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HOCHSCHILD COHOMOLOGY RING OF THE
INTEGRAL GROUP RING OF DIHEDRAL GROUPS!

By

Takao Havamr

Abstract. We will determine the ring structure of the Hochschild
cohomology HH*(ZD,,) of the integral group ring of the dihedral
group D,, of order 2n.

Introduction

Let RG be a group ring of a finite group G over a commutative ring R. If
G is an abelian group, the multiplicative structure of the Hochschild cohomology
HH*(RG) is explained by Holm [12] and Cibils and Solotar [5]. In the case where
G is a non-abelian group, HH*(RG) can be very complicated ring in general, and
it is more difficult to determine the multiplicative structure of HH*(RG).

The Hochschild cohomology ring HH*(RG) is isomorphic to the ordinary
cohomology ring H*(G,yRG), where ,RG is regarded as a left RG-module
by conjugation. So it is theoretically possible to calculate the products on the
cohomology if an efficient resolution of G is given. Thus we have determined
the ring structure of HH*(Z(Q,) for arbitrary generalized quaternion groups O,
by calculating the ordinary cup product in H*(Q;,yZQ,) using a diagonal ap-
proximation on a periodic resolution of period 4 (see [8]).

On the other hand, it is well known that the Hochschild cohomology
HH"(RG) is isomorphic to the direct sum of the ordinary group cohomology of
the centralizers of representatives of the conjugacy classes of G (see [1, Theorem
2.11.2], [16, Section 4]):

HH*(RG) ~ (D H"(G;, R).
J
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This isomorphism is not in general multiplicative, however Siegel and
Witherspoon [16, Theorem 5.1] define a new product on @;H *(Gj, R) so that the
above additive isomorphism is multiplicative (see [2] for a new proof and a
generalization of this result). They show that the multiplicative structure of the
Hochschild cohomology of a group ring is described in terms of cup products,
corestrictions and restrictions on the ordinary cohomology. This result was
conjugated by Cibils [4] and Cibils and Solotar [5]. This new product gives
us much helpful information about the Hochschild cohomology ring of group
algebras. In this paper, we will calculate the Hochschild cohomology ring of the
integral group ring of the dihedral group D», of order 2n for n > 3 by using this
new product.

In Section 1, as preliminaries, we describe some definitions and properties
about the Hochschild cohomology, the group cohomology, and the Product
Formula given by Siegel and Witherspoon [16, Theorem 5.1].

In Section 2, we state efficient resolutions for dihedral groups and cyclic
groups, and we describe the presentations of the integral cohomology rings of
these groups. In fact, efficient free resolutions of dihedral groups are given by
Wall [18], Hamada [6] and Handel [7]. We state a slightly different version of
the Handel’s resolution.

In Section 3, we calculate conjugations, restrictions and corestrictions be-
tween the integral cohomology rings of subgroups of D, (Propositions 3.4, 3.7
and 3.9). In order to calculate the cup products using the Product Formula
we need their computations. These are given by calculating the images of the
generators of the cohomologies on the cochain level by using chain trans-
formations.

In Section 4, we calculate the cup products on H*(Day,yZD1y,)
(~ HH*(ZD»,)) using the Product Formula (Propositions 4.1 through 4.7), and as
the main result of this paper we determine the ring structure of H*(Day,,yZD,)
(~ HH*(ZD>,)) (Theorem 4.8).

1 Preliminaries

1.1 Hochschild Cohomology and Group Cohomology

Let R be a commutative ring and A an R-algebra which is a finitely gen-
erated projective R-module. If M is a A°(= A ® A°P)-module, then the n-th
Hochschild cohomology of A with coefficients in M is defined by

H"(A, M) := Ext«(A, M).
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The cup product gives HH*(A) := @n>OHH "(A) a graded ring structure with
identity 1 e Z(A) ~ HH(A), where HIiI’l(A) denotes H"(A,A) and Z(A) de-
notes the center of A, and HH*(A) is called the Hochschild cohomology ring
of A. The Hochschild cohomology ring HH*(A) is graded-commutative, that is,
for « € HH?(A) and e HHY(A) we have off = (—1)"Bo (see [14, Proposition
1.2] for example).

Suppose that G is a finite group and that 4 is a G-module. Then we have the
definition of the n-th cohomology group of G with coefficients in A4:

H"(G, A) = Ext!5(R, A).

Let H be a subgroup of G. We denote restriction and corestriction by resg and

cor§, respectively (see [3], [17] or [19]):

resy : H'(G,A) — H"(H, A),
corg : H"(H,A) — H"(G, A).
Note that
corfy -resy o= |G: Hlo for we H"(G,A). (1.1)

Let YH = gHg™' be the conjugacy subgroup of H for g€ G. Then there is a
homomorphism called conjugation by g¢:

g* H"(H,A) — H"(YH,A).

Note that g* is the identity for g € H, and note that (g9192)" = gjg; holds for
g1,92 € G. These mappings of the cohomology groups are independent of the
choice of resolutions.

About the group ring RG there are close relations between the Hochschild
cohomology and the group cohomology. The Hochschild cohomology ring
HH*(RG) is isomorphic to the ordinary cohomology ring H*(G,,RG), where
yRG is regarded as a left RG-module by conjugation (see [16, Proposition 3.2]
or [13] for example).

1.2 Product Formula

Suppose that G is a finite group and R is a commutative ring. Let
g1 =1,92,...,g, be representatives of the conjugacy classes of G. Fix ¢;, and
let G; be the centralizer of g;. RG;-homomorphisms 6, : R — RG; A+ Ag;
and 7y, : RG — R; ), ;40— Ay induce 0, : H"(G;, R) — H"(G;,yRG) and
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n, + H"(Gi,yRG) — H"(G;, R),  respectively. We  define  y;: H"(G;, R) —
H"(G,,RG) by
yi(a) = corg 0, (), for e H"(Gj, R).

Then we have the following isomorphism of graded R-modules

®: H"(G,yRG) = @ H"(G,R); (> (m resg (0));, (1.2)

and its inverse is given by ® '(x) = y,(2) for o € H"(G;, R) (see [16, Section 4]).

