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Polynomial 6j —symbols and states sums

NATHAN GEER
BERTRAND PATUREAU-MIRAND

For a given 2r —th root of unity &, we give explicit formulas of a family of 3—variable
Laurent polynomials J; ; x with coefficients in Z[&] that encode the 6/ —symbols as-
sociated with nilpotent representations of Ug(s[(2)). For a given abelian group G, we
use them to produce a state sum invariant t” (M, L, hy, h;) of a quadruplet (compact
3-manifold M, link L inside M , homology class i, € H;(M, Z), homology class
hy € Hy(M, G)) with values in aring R related to G . The formulas are established by
a “skein” calculus as an application of the theory of modified dimensions introduced
by the authors and Turaev in [4]. For an oriented 3—manifold M , the invariants
are related to (M, L, € H'(M,C*)) defined by the authors and Turaev in [3]
from the category of nilpotent representations of Ug(s[(2)). They refine them as
(M, L,p)= Zhl (M, L, hy, @) where ¢ correspond to ¢ with the isomorphism
Hy(M,C*)~ H'(M,C*).

57M27, 81Q99

Introduction

The 6;j—symbols are tensors describing the associativity of the tensor product in a
tensor category. Formulas exist for the classical and quantum 6 —symbols associated
to the defining representations of s[(2) and its powers (see Kirillov and Reshetikhin [6]
and Masbaum and Vogel [7]). At a root of unity &, new representations appear for the
quantum group Ug(s1(2)). There are essentially two new families: the nilpotent and
the cyclic representations. Unlike the cyclic family, the nilpotent representations can
be enriched to form a ribbon category. For £ a fourth root of unity, this was already
observed by O Viro in [11] who used these representations to construct a ribbon graph
invariant related to the multivariable Alexander polynomial.

The theory of modified dimensions developed with V Turaev by the authors in [4; 3]
produces a family of modified 6 —symbols that share properties similar with usual
67 —symbol. Nevertheless this family has a very different nature than previously defined
6 —symbols. Indeed, the whole family of nilpotent representation can be thought as
a unique module with parameters. This module is then a nontrivial one parameter
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1822 Nathan Geer and Bertrand Patureau-Mirand

deformation of the so called Kashaev module. For this reason, the 6 —symbols can be
described by a finite set of parameterized functions and more precisely by a family of
3—variable Laurent polynomials J; ; x with coefficients in Z[£].

These Laurent polynomials have wonderful properties. They have some symmetries
(see (3)) and satisfy a Biedenharn—Elliott type identity (see (5)) and an orthonormality
relation (see (6)). These three identities, imply that from a triangulation of a 3—manifold,
one can compute a state sum, that is a weighted sum of product of these J polynomials
associated with the tetrahedra of the triangulation, which is a topological invariant of M .
Furthermore, F Costantino and J] Murakami [2] show that the asymptotical behavior of
these polynomial 6;—symbols is related to the volume of truncated tetrahedra.

The main substance of this paper is the careful computation of the 6j—symbols as-
sociated with nilpotent representations of Ug(s[(2)). This is done in Section 3. But
once the 6 —symbols are identified with certain values of the J polynomials, all the
machinery of tensor category can be forgotten. This is what we want to highlight by
the structure of this document. Hence the first part only defines the J polynomials
and announces their properties. Here the tensor categories does not appear except
in the fact that we do not have, without them, a direct proof of the identities. The
second part is a short exposition of how the polynomials can be used to construct a
Turaev—Viro [10] type invariant, following and refining their ideas and those of the
authors with Turaev [3].
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1 Polynomial 6j —symbols

Fix a nonzero positive integer 7. In this section, we define a set of formal 6/ —symbols
Jl’l/ iy fOT I1,02,13 € Z and give some of their properties. Since r’ is fixed, we write
Jil si2,i3 for Jf1,i2,i3 :

Let N be the set of positive integers including zero. Let r = 2r’+ 1 and & = e!™7/" for
m coprime with 2r. Let £ = Z[g][qftl , qzil , qgcl] be the ring of Laurent polynomials
in three variables, with coefficients in Z[§]. We denote with a bar the involutive ring
automorphism of £ defined by £ = £71,q, = ql_l,ﬁz = qz_l and g3 = q3_1. For
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any invertible element X of aring and N € N let (X) and Fy (X) be analogues of
quantum integer and quantum factorial, given by

N-1

(X)=X-X"". Fy(X) =[] EX)=(xX)EX) - V" X).
i=0
Also, for n, N € N and iy,ip,i3 € {—r',—r'+1,...,r’} such that n < N we set
{ny=(")=¢"-¢7", (N} ={1}{2}---{N},
Nl AN} o {2r'}!
|:n:| SN e =

Remark that Fy (X~!) = (=1)*Fj (X) and {2r'}! = (=1)"'r. For N = r notice that

Fr(X) = H(&’X §XT 1)—1‘[&’ -,

After multiplying the right hand side of this equation by X" we see that this polynomial
has roots +£~% fori =0,...,r — 1, and so up to the sign (—1)" = £""=1/2 i equal to
X2 —1. Thus, we have shown that F, (X) =[]/Zg £ X 1 (X2—£72) = (1) (X").

Let us consider the finite set
Hyr = {(il,iz,i3) eN:—r <iy,ip, 13,101 +ip+iz=< V/}.

One can easily show that card(H,’) = %1/(21/2 + 1). It can be useful to have in
mind the action of the tetrahedral group &4 on H,s by permuting iy, i,i3 and iy =
—(i1 +i2 +13).

For all (i, i,,i3) € H,, we define a Laurent polynomial
Jirsiniz(q1.92.q3) € £

as follows.

o Ifiy,i3 <iy+i,+i3thenlet N =r'—i; —i,—i3 and define

() Jiyinis (9192, 93) = {i1, 2, i3} Fintiy (1€ iy 44, (g367277)
Norn . L
X FN-n(@2@1E3 T THF N _n(qagz 31271177
n

n=0
X Fu(q1726 725 V) Fu(qa g T T, (Q2§_i1_r/_n)) .
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o Ifiy,i3>iy+iy+i3thenlet N =r"+i;+iy+i3 and define

F
?2) Jiinis(@1.92.93) =

rrtip—N (@3 EN 22T (
n

N

n=0

X FN—n (QZé_il_i2+n+l)Fr’+i3 (QIQ_ZSN_n_Zi3+1)Fr’+i1 (C[2573En_2i1 +1)) )

e For other (iy,i2,i3) € H,, the polynomial J;, ;, i, is obtained from Equation (3),
below.

The definition of these symbols come from the 6j—symbols associated to nilpotent
representations of Ug(s[(2)) (see Definition 20 and Theorem 29). Theorem 29 shows
that Equations (1) and (2) agree when both conditions are satisfied. We also extend
the definition for (i1,i3,i3) € Z*>\ H,” by Jiy ir,i; = 0. Theorem 19 implies that
Ji1ir,is(91,92.93) is an element of £.

It is well known that the 6 j —symbols satisfy certain relations. We use Equation (27) to
show the family of polynomials defined above satisfy equivalent relations. Indeed the
theory of modified 6 j —symbols developed in [3] shows that these identities are satisfied
as functions over some open dense subset of C". Therefore, since the elements Jy x x
are Laurent polynomials they satisfy the identities formally.

Let us now discuss these relations. Since the 6 —symbols have tetrahedral symmetry
we have

3 Jivinis (@1, 92.93) = Jiniris (@20 G1, §3) = Jinigia (132622, 0133672, q1)

where iy = —iy — i —i3. These two equalities generate the 24 symmetries of
the tetrahedral group. In particular, if o is permutation of the set {1,2,3} then

Ji],iz,i3 (QI,QL f]3) = Jig(l),ig(z),ig(3) (qg(l), qu(z), q§(3)) where & = 8(0') is the Sig—
nature of 0.

The other relations involve a function called a modified dimension (see [3]). We
introduce the following polynomial in g, which is a formal analog of the inverse of
this function:

141 =4y
“ D(q1) = Far (q16) = (1) ——1=.
q1 — 41
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The J polynomials satisfy the Biedenharn—Elliott identity: For x € Z let X be the ele-
ment of {—r’, —r'+1,...,r"} congruent to x modulo . Forany iy,i,,i3,i4,i5,i¢ €7,

(5) Jiviais (1,92, 93) di7 7.7, (905> /41, 40E" /42, 40E" /43)

_ i iy —it (908", 42, q3) Jiz,ig,—ig((loézn, q3.4q1) Ji3,ig,—ig((]0€2”, q1.92)

2
L D(qo&2")
./ . — . <) . -
1, =—Ii1+is—1g, Iy =1I4—n,
where lé = —ip +_i6—i4, lg =i5_—n,
ig =—i3+i4—i5, ié=i6—n,

and ¢¢ is an independent variable.

