization of the A, D—set Y|[-] is given by
colimpg ?[ﬂo(R/VZ \ F)],

where F runs through finite subsets of R/#Z such that card 7o (R/rZ) =r(n + 1),
n=0.

Let X|-] be a dihedral set. For each r, the dihedral subdivision functor sd,: A, D —
AD is constructed in the same way as the cyclic subdivision functor.

Definition 3.1 We define sd, X[-] to be the A, D—set X[-]osd;: (A, D)°P — Sets.

Remark Spaliniski [6] defined sd, X|-] to be the r—fold edgewise subdivision of the
underlying simplicial set X |acp [-]. Our definition is compatible with Spalifiski’s since
we have the following commutative diagram:

(A, Dy =4 (apyr XL gers

I I |

A°P LN A°P i Sets

3.3.1 Combination with Quillen and Segal’s edgewise subdivision Spaliriski [6]
introduced another subdivision sdj. X[-] of the dihedral set X|-], for each r > 1,
combining sd, with Quillen and Segal’s subdivision functor sd® defined in [5]. The
functor sd®: A — A is given on objects by sd°[n] = [2n + 1], and on morphisms by
sd®’[ f]= f*©, where f:[m]—[n]isamapin A and f¢: [2m + 1] — [2n + 1] is the
map defined by f¢(k)= f(k) and f°Cm+1—k)=2n+1—f(k) for0<k <m.In
Spaliniski’s definition, sd; X[-] is the composite X |aop [-]osd, osd® of the underlying
simplicial set of X[-] with sd, and sd°.

In fact, sd§. X[-] can be defined as a A,, D—set as follows. Let sd:: Ay, D — A, D
be the functor that is given on objects by sd5[n],, = [2n + 1], and on morphisms by

sdS[t27.n) = Tr.2n+1. SA5[W2r 0] = @r 2n+1, and sdi[ f2,]= /5, where f: [m]—[n]isa
mapin A and f°: [2m+1], —[2n+1], is the map sending (2k (m+1)+1)/(2(m+1))
to Qk(n+ 1) f())/2(n + 1)) and Qk(m + 1)+ 2m + 1) —1)/2(m + 1)) to
Qkn+1)+@Cn+1)—f()/Cn+1) for0<k <r,0=] <m.

Definition 3.2 We define sd§ X|-] to be the A, D—set

X[-]osd, osdS: (Ay, D) — Sets.
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Remark The diagram

-A€

dr
Ay, D —" 5 AD,

I I

ALA

commutes, and in view of this our definition of sd X[-] is compatible with that of
Spalifiski [6].

The proof of Theorem 1.5 is similar to Theorem 1.4.

3.4 Remarks on simplicial actions on subdivisions

Consider the subgroup of Auta,, p[n],, generated by fzzr('i:rl) and w;,,, which is
identified with the dihedral group D, . Let f: [m] — [1] be a map in A and consider

the images

2(n+1) e 2(n+1)
Tonti: @r2nt1, and fy of Topm » @2rn, and far,

respectively, under the functor sd§.. Then the diagram

r2(2ern-i_—’_ll) or Wr 2m+1
2m 4+ 1], 2m + 1],
7 i
frz(n,j_l) or Wy 2p+1
2n + 1], 2t 2n + 1],

commutes. Indeed, for 0 </ < m, we have for instance
I @rome1(1/2(m + 1)) = f7(=1/20m + 1)) =1/(2(m + 1)))
=-1/Qn+1)— f(DH/Q2Mn+1)),

and

oron+1(fr 1/ 20m+1))) = 0p2np1 (f(1)/ 21+ 1))
=-1/Qr+ 1) = f()/20n+1)).

This means that D, C Auta,, [n]2, acts on sd}. X[-] simplicially, so that it is possible
to define a simplicial set by [n] — (sdj X [n])Pr. We also note that the action of
D, C Auta,, [n]z, on |sdi X[-]| is nothing but the action obtained by using the
action of Homeo R /277 in Theorem 1.5 and by identifying D, with the subgroup of
Homeo R /2rZ generated by 7: x — x 4+ 2 and w: x — —Xx.

We give a new proof to the following result of Spaliniski [6]:
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Proposition 3.1 There is a canonical homeomorphism from |(sdS X[-])Pr| to

(XT-1DPr.

Proof The left-hand-side is given by the colimit colim g¢ ]-'(S/(ﬁ; [70([0, 1]\ F)])Pr.
If x € |sd} X[:]| = colimper sd/e\/{’ [0 ([0, 1]\ F)] is represented by an element of
(sde [70([0, 1]\ F)])?r with some F € F, then x is fixed by the D,—action on
|sd;. X[-]|. The converse also holds. Indeed, suppose x € [sd§. X|-]| to be represented
by y € s/(-lj’\-A/’[no([O, 1]\ F)] and to be fixed by the D, —action. Then for any § € D, ,
there is a larger subset G C [0, 1] containing F such that the images of y and -y
in sde [710 ([0, 1]\ G)] coincides. Then, x is represented by this common element
z€ sdi [70([0, 1]\ G)], and z is fixed by the action of D, ie, z € (sdt,’ X[m0 ([0, 1]\
G)])Pr . Therefore:

|(sd XT-1)Pr | = colim pe #(sdS X[ ([0, 1]\ F))Pr
= (colimpe s sdS X[m0 ([0, 1]\ F)DPr = (|sdS X[-])>"

Finally, the canonical homeomorphism from |sd} X-]| to |X[-]|, which preserves the
appropriate actions on both sides, concludes the proof. a

We can also consider a simplicial action by the cyclic group (rzzr(';H)) =C C
Auta,, [n], by restricting the action by D, . It is proved likewise that the realization
of (sd® X[-])¢" is canonically homeomorphic to | X[-]|". Moreover, in this case the

simplicial set (sd}. X [-])C" has an extra structure. Indeed, TZZr,n and wj, , satisfy

)n—H 2 _

2 _ 2 _ 2 -1
(TZr,n - w2r,n =1 and T2r,nw2r:n = War,n (T2r,n)

on (sd® X[n])¢" . Hence, (sd® X[-])" is again a dihedral set.
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