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ON MULTIVALENT FUNCTIONS IN THE UNIT DISC

By

Mamoru Nunokawa and Janusz SokóŁ

Abstract. Let AðpÞ be the class of functions f ðzÞ, analytic in

jzj < 1 in the complex plane, of the form f ðzÞ ¼ zp þ � � � . We study

the question, that naturally rises, about the relation between the

expressions
zf ð pÞðzÞ
f ð p�1ÞðzÞ and

zf ð p�1ÞðzÞ
f ð p�2ÞðzÞ , when f ðzÞ A AðpÞ. Some relations

of this type imply that f ðzÞ is p-valent or p-valent starlike in jzj < 1.

1. Introduction

Let H denote the class of functions analytic in the unit disk D ¼ fz A C :

jzj < 1g. Let A denote the class of functions f ðzÞ A H of the form:

f ðzÞ ¼ zþ
Xy
n¼2

anz
n; ðz A DÞ:ð1:1Þ

A function f ðzÞ which is analytic in a domain D A C is called p-valent

in D if for every complex number w, the equation f ðzÞ ¼ w have at most p

roots in D and there will be a complex number w0 such that the equation

f ðzÞ ¼ w0, has exactly p roots in D. Let AðpÞ be the class of functions of the

form

f ðzÞ ¼ zp þ
Xy
n¼p

anz
n; ðz A DÞ;ð1:2Þ

where ap 0 0 and p A N ¼ f1; 2; . . .g. In [10] S. Ozaki proved that if f ðzÞ A AðpÞ
and is analytic in a convex domain D � C and for some real a we have

RefexpðiaÞ f ðpÞðzÞg > 0 z A D;ð1:3Þ
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then f ðzÞ is at most p-valent in D. Ozaki’s condition is a generalization of

the well known Noshiro-Warschawski univalence condition with p ¼ 1, [3], [11].

Applying Ozaki’s theorem, we find that if f ðzÞ A AðpÞ and

Ref f ðpÞðzÞg > 0 ðz A DÞ;ð1:4Þ

then f ðzÞ is at most p-valent in D. In [5, 454] it was proved that if f ðzÞ A AðpÞ,
pb 2, and

jargf f ðpÞðzÞgj < 3p

4
ðz A DÞ;ð1:5Þ

then f ðzÞ is at most p-valent in D. A function f ðzÞ A AðpÞ is said to be

p-valently starlike of order a, 0 < a < p, if and only if

Re
zf 0ðzÞ
f ðzÞ

� �
> a; ðz A DÞ;ð1:6Þ

and let us denote it as

f ðzÞ A SpðaÞ:

Further, a function f ðzÞ A AðpÞ is said p-valently convex of order a, 0 < a < p,

if and only if

1þRe
zf 00ðzÞ
f 0ðzÞ

� �
> a; ðz A DÞð1:7Þ

and let us denote it as

f ðzÞ A CpðaÞ:

Lemma 1.1 ([1]). Let wðzÞ be non-constant and analytic function in the unit

disc D with wð0Þ ¼ 0. If jwðzÞj attains its maximum value on the circle jzj ¼ r at

the point z0, then z0w
0ðz0Þ ¼ kwðz0Þ and kb 1.

Lemma 1.2 ([6]). Let p be analytic function in D, with pð0Þ ¼ 1. If there

exists a point z0, jz0j < 1, such that RefpðzÞg > 0 for jzj < jz0j and pðz0Þ ¼Gia

for some a > 0, then we have

z0 p
0ðz0Þ

pðz0Þ
¼ 2ik argfpðz0Þg

p
; argfpðz0Þg ¼G

p

2

for some kb ðaþ a�1Þ=2b 1.
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2. Main Result

Let f ðzÞ A AðpÞ, pb 2. Assume for a moment that 0 < a < 1 and

pðzÞ ¼ zf ðp�1ÞðzÞ
2f ðp�2ÞðzÞ 0 a ðz A DÞ:ð2:1Þ

Then the function

wðzÞ ¼ 1� pðzÞ
a� pðzÞ ðz A DÞ

is analytic in D, wð0Þ ¼ 0. If jwðzÞj attains its maximum value 1 on the circle

jzj ¼ r < 1 at the point z0, then by Lemma 1.1, z0w
0ðz0Þ ¼ kwðz0Þ and kb 1. We

have also

pðzÞ ¼ zf ðp�1ÞðzÞ
2f ðp�2ÞðzÞ ¼

1� awðzÞ
1� wðzÞ ; jwðz0Þj ¼ 1 so Ref2pðz0Þ � 1g ¼ að2:2Þ

which gives the following equation

zf ðpÞðzÞ
f ðp�1ÞðzÞ ¼

zp 0ðzÞ
pðzÞ þ 2pðzÞ � 1;