For any (i,i2,i3) € H,” and any i; € Z the orthonormality relation is expressed as

r/

© Yy

n=—r’

Sivismnistn @182 02.43) gt umi, i @6 020 03)
D(g293£~21) D(q1£2")

where §; " is the Kronecker symbol.

=68

-1

2 3-Manifold invariant

In this section we derive a set of topological invariant of links in a closed 3—manifold M
from the family Jxx(¢1, g2, ¢3). These invariants are indexed by element of Hy (M, Z)
and they refine the invariant constructed in [3, Section 10.4].

Let M be a closed 3—manifold and L a link in M . Here we follow the exposition
of [3] inspired by Baseilhac and Benedetti [1]. A quasiregular triangulation of M is a
decomposition of M as a union of embedded tetrahedra such that the intersection of any
two tetrahedra is a union (possibly, empty) of several of their vertices, edges, and (2—
dimensional) faces. Quasiregular triangulations differ from usual triangulations in that
they may have tetrahedra meeting along several vertices, edges, and faces. Nevertheless,
the edges of a quasiregular triangulation have distinct ends. A Hamiltonian link in a
quasiregular triangulation 7 is a set £ of unoriented edges of 7 such that every vertex
of T belongs to exactly two edges of £. Then the union of the edges of 7 belonging
to £ is alink L in M. We call the pair (7, £) an H—triangulation of (M, L).

Proposition 1 [1, Proposition 4.20] Any pair (a closed connected 3—manifold M , a
nonempty link L C M ) admits an H —triangulation.
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1826 Nathan Geer and Bertrand Patureau-Mirand

The language of both triangulation and skeleton are useful here. In particular, it is
convenient to use triangulation to give the notion of a Hamiltonian link and skeleton to
define the state sum. A skeleton of M is a 2—dimensional polyhedron P in M such
that M \ P is a disjoint union of open 3—balls and locally P looks like a plane, or a
union of 3 half-planes with common boundary line in R?, or a cone over the 1—skeleton
of a tetrahedron (see, for instance [1; 9]). A typical skeleton of M is constructed from
a triangulation 7 of M by taking the union P7 of the 2—cells dual to its edges. This
construction establishes a bijective correspondence 7 <> P between the quasiregular
triangulations 7 of M and the skeletons P of M such that every 2—face of P is
a disk adjacent to two distinct components of M \ P and no connected component
of the 1-dimensional strata of P is a circle. To specify a Hamiltonian link £ in a
triangulation 7, we provide some faces of Py with dots such that each component of
M \ Py is adjacent to precisely two (distinct) dotted faces. These dots correspond to
the intersections of £ with the 2—faces.

Let R be a commutative ring with a morphism Z[£] — R. We still denote by £ the
image of £ in R and we assume that the group of 2r—th root of 1 in R is of order 2r
generated by £. Let R* be the group of units of R and consider any subgroup G of
{x" :x € R*}, for example (R, G) = (C,C*). Clearly any element x € G has exactly
r r—th roots in R. They form a set Root, (x) = {y&~2"", ... y, v€2, ..., y&¥} for
some y € R such that y" = x. We call (R, G) a coloring pair.

Let (7, L) be a H-triangulation of (M, L). Let P7 be a skeleton dual to 7. The
skeleton P gives M a cell decomposition Mp. So a n—chain of cellular homology
with coefficients in G can be represented by a map from the oriented n—cells of Mp
to G.

By a G—coloring of T (or of P7), we mean a G —valued 2—cycle ® on P, that is a
map from the set of oriented faces of Py to G such that

(1) the product of the values of ® on the three oriented faces adjacent to any oriented
edge of Pris 1,

(2) ®(—f)=®(f)~! forany oriented face / of P, where — f is f with opposite
orientation.

Each G —coloring ® of 7 represents a homology class [®] € Hy (M, G). When M is
oriented, a G'—coloring of 7 can be seen as a 1—cocycle (a map on the set of oriented
edges of T; see [3]). In general, it can also be interpreted as a map on the set of
co-oriented edges of 7 but we prefer to adopt the point of view of Pr.

A state ¢ of a G—coloring ® is a map assigning to every oriented face f of Py an
element ¢( ) of Root, (®( f)) such that ¢(— ) = ¢(f)~! forall f. The set of all
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states of ® is denoted St(P). A state ¢ can also be seen as a 2—chain on PP with values
in R* but its boundary, the 1—chain §¢ might not be trivial. Nevertheless, as ¢” = @,
we have (§¢)” = 1. We call the height of ¢ the unique map /%, assigning to every
oriented edge e of P an element of {—r/, —r'+1,...,r'} such that (§¢)(e) = £« (@) |
It follows that modulo r, /i, is a 1—cycle on P7. In the case when /1, is also a 1-cycle
with integer coefficients, let us denote its homology class by [hy] € H (M, Z). For
he Hi(M,Z), set Sty(®) = {¢ € St(P) : §hy =0 and [hy] = h}.

Given a G—coloring @ of (7, £), we define a certain partition function (state sum) as
follows: For each vertex x of Py, fix alittle 3—ball B centered at x whose intersection
with P7 is homeomorphic to the cone on the 1—skeleton of a tetrahedron. The trace
of P7 on 0B gives a triangulation of this sphere whose one skeleton is a tetrahedron
with four vertices vq, v, v3, vg4. Let f7, f2, f3 be the regions of Py contained in the
triangles xv,v3,XV3v1,XV1V;, respectively (see Figure 1). Also, let eq, €5, e3,¢e4 be

U3

S
€
E 02

U1
Figure 1: One side of P7 near the vertex x

the segments of P contained in xvy,Xxv;,XV3,XVq4, respectively. The segment xv; is
oriented from x to v; and induces an orientation on e;. Similarly, the triangles above
induce orientations on f1, f2, f3. For each ¢ € St(®), if A, does not satisfy the cycle
condition at x (ie if ) _; h,(e;) # 0) we set J(¢, x) = 0, otherwise define

J(@9. %) = Jhy(er)ho ) hotes) (0(S1). 0(f2). 0(f3)) € R.

Equation (3) implies that J(¢, x) does not depend of the choice of ordering of the
vertices vy, vy, U3, V4. For example, if one chooses the ordering v;, vy, v3, v4 then e;
and e, are exchanged, xv,v; becomes xviv3 and so f] becomes — f,, etc... and the
first equality of (3) implies that the two expressions for J(¢, x) are equal.

We say that g € G is admissible if (g) = g — g~ ! is invertible in R. We call a

G —coloring ® admissible if it takes admissible values. If ¢ is a state of an admissible
coloring ®, and f is an unoriented face of P, then we define

7

(=D" (g)

) K

d(p. /)=D(g)~' =
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where g is ¢( f ) for any orientation ]7 of f. Note that d(¢, /) does not depend on
the orientation of 1, as D(g) =D(g™!).

Lemma 2 Let (R, G) be a coloring pair with the following property:

(%) For all g1,...,gn € G there exists x € G such that xgy,...,xg, are all
admissible.

Then for any H —triangulation (T, L) of (M, L) and for any homology class h, €
H,(M, G), there exists an admissible G —coloring ® on T representing h, .

Proof Take any G —coloring ® of T representing /. For f an oriented face of Py
and — f the same face with opposite orientation, we have that (®) (— ) = — (P) (f)
and thus ®(— /) is admissible if and only if ®( f) is admissible. As mentioned above
M \ P is the disjoint union of open 3—balls. We say that a such a 3-ball b is bad
for & if there is a oriented face f in 7 incident to b such that ®( /') is not admissible.
It is clear that & is admissible if and only if ® has no bad 3—balls. We show how
to modify & in its homology class to reduce the number of bad 3-balls. Let b be a
bad 3-ball for ® and let £}, be the set of all oriented faces of 7 which are oriented
away from b. From Property () of the lemma, there exists x € G such that x®( /")
is admissible for all f € Ej. Let ¢ be the G—valued 3—chain on Mp assigning x
to b and 1 to all other 3-balls (recall Mp is the cell decomposition of M coming
from P7). Taking the boundary of this 3—chain we obtain a G —valued 2—chain é¢
on Mp. The 2—cycle (§c¢)® on P takes values in {x®(f); (x®(f))~!: f € Ep}
which are admissible on all faces of Py incident to b and takes the same values as ®
on all other faces of 7. Here we use the fact every 2—face of P7 is a disk adjacent
to two distinct components of M \ Py. The transformation ® — (6¢)® decreases
the number of bad 3-balls. Repeating this argument, we find a 2—cycle without bad
3—balls. O

Let @ be an admissible G —coloring of T and hy € H{(M, Z). Then we define
(T L. ®) =N 3" T] dg./) [] Je.x)eRr

@ESty () feP2\L x€Po

where P, \ L is the set of unoriented faces of Py without dots, Py is the set of vertices
of Py and N is the number of connected component of M \ P (that is the number
of vertices in 7).

