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Relative quasiconvexity using fine hyperbolic graphs

EDUARDO MARTINEZ-PEDROZA
DANIEL T WISE

We provide a new and elegant approach to relative quasiconvexity for relatively
hyperbolic groups in the context of Bowditch’s approach to relative hyperbolicity
using cocompact actions on fine hyperbolic graphs. Our approach to quasiconvexity
generalizes the other definitions in the literature that apply only for countable rela-
tively hyperbolic groups. We also provide an elementary and self-contained proof
that relatively quasiconvex subgroups are relatively hyperbolic.

20F06, 20F65, 20F67

1 Introduction

Hruska’s survey on relatively hyperbolic groups [5] provides foundational work on
equivalent notions of quasiconvexity for countable relatively hyperbolic groups. Almost
all characterizations of relative hyperbolicity have a corresponding notion of relatively
quasiconvex subgroup (see Hruska [5], Manning and Martinez-Pedroza [6] and Osin [9]).
However, a definition of relatively quasiconvex subgroup within the framework of
relative hyperbolicity defined in terms of a cocompact action on a hyperbolic space had
not yet been pursued. In particular, [5] does not examine quasiconvexity in the context
of Bowditch’s approach to relative hyperbolicity in terms of groups acting cocompactly
on fine hyperbolic graphs.

In this paper, we introduce a definition of quasiconvex subgroup in the context of
relatively hyperbolic groups acting on fine hyperbolic graphs. Our notion applies
for all countable and a class of uncountable relatively hyperbolic groups. We prove
that our notion is equivalent to the definitions studied in [5] for countable relatively
hyperbolic groups. We also prove that our notion of relatively quasiconvex subgroup
implies relative hyperbolicity, extending one of main results in [5]. Our approach
is conceptually simpler than the previous definitions in the literature, it applies to a
broader class of relatively hyperbolic groups than the previous approaches, and we feel
it provides a natural viewpoint.
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Definition 1.1 (Fine graph) A graph is a 1-dimensional complex. A circuit in a
graph is an embedded cycle. A graph I is fine if each edge of X is contained in only
finitely many circuits of length n for each 7.

The following was introduced by Bowditch [1, Definition 2], and we refer the reader to
[1; 5] for its equivalence with other definitions of relative hyperbolicity for the class of
countable groups. Our definition does not assume the group to be countable.

Definition 1.2 (Relatively hyperbolic group) A group G is hyperbolic relative to a
finite collection of subgroups P if G acts (without inversions) on a connected, fine,
hyperbolic graph X with finite edge stabilizers, finitely many orbits of edges, and P
is a set of representatives of distinct conjugacy classes of vertex stabilizers (such that
each infinite stabilizer is represented).

We shall refer to a connected, fine, hyperbolic graph K equipped with such an action as
a (G, P)—graph. Subgroups of G that are conjugate into subgroups in P are parabolic
subgroups.

Our definition of relatively quasiconvex subgroup in the context of relatively hyperbolic
groups acting on fine hyperbolic graphs is the following:

Definition 1.3 ((Q-0) relatively quasiconvex subgroup) A subgroup H of G is
quasiconvex relative to P if for some (G, IP)—graph K, there is a nonempty connected
and quasi-isometrically embedded subgraph L of K that is H —invariant and has finitely
many H-orbits of edges.

Our first main result states that in Definition 1.3, “for some (G, P)—graph” can be
replaced by “for every (G, P)—graph”, namely:

Theorem 1.4 Relative quasiconvexity of Definition 1.3 is independent of the choice
of (G, P)—graph.

Definition 1.5 (Finite relative generation) Let G be a group and P a finite collection
of subgroups of G.

A set S C G is a relative generating set for the pair (G, P) if the set SUJpep P isa
generating set for G in the standard sense. If there is a finite relative generating set for
(G,P), we say that G is finitely generated relative to P .

A subgroup H of G is finitely generated relative to P if there is a finite collection of
subgroups R of H such that  is finitely generated relative to R and each subgroup
R € R is conjugate in G into a subgroup P € P.

Algebraic & Geometric Topology, Volume 11 (2011)



Relative quasiconvexity using fine hyperbolic graphs 479

The following is Hruska’s version in [5] of Osin’s definition of relative hyperbolicity
in [9] for countable groups.

Definition 1.6 ((Q—I) Osin quasiconvex subgroup in I') Suppose that G is hyper-
bolic relative to P and S is a finite relative generating set for (G,P). Let [ =
['(G, S UP) be the Cayley graph of G with respect to the generating set S U Upep P,
and let dist be a proper left-invariant metric on G.

A subgroup H of G is quasiconvex relative to P if there exists a constant & > 0 such
that the following holds: Let f, g be two elements of 7, and let P be an arbitrary
geodesic path from f to g in T'. For any vertex p in P, there exists a vertex A in
such that dist(p, h) <o.

Every countable group is a subgroup of a finitely generated group, and therefore a
group is countable if and only if it admits a proper left invariant metric. The second
main result of the paper is the following equivalence:

Theorem 1.7 For countable relatively hyperbolic groups, relative quasiconvexity of
Definition 1.3 is equivalent to relative quasiconvexity of Definition 1.6.

In [9], Osin asked whether relative quasiconvexity of Definition 1.6 implies relative
hyperbolicity with respect to the maximal parabolic subgroups. This question was
positively answered by Hruska in [5] using the convergence group approach to relative
hyperbolicity and results of Tukia in [10]. Evidence of the naturality of Definition 1.3
is that it permits a short and self-contained alternative proof of a more general version
of Hruska’s result.

Theorem 1.8 Let G be hyperbolic relative to P. If H < G is relatively quasiconvex,
then ‘H is relatively hyperbolic with respect to a collection of parabolic subgroups
of H.

