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HOCHSCHILD COHOMOLOGY RING OF THE

INTEGRAL GROUP RING OF DIHEDRAL GROUPSy

By

Takao Hayami

Abstract. We will determine the ring structure of the Hochschild

cohomology HH �ðZD2nÞ of the integral group ring of the dihedral

group D2n of order 2n.

Introduction

Let RG be a group ring of a finite group G over a commutative ring R. If

G is an abelian group, the multiplicative structure of the Hochschild cohomology

HH �ðRGÞ is explained by Holm [12] and Cibils and Solotar [5]. In the case where

G is a non-abelian group, HH �ðRGÞ can be very complicated ring in general, and

it is more di‰cult to determine the multiplicative structure of HH �ðRGÞ.
The Hochschild cohomology ring HH �ðRGÞ is isomorphic to the ordinary

cohomology ring H �ðG; cRGÞ, where cRG is regarded as a left RG-module

by conjugation. So it is theoretically possible to calculate the products on the

cohomology if an e‰cient resolution of G is given. Thus we have determined

the ring structure of HH �ðZQtÞ for arbitrary generalized quaternion groups Qt

by calculating the ordinary cup product in H �ðQt; cZQtÞ using a diagonal ap-

proximation on a periodic resolution of period 4 (see [8]).

On the other hand, it is well known that the Hochschild cohomology

HHnðRGÞ is isomorphic to the direct sum of the ordinary group cohomology of

the centralizers of representatives of the conjugacy classes of G (see [1, Theorem

2.11.2], [16, Section 4]):

HH �ðRGÞF 0
j

H �ðGj;RÞ:

y AMS 2000 Mathematics Subject Classification. 16E40, 20J06.

Key words and phrases. Hochschild cohomology ring, dihedral group, cup product, Product Formula.

Received August 29, 2005.

Revised June 13, 2006.



This isomorphism is not in general multiplicative, however Siegel and

Witherspoon [16, Theorem 5.1] define a new product on 0
j
H �ðGj;RÞ so that the

above additive isomorphism is multiplicative (see [2] for a new proof and a

generalization of this result). They show that the multiplicative structure of the

Hochschild cohomology of a group ring is described in terms of cup products,

corestrictions and restrictions on the ordinary cohomology. This result was

conjugated by Cibils [4] and Cibils and Solotar [5]. This new product gives

us much helpful information about the Hochschild cohomology ring of group

algebras. In this paper, we will calculate the Hochschild cohomology ring of the

integral group ring of the dihedral group D2n of order 2n for nb 3 by using this

new product.

In Section 1, as preliminaries, we describe some definitions and properties

about the Hochschild cohomology, the group cohomology, and the Product

Formula given by Siegel and Witherspoon [16, Theorem 5.1].

In Section 2, we state e‰cient resolutions for dihedral groups and cyclic

groups, and we describe the presentations of the integral cohomology rings of

these groups. In fact, e‰cient free resolutions of dihedral groups are given by

Wall [18], Hamada [6] and Handel [7]. We state a slightly di¤erent version of

the Handel’s resolution.

In Section 3, we calculate conjugations, restrictions and corestrictions be-

tween the integral cohomology rings of subgroups of D2n (Propositions 3.4, 3.7

and 3.9). In order to calculate the cup products using the Product Formula

we need their computations. These are given by calculating the images of the

generators of the cohomologies on the cochain level by using chain trans-

formations.

In Section 4, we calculate the cup products on H �ðD2n; cZD2nÞ
ðFHH �ðZD2nÞÞ using the Product Formula (Propositions 4.1 through 4.7), and as

the main result of this paper we determine the ring structure of H �ðD2n; cZD2nÞ
ðFHH �ðZD2nÞÞ (Theorem 4.8).

1 Preliminaries

1.1 Hochschild Cohomology and Group Cohomology

Let R be a commutative ring and L an R-algebra which is a finitely gen-

erated projective R-module. If M is a Leð¼ LnR LopÞ-module, then the n-th

Hochschild cohomology of L with coe‰cients in M is defined by

HnðL;MÞ :¼ ExtnLeðL;MÞ:
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The cup product gives HH �ðLÞ :¼ 0
nb0

HHnðLÞ a graded ring structure with

identity 1 A ZðLÞFHH 0ðLÞ, where HHnðLÞ denotes HnðL;LÞ and ZðLÞ de-

notes the center of L, and HH �ðLÞ is called the Hochschild cohomology ring

of L. The Hochschild cohomology ring HH �ðLÞ is graded-commutative, that is,

for a A HHpðLÞ and b A HHqðLÞ we have ab ¼ ð�1Þpqba (see [14, Proposition

1.2] for example).

Suppose that G is a finite group and that A is a G-module. Then we have the

definition of the n-th cohomology group of G with coe‰cients in A:

HnðG;AÞ :¼ ExtnRGðR;AÞ:

Let H be a subgroup of G. We denote restriction and corestriction by resGH and

corGH , respectively (see [3], [17] or [19]):

resGH : HnðG;AÞ ! HnðH;AÞ;

corGH : HnðH;AÞ ! HnðG;AÞ:

Note that

corGH � resGH a ¼ jG : Hja for a A HnðG;AÞ: ð1:1Þ

Let gH ¼ gHg�1 be the conjugacy subgroup of H for g A G. Then there is a

homomorphism called conjugation by g:

g� : HnðH;AÞ ! HnðgH;AÞ:

Note that g� is the identity for g A H, and note that ðg1g2Þ� ¼ g�
1g

�
2 holds for

g1; g2 A G. These mappings of the cohomology groups are independent of the

choice of resolutions.

About the group ring RG there are close relations between the Hochschild

cohomology and the group cohomology. The Hochschild cohomology ring

HH �ðRGÞ is isomorphic to the ordinary cohomology ring H �ðG; cRGÞ, where

cRG is regarded as a left RG-module by conjugation (see [16, Proposition 3.2]

or [13] for example).

1.2 Product Formula

Suppose that G is a finite group and R is a commutative ring. Let

g1 ¼ 1; g2; . . . ; gr be representatives of the conjugacy classes of G. Fix gi, and

let Gi be the centralizer of gi. RGi-homomorphisms ygi : R ! RG; l 7! lgi

and pgi : RG ! R;
P

a AG laa 7! lgi induce y�
gi
: HnðGi;RÞ ! HnðGi; cRGÞ and
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p�
gi
: HnðGi; cRGÞ ! HnðGi;RÞ, respectively. We define gi : H

nðGi;RÞ !
HnðG; cRGÞ by

giðaÞ ¼ corGGi
y�
gi
ðaÞ; for a A HnðGi;RÞ:

Then we have the following isomorphism of graded R-modules

F : HnðG; cRGÞ !@ 0
i

H nðGi;RÞ; z 7! ðp�
gi

resGGi
ðzÞÞi; ð1:2Þ

and its inverse is given by F�1ðaÞ ¼ giðaÞ for a A HnðGi;RÞ (see [16, Section 4]).

Let D be a set of double coset representatives for GinG=Gj . For each a A D,

there is a unique k ¼ kðaÞ such that

gk ¼ bgi
bagj ð1:3Þ

for some b A G. In the above, xg denotes xgx�1 for x; g A G. Siegel and

Witherspoon [16] define the following new product on 0
j
H �ðGj;RÞ so that the

above additive isomorphism is multiplicative:

Theorem 1.1 (Product Formula). Let a A H �ðGi;RÞ, b A H �ðGj ;RÞ. Then the

following equation holds in H �ðG; cRGÞ:

giðaÞ ^ gjðbÞ ¼
X
a AD

gkðcorGk

W ðres
bGi

W b�a ^ res
baGj

W ðbaÞ�bÞÞ; ð1:4Þ

where D is a set of double coset representatives for GinG=Gj, k ¼ kðaÞ and

b ¼ bðaÞ are chosen to satisfy (1.3), and W ¼ baGj V bGi.

Note that the sum in (1.4) is independent of the choices of a and b, and note

that g1 is a monomorphism between the cohomology rings (see [16, Section 5]).

2 Integral Cohomology Rings of Dihedral Groups and Cyclic Groups

In this section, we describe presentations of the integral cohomology rings of

dihedral groups and cyclic groups.

Let D2n denote the dihedral group of order 2n for any positive integer nb 2:

D2n ¼ hx; y j xn ¼ y2 ¼ 1; yxy�1 ¼ x�1i:

E‰cient free resolutions of Z over ZD2n are given by Wall [18] and Hamada [6].