Then z0w
0ðz0Þ ¼ kwðz0Þ and kb 1 follow that

Re
z0 f

ðpÞðz0Þ
f ðp�1Þðz0Þ

� �
ð2:3Þ

¼ Re � az0w
0ðz0Þ

1� awðz0Þ
þ z0w

0ðz0Þ
1� wðz0Þ

þ 2pðz0Þ � 1

� �

¼ Re k
�awðz0Þ
1� awðz0Þ

� �
þRe

kwðz0Þ
1� wðz0Þ

� �
þRef2pðz0Þ � 1g

¼ Re � k

2

1þ awðz0Þ
1� awðz0Þ

� �
þ k

2
þRe

kwðz0Þ
1� wðz0Þ

� �
þRef2pðz0Þ � 1g

¼ Re � k

2

1þ awðz0Þ
1� awðz0Þ

� �
þ k

2
� k

2
þ a

a� 1� a

2ð1þ aÞ þ a

¼ 2a2 þ 3a� 1

2ð1þ aÞ :
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Hence, if we would assume that

Re
zf ðpÞðzÞ
f ð p�1ÞðzÞ

� �
>

2a2 þ 3a� 1

2ð1þ aÞ ; ðz A DÞ;ð2:4Þ

then (2.3) would imply that jwðzÞj < 1 in D and by (2.2)

Re
zf ðp�1ÞðzÞ
2f ðp�2ÞðzÞ

� �
>

1þ a

2
ðz A DÞ:

Furthermore condition (2.1) is not necessary. Inequality (2.4) implies (2.1). To

show this we apply a result from [2, p. 26] which says that if pðzÞ ¼ 1þ � � � ,
pðzÞ2 1, z1 A D and

Refpðz1Þg ¼ minfRefpðzÞg : jzj < jz1jg;ð2:5Þ

then z1 p
0ðz1Þ is a negative real and

z1 p
0ðz1Þa� 1

2

j1� pðz1Þj2

Ref1� pðz1Þg
:

From that, if we suppose that there exists z1 A D such that (2.5) holds with

Refpðz1Þg ¼ a, then we have

Re
zf ðpÞðzÞ
f ðp�1ÞðzÞ

� �����
z¼z1

¼ Re
zp 0ðzÞ
pðzÞ þ 2pðzÞ � 1

� �����
z¼z1

a� 1

2a

j1� pðz1Þj2

1� a
þ 2a� 1

a� 1

2a

ð1� aÞ2

1� a
þ 2a� 1

a� 1� a

2a
þ 2a� 1

a
2a2 þ 3a� 1

2ð1þ aÞ

which negates (2.4). Therefore, we have the following theorem.

Theorem 2.1. Let f ðzÞ A AðpÞ, pb 2, 0 < a < 1, and let it satisfy the

following condition

Re
zf ðpÞðzÞ
f ð p�1ÞðzÞ

� �
>

2a2 þ 3a� 1

2ð1þ aÞ ; ðz A DÞ;ð2:6Þ
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Then we have

Re
zf ðp�1ÞðzÞ
f ðp�2ÞðzÞ

� �
> 1þ a; ðz A DÞ:ð2:7Þ

For p ¼ 2, a ¼ 0, we have

Corollary 2.2. Let f ðzÞ A Að2Þ, and let it satisfy the following con-

dition

Re
zf 00ðzÞ
f 0ðzÞ

� �
> � 1

2
; ðz A DÞ;ð2:8Þ

Then we have

Re
zf 0ðzÞ
f ðzÞ

� �
> 1; ðz A DÞ:ð2:9Þ

Putting

b ¼ 2a2 þ 3a� 1

2ð1þ aÞ ; 0a a < 1;ð2:10Þ

then �1=2a ba 1 and Theorem 2.1 is equivalent to the following result.

Theorem 2.3. Assume that f ðzÞ A AðpÞ, pb 2, �1=2a ba 1. If the

function

f ðp�1ÞðzÞ
p!