When the coloring pair does not satisfy Property () of Lemma 2, we explain how to
perturb a nonadmissible G —coloring ®: Consider the set S of element of R[X *!] that
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are monic polynomials in X (ie Laurent polynomials whose leading coefficient is 1).
Then S is a multiplicative set that does not contain zero divisor, hence we can form
R’ = S7'R[X*!] > R. Let G’ be the multiplicative group generated by G and X .
Then (R’,G’) is a coloring pair with property () as any (X*"h) with h € G and
k € Z* is invertible in R’. Using the inclusion above we can view ® and [®] as taking
values in G’. Then Lemma 2 implies there exists a 2-boundary x with values in G’
such that ® = x® is an admissible G’—coloring. We say that @’ is a perturbation
of ®.

Theorem 3 Let L be a link in a 3—manifold M, (R, G) be a coloring pair and
(hi,hy) € HH(M,Z) x Hy,(M,G). Choose any H —triangulation (7, L) of (M, L)
and let ® be any admissible (or perturbation of a) G —coloring representing h,. Then
tR(M, L,hy,hy) =1(T,L,h,®) belongs to R and it is an invariant of the ditfeo-
morphism class of the four-tuple

(M, L, hy € H(M.Z), hy € Hy(M,G)).

Proof First, let us assume that (R, G) satisfy () of Lemma 2, so there exists an
admissible @ representing /5. In this case the proof is essentially the same as the
proof of Theorem 22 in [3]. Here we sketch the main steps:

(D In [1] it is shown that any two H —triangulation are related by a finite sequence
of so called elementary H —moves. One can then colors this sequence and makes
it a sequence of “colored H-moves.”

(II) One shows that the state sum ©(7, L, iy, ®) is invariant under an elementary

“admissible colored H-move,” ie an elementary H -move where the colors of
the H —triangulation on both sides of the move are admissible. The main point
here is that Equation (5) implies that if one performs a so called Pachner 2 — 3
move (which consists in replacing in 7 two tetrahedra glued along a face with
3 tetrahedra having a common edge) the state sum is unchanged. Similarly,
Equation (6) imply the invariance of the state sum under the lune move which
consists in removing two tetrahedra which have 2 common faces and then gluing
by pairs the orphan faces.
Here the following observation makes the refinement with /; possible: if two
states ¢, ¢’ of @ differ only on a set of faces then Ay, hy differ only on the
set E of edges adjacent to these faces. Assume that the set E is included in a
simply connected part of P7. Then if ¢ and ¢’ have nontrivial contributions
in the state sum (which implies 84, = §hy = 0), we have [hy] = [hy] since
hy and hy are equal outside the simply connected space containing £. Hence
the colored H-moves do not modify the partial state sum associated to any
homology class /1.
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(III) The 2—cycles representing /4, in the sequence of colored H-moves of Step (I)
are not necessarily always admissible G—colorings. However, using (*) one
can prove that 7(7, L, h1, ®) depends only on the cohomology class of the
admissible G —coloring ® (see Lemmas 27 and 28 of [3]). This then allows us
to modify a sequence of colored H—moves to a sequence of admissible colored
H—moves such that the state sum is the same at each step, thus showing the
theorem when (R, G) satisfy () of Lemma 2.

Let us now consider the case where the coloring pair does not satisfy property (). We
will prove that the perturbed state sum belongs to R. Let & = x® be a perturbation
of any G —coloring ® representing /1;. The idea is that the only component of &’
which depends on X € R’ is the boundary § and as the state sum depend of the
coloring only up to a boundary, it does not depend on X . To be more precise, let
p: R’ — R’ be the ring morphisms which is the identity on R and sends X to X 2.
Then ®” = p(®’) is also an admissible R’—coloring of 7. Moreover, p(x) is a
boundary and p(®) = ®, hence ®'/P” is a boundary. But from above we know
that two admissible colorings representing the same homology class give equal state
sums. Thus, ©(7, L, h,®) = (T, L, hy, ") = p(z(T, L, hy, ")) which implies
that ©(7, L, hy, ®) € R. O

We also define

(M. L.h)= )" wr(M.L.hy)€R
hIEHl(M,Z)

This sum is finite because tg(M, L, hy,h,) = 0 for all but finitely many /; . Indeed,
if an admissible coloring ® represent /1, then we have St(®) = | J ny Str, (P) is finite
and thus St (®) = @ for all but finitely many /; € H{(M,Z).

The first fundamental example is obtained when (R, G) = (C, C*). It is easy to see
that this coloring pair satisfies Property () of Lemma 2 since 1,—1 € C* are the only
nonadmissible elements. In this case, if M is oriented we denote the Poincaré dual of
hy € Hy(M,C*) by h} € H'(M,C*). Then

tc(M,L,hy)=t(M,L,h3)
where (M, L, h;) is the invariant defined in [3, Section 10.4].

We now consider a universal example: Let H = H;(M,Z), and assume that M
is oriented so that for any abelian group G we have Hy(M,G) ~ H'(M,G) ~
Hom(H, G). Then Hy(M, H) has a particular universal element n whose image in
Hom(H, H) is the identity. We will assume that the order of the torsion of H is
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coprime with . Then multiplication by r is an injective morphism m,: H — H.
Denote the image of m, by rH , then (Z[§][H], »H) is a coloring pair and we consider
©(M, L,rn) € Z[§][H].

Proposition 4 The invariant (M, L, rn) takes values in Z[&][r H] making it possible
to define
©(M, L) =m}(x(M, L,rn)) € Z[E][H].

Then for any pair (R, G) as above and any v € Hom(H, G) we have

t(M. L) = (t(M. L))
where V¥ is the image of ¥ in Hy(M, G).
Proof First, let us show that for each &y € H{(M,Z) we have t(M, L,hy,rn) €
Z[&][rH]. We choose a base of the free part of H; that is we write H = Tor(H) &
Zx1®---®Zxy, . Then define the ring morphism p;: Z[E|[H]— Z[&][H] as the identity
on this basis except that p;(e¥') = £ e¥i. Clearly, the set of states and thus the state

sum is invariant by p; for any i and thus belongs to Z[£][rH]. The last point follows
from the fact that ¥, (n) = ¢. o

Remark 5 Suppose that 7 is not a quasiregular triangulation but a generalized triangu-
lation where some edges might be loops. Then not all homology classes of Hy (M, G)
can be represented by admissible colorings on 7T .

Nevertheless, suppose that an admissible coloring ® is given on 7. Then one can prove
that the state sum (7, L, &1, ©) as above is still equal to the invariant t (M, L, hy,[D]).
This might be useful for effective computations. This can be proven using the fact that
up to perturbing the coloring, the triangulation 7 can be transformed into a quasiregular
one by a sequence of elementary moves such that at each step, the locally modified
coloring is admissible.

3 Skein calculus

3.1 The category CH of U, gH (s1(2)) weight modules

For x € C we extend the notation £* by setting £* = e!”7*/" _ Also, if (o, k) € CxN,
{a} =6*—&7% and {ak}! =Fi (%) ={aHa+1}---{fa+k—1}
Many computations in this section use the identity

x+ziy +z2 -yl ={x +y + 23z}
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Let U, gH (s1(2)) be the “unrolled” quantization of sl(2), ie the C —algebra with genera-
tors E, F, K, K™, H and the following defining relations:

KK '=K'K=1, KEK '=§E, KFK!'=¢?F,

K—-K!
E-g1

This algebra is a Hopf algebra with coproduct A, counit ¢, and antipode .S defined by

the formulas

HK =KH, [H,E|=2E, [H F]=-2F, [E.F]=

AE)=1® E+EQ®K, e(E) =0, S(E)=—-EK™1,
AF)=K'® F+F®]1, e(F) =0, S(F)=—KF,
A(K)=K®K, e(K) =1, S(K) =
A(H)=H®Q1+1®H, e(H) =0, S(H)=—

Following [4], we define U UH (s1(2)) to be the quotient of U H (51(2)) by the relations
E" = F" =0. Tt is easy to check that the operations above turn U UH (s1(2)) into a
Hopf algebra.

Let V bea USH (sl(2))-module. An eigenvalue A € C of the operator H: V — V is
called a weight of V' and the associated eigenspace E; (V') is called a weight space.
We call V' a weight module if V is finite-dimensional, splits as a direct sum of weight
spaces, and £ = K as operators on V.