Handel [7] reformulates this resolution and determines a diagonal approximation

on the new resolution. The boundary operators of the Handel’s resolution are

right ZD2n-homomorphisms. For our convenience, we state a resolution whose

boundary operators are left ZD2n-homomorphisms. This is a slightly di¤erent

version of the Handel’s resolution.
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Let Mq denote a direct sum of q copies of a module M. We set

Yq ¼ ðZD2nÞqþ1 for qb 0. As elements of Yq (or Z qþ1), we set

crq ¼
ð0; . . . ; 0; �11

r

; 0; . . . ; 0|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
qþ1

Þ ðif 1a ra qþ 1Þ;

0 ðotherwiseÞ:

8>><>>:
Define left ZD2n-homomorphisms e : Y0 ! Z; c1

0 7! 1 and dq : Yq ! Yq�1 ðq > 0Þ
given by

dqðcrqÞ ¼

ðxyþ ð�1Þðq�rÞ=2Þcr�1
q�1 þ ðx� 1Þcrq�1 for q even; r even;

ðy� ð�1Þðqþrþ1Þ=2Þcr�1
q�1 þNcrq�1 for q even; r odd;

ðy� ð�1Þðqþrþ1Þ=2Þcr�1
q�1 �Ncrq�1 for q odd; r even;

ðxy� ð�1Þðq�rÞ=2Þcr�1
q�1 þ ðx� 1Þcrq�1 for q odd; r odd:

8>>>>><>>>>>:
ð2:1Þ

In the above, N denotes
Pn�1

i¼0 xi. It is easy to check that e � d1 ¼ 0 and

dq � dqþ1 ¼ 0 ðqb 1Þ hold. To see that the complex ðY ; dÞ is acyclic, we state a

contracting homotopy Tq : Yq ! Yqþ1 ðqb�1Þ, where we set Y�1 ¼ Z:

T�1ð1Þ ¼ c1
0 :

If qðb0Þ is even, then

Tqðxiy jcrqÞ ¼

Nic
1
qþ1 ðr ¼ 1; 0a i < n; j ¼ 0Þ;

ð�1Þqðqþ1Þ=2
Nic

1
qþ1 þ xic2

qþ1 ðr ¼ 1; 0a i < n; j ¼ 1Þ;
0 ðrb 2; 0a i < n; j ¼ 0Þ;
xi�1crþ1

qþ1 ðrðb2Þ even; 0a i < n; j ¼ 1Þ;
xicrþ1

qþ1 ðrðb3Þ odd; 0a i < n; j ¼ 1Þ;

8>>>>>>><>>>>>>>:
where we set

Ni ¼
xi�1 þ xi�2 þ � � � þ 1 ðib 1Þ;
0 ði ¼ 0Þ:

�
If qðb1Þ is odd, then

Tqðxiy jcrqÞ ¼

0 ðr ¼ 1; 0a ia n� 2; j ¼ 0Þ;
c1
qþ1 ðr ¼ 1; i ¼ n� 1; j ¼ 0Þ;
ð�1Þqðqþ1Þ=2

c1
qþ1 þ x�1c2

qþ1 ðr ¼ 1; i ¼ 0; j ¼ 1Þ;
xi�1c2

qþ1 ðr ¼ 1; 1a i < n; j ¼ 1Þ;
0 ðrb 2; 0a i < n; j ¼ 0Þ;
xicrþ1

qþ1 ðrðb2Þ even; 0a i < n; j ¼ 1Þ;
xi�1crþ1

qþ1 ðrðb3Þ odd; 0a i < n; j ¼ 1Þ:

8>>>>>>>>>>>><>>>>>>>>>>>>:
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For each qb 0, it is not hard to see that the equation

ðdqþ1Tq þ Tq�1dqÞðxiy jcrqÞ ¼ xiy jcrq

holds. Therefore ðY ; dÞ is a free resolution of Z over ZD2n (cf. [7, Theorems 2.1

and 3.3]).

Applying the functor HomZD2n
ð�;ZÞ to the resolution ðY ; dÞ, we have the

following complex, where we identify HomZD2n
ðYq;ZÞ with Z qþ1 using an iso-

morphism HomZD2n
ðYq;ZÞ ! Z qþ1; f 7! ð f ðc1

qÞ; f ðc2
qÞ; . . . ; f ðcqþ1

q ÞÞ:

ðHomZD2n
ðY ;ZÞ; daÞ : 0 ! Z !

da
1
Z 2 !

da
2
Z 3 !

da
3
Z 4 !

da
4
Z 5 ! � � � ;

daqþ1ðar
qÞ ¼

ðx� 1Þar
qþ1 þ ðy� ð�1Þðqþr�1Þ=2Þarþ1

qþ1 for q even; r odd;

�Nar
qþ1 þ ðxy� ð�1Þðq�rÞ=2Þarþ1

qþ1 for q even; r even;

Nar
qþ1 þ ðxyþ ð�1Þðq�rÞ=2Þarþ1

qþ1 for q odd; r odd;

ðx� 1Þar
qþ1 þ ðy� ð�1Þðqþr�1Þ=2Þarþ1

qþ1 for q odd; r even;

8>>>>><>>>>>:

¼

ð1 � ð�1Þðqþr�1Þ=2Þarþ1
qþ1 for q even; r odd;

�nar
qþ1 þ ð1 � ð�1Þðq�rÞ=2Þarþ1

qþ1 for q even; r even;

nar
qþ1 þ ð1 þ ð�1Þðq�rÞ=2Þarþ1

qþ1 for q odd; r odd;

ð1 � ð�1Þðqþr�1Þ=2Þarþ1
qþ1 for q odd; r even:

8>>>>><>>>>>:
In the above, as

p denotes acsp for a A Z.

If nb 2 is even, then the module structure of HkðD2n;ZÞ is represented by

the form of the subquotient of the complex as follows:

HkðD2n;ZÞ

¼

Z for k ¼ 0;

Zc1
4q=nl 0

q

i¼1

Z
n

2
c4i�1

4q þ c4i
4q

� ��
2l 0

q

i¼1

Zc4iþ1
4q =2 for k ¼ 4q ðq0 0Þ;

0
q

i¼1

Z
n

2
c4i�2

4qþ1 � c4i�1
4qþ1

� ��
2l 0

q

i¼1

Zc4i
4qþ1=2 for k ¼ 4qþ 1;

0
q

i¼0

Z
n

2
c4iþ1

4qþ2 þ c4iþ2
4qþ2

� ��
2l 0

q

i¼0

Zc4iþ3
4qþ2=2 for k ¼ 4qþ 2;

0
q

i¼1

Z
n

2
c4i

4qþ3 � c4iþ1
4qþ3

� ��
2l 0

q

i¼0

Zc4iþ2
4qþ3=2 for k ¼ 4qþ 3:

8>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>:

ð2:2Þ
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In the above, M=s denotes the quotient module M=sM for a Z-module M and

an element s A Z, and we interpret 0q

i¼1
term as 0 if q ¼ 0. Note that we

have the same module structure and ring structure if we use the Handel’s

resolution. We put l :¼ c3
2 A H 2ðD2n;ZÞ, m :¼ ðn=2Þc1

2 þ c2
2 A H 2ðD2n;ZÞ,

n :¼ c2
3 A H 3ðD2n;ZÞ and x :¼ c1

4 A H 4ðD2n;ZÞ. Then l, m, n and x multi-

plicatively generate H �ðD2n;ZÞ, and the ring structure is given as follows (see

[7, Theorem 5.2]):

H �ðD2n;ZÞ ¼ Z½l; m; n; x�=ð2l; 2m; 2n; nx; m2 þ lmþ ðn2=4Þx; n2 þ lxÞ;

ðdeg l ¼ deg m ¼ 2; deg n ¼ 3; deg x ¼ 4Þ: ð2:3Þ

In particular, we have

H �ðD4;ZÞ ¼ Z½l; m; n�=ð2l; 2m; 2n; n2 þ lm2 þ l2mÞ;

ðdeg l ¼ deg m ¼ 2; deg n ¼ 3Þ: ð2:4Þ

If n is odd, the cohomology groups of D2n are periodic. The integral coho-

mology of D2n is as follows:

HkðD2n;ZÞ ¼

Z for k ¼ 0;

Zc1
4q=nlZc

4qþ1
4q =2 for k ¼ 4q ðq0 0Þ;

0 for k ¼ 4qþ 1;