Let D be a set of double coset representatives for G;\G/G;. For each a € D,
there is a unique k = k(@) such that

gk ="g,"g; (1.3)

for some be G. In the above, ¥¢g denotes xgx~' for x,ge G. Siegel and

Witherspoon [16] define the following new product on @j H*(Gj, R) so that the
above additive isomorphism is multiplicative:

THEOREM 1.1 (Product Formula). Let a € H*(G;, R), f € H*(G;, R). Then the
Sollowing equation holds in H*(G,,RG):

DGy s MGy, k
7:0) = 35(B) = D nilcoryt (resyy) b — resy,” (ba) '), (1.4)
aeD
where D is a set of double coset representatives for G\G/G;, k =k(a) and
b=b(a) are chosen to satisfy (1.3), and W ="G;N’G:

Note that the sum in (1.4) is independent of the choices of a and b, and note
that y, is a monomorphism between the cohomology rings (see [16, Section 5]).

2 Integral Cohomology Rings of Dihedral Groups and Cyclic Groups

In this section, we describe presentations of the integral cohomology rings of
dihedral groups and cyclic groups.
Let D;, denote the dihedral group of order 2n for any positive integer n > 2:

Dy =X, y|x" = y* =1, pxy~ ' =x71.

Efficient free resolutions of Z over ZD,, are given by Wall [18] and Hamada [6].
Handel [7] reformulates this resolution and determines a diagonal approximation
on the new resolution. The boundary operators of the Handel’s resolution are
right ZDj,-homomorphisms. For our convenience, we state a resolution whose
boundary operators are left ZD,,-homomorphisms. This is a slightly different
version of the Handel’s resolution.
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Let M7 denote a direct sum of ¢ copies of a module M. We set
Y, = (ZD,,)"" for ¢ > 0. As elements of Y, (or Z4™), we set

)

Define left ZD;,-homomorphisms ¢: Yy — Z;
given by

(f 1<r<gq+]1),

(otherwise).

¢g—1landd,: Y, — Y,y (¢>0)

(xy + ( 1)(’1_’)/2)%:} +(x—1)cj_; for g even, r even,
1\ (gD /2y 1 r
a(cl) = (y— (-1 . z)cqf1 + Negy for ¢ even, r odd, 2.1
(y — (=1)ltr 0/ Jey~1 — Nep for ¢ odd, r even,
(xy — (—1)<q7r>/2)cg:} +(x—1)¢j_, forg odd, r odd.

n—1

In the above, N denotes ) 'j x

i, It is easy to check that &-6, =0 and

0g 0441 =0 (g >1) hold. To see that the complex (Y,d) is acyclic, we state a
contracting homotopy 7, : Y, — Y41 (¢ > —1), where we set Y| = Z:

1

T_i1(1) =¢,.
If g(=0) is even, then
Nicy, (r=1,0<i<n,j=0),
(—1)q<q+1)/2N,-c;+l+x[c§+1 (r=1,0<i<n,j=1),
Ty(x'y'cy) =40 (r=2,0<i<n,j=0),
xi*lcgﬂ (r(=2) even, 0<i<n,j=1),
xiel] (r(=3) odd, 0 <i<mn,j=1),
where we set
N:{x"-1+x"-2+- 41 (i=1),
"o (i=0).
If g(=1) is odd, then
0 r=1,0<i<n-2,j=0),
Cgi1 (r=1li=n—1,j=0),
(D)7 bl (r=10=0,j=1),
Ty(x'y'cy) = xi—lc;_l r=L1<i<n,j=1),
0 (r=2,0<i<n,j=0),
xicgﬂ (r(=2) even, 0 <i<n,j=1),
xler] (r(=3) odd, 0 <i<mn,j=1).
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For each ¢ > 0, it is not hard to see that the equation

(g1 Ty + Ty 10,)(x'y/e)) = x'y/c]

o

holds. Therefore (Y,0) is a free resolution of Z over ZD,, (¢f. [7, Theorems 2.1

and 3.3]).

Applying the functor Homgp,, (—, Z) to the resolution (Y,d), we have the

following complex, where we identify Homgzp,, (Y, Z) with Z¢™ using an iso-

morphism Homzp,, (Y, Z) — Z7"; £ (f(c}

q

o
(Homyzp,, (Y,Z),6%):0 — 78 2% %

5#

q+1

()

In the above, a,

(x = Dapy, + (y— (=) )ars]
—Naj,  + (xy — (—1)<"_’)/2)a;ﬂ

Nag,y + (xp + (=1))ar]

q+1
r— 2 T
Dal, + (v — (=)@ D2)gr

(X - q+1

r+1
(1 - qil
—nag. + (1 — (—1)((’4)/2)%;1}
nay , + (1+ (—1)((1_")/2)61[’;{
(1= (=D)"")a

(—1)atr=12yy for ¢

for ¢
for ¢

r+1

il for ¢

denotes ac; for ae Z.

)f(cj),...

J(CZ}“))i

Z4 25

for ¢ even, r odd,
for ¢ even,
for ¢ odd,

for ¢ odd,

r even,
r odd,

r even,

even, r odd,
even,
odd,

odd,

r even,
r odd,

r even.