Let CH be the tensor category of weight U [ H (51(2))-modules. By Section 6.2 of [4],
CH is aribbon Ab-category with ground ring (C The braiding cy,p: VW — WV
on CH is defined by v®w > t(R(v®w)) where 7 is the permutation X ® y > y ® x
and R is the operator of V ® W defined by

7 HQ®H/2 { n(n— 1)/2En Fn
(7) = Z = i ®
The inverse of the twist on a weight module V' is given by the operator
5 r—1 {1}
(8) 9—1 — Kr—lg)_-—H /2 (_l)n %.3n(n 1)/2FnK nEn
v Z {n}!

(also see Ohtsuki [8, Chapter 4.5] where this formula is given with ¢ = £2 instead
of &).

For an isomorphism classification of simple weight modules over the usual quantum
s[(2), see for example Kassel [5, Chapter VI]. This classification implies that simple
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weight U SH (s1(2))-modules are classified up to isomorphism by highest weights. For
a € C, we denote by V,, the simple weight UEH (s1(2))—module of highest weight
o + r — 1. This notation differs from the standard labeling of highest weight modules.
Note that V_,{ = C is the trivial module and Vj is the so called Kashaev module.

The well-known Reshetikhin—-Turaev construction defines a C—linear functor F from
the category of CH —colored ribbon graphs with coupons to CH . Let B =(C\Z)UrZ.
The modules {Vy}qep are called typical and all have dimension r = 2/’ + 1. Note
that F is trivial on all closed C* —colored ribbon graph that have at least one color
in B. In [4], the definition of F is extended to a nontrivial map F’ defined on closed
CH _colored ribbon graphs with at least one edge colored by a typical module. Let us
recall how one can compute F'. If 7 C R x [0, 1] is a CH —colored (1-1)-tangle with
the two ends colored by the same typical module V,,, we can form its “braid closure” T.
Then we say that T is a cutting presentation of the closed CH —colored ribbon graph T.
In this situation, F(7") is an endomorphism of V, that is a scalar. Then F’ (f ) is this
scalar multiplied by the modified dimension of V,, which is given by

d(Va) = (= 1)’ H s k}

It can be shown that F’ (YA") does not depend on the cutting presentation 7' of T
(see [4]).

For « € B let us consider the basis of V, given by (v; = Fi Vg)i=0..2,» Where vg is a
highest weight vector of V. Then the U, EH (sl(2))—-module structure of Vy is given by

iMi—
H.vi=(a+2(0r"—i)v;, E.vi= i 5 }v,_l, F.vi=vjq,.

{1

Remark 6 The family of module indexed by B can be seen as a vector bundle £ — B
on which elements of U SH (s1(2)) act by continuous linear transformations. Then the v;
are sections of this vector bundle that form a trivialization £ >~ B x C”. In fact one
can extend £ to a unique vector bundle &’ over C D B with an action of U, EH (sl(2))
but the fiber over k € Z \ rZ is not an irreducible module.

Let v be the 2—dimensional simple weight UEH (s[(2))—module of highest weight 1
and basis (vg, vy) with E.v; = v and vy = F.vq. The categorical dimension of V,
is zero, while that of v is equal to qdim(v) = {—2}/{1} = - — £~ 1.
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3.2 Duality in C¥

As in [3], the ribbon structure of C# induce the existence of functorial left and right
duality given by V* = Homc (V, C) and the morphisms

by:C—V ®V* isgiven by 1}—>Zvj®v]’~",

dy: V*®V —C isgivenby f@wr f(w),

diy: VeV*—C isgivenby v® fr f(K'"v),

by, C—>V*Q®V is given by 1|—>Zv}‘®K’_lvj.

For o € B, the classification of simple modules implies that V*, is isomorphic to V.
We consider the isomorphism wy: Vo — V¥, given by
2 4
Vi > _é_.l 1 lav;r’—i'
The isomorphism wy, is the unique map up to a scalar that sends vy to —%v;" . and
v; = Flvg to

1 o1 o
—gvar o CKE) = —vi 0 (—K) 10D Fi)

. 2__1+ —a—27' .2_1_.
_ _(_1)151 i i(—a—2r )v;r/—i — _gg—l lav;r/—i'

Let wy = wy_z,7: v — —>v* be the isomorphism given by vo > —£v] and vy > vj].
Lemma 7 For a € B, one has

&) dy, (w—q ® ldy,) = dy,_ (ldy_, @)

and similarly dy(wi—, ® Idy) = d,(Idy Qwi_3,7).

Proof Let us denote by f the left hand side of (9) and by g the right hand side of (9).
By a direct computation on v; @ vy,/—; € V_q @ Vi,

42_ . .2_ .
Si ®vap—i) = dy, (—€" 1T, ®@uap_) = —£ 1T
and g(vi ® v2r’—i) — d{/_a (_§(2r’_i)2_1—(2r’_i)avi ® vl*)
72 2 /. ’
— _g4r —4ri+i2—1—2r —l)av;k(K—Zr Ui)
_ _E4r’2—4r’i+i2—1—(2r’—i)aé(—2r’)(—a+2(r’—i))

_ _git-1tie

The analogous equation for v follows similarly

go®vy) = —qui(v) = —E =& =v3(K " v) = fvo®v;). O
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For o € B, we denote d and »* as the following morphisms

(10) d“ =dy,o(w—o®Idy,): Vg ®Vy —C
(11) b = (Idy, ®(w—_g) N oby,: C— Vo ®V_y
Similarly,

d'=dyo(w,®Id): vev—>C b"'=(I0dQwy)ob,: C >v®v.

We use the isomorphism w_gq to identify VS with V_,. Under this identification,
we get dy, = d;, =d® and by, = bj, = b*. Similarly, dy = d,. = d" and
by =bl.=b". Graphlcally, fora CH —colored ribbon graph I', this means that one
can reverse the orientation of an edge colored by V,, and simultaneously replace its
coloring by V_,. Also, if I' has an oriented edge colored by v, one can forgot its
orientation. We will represent edges colored by v with dashed unoriented edges (see
for example Figure 2).

a+1 B+1

1

=1

o ‘ﬁ

Figure 2: The family of maps X

3.3 Multiplicity modulesin Vy, ® V_y+1 ® v
We consider the following spaces of morphisms of CH using the notation
H{yy = Homer (U @ V, W), HYY = Homen (W, U ® V),
Hyyw =Homeu(URV@W,I), HYYW =Homeu(I,LURV W),

where U, V, W are weight modules If there is no ambiguity, for o« € B we replace Vy

with « in this notation, eg HV v, = H g Also, since V, and V_g are identified
* y V* v’ o
we can replace V,; with —«, eg HV v, = =Hy By

We define the symmetric multiplicity module of U, V, W to be the space H(U, V, W)
obtained by identifying the 12 following isomorphic spaces

HU,V,W ~ HW,U,V ~ HV,W,U ~ HVIIJ/*’V* ~ HII;I{k,U* ~ H(IJ/*,W$ ~
(12) Hg/l/ ~ H ~ Hg:kW ~ HW*,V*,U* ~ HV*,U*,W* ~ HU*,W*,V*

where each of these isomorphisms come from certain duality morphisms (see [9]).
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For o € C \ Z the character formula implies
(13) VR Vo = Va1 D Vat1-

Therefore, for o € C \ Z, the space Hg’“ is the zero space if B # o & 1 and Hg’“
has dimension 1 if 8 =a + 1.

Consider the morphism

o

v,
\ﬁ{ —H: Var1 > v Vy

i} 2
— V] @ Vj_1.
{1} 1 i—1
This morphism forms a basis of H &"fl . Thus, this morphism and the cyclic isomor-
phisms

given by Vo> Vo ®vg and v; — é_ivo QRv; +

o,V pgv,—oa—1 o ~ gv,—a—1 o ~ gV
Ha+1 - H—Ot 4 Ha+1,v - H—a ’ Hv,ot—H - Ha+1

induce a basis on H*'. K H% ,and H% . Each of these basis consists of the
) ) ‘Ot+l a+1,v v,a+1
single morphism which we denote by

o,V o o
}?{a—}—l’ }5\01—}—1,\/’ }{v,a—i-l’

respectively. Moreover, the morphism
v, o
%{a—i—l

and isomorphisms represented in Equation (12) define a basis vector w ™ («) for the
symmetric module H (v, o, —a —1).