Proof Let IC be a (G,P)—graph. Since H is relatively quasiconvex, there is a
nontrivial connected and quasi-isometrically embedded subgraph £ C K which is
‘H—invariant and has finitely many H—orbits of edges. Since a subgraph of a fine
graph is fine, and a quasi-isometrically embedded subspace of a hyperbolic space is
hyperbolic, the graph £ is hyperbolic and fine. Since G—stabilizers of edges of K are
finite, H —stabilizers of edges of L are finite. Therefore H is hyperbolic relative to a
finite collection of stabilizers of vertices of L. O

Another corroboration of the naturality of Definition 1.3 is that it allows us to correctly
interpret results for countable groups acting on small cancellation complexes in the
context of relative hyperbolicity and coherence of groups [8].
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QOutline The paper consists of three sections. The first section contains the proof
of Theorem 1.4. The second section shows a relation between fellow traveling of
quasigeodesics in hyperbolic spaces and the existence of narrow disc diagrams between
quasigeodesics. This relation combined with the notion of fine graphs allows us to
deduce a strong fellow travel property for fine hyperbolic graphs admitting cocompact
actions. The last section contains the proof of Theorem 1.7.

Acknowledgments We thank the referee for critical corrections, and Inna Bumagin
for useful comments. The first author acknowledges the support of the Geometry and
Topology group at McMaster University through a Postdoctoral Fellowship, and partial
support of the Centre de Recherches Mathématiques in Montreal to attend some of the
fall 2010 events during which part of this paper was prepared. The second author’s
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2 Independence of quasiconvexity

In this section, we prove that Definition 1.3 is independent of the (G, IP)—graph. This
is restated in this section as Theorem 2.14. The proof is based on Theorem 2.12 which
is a result on equivariant embeddings between (G, P)—graphs.

2.1 Preliminary results

The results on fine graphs discussed below essentially all appeared in the work of
Bowditch [1]. We provide proofs for the convenience of the reader.

Lemma 2.1 Let KC be a graph. The following statements are equivalent.

(1) K isfine.

(2) For each integer n > 0, and any pair of vertices u, v of K, there are only finitely
many embedded paths of length n between u and v.

Proof Suppose that K is fine, n > 0, and u, v € K. Suppose that {P; :i € N} is a
collection of distinct embedded length n paths between u and v. For each i > 1, the
(closure of the) symmetric difference of Py A P; consists of a collection of embedded
cycles each of which has an edge in P;. As all these cycles have length < n, we arrive
a contradiction with the fineness of .

For the other direction, notice that length 7 circuits containing an edge e with endpoints
u, v, are in bijective correspondence with the embedded paths of length n — 1 between
u, v that do not contain the edge e. a
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Lemma 2.2 (Almost malnormal) Let G act on a fine graph K with finite edge
stabilizers. For vertices u, v the intersection G, N G, is finite unless u = v.

Proof Suppose that # # v and M = G, N G, is an infinite subgroup. Let P be an
embedded path from u to v. By Lemma 2.1, there are only finitely many M —translates
of P. Since M is assumed to be infinite, the path P has an infinite G—stabilizer. In
particular, there is an edge with infinite G—stabilizer, and this contradicts that /C has
finite G—stabilizers of edges. O

Lemma 2.3 (Infinite valence < infinite stabilizer) Let G act cocompactly on a
graph K with finite edge stabilizers. Then a vertex v € K has infinite valence if
and only if its stabilizer G, is infinite.

Proof Since there are only finitely many G-orbits of edges, if v has infinite valence,
then v infinite stabilizer. Conversely, since G—stabilizers of edges are finite, if v has
infinite stabilizer, then v has infinite valence. O

Lemma 2.4 (Infinite valence vertices are canonical) Let G be hyperbolic relative to a
collection of subgroups IP, and let KC be a (G, P)—graph. Let P, be the subcollection
of P consisting of infinite subgroups, and let Vi (K) be the set of infinite valence
vertices of K. There is a natural G —equivariant bijection

Voo(K) —> {gPg ' :g€G, PePu)
that maps a vertex v to its G—stabilizer G, .
Proof Range of the map is well-defined. By Lemma 2.3, if a vertex v has infinite

valence, then v has infinite stabilizer. By definition of (G, IP)—graph, if v has infinite
stabilizer, then G, = gPg~! for some g € G and P € Pyo.

Surjectivity. Every subgroup of the form gPg~! for g € G and P € Py, is the G-
stabilizer of a vertex v of K. In this case v has infinite G—stabilizer and hence Lemma
2.3 implies that v has infinite valence.

Injectivity. Follows from Lemma 2.2. a
The following Corollary of Lemma 2.4 is easily obtained directly.
Corollary 2.5 Let G be a hyperbolic group relative to a collection of subgroups P,

and let K5 < Ky be a G—equivariant embedding of (G, P)—graphs. Then every infinite
valence vertex of K1 isin k5.
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Definition 2.6 (Equivariant arc attachment) Let J be a graph admitting an action
of a group G, let K be a subgraph of a graph 7, and let P be a path in J. The
G-attachment of the arc P to K means forming the new subgraph

K'=Kkul JgP.
g€g

Lemma 2.7 (Arc attachment preserves coarse geometry) Let G act on a graph 7,
and let K be a connected G —invariant subgraph of 7 . Suppose K' is obtained from K
by a G-attachment of an arc P with at least one of its endpoints in }C. Then the
inclusion K C K’ is a quasi-isometry. In particular, if K is hyperbolic, then K’ is
hyperbolic.

Proof Without loss of generality we can assume that no interior points of P belong
to /C. If the interior of P intersects /C, then the G—attachment of P is equivalent to a
finite number of G—attachments of paths with no interior points in .

If P has only one endpoint in &, then I C K’ is an isometric embedding. Assume
that both endpoints of P are in K, and let Py be a geodesic path in the connected
graph KC connecting the endpoints of P.

A geodesic path Q" in K’ yields a path Q C K by replacing all G—translates gP
occurring in Q' by the path gPy. Observe that |Q| < |Q’|| P|. Therefore, if distc
and distir denote the path metrics of K and K’ respectively, then distic(u,v) <
| P| distx (u, v) for any u,v € K. o

Lemma 2.8 (Single edge attachment) Let G act on a graph J with finite stabilizers
of edges, Iet KC be a connected G —invariant fine subgraph of 7 , and let K’ be a subgraph
of J obtained from K by the G —attachment of an edge e between two vertices of K.
Then for each n € N and each pair of vertices u,v of K', there is a finite subgraph
C =C(u,v,n) of K such that any length n embedded path in K' between u, v has all
vertices contained in C.

Proof Let Py be a path in I between the endpoints of e. Consider the following two
operations on a subgraph C of K.

(1) (n|Py|-hull in L) Add all embedded paths in K of length < n|Py| with
different endpoints in C.