If n> 2 is even, then the module structure of H*(D,,, Z) is represented by

the form of the subquotient of the complex as follows:

Hk(D2n7 Z)

VA

(—DZ

= i=1

97

s

no4i-
( C4q+l

4l+l

bz

i=1

Cagra T 2;122)/2® @Z

4q+1)/2 ® @Zc4q+1/2

4z+3
4q+2

q
4i+1 4i42
C4q+% - C4q+3)/2 ® D ZC4q+3/2
i=0

for k =0,

Zey,/n@® @Z(_C4q +c4q>/2® @Zc4’+1/2 for k =4q (¢ #0),

fork =4q+1,

(2.2)
for k =4q + 2,
for k =4q + 3.
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In the above, M/s denotes the quotient module M /sM for a Z-module M and
an element se Z, and we interpret @:’: , term as 0 if ¢=0. Note that we
have the same module structure and ring structure if we use the Handel’s
resolution. We put A:=c; e H*(Dy, Z), w:=(n/2)c)+ 3 e H* (D, Z),
vi=c3e H (Dy,Z) and ¢:=c}e H*(Dy,Z). Then A, g, v and ¢ multi-
plicatively generate H*(D,,Z), and the ring structure is given as follows (see
[7, Theorem 5.2]):

H* (D, Z) = Z[2, pt,v, €1/ (22, 201,20, &, 1 + Jpu+ (02 [4)E, v + 4€),
(deg A =degpu=2,degv=3,deg ¢ =4). (2.3)
In particular, we have
H* (D4, Z) = Z [}, u, v/ (22,21, 2v,v* + 2p* + 22 p),
(deg A =deg u=2,deg v =3). (2.4)

If n is odd, the cohomology groups of D, are periodic. The integral coho-
mology of Dy, is as follows:

Z for k =0,
Zciq/nG—)Zcf:;’Hﬂ for k = 4q (g #0),
HY(Dy,,Z) =40 for k =4g+ 1, (2.5)
Zel3 )2 for k = 4q +2,
0 for k = 4q + 3.

If we put o«:=c3 € H* (D, Z) and f:= ¢} + ¢; € H*(Dy,, Z), we have the fol-
lowing (see [7, Theorem 5.3]):

H*(DZIHZ) - Z[aaﬁ]/(zaaznﬁa oa? — nﬂ)a
(deg o =2,deg = 4). (2.6)

Next, we describe the integral cohomology ring of the cyclic group. Let
H = {a) denote the cyclic group of order /(>2). Then the following periodic
Z H-free resolution for Z of period 2 is well known (see [3, Chapter XII, Section
7] for example):

O g g Y g 7,

(Zy,0n): - — ZH N ZH
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Applying the functor Homzy(—, Z) to the above periodic resolution, we have
the complex

# ) on)?
(Homz(Zu, 2). (on)*") 10— 2 0 2 @5 7 O 7
(1)} (c) = (a—1)c=0,

-1
(0n)} (c) = Z“ZC = le,
pry
and we have
. VA for k =0,
H*(H,Z) = Z/l fork=0 mod?2, k#0, (2.7)

0 for k =1 mod 2.

If we put y:=1¢e H*>(H,Z), then we have the following (see [3, Chapter XII,
Section 7]):

H'(H,Z)=Z[y/(Ix), (degy=2). (2.8)

3 Conjugation, Restriction and Corestriction

In this section, we calculate conjugations, restrictions and corestrictions
between the integral cohomology rings of the centralizers of representatives of
the conjugacy classes of Dj,. These are given by a method similar to [9, Section
2.1].

3.1 The Case n Even

In this subsection, we consider the case n=2m (m >2). We take repre-
sentatives of the conjugacy classes of D,, as follows:

gi=1, g=x", gia=x" 1<i<m), gm2=y, Gmiz=xy.
Then their centralizers are
Gl = G2 = D2I‘I) Gi+2 = <X> (1 <i< Wl), Gm+2 = <Xm7y>, Gn1+3 = <Xmaxy>-

Note that G,,;» and G,.3 are isomorphic to Dj.
In the following, we set

H*(Gr, Z) = Zy 11, v, €/ (22, 204, 20, né, j1% + da + (' [4)E, v + 28),

(deg A =degu=2,degv=3deg ¢ =4),
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H*(Gry2,Z) = Z[o]/(no) (deg o =2),
H*(Gm+l‘+l7 Z) = Z[}'rnura Vr}/(z;tw ziura 2Vr7 V)? + lr/urz + j'rziur)
(deg A, = deg 1, = 2,deg v, = 3),

where r=1,2 and 1 <k <m — 1. These presentations follow from (2.3), (2.4)
and (2.8). By (1.2), (2.2) and (2.7), we have

zm3 for k =0,

0 for k =1,

(Z/2)% fork=2¢+1 (¢=1),
(2/2)" V@ (Z/m)"" fork =4q+2 (g=0),
(Z)2)%? @ (Z/n)"™™ fork=4q (¢>1).

Hk(DZna wZDZn) =

In the above, M" denotes a direct sum of r copies of a module M.
Moreover we set

H' (X", Z) = Z[7)/(27)  (deg © = 2).

First, we calculate conjugation maps. We need chain transformations in both
directions between the standard resolution and the resolution given by (2.1). The
following equations are useful for the proof of Lemma 3.1:

Ni+x'N;=N;j, Ni(x—1)=x"—1, yN;=x7'Nixy (i,j>0).
LemMa 3.1. Let (X,d) be the standard resolution of Dy, and (Y,0) the
resolution of Do, given by (2.1).

(i) An initial part of a chain transformation uy : X — Yy lifting the identity
map on Z is given as follows:

uo([) = ¢p;
w ([x'y")) = Nie] + px'ci;

0
1

(if i+j<nand p=0),
(3P |7y ) = 4  i+j2naud p=0),
AN = XTIN;3 + gxi 3 (if i—j=0and p=1),
—c) +x"INie; +gx’ 3 (if i—j<0and p=1),

where 0 <i,j<n and p,q=0,1.

(i) An initial part of a chain transformation vy : Y, — Xy lifting the identity
map on Z is given as follows:
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volcg) = [;
oi(e}) =[x, ui(ed) = [l;
va(ey) = [NIx], va(c3) = [ 3]+ [xy], va(e3) = [y + 1] ],
Proor. We prove (i) only. It suffices to check that the equation wuy_1d; =
Oruy holds for kK =1,2. In the case k =1, we have
uody ([x'y"]) = uo((x"y” = D[]) = (x"y = 1)¢g
= Ni(x = D¢y +px'(y = D¢y = S ([x'»")).