Similarly, consider the basis of Hy o+l given by the morphism

v,a+1 1 ,
}J{{ D vy > & Ha—2r" vy Qugypr

o
vi > =TT g @ vigr +E o — v @i
As above this morphism and the isomorphisms in (12) induce basis of HY H’V, ng;l ,
H“,’fj Uand H(v,a + 1, —a) which each consist of one morphism which we denote by

a+l,v a+1 a+1
, }i{ , ﬁ{ . o (),
o o,V v, o

The next proposition is illustrated by Figure 3. It computes the pairing of some of the
families of morphisms defined above.

respectively.
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e+l _ fa+1} 1¢

Figure 3: The duality for H(Vy, Vy+1,v)

Proposition 8 We have the relation

o v,a+1
(14) Qe — {at1}1dy, .
v,a+1 o

The evaluation of F’ on the colored ® —graph

Hv,0,—-a—- 1)@ Hv,a+1,—a) > C

induce the pairing

determined by

2r

/{(X}{Oﬂ‘i‘l} _ 1
{a} ]Ez{a+k}'

(™ (@) 0F @)= (-1

Proof The duality follows from the value of d(V,,) and from the first statement which
is the result of the following computation:

o v,a+1
gv,a+l ° \%{a (vo)
v, v,a+1
=(dy ® IdVa) o(wy ®Idy ® IdVa) o (IdV ® \g{ ) o }4# (vo)
a+1 o

= (dy®Id) o (w, ®Id®Id) o (Id ®¥av:i)(—§a_l{l}vo ® vy + £ Hajv ®v)

= (dy ® Id) o (wy, ® Id ® Id)(—E*~ 1 {1}vo ® V1 ® v + &' {a}v; ® v ® Vo)
= (dy @I E{ 11T @ v; ® vo + & Ha}vd ® vo ® vp)
= £%{1}vo + & Hajvg = {& + 1}vo.
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Here the first equality corresponds to the following isotopy:

This completes the proof. a

Remark 9 If o # B are in C \ Z then V, and Vg are nonisomorphic simple modules
and we have Hom(V,, V) = 0. Thus,

* *,V k *,V k v, k *k Vv, *
*,V *k X,V * v, ¥ * Vv, ¥ *

Here and after, the stars * shall be replaced by any element in C \ Z such that the
morphisms are defined.

Corollary 10 (Fusion rule) Forany o € C\Z,

v, o a—1 v, o a+1
I AT WY
a—1 v, a+1 v,

Proof This is a direct consequence of Proposition 8 and the fact that v ® V,, split into
a direct sum of simple modules as in (13). (Also see Remark 9.) m|

Lemma 11 Forall @ € C\ Z, one has

o,V v,a+1 v, o a+l,v
(Id® )°¥ = (E{ ®Id)o¥
oa+1 oa+2 a+1 oa+2

and similarly

o,V v,a—1 v, o a—1,v
e ") 0 = (e
a—1 oa—2 —1 -2
Proof The first equality is true because both side are maps Vy4o > v® Vy @ v
determined by vg > vo ® vy > Vo @ Vg ® Vo . Similarly, an easy computation gives that

the other two maps Vy_» — v® V, ® v are determined by vy, > £ 2 {al{a — 1}v; ®
Vs @ Vg. O

If @, B € C\ Z, we will use the following family of operators

X: Va®Vﬂ—> Va+1 ®Vlg+1

1 a+l1,v v, B+1
i b X=—{d "®Id .
given by {1}( QR4 ® )0(}?{“ ®¥ﬁ )

The following lemma shows that the denominator of X disappears.
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Lemma 12 Foroa,B € C\Z themap X: Vo ® Vg — Vyq1 ® Vg4 is given by
X:vi®vj > P o — ity @ujyy +ETHB— jlvig1 ®v)

where vy,741 should be understood as 0.

Proof First, a direct computations shows that

(16) d%(v; @ vayr_j) = —8LETCH
2r! . "

17 b¥(1) = Z—g_mﬂ_' Vi ® Vj.
i=0

Then using

a+1,v v, —o
@( - (Id®d°‘)o(Id® BI04 ! g1d),
a —(x—
a+1,v . )
wehave B () =—{a— b @ — & (1oi @ 0.
o

On the other hand, by definition we have

v, f+1 ,
¥ﬁ (v) = &P Thuo @ vy 41 +E7HB — jhvr @ ;.

Combining these equalities with dV(vo ® v1) = —& and dV(v; ® vg) = 1 the result
follows. a

3.4 Multiplicity modulesin V, ® Vg ® V),

It is well-known that, in the quantum plane Z{x, y) one has

/yx=E2xy>

i .
i_ kG—k) |1 | k. i—k
(x+) —];)55 [k]xy

forall i € N. Applying thisto y = K~!® F and x = F® 1, we get

(18) (AF)i = (x +y)i _ ];)ék(i—k) |:ll€:| Fkgk—i o i~k
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The character formula for typical modules (see [4]) also implies that for all o, 8 € B
witha+ 8 €7,

r/

(19) Va®Vg= ) Vatptak:

k=—r'

Hence, for o, 8,y € C\ Z,

1 iff+y—ae{=2r,-2r+2,...,2r'},

dim(H(fy) - {0 else

Now for o, B,y € C\Z with B+ y —a =2k € {=2r",=2r"+2,...,2r'} we define

a map
i

o

which will form a basis for the 1-dimensional space Hf Y . First, suppose B+y —a =
—2r' then

B.y
E{ —2r Vo — Vg ®Vy

o
Vo > Vg Q vy

n

Uy > (AF)”U() ® vy = Z S(n—k)(k_ﬂ—Zr/) [Z] Uk ® Up—k
k=0

where the last equality follows from Equation (18). Now, let n = r’ + k and define

B.y on B—n.y—n
}?/ 2k =X"o —2r’ cVa = V@V,

o o

We now show that these bases are compatible with the cyclic isomorphisms defining
the symmetric multiplicity modules. Let R be the cyclic isomorphism

R: HYY — HY ™
[ (dP®ld®Id)o fo(Id® 1d ®bH%).

*, %
¥

*

(20)

Remark 13 The family of maps

can be seen as a section of the vector bundle £_,,, which is a restriction of EQERQE™ to
the subset of B* defined by the equation 8+ y —a = —2r’. The cyclic isomorphism R

Algebraic & Geometric Topology, Volume 11 (2011)



Polynomial 6j—symbols and states sums 1841

is a lift to this vector bundle of the permutation on the basis: («, 8, y) — (=8, y, —a).
The following proposition means that the section

¥ IB—,)Z/r’

o

is a fixed point of the cyclic isomorphism R: E_5,7 — E_,7.

Proposition 14 For all (o, B,y) € B® with B +y —a = —2r', we have

R (%{ ﬂ—’)2/r) - ?{_Vﬁ:gr

o

Si= }%{ y;g:gr/ and f, =R (}%{ ﬂ_’gr/) .

— o

Proof Let

Since f1(vg) = vo ® Vo, then f, is determined by its value on v € V_g which must
be a multiple of the unique weight vector vo ® v € V), ® V_o. Because of this, we
don’t need to compute all the terms to see that f5(vg) = vg ® vg. In particular, from
the facts

. bVa: 1»—>v2,/®v;"r,—|—---

w:gg(v;r/) = _EUO

w—ﬂ(vo) = _é_lv;r’
'B’ Y 2r/

E{ =2r'(v2p) = (AF)"" (vo®vg) = V2, QU+ -
o

(because (AF)2” =F7' @1+--)

dVB (U;r/ ® UZr’) =1

one can see that
B.y 4
f(vo) = (dy, ®1d@1d)o (w_g® E{ S w=l ) o (1d @by, )(vo)
«
is equal to vg ® vg. Thus, f1 = f>. a

To establish the same statement for the maps
B.v
k
o

we will need the two following lemmas.
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Lemma 15 Leto, B,y € C\Z suchthatx + B +y = 2—2r then

ﬂ_lvy -1 :3_1’)/_1
(X ®Id)o Id®>%{ —2r Job* ' =(1d®X)o Id®}%{—2r/ ob®.
I—a

—

Proof Both side of this equality are invariant maps C — Vo ® Vg ® V). Let Z; and
Z, be the maps on the right and left hand sides, respectively. The space H*A-¥ has
dimension 1 so the maps Z; and Z, are proportional. Thus, to show they are equal it
is enough to show the functions (d* ® Id @dY )(vo @ Z; (1) ® vy,r), for i =1,r, are
equal.

First, let us work on the left hand side. By considering the formulas for d* and X the
only terms of »*~1(1) that contribute nontrivially to the function are —£v,,” ® vg and
—£17%y,,,_; ® vy . Therefore, we only need to consider

*, * *, %
¥ —ZVI(U()) = V9Q®UVg and }?{ —Zr’(vl) =vV1Quo+---
*

*

where the other term(s) contained in the --- can be disregarded since d¥ (v; ® vy,) is
nonzero if and only if i = 0. So Z;(1) is equal to

—&(X ®1d)(vay ® Vo ® Vo) — &' ™*(X ®1d) (v2p—1 ® vy ® V) + -
= P20} (v2r ® V1 ® Vo) —ETHB — 2} (V2 ® V) ® V) + -

where as above the term(s) contained in the --- can be disregarded since they do not
contribute nontrivially to the function. So, we have

(d*®1d®dY) (v ® Z;(1) @ vap) = —(EP 4} + 7972 — 2},
=—£Ha+ B -2},

since d*(vy ® Vo) = —E~ 1. Similarly,

(d* QI ®dY)(vo ® Zr (1) ® vgpr) = =6 2{y — 1}v; = —E *{a + f—2}v;. O

Lemma 16 Leta,8,y € C\Z, then X ® Id and Id ® X commute:
(X RId)o(Id®X) =(Id®X)o (X ®Id): Vg1 @ Ve ®V,_1 = V@ Va® V).