(2) (Pp—inclusion) Add each translated gPy (for g € G) containing at least one
edge of C.
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Note that the above operations preserve finiteness. Since /C is fine, Lemma 2.1 implies
that n| Py|-hulls preserve finiteness. A Py—inclusion preserves finiteness since G—
stabilizers of edges are finite.

Let u, v be different vertices of K’ and n € N. Let Cy = {u, v}, and let C; ;1 be the

finite graph obtained from C; by performing an n|Py|-hull and then a Py—inclusion.
Let C =C".

Let Q' be an embedded path in £’ from u to v of length < n. Suppose that C; does
not contain all vertices of Q’. We will then show that C;1; contains more vertices
of Q' than C;.

If some new edge ge of Q' whose endpoints are not both in C; has the property that
g Py has a common edge with C;, then the endpoints of ge are in C;41. Hence C; 1
contains more vertices of Q' than C;.

Assume that no new edge ge of Q' has the above property. Consider a maximal
subpath S’ of Q' whose internal vertices do not lie in C; and contains at least one
vertex of Q' that is not in C;. Let S denote the subgraph of K which is obtained
from S’ by replacing each ge by gPy. By the assumption, S N C; has no edge.
Moreover S is connected, contains the endpoints of S’, and has at most n| Py| edges.
It follows that there is an embedded path E in S of length < n|Py| joining the
endpoints of S”. Observe that all interior vertices of E are outside of C;, and E is
contained in the n|Py|-hull of C;.

Now we consider two cases on E. Either E contains an edge of Q' with at least one
endpoint not in C;, or E contains an edge of gPy where ge is an edge of Q' with at
least one endpoint not in C;. In both cases, this new endpoint is a vertex of Q that is
in Cj;1 — C;. Hence C;41 contains more vertices of Q' than C;. a

A proof of Lemma 2.9 can also be found in [1, Lemma 2.3].

Lemma 2.9 (Arc attachment preserves fineness) Let G act on a graph J with finite
stabilizers of edges. Let K be a connected G—invariant subgraph of J , and let K’ be
obtained from K by the G-attachment of an arc P. Then if K is fine, then K’ is fine.

Proof Without loss of generality we may assume that no interior points of P belong
to K. Indeed, if the interior of P intersects K, then the G—attachment of P is equivalent
to a finite number of G—attachments of paths with no interior points in K. Observe
that if P has only one endpoint in K, then every circuit in X’ is contained in K, and
therefore K’ is fine. It therefore suffices to consider the case that P consists of a single
edge between a pair of vertices of K.
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Observe that K’ has finitely many edges between any pair of vertices. Indeed, since K
is fine, it has finitely many edges between any pair of vertices; then, since G acts with
finite edge stabilizers on 7, Lemma 2.2 implies the statement.

Let u, v be distinct vertices of K’ and fix n > 0. By Lemma 2.8, there is a finite
subgraph C of K such that any length n embedded path in K" between u, v has all
vertices contained in C. Since K’ has finitely many edges between any pair of vertices,
there are only finitely many length # embedded paths between u, v in K'. By Lemma
2.1, K’ is fine. O

Definition 2.10 (Edge and vertex removals) Let G be a group acting on a graph K.

If e is an edge of K, the G—removal of the edge ¢ means forming the new graph X’
obtained by removing the inferiors of all G—translates of e.

If v is an edge of K, the G—removal of the vertex v means forming the new graph K’
obtained by removing all G—translates of v and all G—translates of open edges with an
endpoint at v.

Lemma 2.11 (Removals preserve fineness and coarse geometry) Let G act cocom-
pactly on a connected graph K with finite G —stabilizers of edges. Let K' be the graph
obtained from K by performing a G-removal of a finite valence vertex, or a G —removal
of an edge.

e If K is connected, then the inclusion K’ C K is a quasi-isometry. In particular,
if KC is hyperbolic then K' is hyperbolic.

e If K is fine then K' is fine.

Proof That fineness is preserved under edge G-removals and finite valence vertex
G-removals is immediate. We address the quasi-isometric embedded property.

Edge G—-removal. Suppose that P is an edge of K and that K’ is connected. Let distc
and distxs denote the combinatorial path metrics of I and K’ respectively. Let Q be
a path in K’ with the same endpoints as P, and let M = |Q|. A standard argument
shows that distxs(u, v) < M distx(u, v) for any pair of vertices u, v of . Hence, the
inclusion K’ C K is a quasi-isometric embedding.

Finite valence vertex G—removal. Observe that when valence(v) > 2, then an edge at v
can be G-removed. Repeating this finitely many times, we arrive at the situation where
valence(v) = 1. We now remove all H —translates of the spur consisting of the vertex v
together with its unique adjacent edge. Since edge and spur G-removals induce quasi-
isometric embeddings, the inclusion X' C K is a quasi-isometric embedding. a
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2.2 Joint equivariant embedding of two fine graphs

Theorem 2.12 Let G be hyperbolic relative to a collection of subgroups PP, and let
K1 and K, be (G, P)—graphs. Then there is a (G, P)—graph K such that K and K,
both embed equivariantly and simplicially into K.

Proof For each P € P, choose vertices up € K1 and vp € K, having G-stabilizer P.
Observe that by Lemma 2.4, if P is infinite there are unique choices for up and vp.

Let Vp(Ky) ={gup:g€G, PelP},
and Vp(KCy) ={gvp:ge€gG, PeP}.

There is a natural G—equivariant bijection ¢: Vp(K1) — Vp(K,) given by gup —
gup foreach g€ G and P e P.

Let KC be the graph obtained from the disjoint union of K; and K, by identifying
Vp(KCq) with Vp(KCy) via the G—equivariant map ¢. By construction, G acts on K
with finitely many G—orbits of edges, and with finite G—stabilizers of edges. Moreover,
K1 and K, have natural G—equivariant inclusions into k.

By Corollary 2.5, each vertex of K — KC; has finite valence. Since K contains only
finitely many G-orbits of edges, one obtains X after finitely many G-equivariant arc
attachments to Xy . Since X; is hyperbolic and fine, Lemmas 2.7 and 2.9 imply that
the graph C is hyperbolic and fine, and the inclusion K; C K is a quasi-isometric
embedding. |

2.3 Independence of (G, P)-graph

Lemma 2.13 Let H be a group acting on a connected graph K. If H is finitely gener-
ated relative a finite collection of stabilizers of vertices of K, then ‘H acts cocompactly
on a connected subgraph L of K.