Zc
4qþ3
4qþ2=2 for k ¼ 4qþ 2;

0 for k ¼ 4qþ 3:

8>>>>><>>>>>:
ð2:5Þ

If we put a :¼ c3
2 A H 2ðD2n;ZÞ and b :¼ c1

4 þ c5
4 A H 4ðD2n;ZÞ, we have the fol-

lowing (see [7, Theorem 5.3]):

H �ðD2n;ZÞ ¼ Z½a; b�=ð2a; 2nb; a2 � nbÞ;

ðdeg a ¼ 2; deg b ¼ 4Þ: ð2:6Þ

Next, we describe the integral cohomology ring of the cyclic group. Let

H ¼ hai denote the cyclic group of order lðb2Þ. Then the following periodic

ZH-free resolution for Z of period 2 is well known (see [3, Chapter XII, Section

7] for example):

ðZH ; qHÞ : � � � ��! ZH ��!ðqH Þ1
ZH ��!ðqH Þ2

ZH ��!ðqH Þ1
ZH ��!e Z ��! 0;

ðqHÞ1ðcÞ ¼ cða� 1Þ;

ðqHÞ2ðcÞ ¼ c
Xl�1

i¼0

ai:
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Applying the functor HomZHð�;ZÞ to the above periodic resolution, we have

the complex

ðHomZHðZH ;ZÞ; ðqHÞaÞ : 0 ��! Z ��!ðqH Þa1
Z ��!ðqH Þa2

Z ��!ðqH Þa1
Z ��! � � � ;

ðqHÞa1 ðcÞ ¼ ða� 1Þc ¼ 0;

ðqHÞa2 ðcÞ ¼
Xl�1

i¼0

aic ¼ lc;

and we have

HkðH;ZÞ ¼
Z for k ¼ 0;

Z=l for k1 0 mod 2; k0 0;

0 for k1 1 mod 2:

8><>: ð2:7Þ

If we put w :¼ 1 A H 2ðH;ZÞ, then we have the following (see [3, Chapter XII,

Section 7]):

H �ðH;ZÞ ¼ Z½w�=ðlwÞ; ðdeg w ¼ 2Þ: ð2:8Þ

3 Conjugation, Restriction and Corestriction

In this section, we calculate conjugations, restrictions and corestrictions

between the integral cohomology rings of the centralizers of representatives of

the conjugacy classes of D2n. These are given by a method similar to [9, Section

2.1].

3.1 The Case n Even

In this subsection, we consider the case n ¼ 2m ðmb 2Þ. We take repre-

sentatives of the conjugacy classes of D2n as follows:

g1 ¼ 1; g2 ¼ xm; giþ2 ¼ xi ð1a i < mÞ; gmþ2 ¼ y; gmþ3 ¼ xy:

Then their centralizers are

G1 ¼ G2 ¼ D2n; Giþ2 ¼ hxi ð1a i < mÞ; Gmþ2 ¼ hxm; yi; Gmþ3 ¼ hxm; xyi:

Note that Gmþ2 and Gmþ3 are isomorphic to D4.

In the following, we set

H �ðGr;ZÞ ¼ Z½l; m; n; x�=ð2l; 2m; 2n; nx; m2 þ lmþ ðn2=4Þx; n2 þ lxÞ;

ðdeg l ¼ deg m ¼ 2; deg n ¼ 3; deg x ¼ 4Þ;
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H �ðGkþ2;ZÞ ¼ Z½s�=ðnsÞ ðdeg s ¼ 2Þ;

H �ðGmþrþ1;ZÞ ¼ Z½lr; mr; nr�=ð2lr; 2mr; 2nr; n
2
r þ lrm

2
r þ l2

r mrÞ

ðdeg lr ¼ deg mr ¼ 2; deg nr ¼ 3Þ;

where r ¼ 1; 2 and 1a kam� 1. These presentations follow from (2.3), (2.4)

and (2.8). By (1.2), (2.2) and (2.7), we have

HkðD2n; cZD2nÞ ¼

Zmþ3 for k ¼ 0;

0 for k ¼ 1;

ðZ=2Þ4q for k ¼ 2qþ 1 ðqb 1Þ;
ðZ=2Þ8ðqþ1Þ l ðZ=nÞm�1 for k ¼ 4qþ 2 ðqb 0Þ;
ðZ=2Þ8qþ2 l ðZ=nÞmþ1 for k ¼ 4q ðqb 1Þ:

8>>>>>><>>>>>>:
In the above, Mr denotes a direct sum of r copies of a module M.

Moreover we set

H �ðhxmi;ZÞ ¼ Z½t�=ð2tÞ ðdeg t ¼ 2Þ:

First, we calculate conjugation maps. We need chain transformations in both

directions between the standard resolution and the resolution given by (2.1). The

following equations are useful for the proof of Lemma 3.1:

Ni þ xiNj ¼ Niþj; Niðx� 1Þ ¼ xi � 1; yNj ¼ x�jNjxy ði; jb 0Þ:

Lemma 3.1. Let ðX ; dÞ be the standard resolution of D2n and ðY ; dÞ the

resolution of D2n given by (2.1).

(i) An initial part of a chain transformation uk : Xk ! Yk lifting the identity

map on Z is given as follows:

u0ð½��Þ ¼ c1
0 ;

u1ð½xiyp�Þ ¼ Nic
1
1 þ pxic2

1 ;

u2ð½xiyp j x jyq�Þ ¼

0 ðif i þ j < n and p ¼ 0Þ;
c1

2 ðif i þ jb n and p ¼ 0Þ;
xi�jNjc

2
2 þ qxi�jc3

2 ðif i � jb 0 and p ¼ 1Þ;
�c1

2 þ xi�jNjc
2
2 þ qxi�jc3

2 ðif i � j < 0 and p ¼ 1Þ;

8>>><>>>:
where 0a i; j < n and p; q ¼ 0; 1.

(ii) An initial part of a chain transformation vk : Yk ! Xk lifting the identity

map on Z is given as follows:
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v0ðc1
0Þ ¼ ½��;

v1ðc1
1Þ ¼ ½x�; v1ðc2

1Þ ¼ ½y�;

v2ðc1
2Þ ¼ ½Njx�; v2ðc2

2Þ ¼ ½xy j x� þ ½xjy�; v2ðc3
2Þ ¼ ½yþ 1 j y�:

Proof. We prove (i) only. It su‰ces to check that the equation uk�1dk ¼
dkuk holds for k ¼ 1; 2. In the case k ¼ 1, we have

u0d1ð½xiyp�Þ ¼ u0ððxiyp � 1Þ½��Þ ¼ ðxiyp � 1Þc1
0

¼ Niðx� 1Þc1
0 þ pxiðy� 1Þc1

0 ¼ d1u1ð½xiyp�Þ:

In the case k ¼ 2, the proof is divided into four cases.

Case i þ j < n, p ¼ 0:

u1d2ð½xi j x jyq�Þ ¼ u1ðxi½x jyq� � ½xiþjyq� þ ½xi�Þ

¼ ðxiNj �Niþj þNiÞc1
1 ¼ 0 ¼ d2u2ð½xi j x jyq�Þ:

Case i þ jb n, p ¼ 0:

u1d2ð½xi j x jyq�Þ ¼ ðNiþj �Niþj�nÞc1
1 ¼ ðNiþj � ðNiþj � xiþj�nNnÞÞc1

1

¼ Nc1
1 ¼ d2u2ð½xi j x jyq�Þ:

Case i � jb 0, p ¼ 1:

u1d2ð½xiy j x jyq�Þ ¼ u1ðxiy½x jyq� � ½xi�jy1�q� þ ½xiy�Þ

¼ ðxiyNj �Ni�j þNiÞc1
1 þ ðqxi�jyþ ðq� 1Þxi�j þ xiÞc2

1

¼ xi�jNjðxyþ 1Þc1
1 þ xi�jðx j � 1 þ qðyþ 1ÞÞc2

1

¼ xi�jNjððxyþ 1Þc1
1 þ ðx� 1Þc2

1Þ þ qxi�jðyþ 1Þc2
1

¼ d2u2ð½xiy j x jyq�Þ:

Case i � j < 0, p ¼ 1:

u1d2ð½xiy j x jyq�Þ ¼ ðxiyNj �Ni�jþn þNiÞc1
1 þ ðqxi�jyþ ðq� 1Þxi�j þ xiÞc2

1

¼ �Nc1
1 þ xi�jNjððxyþ 1Þc1

1 þ ðx� 1Þc2
1Þ þ qxi�jðyþ 1Þc2

1

ðsince Ni �Ni�jþn ¼ �xiNn�j ¼ �xi�jðNn �NjÞÞ

¼ d2u2ð½xiy j x jyq�Þ:
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To prove (ii), it su‰ces to check that the equation dkvk ¼ vk�1dk holds for

k ¼ 1; 2. r

Lemma 3.2. Let H ¼ hai denote the cyclic group of order lðb2Þ. ðZH ; qHÞ
denotes the periodic resolution of H and ðXH ; dHÞ denotes the standard resolution

of H.