In the case k =2, the proof is divided into four cases.
Case i+ j<n, p=0:

wydy([x" [ x7y9)) = (x"[x7y9] =[xy + [x7])
= (x'N; = Nij + NiJef = 0 = Gaur([x' | x/p7]).
Case i+ j=n, p=0:
wrds([x' | X/y1) = (Niyj = Nigjon)el = (Nigj = (Nigj = x™7'N,))e
= Ncl1 = Soup([x" | x7y]).
Case i—j=0, p=1:
wrds([x'y [ X7y ]) = un (X[l y?) — [yt 4 [xy))
= (x'yN; = Nij + Niel + (gx Ty + (g — Dx™7 + x)e7
= x"INj(xy + Deg + 3" () = 1+ q(y+1))e
= X"IN;((xy + Dej + (x = Def) + gx(y + Def
= daun([x'y [ X7y 1]).
Case i— j<0, p=1:
wdsy([x'y [ x7y?) = (x'yN; = Ni_jn + Ni)eg + (gx"y + (g = DX + x")e}
= —Nej +xINi((xy + Dey + (x = Def) +gx" (y + )ef
(since N; — Ni_jin=—x'N,_; = —x"7(N, — Ny))

= ot ([x"y | x7y)).
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To prove (ii), it suffices to check that the equation dyvx = vy_10x holds for
k=1,2. O

LemMa 3.2. Let H = {a) denote the cyclic group of order I(=2). (Zy,0u)
denotes the periodic resolution of H and (Xy,dy) denotes the standard resolution
of H.

(i) An initial part of a chain transformation (vy), : (Zu), — (Xu), lifting the
identity map on Z is given as follows:

(0m)o(1) = [];
(0r), (1) = [al;

(er)y(1) = > lalal.

(ii) An initial part of a chain transformation (ug), : (Xu), — (Zn), lifting the
identity map on Z is given as follows:

(urr)o([]) = 15
{ +a 2+ 41 (i),
(i=0);
) (i+j=1),
(sr1); (') { (i+j<l),

for 0<i,j<l
ProoF. See [11, Proposition 1] for (i) and [9, Lemma 2.1] for (ii). O

Lemma 3.3, Suppose H is a subgroup of a finite group G and A is a
G-module. (Xy,dy) and (X(p),dsmy) denote the standard resolutions of H and
9H = gHg™" for g € G, respectively. Then the conjugation map g* : H*(H, A) —
H¥(9H, A) is given by the following on the cochain level:

g : HomZH((XH)k,A) — Homz(gy)((X(gH))k,A)
GUNAD =af([]) (k=0),
G pilpal -~ 1oi]) = 9/ (g prglg " pagl - lg ' prgl) (k= 1),

where py,ps,...,pr €7H.
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PrOOF. See [19, Proposition 2-5-1]. O

In the following, (X,d) and (Y,J) denote the standard resolution of D,, and
the resolution of D, given by (2.1), respectively.

Moreover, (XD dU+D) denotes the standard resolution of G2 =
xm x!yy for 1=0,1, and (YD 6%+ denotes the resolution of G/42(~ Dy)
for I =0,1 given by (2.1). The boundaries of (YD §*V) are left ZGuyio-
homomorphisms given by

m+/y+ 1)( )/2>

(x (x™—=1)c;_, forq even, r even,
(x'y — (~1 )<q+r+1>/ )e

(

(x

(x" +1)cy
(x"+1)c;_, forg odd, r even,

1+ (" =1)¢c; for g odd, r odd,

Ly
(5““))(1(0(;) _ , s — b+ (x _, for g even, r odd,
xly = (=1 Jey 1 —
mily, (= 1)((1 r/z) (;
for ¢>0. By Lemma 3.1, an initial part of a chain transformation
D), (XD, — (YUHD), s given by

@™o (LD) = o;

V), (1) = i) + g

0 (i+j<2,p=0),

1 . .
(I+1) mitlp,p mj+lq _ ) o o (l +j=2,p= )a
i T B S (O S
—e3 + XM 4 qx" ey (i-j<0,p=1),

where i,j,¢q=0,1, and an initial part of a chain transformation
(DY (YUY — (X D), s given by

@ D)(eh) =" (D) () = [
@ a(e) = "+ 1", (D) (e3) = Wy [+ [ X,

@ )y(e3) = ¥y + 1] x'y).
ProrosITION 3.4.  The following hold.

(i) y*(o) =—o,
(i) (x"*)*(u,) = 2+, for m even and r=1,2.
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Moreover, g* maps 1(€ H*(G,,Z)) to 1(e H*(YG,,Z)) for 1 <r<m+3 and
g6D2n~

ProOF. We prove (x"/2)*(u;) = A1 + u; (m even) only. This is given by the
composition of the following maps on the cochain level:

),/—1
72 L Homyg, , (YY), Z)

(,ﬂ));* (1)
I HomZan+2((X )272)

3l
;) HomZan+2((X<l))27 Z)

(CR))4 )
— HomZGn1+2 (( Y )2’ Z)

25 Z37

where we set / = m/2 and 8, denotes the isomorphism Homgg, ,((Y("),,Z) = Z*
stated in Section 2. Since

B () - D)) () (e2)) = B3 () - D)3 4 1] ") = 1,
(B () - @) () (3)) = B3 () - (D)1 + [ [ x70]) = 1,

(e (B () - @) )) () (e3)) = B3 () - @)y ([ + 1 x5]) = 1,

it follows that (x"/2)*(u;) =4+ holds. Similarly, we have (x"/?)"(u,) =
J2 + . The equation y*(o) = —o is obtained by using Lemmas 3.2 and 3.3.
O

Next, we calculate restriction maps. In the following, (Zy,dn) denotes the
periodic resolution of a cyclic subgroup H of Dy,.

Lemma 3.5. (i) A chain transformation wy : (Z¢yy), — Y lifting the identity
map on Z is given by wi(1) =c} (k>0).

(ii) An initial part of a chain transformation (w"), : (Y), — Y, (I=1,2)
lifting the identity map on Z is given as follows:

(v Dole) = eg;

W D)y(el) = Net, (W) (e]) = Nioref +x" el
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Nyt 4+ (if r=1,3),

FINwet (i r=2);
Nincs (if r odd),
(_1)r/2N/_lC§—l +x”lc§ (if r even);

(W), (ed) = {
(D), (e5) = {

), (ch) = (=D VN ey eh (i 1 oodd),
o X N e (if r even).

