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ON MULTIVALENT FUNCTIONS IN THE UNIT DISC

By

Mamoru NuNokawA and Janusz SOKOL

Abstract. Let o/(p) be the class of functions f(z), analytic in
|z] < 1 in the complex plane, of the form f(z) =z 4 ---. We study
the question, that naturally rises, about the relation between the
zf z zf(P=1) (7 .
expressions /;{[(f:)<<j) and ;{((:72))((;;, when f(z) € o/(p). Some relations
of this type imply that f(z) is p-valent or p-valent starlike in |z| < 1.

1. Introduction

Let s denote the class of functions analytic in the unit disk D={zeC:
|z] < 1}. Let o/ denote the class of functions f(z) € # of the form:

(1.1) f(z):z—l—ianz”7 (ze D).

A function f(z) which is analytic in a domain D e C is called p-valent
in D if for every complex number w, the equation f(z) =w have at most p
roots in D and there will be a complex number wy such that the equation
f(z) = wy, has exactly p roots in D. Let .o/(p) be the class of functions of the
form

(1.2) f@=+Y s, (zeD)

where a, # 0 and p e N={1,2,...}. In [10] S. Ozaki proved that if f(z) € </(p)
and is analytic in a convex domain D C C and for some real o we have

(1.3) Refexp(ia) fP)(2)} >0 zeD,

2000 Mathematics Subject Classification: Primary 30C45; Secondary 30C80.

Key words and phrases: univalent functions, starlike, convex, starlike of order aplha.
Received April 13, 2017.

Revised September 7, 2017.



252 Mamoru NuNokAwA and Janusz SOKOL

then f(z) is at most p-valent in D. Ozaki’s condition is a generalization of
the well known Noshiro-Warschawski univalence condition with p =1, [3], [11].
Applying Ozaki’s theorem, we find that if f(z) € o/(p) and

(1.4) Re{fP(2)} >0 (zeD),

then f(z) is at most p-valent in D. In [5, 454] it was proved that if f(z) € <Z(p),
p =2, and

(19 are{/ V() < (D)

then f(z) is at most p-valent in D. A function f(z)e€ o/(p) is said to be
p-valently starlike of order o, 0 < o < p, if and only if

(1.6) SRe{Zj:((ZZ))} >o, (zeD),

and let us denote it as
S(2) € Lp(a).

Further, a function f(z) € /(p) is said p-valently convex of order o, 0 < a < p,
if and only if

aJ 7" (2)
(1.7) l—l—Re{ f’(z)}>a’ (zeD)
and let us denote it as

f(z) € 6p(a).

Lemma 1.1 ([1]). Let w(z) be non-constant and analytic function in the unit
disc D with w(0) = 0. If |w(z)| attains its maximum value on the circle |z| =r at
the point zy, then zow'(zo) = kw(zo) and k > 1.

Lemma 1.2 ([6]). Let p be analytic function in D, with p(0) = 1. If there
exists a point zo, |zo| < 1, such that Re{p(z)} > 0 for |z| < |zo| and p(zo) = tia
for some a >0, then we have

zop'(z0) _ 2ik arg{p(z0)}
»(20) n

. arg{p(z)} = +3

for some k> (a+a)/2> 1
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2. Main Result

Let f(z) € &(p), p =2. Assume for a moment that 0 < o <1 and

(2
(2.1) 2(2) 2;2%2)8 4a (ceD).
Then the function

w(z) = ;_7;;8 (zeD)

is analytic in D, w(0) = 0. If |w(z)| attains its maximum value 1 on the circle
|z] = r < 1 at the point zy, then by Lemma 1.1, zow’(z9) = kw(zo) and k > 1. We
have also

P D(z) 1 —aw(z)
20(=D(z) 1 —w(z)’

which gives the following equation

S0E) ')
7o0E " o)

Then zow'(zo) = kw(zp) and k > 1 follow that

(2.2)  p(z)= [w(zo)|=1 so Re{2p(zp) — 1} =u

+2p(z) — 1,

(2.3) iRe{

azow!( zow’(zo)

2 -1
1 — aw(zp) 1 —w(zo) +2p(20) }

P
“I(
-anef
sne{k —ow(zo) } + me{lk_‘”ﬂ} + Re{2p(z0) — 1}
{-
{-

1 — ow(zp) w(zo)
k14+ow(zo)] k kw(zo)

— el = ey MU 2(z0) — 1

= Re S To ocw(zo)} + 3 + Re{l “(z0) + NRe{2p(z9) — 1}
k1 W(Z()) k k

=R 737 w@@}+§‘§+“

2(1 + oc)
202 + 30— 1
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Hence, if we would assume that

;» (zeD),

(2.4) ‘.Re{ ?(z) }>2(x +3a—1

D(z)
then (2.3) would imply that |w(z)] <1 in D and by (2.2)

zf (P=1(z) 1+o
fRe{Zf(P—z)(z)}> 3 (ze D).