Specifically, suppose that ‘H is generated by a finite subset T C H relative to the
‘H —stabilizers of the vertices C. If v is a vertex of KC and J is a finite connected
subgraph of IC containing the vertices {v} U T'vU C, then the graph £ =} 1T is
connected.

Proof Since K is connected, there is a finite connected subgraph J of I containing
{v}UTvUC. Forany h € T U|J; Hy,; , observe that 7 NhJ # &. Indeed, if h € T
then hv e JNhJ, and if h € Hy,; then v; € J NhJ. Therefore L = Uhe?—[ hT is
connected. Moreover, since J is compact, H acts cocompactly on L. a
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We restate and prove Theorem 1.4 below:

Theorem 2.14 (Quasiconvexity independence of ') Let Ky and K, be (G,PP)—
graphs, and let H be a subgroup of G. If H satisfies relative quasiconvexity of
Definition 1.3 for K1, then it does for K, .

Proof Let £; be a nonempty connected and quasi-isometrically embedded subgraph
of K1 that is H—invariant and has finitely many H—orbits of edges. We will construct
a subgraph £, of IC, with the same properties as L.

Reducing to the case Ky C K1. By Theorem 2.12, K1 and K, have G—equivariant
and quasi-isometric embeddings in a common (G, P)—graph K. It follows that £4
quasi-isometrically embeds in K, so H satisfies relative quasiconvexity of Definition
1.3 with respect to C. We can thus assume without loss of generality that XC, C IC;.

Vertices of K1 with infinite stabilizers are contained in K,. Let v € IC; be a vertex with
infinite G—stabilizer. Since C; is a (G, P)—graph, G, = gPg~! for some P € P and
g €G. Since K, is a (G, P)—graph, there is a vertex w € K, such that G, = gPg!.
Since v, w € K; and have the same infinite stabilizer, Lemma 2.2 implies that v = w,
and therefore v € IC5.

Producing an H—cocompact connected subgraph L, of KC,. Since H acts cocompactly
on the connected graph L;, there is a finite subset 7" C H such that H is generated
by T relative to the stabilizers of the vertices in C = {vq,..., v} C L1. By possibly
enlarging 7', we can assume that each v; € C has infinite H—stabilizer, and thus
each v; is also a vertex of IC,. Let v be a vertex of £, and let 7 be a finite connected
subgraph of K, containing the vertices {v} U 7Tv U C. Let

Ly=|JhT c K.
heH

and notice that £, is H—cocompact by construction. Moreover, £, is connected by
Lemma 2.13.

Enlarging L, within Ky to contain all infinite valence vertices of L. Each infinite
valence vertex of £; lies in K, by Corollary 2.5. Since there are finitely many
‘H—orbits of such vertices, and since K, is connected, we can choose finitely many
‘H—-enlargements of £, within K, in order to guarantee that all such infinite valence
vertices of £; also lie in £,.

Reducing to the case L, C Ly. Since L, has finitely many H-orbits of edges, by
Lemma 2.7, after H —attaching finitely many edges to £;, we can assume that £, C L; .
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Passing from Ly to Ly with finitely many H—-removals. Since each vertex in L1 — L,
has finite valence, and £; has finitely many H—orbits of edges, £, can be obtained
from £; by performing finitely many #-removals of finite valence vertices together
with their incident edges.

Since £; C Ky is a quasi-isometric embedding, Lemma 2.11 implies that each £, C Ky
is a quasi-isometric embedding. Since this inclusion factors as £, C Ky C Ky, we see
that £, C K, is also a quasi-isometric embedding.

We have thus reached our conclusion, since it is already true (by construction) that £,
is a nonempty connected H—invariant subgraph of X, having finitely many # —orbits
of edges. In particular H satisfies relative quasiconvexity of Definition 1.3 for . O

3 Simple ladders between quasigeodesics

In this section, we show that the fellow traveling of quasigeodesics in §—hyperbolic
spaces is equivalent to the existence of narrow disc diagrams between quasigeodesics.
This is stated as Proposition 3.4. As an application, we prove a strong fellow travel
property for fine hyperbolic graphs admitting cocompact actions, Theorem 3.7.

Definition 3.1 (X,(K)) Recall that a circuit is a (combinatorial) embedded circle.
If IC is a graph and » is a positive integer, the 2—complex X, (K) is constructed by
attaching a 2—cell along each circuit of length at most 7.

Definition 3.2 (Simple ladder) A simple ladder between P and Q is a nonsingular
disc diagram D that is the union of a sequence of 2—cells Ry,..., Ry such that
each R; intersects P and Q in a nontrivial boundary arc, and R; N R; is a nontrivial
internal arc when |i — j| =1, and R; N R; = <& when |[i — j| > 1, finally the startpoint
of P, Q lies in the interior of Ry N dD, and the endpoint of P, Q lies in the interior
of RyNaD. See Figure 1.

Figure 1: A simple ladder between two paths
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Definition 3.3 (Quasigeodesic) Let /C be a graph and let distx be the induced length
metric when all edges have length 1. For real constants A > 1, € > 0, a combinatorial
path P is a (A, €)—quasigeodesic if for each subpath P’ of P between vertices u
and v, the length | P’| is at most A dist(u, v) + €. A (A, 0)—quasigeodesic is called a
A—quasigeodesic.

Proposition 3.4 (Simple ladder) Let K be a §—hyperbolic graph. For each A > 1,
there is an integer N = N(§,)) > 0 such that for all n > N the following property
holds:

If P and Q are embedded A —quasigeodesics with the same startpoint and endpoint, and
with no common interior points. Then there is an embedded disc diagram D — X, (K)
between P and Q such that D is a simple ladder.

For the proof of Proposition 3.4, we recall the following well-known fact, a proof of
which can found in Bridson and Haefliger [2, Chapter III.H, Corollary 1.8].

Lemma 3.5 (Slim rectangles) Let K be a §—hyperbolic graph. For any A > 1 there
exists a constant € = €(6, A) > 0 with the following property. If P = Py P, P3 P4 is a
closed path such that each P; is a A —quasigeodesic, then each vertex of Py is contained
in the e —neighborhood of the set of vertices of P, P3 Py.