Proor. (i) is easily obtained. To prove (ii), it suffices to check that
S - (W), = (wh), ;- (0"), holds for k=1,2,3,4. The proof is straightfor-
ward. O

Lemma 3.6. (i) A chain transformation sy : (Z¢omy), — (Zexy), lifting  the
identity map on Z is given by sy.(1) =1; syy1(1) = (k=0).

(ii) A chain transformation (sV), : (Z¢my), — (YD), (I =1,2) lifting the
identity map on Z is given by (s) (1) =¢c} (k=0).

~
~§

ProrosiTiON 3.7.  The following hold.

(i) respx 2=0, resp% u=ma, respt & =a’.

D, D, { 0 (m €U€I’Z) ) Dy,

(ll) I‘eSG +2 A= )1’ I'CSG’”” = W (Wl ()dd) reSGmu V=,
D7u g ’
1+ gy
7r1+2
A m even
(iii) resGZ” b= la, resgz” U= { ( ) resgz”‘3 V=,
o o+, (m odd),

resg &= 15 + Jotty.
(iv) res<wt§*‘ A =0, resgxﬁ> o= resd’::’;‘ =1t (r=1,2).

Moreover, resgf“ 1=1(€ H%G,, Z)) and res<;,,,,> 1 =1 H'({x™),Z)) hold for
3<r<m+3.

ProoF. These are given by using Lemmas 3.5 and 3.6. We calculate
resgz” A and resD » u as examples. These are given by the composition of the
following maps on the cochain level:

—1

Z3 L HOl‘nZDZn(Yz, Z)

(w(l)) 1)
—— Homygg,,,((Y"),, Z)

B ZS,
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where o, denotes the isomorphism Homyp, (Y5, Z) — Z> stated in Section 2.
Since

o' (2) - (w)y(e3) = oy (A)(e3) = 0,
o' (2) - (W) (3) = o (4) (Nme3) = 0,
o' (2) - (w)y(e3) = oy (A)(e3) = 1,
oy (1) - (W)y(e3) = o () (eg) = m,
oy (1) - (W)y(e3) = o (1) (Nime3) = m
o (1) - (W), (e3) = o5 () (e3) = 0,

it follows that rest” A=A and resDz"

1= my,; hold. U
Finally, we calculate corestriction maps. To compute them we need the
following lemma:

Lemma 3.8.  Suppose H is a subgroup of index | of a finite group G and A is
a G-module. Fix a set of right coset representatives S = {w)(=1),wa,..., 01} of H
in G, and let ¢(g)(e S) denote the representative of the right coset containing g € G.
(X6,dg) and (Xu,dn) denote the standard resolutions of G and H, respectively.
Then the corestriction map cor§ : H*(H, A) — H*(G, A) is given by the following
on the cochain level:

TS : Homzy ((Xg),, A) — Homza((Xg),, 4)

(TE)([) =Y o 'u(l]) (k=0),

weS
(T W) ([o1]oa] .. |ox]) = Y o "u([e(w)arc(war) " |c(war)orc(waiar) . ..
weS
le(wo - op_1)oke(wa ---a1) ') (k> 1),
where u € Homzy ((Xy),, A) and 01,02, ...,0 € G.
PrOOF. See [19, Proposition 2-5-2]. O

ProposiTiON 3.9.  The following hold:

D,

Do 0, corGD?”2 =24+ p (m even), corg™ p,=p (m even).

COI‘<¥> g =
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Proor. First we calculate cor<Dx2; o. Using Lemmas 3.1, 3.2 and 3.8, this is
given by the composition of the following maps on the cochain level:

IS
Z —— Homzvy((Z(y)y, Z)
(u<v>

—— Homzy ((X¢xy)5 £)

TD7H
x>
E— HOII’IZDZ” (Xz, Z)

o
—2> HOl‘IlZDZn ( Yz, Z)

o
2.7

where 8, denotes an isomorphism Homz¢y((Z¢xy)s, Z) — Z; f +— f(1). Let
{1, y} be a set of right coset representatives of {x)» in D,,. Then ¢(x’) =1 and
¢(x'y) = y hold. Since

(T3 (B2 (0) - (1)) (v2(c))
= Zﬂz - (e )y (e(1)xe(x) ™ e(xyxe(x) 7]
+ [e(p)x'e(yx) 7 e(px)xe(px)7)

= By (@) - (e )y (I¥'13] + ¥ 1))

(TE3 (B (0) - (1)) (02(c3))
= £51(0) - (s )y ([e(D)ve(op) ™ e(oep)xe() 7]
+ [e(r)ayelx) ™ elxxe(1) 7]
+ [e(D)xe(x) ™ | e(x) ye(xy) ™ + [e(y)xe(yx) ™ [ e(yx) ye(x) 7))
= 5" (0) - () ([xlx~"] + [ ad] o+ [e]1] + [xH[1])

=2

)
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(T2 (By ' (0) - (uwy)2)) (v2(c3))
= $"(0) - (uewy)2 ([e()ye(r) ™ [e(w)ye(D) ] + [e(r)ye(D) ™ [e(1) ye() 7]
+ (ML) (W) ye(n) ™ + [ 1e(y) ™ [ e(r)ye(1) ™)
=48, (0) - (ucxy ) ([1]1])
=0,

we have Corfj; o=2u=0.
Next, let m be even and {1,x,...,x” !} a set of right coset representatives of
Gpiz = {x™ y> in Dy,. Then c¢(x ) c(x™)y =x" (0<i<m—1) and ¢(xy) =
c(x™ty) = x™=1 (1 <i <m) hold. Since

(T, (B (1) - (@V),))(v2(c3))

m—

._a

n—

1
(By " (pay) - (@) p) (fe(x)xe(x™) 7 e(x ™) xe(x ) 7))

j=0
— By () - )
=m,

(T, (85 () - (u),)) (02(c3))

m+2

I
<)

I

§

B () - D)) (e e ) e ey

Il
o

+ [e )xe(x ™7 el ) ye(x )7
= B () - (@), (X" | x™)
=1,
(TE (B () - (M),)) (v2(e3))

m—

= D (B () - @)y (fe(x) ye(x'y) ™ felxy) ye(x) ')

i=0

._.