Furthermore condition (2.1) is not necessary. Inequality (2.4) implies (2.1). To

show this we apply a result from [2, p. 26] which says that if p(z)=1+---,
p(z)#1, z; eD and

(2.5) Re{p(z1)} = min{Re{p(2)} : 2] < |z1l},

then z;p’(z;) is a negative real and

|1 = p(z1))

, 1
ap'(n) < IRl = p(a)}

From that, if we suppose that there exists z; € D such that (2.5) holds with
Re{p(z1)} = o, then we have

s, e

202 4+ 30— 1
P —
2(1+ )

which negates (2.4). Therefore, we have the following theorem.

THEOREM 2.1. Let f(z) e (p), p=2, 0<a< 1, and let it satisfy the
following condition

. zf(P)(z) 202 + 30— 1
(2.6) Re{f@l)(z)} > Mt (zeD),
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Then we have

Dz
2.7) i}{e{M} >1+a (zeD).

For p=2, o =0, we have

COROLLARY 2.2. Let f(z)e.</(2), and let it satisfy the following con-
dition

TG
(2.8) ‘Re{ 70 } > =5 (zeD),
Then we have

zf'(z)
(2.9) fRe{ 70 }> 1, (zeD).
Putting

202 4 30— 1

(2.10) ﬁ:m, 0<a<l,

then —1/2 < <1 and Theorem 2.1 is equivalent to the following result.

THEOREM 2.3. Assume that f(z)e L (p), p=2, —1/2<p<1. If the

function

f(zH)(z)

p' :Z+

is starlike of order fp or

then

(p-1)
me{%}>%{zﬁ+1+ 482 + 4B+ 17}, (zeD),

or

feLpp—1LB) = f2)eF(p—1,p—2,{28+1+/4p> +4B+17}/4),
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where we use for simplification the notation
(k)
ik 1.9 ={ 1@ e i) nef ZELA s ),

for an integer k, 0 < k < p.
Now, we are going to improve the following theorem

THEOREM 2.4 ([4]). Let f(z):zl’—&-zzozm_l ayz" be analytic in D and
suppose that

£ (P) (%
ﬂie{f{pil)((z))} >0, (zeD).
Then we have

ne{ 79 (e)

W}>O, (ZE]))7

for each k, k=1,2,3,...,p.

THEOREM 2.5. Let f(z) =zF + Z}'OtC:erl ayz”", 2 < p, 0 < a <1, be analytic in
D and suppose that

2f (P (z 202 —a+1
2.11) me{f{;_])((z))}>— 2(1_(; . (zeD).

Then we have

=1 (5
(2.12) ‘Re{]{(piz)((z))}>l+oc7 (zeD).

Proor. Let us put

FNE) 1 —an()

(2.13) PE) =5 T Tow()

p(0) =1,

where —1 <o <0, and w(z) is analytic in D if we assume that

2f (=1 (z)
but (2.12) implies (2.14), the proof of this runs in the same way as for condition
(2.1) in Theorem 2.1, so we not need add (2.14) to the hypothesis of Theorem 2.5.
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Then it follows that

W) V) zp'(2)

MG T 0 T )

or
#GE) ()
7o0E P

_ozw'(2) n zw'(z)  2(1 —aw(z))
l—aw(z) 1—w(z) 1 —w(z)

+2p(z) — 1

Now, we prove that |w(z)| < 1 in D. If there exists a point z, |zo| < 1, such that
w(z)| <1 for |z] < |zo|
and
[w(zo)| =1

then from Jack’s lemma [1], we have

zow'(z0) > 1
w(zo)
and so, we have
(p) !
20/ (20) _ z0p"(20) + () — 1

S D(z0)  pl20)

_ kow(zo) kw(zo)  2(1 —aw(zy))
1 —ow(zo) 1 —w(z) 1 —w(zo)

— 1.

Applying the same calculation as in [1], we have

0 {zofm(zo)}gme{_ kaw(z0) | how(zo) +2(1—ocw(zo))_1}

V71 (z) 1—aw(zo)  1—w(z)  1—w(zo)
k k(14a) k
_E*m*5+(l+d)71
1+«
S0
202 — o+ 1
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This contradicts hypothesis (2.11) and therefore, we have
w(z)] <1 zeD.

Hence, from (2.13), we have

zf (P=1(z2) l+a
Re{p(2)} = ERe{zf(p—Z) (z)} > (ze D).
It completes the proof of Theorem 2.5. O

For p =2, o =0, Theorem 2.5 becomes Corollary 2.2, therefore Theorem 2.5
is in some sense a continuation of Theorem 2.1. Furthermore, Theorem 2.5 is an
improvement of Theorem 2.4, it describes the following corollary.

COROLLARY 2.6. Let f(z) ==z —&—ZZCZPH a,z", 2 < p be analytic in D and
suppose

Then we have

(=1 (5
‘J?e{j:(piz)((z))} >0, (zeD).