(i) An initial part of a chain transformation ðvHÞk : ðZHÞk ! ðXHÞk lifting the

identity map on Z is given as follows:

ðvHÞ0ð1Þ ¼ ½��;

ðvHÞ1ð1Þ ¼ ½a�;

ðvHÞ2ð1Þ ¼
Xl�1

i¼0

½aija�:

(ii) An initial part of a chain transformation ðuHÞk : ðXHÞk ! ðZHÞk lifting the

identity map on Z is given as follows:

ðuHÞ0ð½��Þ ¼ 1;

ðuHÞ1ð½ai�Þ ¼ ai�1 þ ai�2 þ � � � þ 1 ðib 1Þ;
0 ði ¼ 0Þ;

�

ðuHÞ2ð½aija j �Þ ¼ 1 ði þ jb lÞ;
0 ði þ j < lÞ;

�
for 0a i; j < l.

Proof. See [11, Proposition 1] for (i) and [9, Lemma 2.1] for (ii). r

Lemma 3.3. Suppose H is a subgroup of a finite group G and A is a

G-module. ðXH ; dHÞ and ðXð gHÞ; dð gHÞÞ denote the standard resolutions of H and
gH ¼ gHg�1 for g A G, respectively. Then the conjugation map g� : HkðH;AÞ !
HkðgH;AÞ is given by the following on the cochain level:

~gg : HomZHððXHÞk;AÞ ! HomZð gHÞððXð gHÞÞk;AÞ

ð~ggð f ÞÞð½��Þ ¼ gf ð½��Þ ðk ¼ 0Þ;

ð~ggð f ÞÞð½r1jr2j . . . jrk�Þ ¼ gf ð½g�1r1gjg�1r2gj . . . jg�1rkg�Þ ðkb 1Þ;

where r1; r2; . . . ; rk A gH.
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Proof. See [19, Proposition 2-5-1]. r

In the following, ðX ; dÞ and ðY ; dÞ denote the standard resolution of D2n and

the resolution of D2n given by (2.1), respectively.

Moreover, ðX ðlþ1Þ; dðlþ1ÞÞ denotes the standard resolution of Gmþlþ2 ¼
hxm; xlyi for l ¼ 0; 1, and ðY ðlþ1Þ; dðlþ1ÞÞ denotes the resolution of Gmþlþ2ðFD4Þ
for l ¼ 0; 1 given by (2.1). The boundaries of ðY ðlþ1Þ; dðlþ1ÞÞ are left ZGmþlþ2-

homomorphisms given by

ðdðlþ1ÞÞqðcrqÞ ¼

ðxmþlyþ ð�1Þðq�rÞ=2Þcr�1
q�1 þ ðxm � 1Þcrq�1 for q even; r even;

ðxly� ð�1Þðqþrþ1Þ=2Þcr�1
q�1 þ ðxm þ 1Þcrq�1 for q even; r odd;

ðxly� ð�1Þðqþrþ1Þ=2Þcr�1
q�1 � ðxm þ 1Þcrq�1 for q odd; r even;

ðxmþly� ð�1Þðq�rÞ=2Þcr�1
q�1 þ ðxm � 1Þcrq�1 for q odd; r odd;

8>>>>><>>>>>:
for q > 0. By Lemma 3.1, an initial part of a chain transformation

ðuðlþ1ÞÞk : ðX ðlþ1ÞÞk ! ðY ðlþ1ÞÞk is given by

ðuðlþ1ÞÞ0ð½��Þ ¼ c1
0 ;

ðuðlþ1ÞÞ1ð½xmiþlqyq�Þ ¼ ic1
1 þ qxmic2

1 ;

ðuðlþ1ÞÞ2ð½xmiþlpyp j xmjþlqyq�Þ ¼

0 ði þ j < 2; p ¼ 0Þ;
c1

2 ði þ j ¼ 2; p ¼ 0Þ;
jxmði�jÞc2

2 þ qxmði�jÞc3
2 ði � jb 0; p ¼ 1Þ;

�c1
2 þ jxmði�jÞc2

2 þ qxmði�jÞc3
2 ði � j < 0; p ¼ 1Þ;

8>>><>>>:
where i; j; q ¼ 0; 1, and an initial part of a chain transformation

ðvðlþ1ÞÞk : ðY ðlþ1ÞÞk ! ðX ðlþ1ÞÞk is given by

ðvðlþ1ÞÞ0ðc1
0Þ ¼ ½��;

ðvðlþ1ÞÞ1ðc1
1Þ ¼ ½xm�; ðvðlþ1ÞÞ1ðc2

1Þ ¼ ½xly�;

ðvðlþ1ÞÞ2ðc1
2Þ ¼ ½xm þ 1 j xm�; ðvðlþ1ÞÞ2ðc2

2Þ ¼ ½xmþly j xm� þ ½xm j xly�;

ðvðlþ1ÞÞ2ðc3
2Þ ¼ ½xlyþ 1 j xly�:

Proposition 3.4. The following hold:

(i) y�ðsÞ ¼ �s,

(ii) ðxm=2Þ�ðmrÞ ¼ lr þ mr for m even and r ¼ 1; 2.
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Moreover, g� maps 1ðA H 0ðGr;ZÞÞ to 1ðA H 0ðgGr;ZÞÞ for 1a ramþ 3 and

g A D2n.

Proof. We prove ðxm=2Þ�ðm1Þ ¼ l1 þ m1 (m even) only. This is given by the

composition of the following maps on the cochain level:

Z 3 ���!b 0�1
2

HomZGmþ2
ððY ð1ÞÞ2;ZÞ

���!ðuð1ÞÞa2
HomZGmþ2

ððX ð1ÞÞ2;ZÞ

���!exl

HomZGmþ2
ððX ð1ÞÞ2;ZÞ

���!ðvð1ÞÞa2
HomZGmþ2

ððY ð1ÞÞ2;ZÞ

���!b 0
2

Z 3;

where we set l ¼ m=2 and b 0
2 denotes the isomorphism HomZGmþ2

ððY ð1ÞÞ2;ZÞ !@ Z 3

stated in Section 2. Since

ð exlxlðb 0�1
2 ðm1Þ � ðuð1ÞÞ2ÞÞððvð1ÞÞ2ðc1

2ÞÞ ¼ b 0�1
2 ðm1Þ � ðuð1ÞÞ2ð½xm þ 1 j xm�Þ ¼ 1;

ð exlxlðb 0�1
2 ðm1Þ � ðuð1ÞÞ2ÞÞððvð1ÞÞ2ðc2

2ÞÞ ¼ b 0�1
2 ðm1Þ � ðuð1ÞÞ2ð½yjxm� þ ½xm j xmy�Þ ¼ 1;

ð exlxlðb 0�1
2 ðm1Þ � ðuð1ÞÞ2ÞÞððvð1ÞÞ2ðc3

2ÞÞ ¼ b 0�1
2 ðm1Þ � ðuð1ÞÞ2ð½xmyþ 1 j xmy�Þ ¼ 1;

it follows that ðxm=2Þ�ðm1Þ ¼ l1 þ m1 holds. Similarly, we have ðxm=2Þ�ðm2Þ ¼
l2 þ m2. The equation y�ðsÞ ¼ �s is obtained by using Lemmas 3.2 and 3.3.

r

Next, we calculate restriction maps. In the following, ðZH ; qHÞ denotes the

periodic resolution of a cyclic subgroup H of D2n.

Lemma 3.5. (i) A chain transformation wk : ðZhxiÞk ! Yk lifting the identity

map on Z is given by wkð1Þ ¼ c1
k ðkb 0Þ.