Graphically, this is illustrated by the following:
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Proof Composing both side of the second equality of Lemma 11 with

LYY
B—1,v Va v,y—1

gives the result. o

Proposition 17 For all («, 8,y) € (C\Z)3 with B+y —a =k € {=2r, =2r' +2,

..., 2r'} we have
ﬂvy , —Q
R(W &)= ¥k
o —p

where R: HPY — HZ};O‘ is given in Equation (20).

Proof We first give a reformulation of Proposition 14: tensoring the equality with
Idp, on the left and composing on the right with bP, we have

y,—a 8 B,y o
Id®\@/—2r’ ob* = \@/—2r’®ld ob
-8B o

forall o, B,y € (C\Z)? with B+y —a = —=2r". Let o, 8,y € C\ Z such that
@+ B +y =2—2r' then from Lemmas 15 and 16 we have that for p,q € N,

p-1.y
(X1 @Id)o (Id®X %) 0 (Id®\§{ —2r ) op®1
l—o

p-1.y—1
:(X°P®Id)o(ld®X°‘1+1)o(Id@}?/_zr' )ob“.

o

Then by induction, for any » € N and for any «, 8,y € C\ Z suchthat o + B +y =
2n —2r’, one has

on p-n.y a—n on pny—n a
(X" @1d) Id®\§{ o’ Y obem = ld@X°") o Id®\§{—2r/ o b
n—a —
Therefore, for n = k/2 +r’ € N we have
B.y 8 . B—n,y—n
R E{k =(d’®I1d®Id)o(Id® X”oﬁf—zr' ®Id) o (Id ®b%)
o

o

= (dP on ,3,)//—7’1 a—n
=(dPRIA®I)o(dRIAX") o (ld® & -2+ ®Id)o(Id®b*™)
od—n
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=X"0(dP®1d®1d)o (Id®}%{ o ®Id) o(Id®@h*™)

—nn o ,—0
—rne

where the second to last equality is given by Proposition 14. |

The cyclic isomorphisms allow us to define the basis

R,

of Hg‘y in two equivalent way: if « — 8 —y =k, let

o o, =y _ﬂsa
= (Id®d")o k Id] =@ Peid)o|1d k .
gﬂ,y (d@d®) (é{ﬁ ® ) (@ 7eld ( ®>%{V )

Similarly, if @ + 8 +y = k, we get a vector w*(«, B,y), which forms a canonical
basis of the symmetric multiplicity module H(«, 8,7).

In what follows we consider ribbons graphs with coupons colored by the elements
¥ («, B, y). For such a coupon ¢, Proposition 17 implies that we do not need to know
what edges are attached to the bottom of ¢ and what edges are attached to its top. Only
the information of the cyclic ordering of these edges is needed to compute F or F’.

The choice of an half twist 6 (a family of endomorphisms whose square are given by
the twist) produces isomorphisms

Hy — Hﬂ“ givenby 0! 9/39, _ICVO,,V[,» of
(for details see [3]). These isomorphism produces isomorphisms H(«, 8,y) —

H(B,a,y). The following lemma shows that the bases we have defined above are
compatible with these isomorphisms.

Lemma 18 We can define an half twist on the set of typical modules {Vy}ycp by the
formula

6, = g@/2’=r" g,
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Leta,B,a+ B € C\Z. Then

a’ﬂ /7 /7 ﬂ’a
1) Cr oy 0 é{ e = g/ @2 ) (B2r )}?{ o,
ES E3
(22) Cy o @{a’v — 5—(1/2)a5r/¥"’°‘ ’
o a—1 a—1
oy e
o a—1 a—1
(24) CryvyoX = ga=BtD/2y Chyr Vs

and forn =r'+k,

a, 0, . e
(25) CVa,Vﬁ o }?{Zk B M 2k .
a+p—2k 00 T a+p—2k

Proof From Formula (8), we have that 6y, acts on the highest weight vector vy € V4, as

2y 2 P / N2 279 5,02
K 2r %-H /21)0 :é 2r'(a+2r)+(ax+2r") /Zvo :éa /2—2r vo.

Hence 9’ is an half twist.

Only the “Cartan” part §/®H of the R-matrix (7) acts nontrivially on the tensor
product of two highest weight vectors. Hence

Cv,,v5 (Vo ® Vo) = 5(1/2)(a+2r/)(,3+2r,)v0 S0 c Vs Vi

a, B
But Vo ® v = >%{ —2r(vo)
k
and this gives Equation (21).
o,V , v, o
Similarly, C o}{ — £/ Dagr };[{
Y Voorw a+1 s : o+1

and Equation (22) follows from the duality of (14). Equation (22) is proved with
analogous techniques.

To prove Equation (24), consider the isotopy
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which illustrates the fact that {1}Cy,, y, o X is equal to

o Vvﬂ
(26) (Id® (}%\a_l Y o CI;all,V)) o ((CV,VB o }%{ﬂ—l) ®Id) o CVa—lyV,Bfl'

Here Equation (23) can be used to remove the braiding C, y, in (26). Now Equation (22)

implies that
Yy R
a—l,v V"‘ ¥ =& v,a—1
and Equation (24) follows.

Finally, Equation (25) follows from

Cryyyo X" = E—(l/2)((OH-B—1)+(a+ﬂ—3)+~-~+(a+ﬂ—2n+1))Xn o Cry v Vo

_ E_(1/2)n(ot+ﬂ—")X” o CVa_n,VB—n'

a—n, B—n
}%{ —2r’
a+p—-2k

and applying Equation (21), the result follows. a

Composing this equation with

3.5 A Laurent polynomial invariant of planar trivalent graphs

In this section we discuss how to defined maps lead to invariant of planar graphs that
are in some sense Laurent polynomial.

Let ' C R x [0, 1] be a planar unitrivalent framed graph with trivalent vertices marked
by heights, that are integers in {—2r’, —=2r" +2,...,2r’ —2,2r’} and whose set T,
of univalent vertices is included in R x {0,1}. The heights can be seen as a 0-
chain /2 on the CW—complex I relative to I';,. A coloring of I' is a complex 1—chain
¢ € C(I', T'y; C) such that its boundary is d¢ = h. Let Col(I") be the affine space of
coloring of T and Coly(I") be the subset of coloring that have no values (no coefficients)
in Z.

Since a coloring is a realization of /1 as a boundary we have the set Col(I") is nonempty
if and only if [#] = 0 € Hy([', ['y; Z). This means that the sum of the heights of any
connected component of I" that does not meet I', is zero. Let us assume that this is
true and let n = dim H; (T, T',; C). Then Col(T") is an affine space over H{(I', I'y; C).
We then choose a family of n edges ey, ..., e, of I'. We assume that the union of the
interior of these edges has a complement in I'/ I, which is simply connected. Then
the map

Col(I') > C" givenby c+> (c(er),....c(en))

is bijective.
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We will also suppose that every edge of I' is in the support of a relative cycle. Hence,
any coloring that takes an integer value on an edge can be infinitesimally modified to a
coloring of Coly(I"). Then Coly(I") is an open dense subset of Col(I").

If ¢ € Colg(I"), we can form a C—colored ribbon graph ¢(I") as follows. First, we
choose an orientation of the edges of I". Color each oriented edge e of I' with V().
Any trivalent vertex of I with height & is replaced with a trivalent coupon containing
the morphism wy, previously defined. Positioning the edges around the coupon involves
some choice but the value under F (or F’ if T is closed ie has no univalent vertices)
of the resulting ribbon graph does not depend of these choices.

Theorem 19 Let I' be a planar unitrivalent framed graph with height h as above.
Also, as above choose n edges ey, ...,e, of I'. Supposing that T" is not a circle, for
any coloring ¢ € Coly(I") define x(c) as follows:

(1) IfT has univalent vertices, then let x (c) be any fixed coefficient of the matrix in
the canonical bases of F(c(I')),

(2) else, T is closed and let x(c) be F'(c(T)).

Then there exists a unique Laurent polynomial

P(qi.....qn) € ZENGi - q ]
such that for any coloring ¢ € Colg(T"), x(c) = P(£¢(eV) . gelen)y,

Proof First consider the case I', 7% &. For the existence of the Laurent polynomials,
it is sufficient to remark that it is true for the elementary morphisms

*, % *
’

*

and b*, d* from (10), (11). Now the uniqueness follows from the general fact that a
Laurent polynomials in n variables with complex coefficients which vanishes on an
open dense subset of (C*)” must be 0.