¼ zþ � � �

is starlike of order b or

Re
zf ð pÞðzÞ
f ðp�1ÞðzÞ

� �
> b; ðz A DÞ;

then

Re
zf ðp�1ÞðzÞ
f ðp�2ÞðzÞ

� �
>

1

4
f2b þ 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4b2 þ 4b þ 17

q
g; ðz A DÞ;

or

f ðzÞ A Sðp; p� 1; bÞ ) f ðzÞ A Sðp� 1; p� 2; f2b þ 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4b2 þ 4b þ 17

q
g=4Þ;
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where we use for simplification the notation

Sðk; k � 1; bÞ ¼ f ðzÞ A AðpÞ : Re
zf ðkÞðzÞ
f ðk�1ÞðzÞ

� �
> b

� �
;

for an integer k, 0 < ka p.

Now, we are going to improve the following theorem

Theorem 2.4 ([4]). Let f ðzÞ ¼ zp þ
Py

n¼pþ1 anz
n be analytic in D and

suppose that

Re
zf ðpÞðzÞ
f ðp�1ÞðzÞ

� �
> 0; ðz A DÞ:

Then we have

Re
zf ðkÞðzÞ
f ðk�1ÞðzÞ

� �
> 0; ðz A DÞ;

for each k, k ¼ 1; 2; 3; . . . ; p.

Theorem 2.5. Let f ðzÞ ¼ zp þ
Py

n¼pþ1 anz
n, 2a p, 0 < a < 1, be analytic in

D and suppose that

Re
zf ðpÞðzÞ
f ðp�1ÞðzÞ

� �
> � 2a2 � aþ 1

2ð1� aÞ ; ðz A DÞ:ð2:11Þ

Then we have

Re
zf ðp�1ÞðzÞ
f ðp�2ÞðzÞ

� �
> 1þ a; ðz A DÞ:ð2:12Þ

Proof. Let us put

pðzÞ ¼ zf ðp�1ÞðzÞ
2f ðp�2ÞðzÞ ¼

1� awðzÞ
1� wðzÞ ; pð0Þ ¼ 1;ð2:13Þ

where �1a aa 0, and wðzÞ is analytic in D if we assume that

zf ðp�1ÞðzÞ
2f ðp�2ÞðzÞ 0 a; ðz A DÞð2:14Þ

but (2.12) implies (2.14), the proof of this runs in the same way as for condition

(2.1) in Theorem 2.1, so we not need add (2.14) to the hypothesis of Theorem 2.5.
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Then it follows that

1þ zf ðpÞðzÞ
f ðp�1ÞðzÞ �

zf ðp�1ÞðzÞ
f ðp�2ÞðzÞ ¼ zp 0ðzÞ

pðzÞ

or

zf ðpÞðzÞ
f ðp�1ÞðzÞ ¼

zp 0ðzÞ
pðzÞ þ 2pðzÞ � 1

¼ � azw 0ðzÞ
1� awðzÞ þ

zw 0ðzÞ
1� wðzÞ þ

2ð1� awðzÞÞ
1� wðzÞ � 1:

Now, we prove that jwðzÞj < 1 in D. If there exists a point z0, jz0j < 1, such that

jwðzÞj < 1 for jzj < jz0j

and

jwðz0Þj ¼ 1

then from Jack’s lemma [1], we have

z0w
0ðz0Þ

wðz0Þ
¼ kb 1

and so, we have

z0 f
ðpÞðz0Þ

f ðp�1Þðz0Þ
¼ z0 p

0ðz0Þ
pðz0Þ

þ 2pðz0Þ � 1

¼ � kawðz0Þ
1� awðz0Þ

þ kwðz0Þ
1� wðz0Þ

þ 2ð1� awðz0ÞÞ
1� wðz0Þ

� 1:

Applying the same calculation as in [1], we have

Re
z0 f

ðpÞðz0Þ
f ðp�1Þðz0Þ

� �
aRe � kawðz0Þ

1� awðz0Þ
þ kwðz0Þ
1� wðz0Þ

þ 2ð1� awðz0ÞÞ
1� wðz0Þ

� 1

� �

a
k

2
� kð1þ aÞ

2ð1� aÞ �
k

2
þ ð1þ aÞ � 1

a� 1þ a

2ð1� aÞ þ a

¼ � 2a2 � aþ 1

2ð1� aÞ :
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This contradicts hypothesis (2.11) and therefore, we have

jwðzÞj < 1 z A D:

Hence, from (2.13), we have

RefpðzÞg ¼ Re
zf ðp�1ÞðzÞ
2f ðp�2ÞðzÞ

� �
>

1þ a

2
; ðz A DÞ:

It completes the proof of Theorem 2.5. r

For p ¼ 2, a ¼ 0, Theorem 2.5 becomes Corollary 2.2, therefore Theorem 2.5

is in some sense a continuation of Theorem 2.1. Furthermore, Theorem 2.5 is an

improvement of Theorem 2.4, it describes the following corollary.