(ii) An initial part of a chain transformation ðwðlÞÞk : ðY ðlÞÞk ! Yk ðl ¼ 1; 2Þ
lifting the identity map on Z is given as follows:

ðwðlÞÞ0ðc1
0Þ ¼ c1

0 ;

ðwðlÞÞ1ðc1
1Þ ¼ Nmc

1
1 ; ðwðlÞÞ1ðc2

1Þ ¼ Nl�1c
1
1 þ xl�1c2

1 ;
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ðwðlÞÞ2ðcr2Þ ¼
Nl�1c

r�1
2 þ cr2 ðif r ¼ 1; 3Þ;

xl�1Nmc
r
2 ðif r ¼ 2Þ;

�

ðwðlÞÞ3ðcr3Þ ¼
Nmc

r
3 ðif r oddÞ;

ð�1Þr=2
Nl�1c

r�1
3 þ xl�1cr3 ðif r evenÞ;

(

ðwðlÞÞ4ðcr4Þ ¼
ð�1Þðr�1Þ=2

Nl�1c
r�1
4 þ cr4 ðif r oddÞ;

xl�1Nmc
r
4 ðif r evenÞ:

(

Proof. (i) is easily obtained. To prove (ii), it su‰ces to check that

dk � ðwðlÞÞk ¼ ðwðlÞÞk�1 � ðd
ðlÞÞk holds for k ¼ 1; 2; 3; 4. The proof is straightfor-

ward. r

Lemma 3.6. (i) A chain transformation sk : ðZhxmiÞk ! ðZhxiÞk lifting the

identity map on Z is given by s2kð1Þ ¼ 1; s2kþ1ð1Þ ¼ Nm ðkb 0Þ.
(ii) A chain transformation ðsðlÞÞk : ðZhxmiÞk ! ðY ðlÞÞk ðl ¼ 1; 2Þ lifting the

identity map on Z is given by ðsðlÞÞkð1Þ ¼ c1
k ðkb 0Þ.

Proposition 3.7. The following hold:

(i) resD2n

hxi l ¼ 0, resD2n

hxi m ¼ ms, resD2n

hxi x ¼ s2.

(ii) resD2n

Gmþ2
l ¼ l1, resD2n

Gmþ2
m ¼ 0 ðm evenÞ;

m1 ðm oddÞ;

�
resD2n

Gmþ2
n ¼ n1,

resD2n

Gmþ2
x ¼ m2

1 þ l1m1.

(iii) resD2n

Gmþ3
l ¼ l2, resD2n

Gmþ3
m ¼ l2 ðm evenÞ;

l2 þ m2 ðm oddÞ;

�
resD2n

Gmþ3
n ¼ n2,

resD2n

Gmþ3
x ¼ m2

2 þ l2m2.

(iv) resGmþrþ1

hxmi lr ¼ 0, reshxihxmi s ¼ resGmþrþ1

hxmi mr ¼ t ðr ¼ 1; 2Þ.

Moreover, resD2n

Gr
1 ¼ 1ðA H 0ðGr;ZÞÞ and resGr

hxmi 1 ¼ 1ðA H 0ðhxmi;ZÞÞ hold for

3a ramþ 3.

Proof. These are given by using Lemmas 3.5 and 3.6. We calculate

resD2n

Gmþ2
l and resD2n

Gmþ2
m as examples. These are given by the composition of the

following maps on the cochain level:

Z 3 ���!a�1
2

HomZD2n
ðY2;ZÞ

���!ðwð1ÞÞa2
HomZGmþ2

ððY ð1ÞÞ2;ZÞ

���!b 0
2

Z 3;
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where a2 denotes the isomorphism HomZD2n
ðY2;ZÞ !@ Z 3 stated in Section 2.

Since

a�1
2 ðlÞ � ðwð1ÞÞ2ðc1

2Þ ¼ a�1
2 ðlÞðc1

2Þ ¼ 0;

a�1
2 ðlÞ � ðwð1ÞÞ2ðc2

2Þ ¼ a�1
2 ðlÞðNmc

2
2Þ ¼ 0;

a�1
2 ðlÞ � ðwð1ÞÞ2ðc3

2Þ ¼ a�1
2 ðlÞðc3

2Þ ¼ 1;

a�1
2 ðmÞ � ðwð1ÞÞ2ðc1

2Þ ¼ a�1
2 ðmÞðc1

2Þ ¼ m;

a�1
2 ðmÞ � ðwð1ÞÞ2ðc2

2Þ ¼ a�1
2 ðmÞðNmc

2
2Þ ¼ m;

a�1
2 ðmÞ � ðwð1ÞÞ2ðc3

2Þ ¼ a�1
2 ðmÞðc3

2Þ ¼ 0;

it follows that resD2n

Gmþ2
l ¼ l1 and resD2n

Gmþ2
m ¼ mm1 hold. r

Finally, we calculate corestriction maps. To compute them we need the

following lemma:

Lemma 3.8. Suppose H is a subgroup of index l of a finite group G and A is

a G-module. Fix a set of right coset representatives S ¼ fo1ð¼ 1Þ;o2; . . . ;olg of H

in G, and let cðgÞðA SÞ denote the representative of the right coset containing g A G.

ðXG; dGÞ and ðXH ; dHÞ denote the standard resolutions of G and H, respectively.

Then the corestriction map corGH : HkðH;AÞ ! HkðG;AÞ is given by the following

on the cochain level:

TG
H : HomZHððXHÞk;AÞ ! HomZGððXGÞk;AÞ

ðTG
H ðuÞÞð½��Þ ¼

X
o AS

o�1uð½��Þ ðk ¼ 0Þ;

ðTG
H ðuÞÞð½s1js2j . . . jsk�Þ ¼

X
o AS

o�1uð½cðoÞs1cðos1Þ�1jcðos1Þs2cðos1s2Þ�1j . . .

jcðos1 � � � sk�1Þskcðos1 � � � skÞ�1�Þ ðkb 1Þ;

where u A HomZHððXHÞk;AÞ and s1; s2; . . . ; sk A G.

Proof. See [19, Proposition 2-5-2]. r

Proposition 3.9. The following hold:

corD2n

hxi s ¼ 0; corD2n

Gmþ2
m1 ¼ lþ m ðm evenÞ; corD2n

Gmþ3
m2 ¼ m ðm evenÞ:
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Proof. First we calculate corD2n

hxi s. Using Lemmas 3.1, 3.2 and 3.8, this is

given by the composition of the following maps on the cochain level:

Z ���!b�1
2

HomZhxiððZhxiÞ2;ZÞ

���!ðuhxiÞa2
HomZhxiððXhxiÞ2;ZÞ

���!T
D2n
hxi

HomZD2n
ðX2;ZÞ

���!va
2

HomZD2n
ðY2;ZÞ

���!a2
Z 3;

where b2 denotes an isomorphism HomZhxiððZhxiÞ2;ZÞ !@ Z; f 7! f ð1Þ. Let

f1; yg be a set of right coset representatives of hxi in D2n. Then cðxiÞ ¼ 1 and

cðxiyÞ ¼ y hold. Since

ðTD2n

hxi ðb
�1
2 ðsÞ � ðuhxiÞ2ÞÞðv2ðc1

2ÞÞ

¼
Xn�1

i¼0

b�1
2 ðsÞ � ðuhxiÞ2ð½cð1ÞxicðxiÞ�1 j cðxiÞxcðxiþ1Þ�1�

þ ½cðyÞxicðyxiÞ�1 j cðyxiÞxcðyxiþ1Þ�1�Þ

¼
Xn�1

i¼0

b�1
2 ðsÞ � ðuhxiÞ2ð½xijx� þ ½x�ijx�1�Þ

¼ n;

ðTD2n

hxi ðb
�1
2 ðsÞ � ðuhxiÞ2ÞÞðv2ðc2

2ÞÞ

¼ b�1
2 ðsÞ � ðuhxiÞ2ð½cð1ÞxycðxyÞ

�1 j cðxyÞxcðyÞ�1�

þ ½cðyÞxycðx�1Þ�1 j cðx�1Þxcð1Þ�1�

þ ½cð1ÞxcðxÞ�1 j cðxÞycðxyÞ�1� þ ½cðyÞxcðyxÞ�1 j cðyxÞycðx�1Þ�1�Þ

¼ b�1
2 ðsÞ � ðuhxiÞ2ð½xjx�1� þ ½x�1jx� þ ½xj1� þ ½x�1j1�Þ

¼ 2;
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ðTD2n

hxi ðb
�1
2 ðsÞ � ðuhxiÞ2ÞÞðv2ðc3

2ÞÞ

¼ b�1
2 ðsÞ � ðuhxiÞ2ð½cð1ÞycðyÞ

�1 j cðyÞycð1Þ�1� þ ½cðyÞycð1Þ�1 j cð1ÞycðyÞ�1�

þ ½cð1Þ1cð1Þ�1 j cð1ÞycðyÞ�1� þ ½cðyÞ1cðyÞ�1 j cðyÞycð1Þ�1�Þ

¼ 4b�1
2 ðsÞ � ðuhxiÞ2ð½1j1�Þ

¼ 0;

we have corD2n

hxi s ¼ 2m ¼ 0.