Lemma 3.6 (Fellow traveling) Let K be a §—hyperbolic graph. Let P be an em-
bedded \—quasigeodesic, and let G be a geodesic, such that P,G have the same
startpoint and endpoint. Let € = €(8, A) of Lemma 3.5. Suppose G is the concatenation
GG, --- Gy of edge-paths such that

10e < |G| < 20e.

Foreach i, let S; be a geodesic from the startpoint of G; to P. Notice that |S;| <€
and is an edge-path. For i < {, let P; be the subpath of P from the endpoint of S; to
the endpoint of S; 41, and let Py be the subpath of P from the endpoint of Sy to the
endpoint of P.

Then P; and P; have at most one point in common when i # j. Consequently,
P=PP---Py.

Proof First, S; is an edge-path for each i since it starts and ends at O—cells and
is embedded. Moreover, |S;| < € for each i by Lemma 3.5, since PG~! is a A—
quasigeodesic rectangle. Using this, and applying Lemma 3.5 again, the Hausdorff
distance between G; and P; is at most 2¢, since S; P; Si_+11 G lisa A—quasigeodesic
rectangle.
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Suppose that P; and P; have more than one point in common. It follows that the
minimal distance between G; and Gj; is less than 4e. Since G is a geodesic, if
li — j| > 1 then the minimal distance between G; and G; is at least 10€. Therefore,
we can assume that |{ — j| < 1. Since P is an embedded path, either P; is contained
in P; or vice-versa. If P; C P; then applying Lemma 3.5 twice, and using that each
|Sk| < € twice, we see that G; is contained in the 4¢ neighborhood of G;. Since G
is a geodesic, this can only happen if i = .

The second conclusion follows from the first since the concatenation Py Py --- Py
covering P has no backtracks. i

LA AAzs

Figure 2: Constructing the simple ladder

Proof of Proposition 3.4 Suppose that n > 50€eA. Let G be a geodesic between the
common startpoints and endpoints of P, Q. We will describe the 1-skeleton of a disc
diagram D between P and Q.

If |G| < 10€, then PQ~! is a circuit of length at most 20Ae and thus bounds a disc
diagram with a single 2—cell yielding the claim trivially.

We now assume that |G| > 10e¢, and express G as the concatenation GG, --- Gy with
10e < |G;| < 20e.

As described in Lemma 3.6, the paths P and Q are concatenations Py P, --- Py and
010, --- Qg with the following properties (see Figure 2):

e For each i there is a geodesic S; (respectively 7;) from the startpoint of G;
to the startpoint of P; (respectively, the startpoint of Q;) such that S; and P;
(respectively Q;) have only one vertex in common.

e §;,T; are edge-paths of length <e€.

e Since S; and 7; are geodesics with the same startpoint, by possibly re-choose
them, we can assume that S; = Vi§,- and 7; = V,Y_", where §,~, 7_} intersect only
at their startpoint.

e The paths S;- iT, S j_l T; are disjoint if 7 # j, and hence the same holds for
ST, SJ.—ITj.
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Let U; denote the embedded path §i_1 T; from the startpoint of P; to the startpoint
of Q;. Itis immediate that |U;| < 2¢. Since P and Q are embedded with disjoint
interior, the closed path C; = U; Q; U l.jrll Pl._1 is a circuit. Moreover, the circuits C;
and C; intersect only if |[i — j| <1.

Notice that
|Ci| < 4€421(2¢ +|Gi|) < 48eA <n.

The union of the circuits Cy,...,Cy forms the 1—skeleton of an embedded simple
ladder D in X, (K) between P and Q. a

Theorem 3.7 below is a strong fellow traveling property for hyperbolic fine graphs
admitting a cocompact action. Its proof is an application of the definition of fine graph
and Proposition 3.4.

Theorem 3.7 (Strong Fellow Travel Property) Let KC be a fine hyperbolic graph, and
let G be a group acting on I with finitely many orbits of edges.

Suppose the vertex set of K is partitioned into subsets A and B such that no pair of
vertices in A are adjacent. Let dist be a proper metric on B invariant under the action
of G.

For any A > 1, there exists a constant M = M (A) > 0 with the following property. If
Py and P, are embedded A\ —quasigeodesics between the same pair of vertices, then for
any B-vertex u of P; there is a B-vertex v of P, such that dist(u,v) < M .

Figure 3: The bold subpath of the 2—cell boundary connects a h—vertex on
one side to a h—vertex on the other side.

Proof Let n be sufficiently large so that X = X, (K) satisfies the conclusion of
Proposition 3.4 for the given A. Since G acts cocompactly on the fine graph /C,
there is a finite number of boundary cycles of 2—cells in X up to the action of G.
Combining this with dist is G—equivariant shows that there is constant M > 0 such
that dist(u, v) < M for any pair of B—vertices u, v in the boundary cycle of a 2—cell.
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Let P; and P, be embedded A—quasigeodesics in K with the same startpoint and
endpoint. Without loss of generality, assume that Py and P, have no common interior
points.

By Proposition 3.4, there is an embedded simple ladder D — X between P; and P;.
Combining that each 2—cell of D intersects both P; and P, in nontrivial arcs, and
that no two A —vertices are connected by an edge, it follows that each 2—cell of D has
B—vertices in P; and in P, (See Figure 3). Since each B-vertex of P; belongs to a
2—cell of D, it follows that for any B—vertex u of P; there is a B—vertex v of P,
such that dist(u,v) < M. |

4 Equivalences of formulations of relative quasiconvexity

In this section we prove Theorem 1.7 on the equivalence between relative quasiconvexity
of Definition 1.3, labelled by (Q-0), and relative quasiconvexity of Definition 1.6,
labelled by (Q-1), in the context of countable relatively hyperbolic groups.

The argument introduces two auxiliary definitions of relative quasiconvexity, labelled by
Q-1 and Q-0, and then the theorem follows after proving the following equivalences:

(1) Q-1 < Q-1 &> Q-0 < Q0.

The section is divided in six short parts as follows. First we recall the notion of
coned-off Cayley graph, and deduce a strong version of the fellow travel property using
the main result of Section 3. The second part shows that relative quasiconvexity of
Definition 1.6, labelled by (Q—-1), implies finite relative generation. The third part state
the two auxiliary definitions. The remaining three parts correspond to each of the three
equivalences in illustration (1).