+ (1] e(xT) pe(x'y) "))
=B () - ()5 ([]y] + (m — D™y [ x™y])

=m-1,

it follows that cor "ty = (m—1)A+pu= 72+ u holds.
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Finally, let m be even and {l,x,...,x” '} a set of right coset repre-

sentatives of G453 = <x,xy)» in Dy,. Then ¢(x’) = c(x") =x" (0<i<m—1)
and ¢(x’y) = ¢(x"*y) = x"""*1 (2 <i <m+1) hold. By a similar calculation as
above, we have corGD;”+3 Wh=m=-2)A+u=yp O

Note that from (1.1), Propositions 3.7 and 3.9, and [19, Proposition 4-3-7], we
have

2
corl” (Japy) = corl? (resl¥ | A-py) = 4-corl, uy = {i A (m even),
Au (m odd),

and so on.

3.2 The Case n Odd

In the case n odd, the calculations are easily obtained. We set 1 = (n — 1)/2.
We take representatives of the conjugacy classes of D,, are

=1, gm=x" (1<i<1), gun=y,
and their centralizers are
Gy =Dy, G =<x) (1<i<1), Gua =<,
respectively. We set
H*(G1,Z) = Z|o, B]/ (2, 2nB, 0> — nf) (deg o =2,deg f =4),
H*(Gir1,Z) = Z[pl/(np) (deg p =2),
H* (G2, Z) = Z[x]/(2)  (deg x = 2),

where 1 < k <. These presentations follow from (2.6) and (2.8). By (1.2), (2.5)
and (2.7), we have

zZ? for k =0,

0 fork=1 (4),
H"(Dyy,yZDsy) =3 (Z)2)* @ (Z/n)"  fork =2 (4),

0 for k =3 (4),

(Z)2)* @ (Z/n)""" fork=0 (4), k #0.

By computations similar to Propositions 3.4, 3.7 and 3.9, we have

* Dy, Dy p__ 2 Dy, o
yip)=—p, res;to=0, res, X f=p°, cor X p=0.

Moreover, by (1.1), (2.6) and (2.8), we have res?’g o=y, res?y’g/)’:;{z.
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4 Products on H*(Dy,,,ZD>,)

In this section, we will determine the ring structure of the Hochschild
cohomology H*(Day,yZD1,)(~ HH*(ZD,,)) by using the Product Formula. In
the following, we write XY in place of X — Y for brevity.

4.1 The Case n Even

In this subsection, we calculate the products on the Hochschild cohomology
H*(Day, yZDy,)(~ HH*(ZD,,)) for the case n =2m (m > 2). In the following,
we set

Ay =71(4), Br=y(w), A3=p(v), Aa=7(E), Co=y(l),
(B = pia(D) (1 <i<m—1), (E)y=7u(0) (1<i<m—1),
So = ym+2(1)’ S = Vm+2(:u1)7 Ty = Vm+3(1)7 T, = ym+3(:u2)'

Moreover, we set F; = (E}); (i=0,2),

(E_k)y (—m<k<0), —(E_k), (—m<k<0),
2 (k=0), 0 (k=0),
Ue=1(Ex)y O<k<m), Vi=1(E), (0 <k <m),
2C (k =m), 0 (k=m),
(En-i)y (m <k <mn), —(Eu-k), (m<k<n).

In the following, we interpret ng:nlﬂ)—l term as 0 if m = 2.

First, we calculate products in degree 0. The products in degree 0 correspond
to the multiplication in the center of ZD,,. By using this identification, we have
the following proposition:

ProposiTiON  4.1. (i) If m is even, the following equations hold in
HO(DZnM//ZDZn):

Ci=1, Co(E)y= (Eni)y CoSo=3Sy, CoTy= T,

280 (i even), 2Ty (i even),

(Ei)°S0:{2T0 (i odd), (E")OT‘):{zso (i odd),

(m/2)—1 m/2

So=T5 =m(1+Co)+m > (Eu)y, SoTo=m» (Ex 1)y,
=1 =1

(Ei)o(E))g = Uirj + Uiy
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(ii) If m is odd, the following equations hold in H°(Da,,yZDs,):

2So (i even),

C2=1, Co(E)y= (Eni)g, CoSo=To, (E),So=
F=L GlEN = (B CoSi=To (ESi={5p (1 o)

(m-1)/2
Sg =m+m Z (Ex)oy  (Ei)o(Ej)g = Uirj + Uiy
=1

REMARK 1. Since the equations (E»), = Fg —2 and (Ex)y = Fo(Ex-1)y—
(Ex—2)y 3 <k <m—1) hold, it follows that the powers of F, generate (Ej),
(2 <k <m—1). Hence HO(DZ,,,,/,ZDzn) is generated by the products of Cy, Fp,
So and Ty (resp. Co, Fy and Sp) for the case m even (resp. m odd).

Next, we compute cup products for generators of HO(DZ,,,,/,ZDQ,,) and
generators of H?(Dy,,yZDy,).