Next, let m be even and f1; x; . . . ; xm�1g a set of right coset representatives of

Gmþ2 ¼ hxm; yi in D2n. Then cðxiÞ ¼ cðxmþiÞ ¼ xi ð0a iam� 1Þ and cðxiyÞ ¼
cðxmþiyÞ ¼ xm�i ð1a iamÞ hold. Since

ðTD2n

Gmþ2
ðb 0�1

2 ðm1Þ � ðuð1ÞÞ2ÞÞðv2ðc1
2ÞÞ

¼
Xm�1

i¼0

Xn�1

j¼0

ðb 0�1
2 ðm1Þ � ðuð1ÞÞ2Þð½cðxiÞx jcðxiþjÞ�1 j cðxiþjÞxcðxiþjþ1Þ�1�Þ

¼ mb 0�1
2 ðm1Þ � ðuð1ÞÞ2ð½xmjxm�Þ

¼ m;

ðTD2n

Gmþ2
ðb 0�1

2 ðm1Þ � ðuð1ÞÞ2ÞÞðv2ðc2
2ÞÞ

¼
Xm�1

i¼0

ðb 0�1
2 ðm1Þ � ðuð1ÞÞ2Þð½cðxiÞxycðxiþ1yÞ�1 j cðxiþ1yÞxcðxiyÞ�1�

þ ½cðxiÞxcðxiþ1Þ�1 j cðxiþ1Þycðxiþ1yÞ�1�Þ

¼ b 0�1
2 ðm1Þ � ðuð1ÞÞ2ð½xmy j xm�Þ

¼ 1;

ðTD2n

Gmþ2
ðb 0�1

2 ðm1Þ � ðuð1ÞÞ2ÞÞðv2ðc3
2ÞÞ

¼
Xm�1

i¼0

ðb 0�1
2 ðm1Þ � ðuð1ÞÞ2Þð½cðxiÞycðxiyÞ�1 j cðxiyÞycðxiÞ�1�

þ ½1 j cðxiÞycðxiyÞ�1�Þ

¼ b 0�1
2 ðm1Þ � ðuð1ÞÞ2ð½yjy� þ ðm� 1Þ½xmy j xmy�Þ

¼ m� 1;

it follows that corD2n

Gmþ2
m1 ¼ ðm� 1Þlþ m ¼ lþ m holds.
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Finally, let m be even and f1; x; . . . ; xm�1g a set of right coset repre-

sentatives of Gmþ3 ¼ hxm; xyi in D2n. Then cðxiÞ ¼ cðxmþiÞ ¼ xi ð0a iam� 1Þ
and cðxiyÞ ¼ cðxmþiyÞ ¼ xm�iþ1 ð2a iamþ 1Þ hold. By a similar calculation as

above, we have corD2n

Gmþ3
m2 ¼ ðm� 2Þlþ m ¼ m. r

Note that from (1.1), Propositions 3.7 and 3.9, and [19, Proposition 4-3-7], we

have

corD2n

Gmþ2
ðl1m1Þ ¼ corD2n

Gmþ2
ðresD2n

Gmþ2
l � m1Þ ¼ l � corD2n

Gmþ2
m1 ¼ l2 þ lm ðm evenÞ;

lm ðm oddÞ;

�
and so on.

3.2 The Case n Odd

In the case n odd, the calculations are easily obtained. We set t ¼ ðn� 1Þ=2.

We take representatives of the conjugacy classes of D2n are

g1 ¼ 1; giþ1 ¼ xi ð1a ia tÞ; gtþ2 ¼ y;

and their centralizers are

G1 ¼ D2n; Giþ1 ¼ hxi ð1a ia tÞ; Gtþ2 ¼ hyi;

respectively. We set

H �ðG1;ZÞ ¼ Z½a; b�=ð2a; 2nb; a2 � nbÞ ðdeg a ¼ 2; deg b ¼ 4Þ;

H �ðGkþ1;ZÞ ¼ Z½r�=ðnrÞ ðdeg r ¼ 2Þ;

H �ðGtþ2;ZÞ ¼ Z½w�=ð2wÞ ðdeg w ¼ 2Þ;

where 1a ka t. These presentations follow from (2.6) and (2.8). By (1.2), (2.5)

and (2.7), we have

HkðD2n; cZD2nÞ ¼

Z tþ2 for k ¼ 0;

0 for k1 1 ð4Þ;
ðZ=2Þ2 l ðZ=nÞ t for k1 2 ð4Þ;
0 for k1 3 ð4Þ;
ðZ=2Þ2 l ðZ=nÞ tþ1 for k1 0 ð4Þ; k0 0:

8>>>>>><>>>>>>:
By computations similar to Propositions 3.4, 3.7 and 3.9, we have

y�ðrÞ ¼ �r; resD2n

hxi a ¼ 0; resD2n

hxi b ¼ r2; corD2n

hxi r ¼ 0:

Moreover, by (1.1), (2.6) and (2.8), we have resD2n

hyi a ¼ w, resD2n

hyi b ¼ w2.
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4 Products on H �ðD2n; cZD2nÞ

In this section, we will determine the ring structure of the Hochschild

cohomology H �ðD2n; cZD2nÞðFHH �ðZD2nÞÞ by using the Product Formula. In

the following, we write XY in place of X ^ Y for brevity.

4.1 The Case n Even

In this subsection, we calculate the products on the Hochschild cohomology

H �ðD2n; cZD2nÞðFHH �ðZD2nÞÞ for the case n ¼ 2m ðmb 2Þ. In the following,

we set

A2 ¼ g1ðlÞ; B2 ¼ g1ðmÞ; A3 ¼ g1ðnÞ; A4 ¼ g1ðxÞ; C0 ¼ g2ð1Þ;

ðEiÞ0 ¼ giþ2ð1Þ ð1a iam� 1Þ; ðEiÞ2 ¼ giþ2ðsÞ ð1a iam� 1Þ;

S0 ¼ gmþ2ð1Þ; S2 ¼ gmþ2ðm1Þ; T0 ¼ gmþ3ð1Þ; T2 ¼ gmþ3ðm2Þ:

Moreover, we set Fi ¼ ðE1Þi ði ¼ 0; 2Þ,

Uk ¼

ðE�kÞ0 ð�m < k < 0Þ;
2 ðk ¼ 0Þ;
ðEkÞ0 ð0 < k < mÞ;
2C0 ðk ¼ mÞ;
ðEn�kÞ0 ðm < k < nÞ;

8>>>>>><>>>>>>:
Vk ¼

�ðE�kÞ2 ð�m < k < 0Þ;
0 ðk ¼ 0Þ;
ðEkÞ2 ð0 < k < mÞ;
0 ðk ¼ mÞ;
�ðEn�kÞ2 ðm < k < nÞ:

8>>>>>><>>>>>>:
In the following, we interpret

Pðm=2Þ�1
l¼1 term as 0 if m ¼ 2.

First, we calculate products in degree 0. The products in degree 0 correspond

to the multiplication in the center of ZD2n. By using this identification, we have

the following proposition:

Proposition 4.1. (i) If m is even, the following equations hold in

H 0ðD2n; cZD2nÞ:

C2
0 ¼ 1; C0ðEiÞ0 ¼ ðEm�iÞ0; C0S0 ¼ S0; C0T0 ¼ T0;

ðEiÞ0S0 ¼ 2S0 ði evenÞ;
2T0 ði oddÞ;

�
ðEiÞ0T0 ¼ 2T0 ði evenÞ;

2S0 ði oddÞ;

�

S2
0 ¼ T 2

0 ¼ mð1 þ C0Þ þm
Xðm=2Þ�1

l¼1

ðE2lÞ0; S0T0 ¼ m
Xm=2

l¼1

ðE2l�1Þ0;

ðEiÞ0ðEjÞ0 ¼ Uiþj þUi�j :
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(ii) If m is odd, the following equations hold in H 0ðD2n; cZD2nÞ:

C2
0 ¼ 1; C0ðEiÞ0 ¼ ðEm�iÞ0; C0S0 ¼ T0; ðEiÞ0S0 ¼ 2S0 ði evenÞ;

2T0 ði oddÞ;

�

S2
0 ¼ mþm

Xðm�1Þ=2

l¼1

ðE2lÞ0; ðEiÞ0ðEjÞ0 ¼ Uiþj þUi�j:

Remark 1. Since the equations ðE2Þ0 ¼ F 2
0 � 2 and ðEkÞ0 ¼ F0ðEk�1Þ0 �

ðEk�2Þ0 ð3a kam� 1Þ hold, it follows that the powers of F0 generate ðEkÞ0

ð2a kam� 1Þ. Hence H 0ðD2n; cZD2nÞ is generated by the products of C0, F0,

S0 and T0 (resp. C0, F0 and S0) for the case m even (resp. m odd).