For the rest of the section, let G be a hyperbolic group relative to a collection of
subgroups P, let S be a finite relative generating set for (G, P), and let dist be a
proper left-invariant metric on G.

4.1 The coned-off Cayley graph

Definition 4.1 (Cayley graph) Let S be a subset of a group G, and assume that S
is closed under inverses. The Cayley graph I'(G, S) is an oriented labelled 1-complex
with vertex set G and edge set G x S'. An edge (g,s) goes from the vertex g to the
vertex gs and has label s. Observe that I'(G, .S) is connected if and only if S is a
generating set of G.
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The notion of coned-off Cayley graph is originally due to Farb [4] and the following
generalization is taking from [5, Section 3.4].

Definition 4.2 (Coned-off cayley graph r ) Let S be a finite relative generating set
for (G,IP) and assume that S is closed under inverses. The coned-off Cayley graph
f(g ,IP,.S) is the graph constructed from the Cayley graph I' = I'(G, S) as follows:
For each left coset gP with g € G and P € P, add a new vertex v(gP) to I', and add
an edge from this new vertex to each element of g7P. These new vertices of f(g ,P,S)
that are not in I" are called cone-vertices. Each edge of f(g , P, S) between an element
of G and a cone vertex is a cone-edge. Note that the coned-off Cayley graph r G,P,S)
is connected since S is a relative generating set for (G, P).

There is a related (genuine) Cayley graph of G with respect to the generating set defined
as the disjoint union S LI|_|; P; which we denote by I'(G, S UP).

Proposition 4.3 below appeared in Dahmani’s thesis [3, Proof Lemma A.4] and in
Hruska’s work [5, Proof (RH—4)=>(RH-5)]. We included a proof using the results of
Section 2.

Proposition 4.3 Suppose that K is a (G, P)—graph. If S is a finite relative generating
set for (G, P), then there exists a (G, P)—graph K’ such that K and T'(G, P, S) both
embed equivariantly and simplicially into K'.

In particular, f(g, P, S) isa (G, P)—graph.

Figure 4: Adding triangles around each edge

Proof We will perform finitely many arc G—attachments to K to obtain a graph K’
where ' = I'(G, P, S) equivariantly embeds in £’. Then Lemmas 2.7 and 2.9 will
imply that £’ is a (G, P)—graph, and that K < K’ is a quasi-isometric embedding.

The graph K’ is obtained as follows. By G-attaching a triangle around an edge of /C,
we obtain a new Ky where G acts freely on triangle-tops. See Figure 4. We identify G
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with a triangle-top orbit. Performing an additional edge G—attachment to /C; for each
element of S yields a graph 5. Finally, for each group P € P, choose a vertex
vp € K stabilize by P and perform a G—attachment of an edge between lg and vp
of K5 to obtain a graph K’. Observe that I' equivariantly embeds in X, and that K’
is a (G, P)—graph by Lemmas 2.7 and 2.9.

By Lemma 2.4, all infinite valence vertices of K’ are contained in I'. Since K’ has
finitely many G-orbits of edges, T is obtained from K’ after finitely many G-removals
of vertices of finite valence together with their adjacent vertices. Since K’ 1s a(g,P)-
graph, Lemma 2.11 implies that F(g P, S) is a (G, P)—graph and that F—Kisa
G—equivariant quasi-isometry. ml

Proposition 4.4 (Strong fellow travel for f‘) Let S be a finite relative generating set
for (G,P), and Iet dist be a proper left-invariant metric on G .

For any A > 1, there exists a constant M = M (A) > 0 with the following property. If
Py and P, are embedded A—quasigeodesics in T between the same pair of elements
of G, then for each element g, € G of Py, there is an element g, € G of P, such that
dist(g1,82) = M.

Proof By Proposition 4.3, the coned-off Cayley graph f(g ,P,S) is a (G, P)—graph.
Proposition 4.4 follows from Theorem 3.7 by declaring B = G and A to be the
collection of cone-vertices. a

Corollary 4.7 below is an analogous result to Proposition 4.4 for the Cayley graph
['(G, S UP). A version of this result for the case that G is finitely generated appears
as [9, Proposition 3.15]. Its hypothesis requires that the quasigeodesics do not backtrack
in the following sense based on [9, Definition 3.9]:

Definition 4.5 (Phase vertices and backtracking in I') Let Q be a pathin (G, SUP).
For a subgroup P € P, a nontrivial subpath U of Q is called a P—component of Q if
all edges of U are labelled by elements of P, in particular, all vertices of U belong to
the same left coset of P.

An P—component of Q is called maximal if it is not a proper subpath of 7P—component
of Q. The path Q is said to backtrack if Q has two disjoint and maximal P-
components for some P € P. A vertex v of Q is called a phase vertex if v is
not an interior vertex of a P—component of Q.

Remark Since T is a Cayley graph of G with respect to the disjoint union S Ul lpep Ps
a P—component and a P’'—component of Q can not have edges in common if P and P’
are different.
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Lemma 4.6 (T and T are quasi-isometric) The identity map of G induces a natural
(2,0)—quasi-isometry ¢ : I' — I' with the following property. If P is an embedded
path, with only phase vertices, and without backtracking in ", then ¢(P) is embedded
inT.

Proof The quasi-isometry ¢ maps edges labelled by elements of S to the correspond-
ing edge in T, and edges labelled by an element of P € P are map to a 2—path passing
through a cone-vertex of a left coset of P. Observe that if P is embedded and ¢(P)
is not embedded, then either P contains a P—component of length at least two, or P
backtracks. a

Corollary 4.7 (Strong fellow travel for ') Let S be a finite relative generating set
for (G, P), and let dist be a proper left-invariant metric on G .

For any A > 1, there exists a constant M = M ()) > 0 with the following property.
If Py and P, are embedded \—quasigeodesics without backtracking in T between
the same pair of elements of G, then for each phase vertex g, of Py, there is a phase
vertex g, of P, such that dist(g,g,) < M.

Proof Let ¢: T — T be the quasi-isometry given by Lemma 4.6. If P; and P,
contain only phase vertices, the conclusion follows immediately after mapping P,
and P, to I' and applying Proposition 4.4.