Corollary 2.6. Let f ðzÞ ¼ zp þ
Py

n¼pþ1 anz
n, 2a p be analytic in D and

suppose

Re
zf ðpÞðzÞ
f ðp�1ÞðzÞ

� �
> �1; ðz A DÞ:

Then we have

Re
zf ðp�1ÞðzÞ
f ðp�2ÞðzÞ

� �
> 0; ðz A DÞ:

Corollary 2.7. Let f ðzÞ ¼ zp þ
Py

n¼pþ1 anz
n, 2a p be analytic in D and

suppose

Re
zf ðpÞðzÞ
f ðp�1ÞðzÞ

� �
> �1; ðz A DÞ:ð2:15Þ

Then we have

Re
zf ðkÞðzÞ
f ðk�1ÞðzÞ

� �
> 0; ðz A DÞ;ð2:16Þ

for each k, k ¼ 1; 2; 3; . . . ; p� 1.

Proof. Putting a ¼ 1 in Theorem 2.5, we have

Re
zf ðp�1ÞðzÞ
f ð p�2ÞðzÞ

� �
> 0; ðz A DÞ
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and applying Theorem (2.4), we have

Re
zf ðkÞðzÞ
f ðk�1ÞðzÞ

� �
> 0; ðz A DÞ;ð2:17Þ

for each k, k ¼ 1; 2; 3; . . . ; p� 1. It completes the proof of Corollary 2.7. r

Corollary 2.8. Let f ðzÞ ¼ zp þ
Py

n¼pþ1 anz
n, be analytic in D and suppose

that

Im
f ðpþ1ÞðzÞ
f ðpÞðzÞ

� �����
����< 3pjzj

2
; ðz A Dnf0gÞ:ð2:18Þ

Then f ðzÞ is at most p-valent in D.

Proof. From the hypothesis, we have

Im

ð z

0

f ðpþ1ÞðtÞ
f ð pÞðtÞ dt

����
����a

ð z

0

Im
f ðpþ1ÞðtÞ
f ðpÞðtÞ

� �����
���� jdtj <

ð z

0

3

2
pjtj jdtja 3

4
pjzj2

<
3

4
p;

where jzj < 1, argfzg ¼ y, t ¼ reiy and 0a ra jzj. Applying Nunokawa’s result

(1.5), we immediately obtain that f ðzÞ is at most p-valent in D. r

Recall here some related results.

Lemma 2.9 ([7, Th. 2, p. 93]). Let f ðzÞ A AðpÞ, f ðkÞðzÞ0 0 in 0 < jzj < 1 for

k ¼ 1; 2; . . . ; p and suppose that

jargf f ðpÞðzÞgj < p

2
1þ 1

p
log p

� �
z A D:ð2:19Þ

Then f ðzÞ is p-valent in D.

Lemma 2.10 ([8]). Let f ðzÞ ¼ zp þ
Py

n¼pþ1 anz
n be analytic in D, f ðkÞðzÞ0 0

in 0 < jzj < 1 for k ¼ 1; 2; 3; . . . ; p and suppose that

Im
zf ðpþ1ÞðzÞ
f ðpÞðzÞ

� �����
����a p

2
1þ 2

p
log p

� �
ajzja z A D;ð2:20Þ

for some a > 0. Then f ðzÞ is p-valent in D.
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Theorem 2.11. Let f ðzÞ ¼ zp þ
Py

n¼pþ1 anz
n, be analytic in D and suppose

that

Im
1

z
þ f ðpþ1ÞðzÞ

f ðpÞðzÞ � f ðpÞðzÞ
f ðp�1ÞðzÞ

� �����
����< pjzj; ðz A Dnf0gÞ:ð2:21Þ

Then f ðzÞ is at most p-valent in D.