Next, we compute cup products for generators of H 0ðD2n; cZD2nÞ and

generators of H 2ðD2n; cZD2nÞ.

Proposition 4.2. (i) If m is even, the following equations hold in

H 2ðD2n; cZD2nÞ:
(1) C0A2 ¼ g2ðlÞ, C0B2 ¼ g2ðmÞ, C0ðEiÞ2 ¼ �ðEm�iÞ2, C0S2 ¼ S0A2 þ S2,

C0T2 ¼ T0A2 þ T2.

(2) ðEiÞ0A2 ¼ ðEiÞ0S2 ¼ ðEiÞ0T2 ¼ 0, ðEiÞ0B2 ¼ mðEiÞ2, ðEiÞ0ðEjÞ2 ¼
Viþj þ Vj�i.

(3) S0A2 ¼ gmþ2ðl1Þ, S0B2 ¼ S0ðEiÞ2 ¼ 0, S0S2 ¼ ð1 þ C0ÞðA2 þ B2Þþ

m
Pðm=2Þ�1

l¼1

ðE2lÞ2, S0T2 ¼ m
Pm=2

l¼1

ðE2l�1Þ2.

(4) T0A2 ¼ T0B2 ¼ gmþ3ðl2Þ, T0ðEiÞ2 ¼ 0, T0S2 ¼ m
Pm=2

l¼1

ðE2l�1Þ2, T0T2 ¼

ð1 þ C0ÞB2 þm
Pðm=2Þ�1

l¼1

ðE2lÞ2.

(ii) If m is odd, the following equations hold in H 2ðD2n; cZD2nÞ:
(1) C0A2 ¼ g2ðlÞ, C0B2 ¼ g2ðmÞ, C0ðEiÞ2 ¼ �ðEm�iÞ2.

(2) ðEiÞ0A2 ¼ 0, ðEiÞ0B2 ¼ mðEiÞ2, ðEiÞ0ðEjÞ2 ¼ Viþj þ Vj�i.

(3) S0A2 ¼ gmþ2ðl1Þ, S0B2 ¼ gmþ2ðm1Þ, S0ðEiÞ2 ¼ 0, C0S0A2 ¼ gmþ3ðl2Þ,
C0S0ðA2 þ B2Þ ¼ gmþ3ðm2Þ.

Proof. Table 1 is useful for computations.

We prove (i) only. By the Product Formula, we have

g1ðaÞgrðbÞ ¼ grðcorGr

Gr
ðresD2n

Gr
a � resGr

Gr
bÞÞ ¼ grðresD2n

Gr
a � bÞ ð4:1Þ
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for a A H �ðD2n;ZÞ, b A H �ðGr;ZÞ ð1a ramþ 3Þ. By the above equation and

Proposition 3.7 we have C0A2 ¼ g2ðlÞ, C0B2 ¼ g2ðmÞ, and so on.

The other equations are obtained by using Theorem 1.1, Propositions 3.4, 3.7

and 3.9 and Table 1. We calculate S0S2 as an example.

S0S2 ¼ gmþ2ð1Þgmþ2ðm1Þ

¼ g1ðcorD2n

Gmþ2
m1Þ þ g2ðcorD2n

Gmþ2
ðxm=2Þ�m1Þ

þ
Xðm=2Þ�1

l¼1

g2lþ2ðcorhxihxmiðreshx
m;x�2l yi

hxmi ðyxlÞ�ðm1ÞÞÞ

¼ g1ðlþ mÞ þ g2ðlþ mÞ þm
Xðm=2Þ�1

l¼1

g2lþ2ðsÞ

¼ ð1 þ C0ÞðA2 þ B2Þ þm
Xðm=2Þ�1

l¼1

ðE2lÞ2:

In the above calculation, note that restriction maps commute with conjugation

maps and the conjugation maps are the identity on H 2ðhxmi;ZÞ ¼ Z=2. The

other computations are similar. r

Remark 2. By Proposition 4.2, we have

ðEiÞ2 ¼
F2 þ

Xði�1Þ=2

l¼1

ðE2lÞ0F2 ðiðb3Þ oddÞ;

Xi=2

l¼1

ðE2l�1Þ0F2 ði evenÞ:

8>>>>>><>>>>>>:
By Remark 1, ðEiÞ2 is generated by the products of F0 and F2. Therefore,

H 2ðD2n; cZD2nÞ is generated by the products of C0, F0, S0, T0, A2, B2, F2,

S2 and T2 (resp. C0, F0, S0, A2, B2 and F2) for the case m even (resp. m

odd).

Proposition 4.3. The following equations hold in H 3ðD2n; cZD2nÞ:

C0A3 ¼ g2ðnÞ; ðEiÞ0A3 ¼ 0; S0A3 ¼ gmþ2ðn1Þ; T0A3 ¼ gmþ3ðn2Þ:

Proof. These are immediate from (4.1) and Proposition 3.7. r
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Remark 3. H 3ðD2n; cZD2nÞ is generated by the products of C0, S0, T0 and

A3 (resp. C0, S0 and A3) for the case m even (resp. m odd).

Proposition 4.4. (i) If m is even, the following equations hold in

H 4ðD2n; cZD2nÞ:
(1) A2

2C0 ¼ g2ðl2Þ, A2B2C0 ¼ g2ðlmÞ, A2
2S0 ¼ gmþ2ðl2

1Þ, A2
2T0 ¼ gmþ3ðl2

2Þ.
(2) A4C0 ¼ g2ðxÞ, A4ðEiÞ0 ¼ giþ2ðs2Þ, A4S0 ¼ gmþ2ðl1m1 þ m2

1Þ, A4T0 ¼
gmþ3ðl2m2 þ m2

2Þ.
(3) A2ðEiÞ2 ¼ B2S2 ¼ ðEiÞ2S2 ¼ ðEiÞ2T2 ¼ 0, A2S2 ¼ gmþ2ðl1m1Þ, A2T2 ¼

B2T2 ¼ gmþ3ðl2m2Þ, B2ðEiÞ2 ¼ mA4ðEiÞ0, ðEiÞ2ðEjÞ2 ¼ A4ðUiþj �Ui�jÞ,
S2

2 þ A2
2 ¼ T 2

2 ¼ A2B2 þ A4S
2
0 , S2T2 ¼ A4S0T0.

(ii) If m is odd, the following equations hold in H 4ðD2n; cZD2nÞ:
(1) A2

2C0 ¼ g2ðl2Þ, A2B2C0 ¼ g2ðlmÞ, A2
2S0 ¼ gmþ2ðl2

1Þ, A2B2S0 ¼
gmþ2ðl1m1Þ, B2

2S0 ¼ gmþ2ðm2
1Þ, A2

2C0S0 ¼ gmþ3ðl2
2Þ, A2B2C0S0 ¼

gmþ3ðl2
2 þ l2m2Þ, B2

2C0S0 ¼ gmþ3ðl2
2 þ m2

2Þ.
(2) A4C0 ¼ g2ðxÞ, A4ðEiÞ0 ¼ giþ2ðs2Þ.
(3) A2ðEiÞ2 ¼ 0, B2ðEiÞ2 ¼ mA4ðEiÞ0, ðEiÞ2ðEjÞ2 ¼ A4ðUiþj �Ui�jÞ.

Proof. Note that g1 is a monomorphism between the cohomology rings

(see [16, Section 5]). Thus the products of g1ð�Þ and grð�Þ ð1a ramþ 3Þ are

obtained by using (4.1) and Proposition 3.7. The other equations are obtained by

using Theorem 1.1, Propositions 3.4, 3.7 and 3.9 and Table 1. r

Remark 4. By Proposition 4.4 and Remark 1, note that A4ðEiÞ0 is gen-

erated by the products of A4 and F0. Hence H 4ðD2n; cZD2nÞ is generated by the

products of C0, F0, S0, T0, A2, B2, S2, T2 and A4 (resp. C0, F0, S0, A2, B2 and

A4) for the case m even (resp. m odd).