The Corollary holds for general P; and P, after the following observation. Let P be
a A—quasigeodesic in T', and let P’ be the path obtained from P after replacing by a
single edge each maximal P—component (for each P € P). The new path P’ contains
only phase vertices, its vertex set equals the set of phase vertices of P, and P’ is also
a A—quasigeodesic (since the process from P to P’ is only shortening distances). O

4.2 Finite relative generation

Lemma 4.8 (Bounded intersection [5; 7]) Let A be a countable group with a proper
left-invariant metric dist. Then for each g € A, for each pair of subgroups B and C
of A, and for each constant K > 0, there exists a constant M = M (B, C, g, dist, K) >0
so that

BN Ng(gC)C Nayp(BNgCg™hy,

where Nk (gC) and Nps(B N gCg~') denote the closed K —neighborhood and the
closed M —neighborhood of gC and BN gCg~! in (A, dist).
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Proof Suppose the statement is false for the constant K. Then there are sequences
{gn}oz, and {h,}52 | such that g, € B, gnhy € gC, dist(1, hy) < K, and

dist(¢,, BN gCg™ 1) > n.

Since balls are finite in the metric space (A, d), without loss of generality assume
{hn}o2, is a constant sequence {/}72 . For any m and n, observe that Indy =
(gnh)(gmh)~' € BN gCg™!, and hence g, and g,h are in the same right coset of
BNgCg™!, say (BNgCg™1) f. It follows that

dist(gn, BN gCg™") <dist(qn. gnh) + dist(gnh, BN gCg™") < K +dist(1, f)
for any n, a contradiction. a
Lemma 4.9 (Parabolic approximation) For each subgroup H < G and each o > 0,
there is L = L(H,dist,0) > 0 with the following property: If h € ‘H is a product of

the form h = gpf where dist(1, g) <o, dist(1, f) <o, and p € P forsome P € P.
Then h = ab where a € HNgPg~', b € H, and dist(1,b) < L. (See Figure 5.)

Figure 5: h = ab of Lemma 4.9

Proof Foreach g€ G and PP, let Mp o = M(H,P, g, dist, o) be the constant
provided by Lemma 4.8. Since dist is proper and [P is a finite collection of subgroups,

L =max{Mpg:g€g, dist(l,g) <o, PeP}
is a well-defined positive integer.

Suppose that 4 € H is a product of the form =g p f where dist(1, g) <o, dist(1, /) <o,
and p € P for P € P. Observe that

heMNNy(gP)C NL(HNgPg™h),

where the neighborhoods are in G with respect to the metric dist, and the second
inclusion holds by Lemma 4.8. The conclusion of the lemma is immediate. a

Algebraic & Geometric Topology, Volume 11 (2011)



496 Eduardo Martinez-Pedroza and Daniel T Wise

Proposition 4.10 ((Q-1) = finite relative generation) Suppose that H < G satisfies
Definition 1.6 of relative quasiconvexity for a proper left-invariant metric dist on G, and
a constant o . Then H is finitely generated relative to the finite collection of subgroups

R={HNgPg ':geg, dist(l,g) <o, PeP}.

Proof Let K = max{dist(l,g):g €S}, andlet L = L(S,H,dist, o) be the constant
provided by Lemma 4.9. Let

T ={heH:dist(l,h) < max{20 + K, L}}.

We will show that T is a finite relative generating set for H with respect to the finite
collection of subgroups R.

Let g €, andlet Q = Oy --- O, be a geodesic in T from the identity element to g.
Here each Q; is an (oriented) edge of Q. For each i, there is an (oriented) path X;
from the startpoint of Q; to an element of H such that the dist—distance between its
endpoints is at most o. Let g; be the element of G defined as the difference between
the endpoint and startpoint of X;, and ¢; € S U |Jpp P the label of the (oriented)
edge Q;. Thenlet h; = gi_lqigi+1, and notice that g = /iy --- hy, and dist(1, g;) <o
for each i. See Figure 6.

Figure 6: A geodesic Q with endpoints in quasiconvex subgroup

If Q; is labelled by an element of S, thatis g; € S, then
dist(1, ;) < dist(1, g;) + dist(1, g;) + dist(1, gj4+1) <20 + K,
and hence h; € T .

Suppose that Q; is labelled by a parabolic element, that is g; € | Jpep P. Then the
element /; can be approximated by a parabolic. Namely, by Lemma 4.9, h; = a;b;
where a; € HNgPg~ ', b; € H, and dist(1,b;) < L. Hence h; is a product of an
element of a subgroup in R, and an element of 7".

It follows that each element g € H can be expressed as a product of elements of 7'
and elements of the subgroups in R. a
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4.3 Auxiliary definitions

Since G acts on the connected graph X with finitely many orbits of edges, an standard
argument shows that G is finitely generated relative to IP. This justifies the existence
of finite relative generating sets in the following two definitions.

Definition 4.11 (( 6\—1 ) auxiliary definition in [') Let S beafinite relative generating
set for (G, P), and let dist be a proper left-invariant metric on G. A subgroup H of G
is quasiconvex relative to P if there exists a constant o > 0 such that the following
holds: Let f, g be two elements of 7, and let P be an arbitrary geodesic path from f
to g in f(g ,P,.S). For any noncone vertex p of P, there exists a noncone vertex /
in H such that dist(p,h) <o.

Definition 4.12 (((5—\0) second auxiliary definition in f‘) Let S be a finite relative
generating set for (G, P). A subgroup H of G is quasiconvex relative to P if there
is a nonempty connected H—invariant subgraph £ of T that is quasi-isometrically
embedded and has finitely many #H—orbits of edges.

4.4 The equivalence (Q-1)& ((5—\1)

Proposition 4.13 ((Q—l)@((j—\l)) Relative quasiconvexity of Definition 1.6 and
relative quasiconvexity of Definition 4.11 are equivalent notions.

In particular, Definition 4.11 is independent of the generating set S and the left-invariant
metric dist on G .

Proof Let ¢: I — T be the natural quasi-isometry induced by the identity map on G ;
see Lemma 4.6.