In the other case, T is a closed graph and x(¢) = F'(¢(I")). To compute F’(c(T))
we open ¢(I') on an edge e to get a cutting presentation of ¢(I"). The invariant of
this cutting presentation is then a scalar times the identity of V(). By the previous
argument, this scalar is given by a Laurent polynomial P,. F’(c(T")) is by definition
this scalar times d(V,()) = D(£¢@) =1 = (£¢(0)) /((£¢(©))") | This denominator seems
to be a problem but in fact it must cancel. Indeed, as I" is not a circle, we have n > 2.
But F’(¢(T")) does not depend on where we cut and open ¢(I") (see [4, Theorem 3
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and Section 6.2]). Hence cutting alternatively on the edges e, and then e;, we get

that there exits polynomials Py, P € Z[é][qlil, . ,q,:ltl] such that
Pi(gclen) . gclen)
(Sc(e,-))r — (gc(e,-))—r
with i € {1, 2} and thus
Py Py

T TR e
Even if Z[£] is not a unique factorization domain, one easily see that this last equality
implies that (1/(¢f —4¢7") P1 € ZIEllg7™ ... .4 "]. o

We now use this theorem applied to the tetrahedron graph to give an alternative definition
of the polynomials J. This will prove in particular that their coefficients are in Z|[£].
As we will see Theorem 29 implies that this definition coincides with the formulas
given in Section 1.

For (i, j, k) € H, we consider the planar 1—skeleton I" of the tetrahedron with heights
as follows. Let vy, vy, V3, v4 be the vertices of I':

¥/

Assign vy, V3, v3, vy the heights 27,2, 2k, —2i —2j — 2k, respectively.

Definition 20 Let J; ; ; € Z[é][qftl,qzil,qgcl] = £ be the Laurent polynomial of
Theorem 19 associated to " and the edges (e;, e;,e3) = (vav3,v3V1, V1V3). Thus,
Ji,j .k is the unique Laurent polynomial such that for all o, B,y € C with o, B8, y, —f,

B—y.yv—a¢Z,

2i o
@7) 2j B| =ik EP &)
| 2k y
2i o
where 2j B | =F'(c()
| 2k y

is the invariant of the graph

X
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colored with
c(v2v3) =« c(vzvy) =B c(vivp) =y
c(vivg) =B —y—2i c(vavg) =y—a—2j c(vzvy) =a—p—2k.
If ||, |j], |k| or |i + j + k| is > r’, then by convention, set
2i o
2j B|=0.
2k y

Here we change from the usual notation

J1 J2 J3
Ja Js Je

of [3] to the notation

2i o

2j B

2k y
We use the new notation because it is closely related to the polynomials J and easily
adapts to the computations below. The correspondence between the two notation is

given in Figure 4.
21 a
2] /3
2k y
Ja=B—y-2 js=a—y+2j ]3=05—/3—2k

J1 J2 J3
Ja Js Je

with j =« ja=-P

Figure 4: The two notation for the 6 —symbols J; ;  (§%, g8 &7

3.6 Computations of the 6j —symbols

The next proposition establishes the unexpected fact that the family of bases of the
multiplicity modules constructed in Section 3.4 is self dual. Proposition 21 is illustrated
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by Figure 5 where the left hand side may be seen as a cutting presentation of the
®—graph.

Figure 5: The duality for H(V,, V_g, V_,)

Proposition 21 Let @ =+ y —2r’ then

o , B2, y=2r'
}5\ —2r" 0 X% 0}?/—2# =d(a)! Idy,
ﬂv 14 o

and consequently, if « + 4+ y = k then

(k@ B, y). 0 (—y,—B.—0)) = 1

where the duality H(«, B,y) ® H(—y,—B,—a) — C is obtained by the evaluation
of F’ on the colored ® —graph

P

Proof Let us denote by y
e

the ©—graph where the coupons are filled with the morphisms w* (e, 8, y) and
w % (—y, —B, —a). We use properties of F’ to compute F’(®) as follows. We have

, ,8—2 /’ _2 /
F'(©) = d(Va)<}§\aﬂ_2yr/ o x®2 }?{ S _;r,>

’ o
y—=2r' o
:d(Vy—2r’) ;{zr/_ﬂ_%;/ O(Id®§<ﬂ_2}/w )
o (Id@X°) o (h*"P(1)® IdVy_Zr,)>.

We compute the bracket of the right hand side of the last equality by evaluating the
morphisms on the lowest weight vector vy, € V), ;.
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First remark that according to Lemma 12, X sends
Vsii ® Veyi D0 @ vapr > & e +i — 21" M1 ®vapr € Vagin:1 ® Veritr.

Therefore, X°%" (v; ® va,) =0 if i > 1 and

2r!
onr,(UO ®vayyr) = —§ (l_[ {e + l}) V2 @ Uy

i=1
where here we use the equalities 5_2’/ =—¢and {e+i—2r'}=—{e+i+1}. Ap-
plying this to b2 B(1) @ vy, € Vap—g @ Vg_ap @ Vyy_p,r we get

1d@X°¥ (b (1) @ ) = 1d®X Y (—£ vy ® Vo ® vay7)

2r
:é2 (l_[ {V_2r,+i})v2r’ ® vy @V € V2r’—ﬂ ® Vﬂ ® Vy'
i=1

Now using the fact that
*, ok
>%{ _zr/(UZr’) = VU2’ QUo+---

*

and d*(vy ® vopr) = —E~! we have

* *, %
;{ *—i"/(UZr’(X)UZr’) = (Id ®d*)0(}?{ —

2"/®Id) (V2 ®Vapr) = _E_IUZr’
*

and we see that the above bracket is equal to d(V,,_Zr/)_1 . a

Remark that with Theorem 19, the previous result can be restated as saying: the Laurent
polynomial associated to the ®—graph with heights k, —k is constant equal to 1.

Proposition 22

28) (m@{_y) }{iz*r (}?{?z’i@m)o}{i’;/
k k

29) (Idez&{v ) ?{ zw—(?;{:’v@)ld)o}?{"i’z*w
*

Here the stars can be replaced by any colors in C \ Z such that the compositions are
matching, the source and target of the maps are the same in both side of the equalities
and the colors meeting at a trivalent vertex satisty the conditions given in Sections 3.3
and 3.4.

Proof All these maps send the highest weight vector of the bottom irreducible module
Vo to Vg ® Vg @ Vg. O
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Define the following operators:
e "X:Vy® Vlg —> Vo1 ® Vg_H by

—1,v v, B+1
_X=(Id®d"®ld)o(\§{aa ®¥ﬁ )

« X7 Vy®Vp— Voy1 ® Vg by

+1,v v, f—1
X_:(Id®d"®ld)o(\§r{: ®}{ﬁ )

o X:Vo®Vg— Vo1 ®Vp_ by

_ -1, ,B—1
X:(Id®d"®ld)o(¥aa V®}%{ﬂvﬂ )

From Corollary 10 we have a commutation rule for these operators:

Lemma 23 We have the following equalities of maps from Vo ® Vg
"XoX=Xo X and X oX=XoX~
"XoX=Xo0"X and X oX=XoX~
“XoXT—{l}X o X ={a+ 1}{f}1dy,ev,

Proof Consider the map End(v ® V;,) — Hom(Vix ® V), Vs ® V,,) given by

v (;i{**v ®Id) o(Id®y)o (}{:V ®1d),

The identities of the lemma are obtained by composing this map with both sides of
Equation (15). a

The following proposition describes how these operators act on multiplicity modules.