ProposiTION 4.2, (1) If m is even, the following equations hold in
Ifz(Dzn7 l/,ZDQn):
(1) Codr =y,(4), CoBa=y,(1), Co(Ei)y = —(Em-i)y, CoS2 = Sodr + S,
CoTr = ToAr + T>.
(2) (Ei)gAz = (Ei)gS2 = (Ei)gT2 =0,  (Ej)gBo =m(Ei)y,  (Ei)o(E)j), =

Viej+ Vi-i.
(3) S04z = ypia(1),  SoBr = So(Ei); =0, S0 = (14 Co)(A2+ By) +
(m/2)—1 m/2

m Y. (Ex)y, SoTa=m ) (Ey-1),.
1= 1= m/2

(4) ToA> = ToBr = y,,.3(A2), To(Ei), =0, ToSr =m Y (Ey-1),, ToT> =
(m)2)-1 =1

(1 —+ Co)Bz +m IZ:I (EZZ)Z'

(i) If m is odd, the following equations hold in H?(Day,,yZD2y,):
(1) Coda = ,(4), CoBa = py(1), Co(Ei)y = —(Em—i),-
(2) (Ei)gA2 =0, (Ei)gBa = m(E:),, (Ei)y(Ej)y = Viej+ Vi
(3) Sodr = ym+2(’11)’ SoB,y = ym+2(:ul)> S0<Ei)2 =0, CoSodr = Vm+3(}'2)7
CoSo(A2 + B2) = 73 (10)-

Proor. Table 1 is useful for computations.
We prove (i) only. By the Product Formula, we have

71(2)7,(B) = 7,(corg (resg™ o~ res¢ f)) = y,(resg™ o - ) (4.1)
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for o € H*(Dap, Z), fe H*(G,,Z) (1 <r <m+3). By the above equation and
Proposition 3.7 we have Cyody = y,(4), CoBy = y,(u), and so on.

The other equations are obtained by using Theorem 1.1, Propositions 3.4, 3.7
and 3.9 and Table 1. We calculate SyS, as an example.

S082 = P2 (1) ymra (111)

=pi(corg | ) + py(cor g (x™?) py)

m+2 m+2

(m/2)—1
£ '_711”,—2[ ) I
+ > paalcordin (resSuy 7 (nx!) ()
=1

(m/2)-1

=nd+u)+rnd+p+m Z Va42(0)
=1

(m/2)—1

= (14 C)( A2+ B)+m Y (Ex),.
=1

In the above calculation, note that restriction maps commute with conjugation
maps and the conjugation maps are the identity on H?>({(x") Z)= Z/2. The
other computations are similar. O

REMARK 2. By Proposition 4.2, we have

Z(Ey,l JoF> (i even).

=1

By Remark 1, (E;), is generated by the products of Fy and F,. Therefore,
H?(Dyy,yZD>,) is generated by the products of Co, Fy, So, To, A2, By, F,
S, and T, (resp. Co, Fo, Sy, 4>, B, and F>) for the case m even (resp. m
odd).

PROPOSITION 4.3.  The following equations hold in H?>(Day,,yZD2,):

Cods =y, (v), (Ei)gd3 =0, Sods=7,.,1), Tods=p,.302).

Proor. These are immediate from (4.1) and Proposition 3.7. O
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REMARK 3. H 3(Dz,m/,ZDz,,) is generated by the products of Cy, Sy, Ty and
Az (resp. Cy, So and As3) for the case m even (resp. m odd).

ProrosiTiON 4.4, (i) If m is even, the following equations hold in
H4(D2,1, l/,ZDQ,,)I

(1) A%Co = Vz(;bz): A2B,Co = p,(A4), A§SO = Vm+2(/112)s AgTO = Vm+3()é)-

(2) 44Co = 1(8), Aa(Ei)y = 1142(0%), A4S0 = Ppya(Fapy + i), AaTo =
Vs (Bt + 143).

(3) A2(Ei); = BrSh = (Ei), 82 = (Ei)y T2 = 0, 4282 = p,0(Aapy), 4212 =
BTy = yyi3(datta), Ba(Ei)y = mAa(Ei)g, (Ei)y(Ej)y = Aa(Uisj — Uiy),
522 + A% = T22 = A)B) + A4S§, STy = AySoTy.

(i) If m is odd, the following equations hold in H 4(D2,m/,ZD2,,):

(1) A3Co = 72(2%),  A2BrCo = p,(3pt),  A3So = 7,12(37),  A2BaSy =
Tm2(Fapy)s B3So = uia(4d),  A3C0S0 = 7i3(43),  A2BaCoSp =
Vi3 (23 + datty), B3CoS0 = Vpy3(03 + 183).

(2) 44Co = 12(&), Aa(Ei)g = yi12(0?).

(3) A2(Ei); =0, Ba(Ei), = mAa(Ei)g, (Ei)y(Ej); = Aa(Uiyj — Uiy).

Proor. Note that p; is a monomorphism between the cohomology rings
(see [16, Section 5]). Thus the products of y,(—) and y,(—) (1 <r <m+3) are
obtained by using (4.1) and Proposition 3.7. The other equations are obtained by
using Theorem 1.1, Propositions 3.4, 3.7 and 3.9 and Table 1. O

REMARK 4. By Proposition 4.4 and Remark 1, note that A4(E;), is gen-
erated by the products of 44 and Fy. Hence H 4(D2n,,/,ZD2n) is generated by the
products of Cy, Fy, So, To, A2, Ba, S», T» and A4 (resp. Co, Fy, So, A2, B> and
A4) for the case m even (resp. m odd).

REMARK 5. By (4.1), y,(A'u/vkE") is generated by the products of A, B,
A3, A4 and Cp. Similarly, from (4.1) and Propositions 3.7 and 4.4, we have

yr+2(02i+p) = Vl(fi)yr+2(ap) (l = pr = 07 1)7

where 1 < r <m — 1. By summarizing Remarks 1 and 2, it follows that y,,,(c") is
generated by the products of A4, Fy and F;.
Moreover, from (4.1) and Propositions 3.7 and 4.4, we have

i+2 Dy, 7 i+1 Dy, i
Vmirit (1 2) = Py ((resg? D)™ + (resg” )

= Nt () A 1P () (12 0,r=1,2). (42)



122 Takao HAyawmi

Using Proposition 4.4 and (4.2), it is shown that p,,,,., (") is generated by the
products of y,(4), »1(V), Vmerr1(1) and y,,...1(4,.) by the induction on k. Since

i i k j .
ym+r+l (;{rltu;]v}{c) = yl ()“) yl (V) Vm+r+l(:u{) (l7jak = 0,}" = 1,2),
it follows that y,,,,,,(A.«/v¥) is multiplicatively generated by y,(2), 7, (), 7,(v),

yl (é), ym+r+l(1) and ym+r+1(/“‘r)‘
Hence, H* (Dan,yZDy,) (k>5) is generated by the products of Co, Fy, So,

To, A2, By, F>, Sy, T, and Ay (resp. Cy, Fo, So, A2, Bz, F> and Ay) for the case m
even (resp. m odd).