Suppose that # < G satisfies Definition 4.11 for a constant 0. Let P be a geodesw
in T between elements of H. Then ¢ maps P to a 2—quasigeodesic P. Let Q be
a geodesic in I between the endpoints of P. By Proposition 4.4, there is a constant
M = M (2) such that for each noncone vertex p of P, there is a noncone vertex
g€ Q such that dist(p, g) < M . By Definition 4.11, for each noncone vertex g of Q
there is 1 € H such that dist(q, #) < 0. Since the vertices of P map to the noncone
vertices of ﬁ, it follows that for each vertex p of 13, there is a vertex 2 of H such
that dist(p, h) <o 4+ M . Therefore, H satisfies Definition 1.6.

Conversely, suppose that # < G satisfies Definition 1.6 for a constant o, and let P
be a geodesic in T’ between elements of 7. Let O be a geodesic in T’ between the
endpoints of P. Observe that there is an embedded 2—quasigeodesic P in T that
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maps onto P by ¢, has only phase vertices, and does not backtrack. Then Corollary
4.7 implies that there is a constant M = M (2) such that the vertices of Q and P
(and hence 13) are M —closed with respect to the metric dist. Since the vertices of Q
are o —close to the elements of 7 with respect to dist, we conclude that 7{ satisfies
Definition 4.11 for the constant o + M . O

4.5 The equivalence (6:1 )& ((5—\0)

Proposition 4.14 ((Q/\—l )= ((5—\0)) Relative quasiconvexity of Definition 4.11 im-
plies relative quasiconvexity of Definition 4.12.

Proof Let dist be a proper left-invariant metric on G, and let .S be a finite relative
generating set of (G, P). Suppose that H < G satisfies Definition 4.11 for some o > 0.

Choosing the subgraph L. By Proposition 4.13, H also satisfies relative quasiconvexity
of Definition 1.6. Thus by Proposition 4.10, H is generated by a finite subset 7" C ‘H
relative to the finite collection of subgroups

R={HNgPg ':geg, dist(l,g) <1, PeP},
where 7 is positive constant. Without loss of generality assume that 7 > 0.

Let C be the cone-vertices associated to the subgroups in R. Let 7 be a finite connected
subgraph of I" containing {lg} U7 U C. By Lemma 2.13 the graph £ = |,y 1T
is connected.

The inclusion £ C T isa quasi-isometric embedding with respect to the combinatorial
path metrics. Let distf* and distz denote the combinatorial path metrics of [ and £
respectively. Specifically we will show that there is a constant N > 0 such that for any
h € H we have distg(1,h) < N distp (1, ).

We define our constant N > 0 with the help of four auxiliary constants. Let J =
max{distz(1,c) : ¢ € C}, and observe that J < oo since |C| < oo, L is connected,
and 1g € L. Let K = max{dist(1, g): g € S}, and notice that is a finite number since
|S| <oo. Let L =L(S,H,dist,0) > 0 be the constant provided by Lemma 4.9. Let

M = max {distp(1,h):heH, dist(1,h) <20+ K+ L},
and notice that is finite since dist is a proper metric. Let N = max{2J + L, M }.

Let h € H and let P be a geodesic in f(Q,P,S) from 1g to h. Express P =
P P, --- Py as a concatenation of paths so that each P; is either a single edge with
endpoints in G, or is a shortcut consisting of two cone-edges meeting at a cone-point.
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Note that each shortcut has also endpoints in G). For each i let p; denote the endpoint
of P;.

Since H satisfies Definition 4.11 for the constant o, for each 0 < i < £, there is an
element /; € H with dist(p;, h;) < o. Let hg = lg denote the startpoint of P and let
hgy = h denote the endpoint of P.

If P; is a single edge, then dist(#;—1, #;) <20 + K, and therefore
distz(hi—1,hi) <M < N.

If P; is a shortcut, then hi__llh,- = gpf where dist(1, g) < o, dist(1, /) < o, and
p € P for some P € P. By Lemma 4.9, hi__llhi =ab where ac HNgPg™ ', b eH,
and dist(1,b) < L. Since dist(1, g) < o < 7, the cone-vertex cgp is contained in L,
and therefore distz(1,a) < 2distz(1,cgp) < 2J. Hence

distg(hi—1, hi) < distg(1,a) + distz(1,b) <2J + L < N.

To conclude, observe that

l
distz(1,h) <) " distz(hi—y.hi) < NE< N distp (1. h). O

i=1

Proposition 4.15 ((6—\0) = ((5—\1 )) Relative quasiconvexity of Definition 4.12 im-
plies relative quasiconvexity of Definition 4.11.

Proof Let dist be a proper left-invariant metric on G, and let S be a finite relative
generating set of (G, P). Suppose that H < G satisfies Definition 4.12.

Let £ be connected quasi-isometrically embedded subgraph £ of [= f(g ,P,.S) that
is ‘H—equivariant and has finitely many H-orbits of edges. The following statements
about £ hold.

(1) Since L is connected, it has at least one vertex that is not a cone-vertex. Without
loss of generality, assume that the identity 1g € G is a vertex of L. In particular,
we assume that all elements of H are vertices of L.

(2) Since H acts cocompactly on L, there is ¥ > 0 such that each vertex of L is
either a cone-vertex, or an element of G is at distance at most ¥ from H with
respect to dist.

(3) Since L is quasi-isometrically embedded subgraph of T, there is A > 1 such
that any geodesic in £ is a A—quasi-geodesic in I'.
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Let M = M(A) > 0 be the constant provided by Proposition 4.4. Let Q be a geodesic
in T with endpoints in H. Let P be a geodesic in £ between the endpoints of Q. By
Statement (3), P is a A—quasigeodesic. Therefore, Proposition 4.4 implies that for each
noncone vertex g of Q, there is a noncone vertex p of P such that dist(p,q) < M .
Combining this with Statement (2) shows that for each noncone vertex ¢ of Q there
is a noncone vertex 4 € H such that dist(p,h) < M + k. Therefore, H satisfies
Definition 4.11. |

4.6 The equivalence ((5—\0) & (Q-0)

Proposition 4.16 ((6—\0)<$(Q—0)) Relative quasiconvexity of Definition 4.12 is
equivalent to relative quasiconvexity of Definition 1.3.

Proof By Proposition 4.3, the coned-off Cayley graph f(g , P, S) with respect to a
finite relative generating set S is a (G, P)—graph. By Theorem 2.14, a subgroup H
satisfies relative quasiconvexity of Definition 1.3 for a (G, P)—graph K if and only if
it does for f‘(Q,IP’,S). a
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