Remark 5. By (4.1), g2ðl im jnkx lÞ is generated by the products of A2, B2,

A3, A4 and C0. Similarly, from (4.1) and Propositions 3.7 and 4.4, we have

grþ2ðs2iþpÞ ¼ g1ðx iÞgrþ2ðspÞ ðib 0; p ¼ 0; 1Þ;

where 1a ram� 1. By summarizing Remarks 1 and 2, it follows that grþ2ðs iÞ is

generated by the products of A4, F0 and F2.

Moreover, from (4.1) and Propositions 3.7 and 4.4, we have

gmþrþ1ðm iþ2
r Þ ¼ gmþrþ1ððresD2n

Gmþrþ1
lÞm iþ1

r þ ðresD2n

Gmþrþ1
xÞm i

rÞ

¼ g1ðlÞgmþrþ1ðm iþ1
r Þ þ g1ðxÞgmþrþ1ðm i

rÞ ðib 0; r ¼ 1; 2Þ: ð4:2Þ
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Using Proposition 4.4 and (4.2), it is shown that gmþrþ1ðmk
r Þ is generated by the

products of g1ðlÞ, g1ðnÞ, gmþrþ1ð1Þ and gmþrþ1ðmrÞ by the induction on k. Since

gmþrþ1ðl i
rm

j
r n

k
r Þ ¼ g1ðlÞ

ig1ðnÞ
kgmþrþ1ðm j

r Þ ði; j; kb 0; r ¼ 1; 2Þ;

it follows that gmþrþ1ðl i
rm

j
r n

k
r Þ is multiplicatively generated by g1ðlÞ, g1ðmÞ, g1ðnÞ,

g1ðxÞ, gmþrþ1ð1Þ and gmþrþ1ðmrÞ.
Hence, HkðD2n; cZD2nÞ ðkb 5Þ is generated by the products of C0, F0, S0,

T0, A2, B2, F2, S2, T2 and A4 (resp. C0, F0, S0, A2, B2, F2 and A4) for the case m

even (resp. m odd).

4.2 The Case n Odd

In this subsection, let nðb3Þ be odd. We put t ¼ ðn� 1Þ=2. The computations

of the products on the Hochschild cohomology H �ðD2n; cZD2nÞðFHH �ðZD2nÞÞ
are similar to Section 4.1. In the following, we set

A2 ¼ g1ðaÞ; A4 ¼ g1ðbÞ;

ðEiÞ0 ¼ giþ1ð1Þ ð1a ia tÞ; ðEiÞ2 ¼ giþ1ðrÞ ð1a ia tÞ;

S0 ¼ gtþ2ð1Þ:

Moreover, we set Fi ¼ ðE1Þi ði ¼ 0; 2Þ and

Uk ¼

ðE�kÞ0 ð�t < k < 0Þ;
2 ðk ¼ 0Þ;
ðEkÞ0 ð1a ka tÞ;
ðEn�kÞ0 ðt < k < nÞ;

8>>><>>>: Vk ¼

�ðE�kÞ2 ð�t < k < 0Þ;
0 ðk ¼ 0Þ;
ðEkÞ2 ð1a ka tÞ;
�ðEn�kÞ2 ðt < k < nÞ;

8>>><>>>:
First, we calculate the products in degree 0. These are obtained by com-

putations similar to Proposition 4.1.

Proposition 4.5. The following equations hold in H 0ðD2n; cZD2nÞ:

ðEiÞ0S0 ¼ 2S0; S2
0 ¼ nþ n

Xt

i¼1

ðEiÞ0; ðEiÞ0ðEjÞ0 ¼ Uiþj þUi�j:

Remark 6. H 0ðD2n; cZD2nÞ is generated by the products of F0 and S0 (cf.

Remark 1).

Next, we calculate the products in degree 2.
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Proposition 4.6. The following equations hold in H 2ðD2n; cZD2nÞ:

ðEiÞ0A2 ¼ S0ðEiÞ2 ¼ 0; S0A2 ¼ gtþ2ðwÞ; ðEiÞ0ðEjÞ2 ¼ Viþj þ Vj�i:

Remark 7. H 2ðD2n; cZD2nÞ is generatedby the products of F0, S0, A2 and

F2 (cf. Remark 2).

Remark 8. Since the equations

resD2n

hxi bk ¼ r2k; resD2n

hyi b
k ¼ w2k ðkb 0Þ

hold, by (4.1) the cup product with A4 ¼ g1ðbÞ gives a periodicity isomorphism

A4 ^ � : HkðD2n; cZD2nÞ !
@

Hkþ4ðD2n; cZD2nÞ
for all kb 1.

Finally, we have the following proposition.

Proposition 4.7. The following equations hold in H 4ðD2n; cZD2nÞ:

A4ðEiÞ0 ¼ giþ1ðr2Þ; A4S0 ¼ gtþ2ðw2Þ; A2ðEiÞ2 ¼ 0; ðEiÞ2ðEjÞ2 ¼ A4ðUiþj �Ui�jÞ:

4.3 Ring Structure

We will state the ring structure of H �ðD2n; cZD2nÞ by summarizing Sections

4.1 and 4.2.

Theorem 4.8. Let D2n denote the dihedral group of order 2n for nb 3.

(i) Let n be even. We set m ¼ n=2.

(1) If m is even, the Hochschild cohomology ring H �ðD2n; cZD2nÞ
ðFHH �ðZD2nÞÞ is commutative, generated by elements

C0;F0;S0;T0 A H 0ðD2n; cZD2nÞ; A2;B2;F2;S2;T2 A H 2ðD2n; cZD2nÞ;

A3 A H 3ðD2n; cZD2nÞ; A4 A H 4ðD2n; cZD2nÞ:

The relations follow from Table 2.

(2) If m is odd, the Hochschild cohomology ring H �ðD2n; cZD2nÞ
ðFHH �ðZD2nÞÞ is commutative, generated by elements

C0;F0;S0 A H 0ðD2n; cZD2nÞ; A2;B2;F2 A H 2ðD2n; cZD2nÞ;

A3 A H 3ðD2n; cZD2nÞ; A4 A H 4ðD2n; cZD2nÞ:

The relations follow from Table 3.
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(ii) If n is odd, the Hochschild cohomology ring H �ðD2n; cZD2nÞ
ðFHH �ðZD2nÞÞ is commutative, generated by elements

F0;S0 A H 0ðD2n; cZD2nÞ; A2 A H 2ðD2n; cZD2nÞ; A4 A H 4ðD2n; cZD2nÞ:

The relations follow from Table 4.

Table 3. Cohomology ring H �ðD2n; cZD2nÞðFHH �ðZD2nÞÞ for n ¼ 2m ðmb 3 oddÞ.

C0 F0 S0 A2 B2 F2 A3 A4

C0 1 ðEm�1Þ0 C0S0 C0A2 C0B2 �ðEm�1Þ2 C0A3 nC0A4

F0 ðE2Þ0 þ 2 2C0S0 0 mF2 ðE2Þ2 0 nF0A4

S0 mþm
Pðm�1Þ=2

l¼1

ðE2lÞ0 S0A2 S0B2 0 S0A3 2S0A4

2A2 A2
2 A2B2 0 A2A3 A2A4

2B2 A2B2 �mA4 mF0A4 B2A3 B2A4

nF2 A4ððE2Þ0 � 2Þ 0 F2A4

2A3 A2A4 A3A4

nA4 A2
4

lWk means that l is the order of Wk A HkðD2n; cZD2nÞ as a Z-module.

ðEiÞ0 ð1a iam� 1Þ are defined inductively by ðE1Þ0 ¼ F0, ðE2Þ0 ¼ F 2
0 � 2 and ðEkÞ0 ¼ F0ðEk�1Þ0 �

ðEk�2Þ0 ð3a iam� 1Þ.

ðEiÞ2 ð1a iam� 1Þ are defined by ðE1Þ2 ¼ F2, ðEkÞ2 ¼
F2 þ

Pðk�1Þ=2

l¼1

ðE2lÞ0F2 ðkb 3 oddÞ;

Pk=2

l¼1

ðE2l�1Þ0F2 ðk evenÞ:

8>>>>><>>>>>:
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