4.2 The Case n Odd

In this subsection, let n(> 3) be odd. We put t = (n — 1)/2. The computations
of the products on the Hochschild cohomology H*(Da,,yZD,)(~ HH*(ZD>,))
are similar to Section 4.1. In the following, we set

A2:yl(a)7 A4:yl(ﬂ)a

(Ei)og=7i1(1) (1 <i<t), (E)y=ypia(p) (1<i<t),

So = Vt+2(1)'
Moreover, we set F; = (E;), (i=0,2) and
(E_k)y (—t<k<0), —(E_k), (—t<k<0),
o J2 =0 o (k=0),
T E),  (s<k<n, T )(E), (<k<y),
(En-k)y (t<k<n), —(Enk), (t<k<n),

First, we calculate the products in degree 0. These are obtained by com-
putations similar to Proposition 4.1.

PrOPOSITION 4.5. The following equations hold in H O(Dz,,,l/,ZDz,,):

t
(EoSo =280, Sq=n+nY (E)y (E)y(E)y=Usrj+ U

i=1

REMARK 6. H O(Dz,,,,pZDz,z) is generated by the products of Fy and Sy (cf:
Remark 1).

Next, we calculate the products in degree 2.
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ProOPOSITION 4.6. The following equations hold in H 2(Dz,m/,ZDz,,):
(Ei)gd2 = So(Ei); =0, Sod> =7,2(x),  (Ei)o(Ej)y = Viej + Vi

REMARK 7. H?(Day,yZDs,) is generatedby the products of Fy, Sy, 4> and
F, (¢f. Remark 2).

REmMARK 8. Since the equations
res_% B = p*, res?yzg B =% (k=0)
hold, by (4.1) the cup product with 44 = y,(f) gives a periodicity isomorphism

Ay — = HY (D3, yZD2y) = H"*(Day, yZ D)
for all k> 1.
Finally, we have the following proposition.

PROPOSITION 4.7.  The following equations hold in H*(Da,,yZD>,):

A4(ED)o = 7i11(p%), AsSo =,2(1%), A2(Ei), =0, (E)y(E), = As(Uij — Ui_)).

4.3 Ring Structure

We will state the ring structure of H*(Ds,,ZD>,) by summarizing Sections
4.1 and 4.2.

THEOREM 4.8. Let Dy, denote the dihedral group of order 2n for n > 3.

(i) Let n be even. We set m =n/2.
(1) If m is even, the Hochschild cohomology ring H*(Day,yZDy,)
(~ HH*(ZD»y,)) is commutative, generated by elements

Co, Fy, S0, To € H (D2, yZD2,), Az, By, F>, S5, T> € H* (D3, y Z D),
Az € H*(Dyy, yZDyy),  Ag € HY(Day, y ZD2y).

The relations follow from Table 2.
(2) If m is odd, the Hochschild cohomology ring H*(Dy,yZD>,)
(~ HH*(ZD»,)) is commutative, generated by elements

Co, Fo, So € H'(Day,yZD>,), Az, By, F> € H*(Day, yZ D),
A3 €H3(D2n7l//ZD2n), A4 €H4(DZI171//ZD211)-
The relations follow from Table 3.
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Table 3. Cohomology ring H*(Da,,yZD,)(~ HH*(ZD,,)) for n=2m (m >3 odd).

Co F So Ay B, F Aj Ay
Co 1| (Eu-1) CoSo CoA> CoB, —(En-1), CoAs | nCoAy
Fy (EZ)O +2 2CySo 0 mkF, (EZ)Z 0 WFoAy

(m=1)/2
So m+m Z (EZI)() SoA> So B> 0 SoAds | 2S0A4
=1

24> A% ArB; 0 ArAs | A Ay
sz Asz — mA4 mF()A4 B2A3 32A4
nF> A4((E2)0 - 2) 0 FAy
2 A3 ArAy | AzAs4
nAa A}

/Wi means that [ is the order of Wy € H¥(Dyy,yZDs,) as a Z-module.
(Ei)y (1 <i<m—1) are defined inductively by (E), = Fy, (E2), = FO2 —2 and (Ey)y = Fo(Ex-1)y—

(E](,z)o (3 <i<m-— 1)

(k=1)/2
P+ 3 (Eu)F> (k>3 odd),
=1

(Ei), (1 <i<m—1) are defined by (Ei), = F, (Ex), =

(i) If n is

(~ HH*(ZD»y,)) is commutative, generated by elements

Fo, So € H*(Dyy, 4 ZD2y),

The relations follow from Table 4.

odd, the

Hochschild

>
ey
S

(Ev-1)oF>

I

cohomology

Ay € H* (D2, yZ D),

(k even).

Vii’lg H*<D2n, wZD2n)

A4 € H4(D2n, l/,ZDQ,Z).
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Table 4. Cohomology ring H*(Day,yZD1,)(~ HH*(ZD,,)) for n=2t+1 (t>1).

F So A F, Ay
Fy+2 t=1 —F; t=1
Fo { 0t (t=1) 280 0 { 2 (=) WFods
(E2)y+2 (122) (B2), (t1=2)
13
So n+n Z(EI)O SoA> 0 2S0A4
i=1
24> ndy 0 Ay Ay
A4(F0 — 2) (l‘ 1)
WF A
’ {A4<<Ez>o -2 (=2 |
A4 A}

/W, means that [ is the order of W,, € H"(Dy,,yZD,,) as a Z-module.
(Ei)y (1 <i<t) are defined inductively by (Ei), = Fo, (E2)y=Fg —2 and (Ei)y = Fo(Ex1)g—

(Ex

)y B<i<).
(k=1)/2
B+ Y (Eu)yF> (k=3 odd),
=1

(Ei), (1 <i<t) are defined by (Ei), = F>, (E), =

k/2

/ZT (Ba-1)oF> (k even).
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