Proof. Applying the same method as the above proof, we have

arg
zf ðpÞðzÞ
f ðp�1ÞðzÞ

� �����
����< p

2
ðz A DÞ:

Applying [4, Theorem 5] shows that f ðzÞ is p-valently starlike in D and so, f ðzÞ
at most p-valent in D. r

Theorem 2.12. Let f ðzÞ ¼ zp þ
Py

n¼pþ1 anz
n, pb 2 be analytic in D and

suppose that

Ref f ðpÞðzÞg > � p!

2
; ðz A DÞ:ð2:22Þ

Then f ðzÞ is at most p-valent in D.

Proof. Let us put

pðzÞ ¼ f ðp�1ÞðzÞ
p!z

; pð0Þ ¼ 1; ðz A DÞ:

Then it follows that

f ð pÞðzÞ ¼ p!ðpðzÞ þ zp 0ðzÞÞ:

If there exists a point z0, jz0j < 1, such that

RefpðzÞg > 0 for jzj < jz0j

and

Refpðz0Þg ¼ 0

then from Lemma 1.2 we have

z0 p
0ðz0Þ ¼ Refz0 p 0ðz0Þga� 1

2ð1þ jpðz0Þj2Þ
:
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Therefore, we have

Ref f ðpÞðz0Þg ¼ Refp!ðpðz0Þ þ z0 p
0ðz0ÞÞg ¼ Refp!z0 p 0ðz0Þg

a�Re
p!

2
ð1þ jpðz0Þj2Þ

� �
a� p!

2
:

This contradicts hypothesis and so, it shows that

RefpðzÞg ¼ 1

p!
Re

f ðp�1Þ

z

� �
> 0; ðz A DÞ:

Applying Nunokawa’s result [4, Th. 8], we obtain that f ðzÞ is at most p-valent

in D. r

Theorem 2.13. Let f ðzÞ ¼ zp þ
Py

n¼pþ1 anz
n, pb 2 be analytic in D and

suppose that

Re
zf ðkÞðzÞ
zp�kþ1

� �
> � pðp� 1Þðp� 2Þ � � � ðp� k þ 2Þ

2
; ðz A DÞ:ð2:23Þ

Then we have

Re
zf ðk�1ÞðzÞ

zp�k

� �
> 0; ðz A DÞ

or f ðzÞ is at most p-valent in D.

Proof. Let us put

pðzÞ ¼ 1

pðp� 1Þðp� 2Þ � � � ðp� k þ 2Þ
f ðk�1ÞðzÞ
zp�k

; pð0Þ ¼ 1; ðz A DÞ:

Then it follows that

f ðk�1ÞðzÞ ¼ a
pðzÞzp�k

z
;

where a ¼ pðp� 1Þðp� 2Þ � � � ðp� k þ 2Þ and

f ðkÞðzÞ ¼ afðp 0ðzÞzp�k þ pðzÞðp� kÞzp�k�1Þz� pðzÞzp�kg
z2

and so,
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z2f ðkÞðzÞ
zp�kþ2

¼ zf ðkÞ

zp�kþ1

¼ aðzp 0ðzÞ þ pðzÞðp� kÞ � pðzÞÞ

¼ aðzp 0ðzÞ þ ðp� k � 1ÞpðzÞÞ:

If there exists a point z0, jz0j < 1, such that

RefpðzÞg > 0 for jzj < jz0j

and

Refpðz0Þg ¼ 0

then from Lemma 1.2 we have

z0p
0ðz0Þ ¼ Refz0 p 0ðz0Þga� 1þ jpðz0Þj2

2
:

Therefore, we have

Re
f ðkÞðz0Þ
z
p�kþ1
0

( )
a� a

2
ð1þ jpðz0Þj2Þ

a� a

2
:

This contradicts hypothesis and so, it shows that

Re
zf ðk�1ÞðzÞ

zp�k

� �
> 0; ðz A DÞ

Applying Nunokawa’s result [4, Th. 8], we obtain that f ðzÞ is at most p-valent

in D. r

In [9] the authors proved that if f A AðpÞ, pb 2 and there exists a positive

integer k, 1a ka p� 1 for which ð f ðkÞðzÞ=zp�kÞ0 is real for real z and

Re
f ðkÞðzÞ
zp�k

� �0( )
> 0 z A D;

then, we have

Re
zf ðkþ1ÞðzÞ
f ðkÞðzÞ

� �
b p� kb 0 z A D:
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