Proposition 24 For any «, 8,y € C\ Z and any k € {—r',...,r'}, we have the

following:
*, f—1 x—1, B
“Xo \§{2k ={,3+r’—k}\§{2k
*

*

a—1, % o, x—1
X_O\g{Zk ={a+r'—k}\§{2k
*

*

_ *, ok 'k *—1, x—1
Xokfzkﬂz{r }{y+k+r/+1}\§{2k
y i y
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Proof Let us start with the first equality. If & = —r' it is obtained by composing (29)

with
*
d® }%\
v, *

where the factor {1 — B} = {8 + 2r’} arises from the duality of (14). Now, for any
k=n—r"e{—r',...,r'}, we have

*, f—1 x—n, f—1—n x—n, B—1—n
_XO¥ 2k :_XOXnOE{_Zr/ :X”O_XOE{—Z;'/
* * *
x—n—1, f—n *—1,8
:{,B—I—Zr’—n}X”o\g{_zr’ ={ﬂ+r/—k}¥ 2k
* *

which proves the first equality. The proof of the second identity is similar.
For the third, Lemma 23 implies

{3XoX ="XoX™ —{a}{f—1}1dy,_ er,_, -

a, B a—1,p-1
}%{ 2k+2=Xo\§{ 2k )

14 14
the identity comes from the equality

Then since

ot r' —kHB+r —k =1 —{elB— i =l{a+p—k+r'— 1}’ —k}

with y =a + B —2k —2. O
Proposition 25
2i 2] B 2k y 2k —y
2] Bl=|2ky|=|2i a|=|2] —B
2k y | 2] « 27 B 2i —«
[—2( +j+k) —y
| 2i a—y+2j
[—2( +j + k) —B =20+ j+k) —o
= 2i a—p—-2k| = 2k y—a—2j
| 2k y—B+2i 2j B—a+2k
Proof These identities are exactly the usual symmetries of 6 j —symbols. a
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Lemma 26 Ifi <r' and j > —r’ then

2i =2 «

@O {i+r'{{B—y—i+r' +2}|2j+2 B

2k y

2i «
={y+i+r'—1}{a+j+r'+1}|2j B
2k y=2
2i a+1
+{y—1Ha—k—r"} |2 B+1
2k y—1
Proof We give a graphical proof:
2j
o
e —r"—k} =~
)
2k 2i
a—l [ O O]
(15) S
= {-v} = - |
2j
a—1 a—1

= {4y —Britr -1 — fyHitrfet )

2k @2i—2 2k 2i

then substitute y with y —1. a

Proposition 27 e Ifi+ j+k =7’ then
2i o

31 2/ Bl =4, j, koa—r"—k;r' =i B—r"—i;r —j Wy —r'—j ¥’ —k}!.
2k y
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e Ifi+ j+k=-'then

2i o
(32) 2 Bl =48+ +iMe+ 10"+ jiMo+ 10" + k!
2k y
where we use the notation
§=p—y—
e=y—a— 2]
p=a—p—

Proof Remark first that these formulas are symmetric for the action of G5 which
permute simultaneously {i, j, k} and {«, 8, ¥} and multiplies the last three variables
by the signature of the permutation (see Proposition 25).

We will prove these identities by a recurrence on the natural number n = 2r’ —
max(i, j, k) +min(, j, k). First, we prove Equation (31) when n = 0. In this case
up to a permutation we have (i, j,k) = (—r’,r’,r’). Hence, we must prove that

—2r «
(33) 27r B ={a—2r";2r" 1 =d()" L.
2y

To do this, recall Equation (28):

(é{ i,zo;,_ﬂ—ﬂ’ ®Id) o }?{ o = (Id ® >?{ —2r) o >?{ —2r!
*

Composing this identity with

4 oo 4 ).

we get that
-2r « e
G4 d)7 | 2 B }i 2r O(Id®(/é{ 2r O}?/ )) }?{ =2r'.
2’y

Proposition 21 states that
}b\ 2r 0}?{ —2r’ =d(x)"'Id.
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Applying this identity twice in Equation (34) we arrive at (33). Remark that using the
symmetries of the 67 —symbols, Equation (33) also implies that

2«
(35) =2r" Bl ={B—y—2r;2r'}!
=2r" y
which is the case n = 0 for Equation (32).
[2i o
Now let 2j B
| 2k

be the right hand sides of Equation (31) (respectively Equation (32)). By induction, it
is enough to show that _ .,

2i o

2j B
| 2k
satisfy the relation of Lemma 26. Indeed, this relation applied to both sides of
Equation (31) (respectively Equation (32)) after a well chosen permutation of (i, j, k)
allows us to reduce n by 1 or 2.

e Let us start with Equation (31). Here i + j + k = r’ and direct computation shows

/

2i « 2i a+1
fy+i+r—1a+j+r'+1} |2/ PB +y—1a—k—r'V|2j B+1
2k y=2 2k y—1

=i, j. k¥a—r" =k, v —i+1MB—i—r + 1,1 —j—1Wy—j—r' =1, —k}!
X (—AB—i—r"Hy—j+r' = +{p+k—r'Hy—1})
where we use that {x £+ (2r’ + 1)} = —{x}. Now this is equal to

2i -2 o'
{i+r{B—y—i+2+r}|2j+2 8
2k vy
since
Btk—rHy =1 —(B—i—rYy—j+r =1} ={r'= jHB—y—i+r +2}
2i o
Thus, 2j B
2k y

satisfy the relation of Lemma 26 when i + j +k =1’
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e We now deal similarly with the case i + j +k = —r’.

/

2i « 2i a+1
(y+i+r—1a+j+r'+1} |2/ B +{y—1Ha—-k—r'}|2j B+1
2k y =2 2k y—1

={B—y—=2i+3,i+r'My—a—-2j—-1,j+r'Ma—B—-2k+1,k+r'}!
x({y+i+r —1Ha+j+r +1}+{y—1Ha+i+j})
But now this is equal to
2i =2 a7’
(G+rH¥B—y—i+2+r'}|2j+2 B
2k y
because
(y+i+r—Ha+j+r+ 1 +{y—1Ha+i+j})
={i+r'{y—a—j—1+r".
. /
2 «o
Thus, 2j B
2k y

satisfy the relation of Lemma 26 when i + j +k = —r’ and this completes the proof. O
Let us now rewrite and generalize the relation of Lemma 26:

Lemma 28 Let (i, j,k)€H, andlet | = —i— j—k. Here, we again use the “colors”:

§=pB—y—2i,
e=y—a—2j,
p=o—p-2k.

e Ifi+j+k=—I<r"and k <r' then

2i o 1 2 o
(36) |2/ B|= {—o—k—r"{6—1-r"y| 2j B
2%k y {k—r'H{—a+k—r'} %42y
2i o
Ho—14{=85—i—r"}| 2j PB-—1
2k+2 vy
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e IfFN>0,i+j+k=—-1<r"—N andk <r'— N then

2i « | N N
G |2/ B|= — — Z[ }{—w—k—r’;N—n}
% y {k—r;N{{—a+k—r'; N}! i Ln
2i o
x{§—1—r"; N —n¥o—-N;n{—=8§—i—r";n}! 2j B—n
2k +2N vy
e IfN>0,i+j+k=—I>N—r"andk > N —r' then
2i «o
(38 |2j B|= 1
— - 1_ PYRENAY
2%k y {{—r'; N{{—e+1—r"; N}
YN
X Z[ ]{(p—l—r/;N—n}!{—,B—k—r/;N—n}!
n=0 "
2i o
{—p—N:n{B—i—r';n} 2j  B+n
2%k —2N y

Proof The first relation (36) is obtained from Equation (30) by using the symmetry

2 21 B
2j Bl =|2k B—y—2i
2% y 2 B—a+2k

and renaming the variables.

The second relation is shown by recurrence on N . For N =1 it is just Equation (36).
The induction step also follows from Equation (36). The meticulous reader who wants
to check this relation carefully will have to use the identity:

|:]:l]i| {§0+I’I—N—1}+|:n]i]1:| {op +n—-2N -2} = |:N:1] {p — N —1}.

The third identity can be obtained from the second by using the symmetry

2i o 2i ¢
2] Bl=12j -6
2k y 20y
and renaming the variables. a
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Theorem 29 e Forany (i, j, k)€ H, withi,k <i+ j+k,let N=r"—i—j—k.
Then

2i o
(39 |2/ B|=ti.j.kHa—r"—k;j+kMy—r"—jii+j}!

2k y

N
x(z |:]f\l]:|{/3+k—a+r/+1;N—”}!{/3+k_3’_i+j_r/;N_n}!

n=0

{oc—,B—Zk—N;n}!{y—,B—I—i+r’+l;n}!{ﬂ—r’—i—n;r’—j}!).

e Forany (i, j, k)€ H, with j,k>i+ j+k,let N=r"+i+ j+k. Then

2 o . N
| e+ N+Lir'+j—N}! N .. . . v
(40) ;]c,ﬁ = o (;[ﬂ}{ﬁ i—j4+n+1;N—n}

x{,B—i+r'+1;n}!{<p+N—n+1;r’+k}!{5+n+1;r'+i}!)

where we use the notation

s=B—y-—2i,
e=y—a—2j,
p=a—p-2k.

Proof The first formula is obtained by replacing

2i o
2j B—n
2k +2N vy

with
i j ke —r' —k + Nor' =B 1" —i —nir' = iy —1' = jir' —k — N}

in Equation (37) where / = —i — j —k = N —r’. The second formula is obtained
from Equation (38) by replacing

2i o
2j  B+n
2k —2N vy
with
S+n+ L' +iMe+ L'+ jMo+2N —n+ 1,1 +k— N}
where | = —i—j—k=r"—N. O
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