COROLLARY 2.7. Let f(z) =z + Z;ipﬂ a,z", 2 < p be analytic in D and
suppose

(P (2
(2.15) %{fj;—iw((z))}> 1, (zeD).
Then we have

zf 0 (z
(2.16) me{f{k—l)((z))} >0, (zeD),

for each k, k=1,2,3,....p— 1.

Proor. Putting o =1 in Theorem 2.5, we have

zf (2
ﬂie{]{(:;z)((z))} >0, (zeD)
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and applying Theorem (2.4), we have

zZf 0 (z
f(fk_])((z))} >0, (zeD),

for each k, k=1,2,3,..., p— 1. It completes the proof of Corollary 2.7. [

(2.17) iRe{

COROLLARY 2.8. Let f(z) =z + 3 " . a,z", be analytic in D and suppose
that

(2.18)

) 2 cemn

Then f(z) is at most p-valent in D.

Proor. From the hypothesis, we have

~ [0 o [ 3 32
<3
4"

where |z| < 1, arg{z} =0, t = pe™ and 0 < p < |z|. Applying Nunokawa’s result
(1.5), we immediately obtain that f(z) is at most p-valent in D. O

Recall here some related results.

LemMma 2.9 ([7, Th. 2, p. 93)). Let f(z) e 4(p), f®(2) #0in 0 < |z| < 1 for
k=1,2,...,p and suppose that

1
(2.19) larg{ f (") (2)}| < g <1 +; log p> zeD.
Then f(z) is p-valent in D.

Lemma 2.10 ([8]). Let f(z) =z + Zf:pH a,z" be analytic in D, f*)(z) #0
in 0<|z| <1 for k=1,2,3,...,p and suppose that

~ J2"(2) n 2 .
Jm{f(p—)(z)} < 5{1 +; lOg p}OC|Z ZED,

for some o> 0. Then f(z) is p-valent in D.

(2.20)
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THEOREM 2.11. Let f(z) =z + Z,ﬁﬁl a,z", be analytic in D and suppose
that

~m Tz fh(z)

Then f(z) is at most p-valent in D.

H <zlzl, (zeD\{0}).

ProOOF. Applying the same method as the above proof, we have

(i)

Applying [4, Theorem 5] shows that f(z) is p-valently starlike in D and so, f(z)
at most p-valent in D. OJ

(ze D).

NSRS

THEOREM 2.12. Let f(z) :zl’—l—Z;C:pH a,z", p>2 be analytic in D and
suppose that

(2.22) Re{fP(2)} > —%!, (zeD).

Then f(z) is at most p-valent in D.

Proor. Let us put

Then it follows that
SP2) = pl(p(z) +2p'(2)).
If there exists a point zp, |zo| < 1, such that
Re{p(z)} >0 for |z| < |zo]
and

Re{p(z0)} =0

then from Lemma 1.2 we have

/ _ g z /Z _;
zop'(20) = Re{zop’(20)} < 20+ 1))
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Therefore, we have
Re{ /P (z0)} = Re{p!(p(20) + 200" (20))} = Re{plzop'(z0)}
<-we{ RGP <-4

This contradicts hypothesis and so, it shows that

f(P—l)
z

Re{p(2)} :%‘Re{ }>o, (zeD).

Applying Nunokawa’s result [4, Th. 8], we obtain that f(z) is at most p-valent
in D. O

TrEOREM 2.13. Let f(z) =2/ +3 7 a2, p =2 be analytic in D and
suppose that

zf<k)(z)}> _plp— 1)(p—2%---(p—k+2), (zeD).

(2.23) ‘.Re{ e

Then we have

or f(z) is at most p-valent in D.

Proor. Let us put

B I FE ()
PO = TN -2 k2 = F

Then it follows that

Ny, P2
4@ = o

)

where o= p(p—1)(p—2)---(p—k+2) and

o{(p' ()" + p(2)(p — K)z" )z — p(z)z" %}
z2

) =

and so,
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270 o

Zp—k+2 T pp—k+l1

= a(zp'(2) + p(2)(p — k) — p(2))
=a(zp'(z) + (p— k= 1)p(2)).
If there exists a point zg, |zo] < 1, such that
Re{p(z)} >0 for |z| < |z
and
Re{p(z0)} =0

then from Lemma 1.2 we have

I+ |p(z0)|”

20p'(20) = Re{zop'(20)} < 3

Therefore, we have

This contradicts hypothesis and so, it shows that

%e{w} >0, (zeD)

p—k

Applying Nunokawa’s result [4, Th. 8], we obtain that f(z) is at most p-valent
in D. ]

In [9] the authors proved that if f € .o/(p), p > 2 and there exists a positive
integer k, 1 <k < p—1 for which (f®)(z)/z’7%)" is real for real z and

iRe{ (f::_(kz))/} >0 zeD,

A EH(2)
ERQ{W}ZP—]CZO zeD.

then, we have
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