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ALGEBRAIC INDEPENDENCE OF MODIFIED

RECIPROCAL SUMS OF PRODUCTS OF FIBONACCI

NUMBERS*

By

Taka-aki Tanaka

Abstract. In this paper we establish, using Mahler’s method, the

algebraic independence of reciprocal sums of products of Fibonacci

numbers including slowly increasing factors in their numerators (see

Theorems 1, 5, and 6 below). Theorems 1 and 4 are proved by using

Theorems 2 and 3 stating key formulas of this paper, which are

deduced from the crucial Lemma 2. Theorems 5 and 6 are proved

by using di¤erent technique. From Theorems 2 and 5 we deduce

Corollary 2, the algebraic independence of the sum of a certain series

and that of its subseries obtained by taking subscripts in a geometric

progression.

1 Introduction

Let fFngnb0 be the sequence of Fibonacci numbers defined by

F0 ¼ 0; F1 ¼ 1; Fnþ2 ¼ Fnþ1 þ Fn ðnb 0Þ: ð1Þ

Brousseau [2] proved that for every k A N

sk ¼
Xy
n¼1

ð�1Þn

FnFnþk

¼ 1

Fk

kð1 �
ffiffiffi
5

p
Þ

2
þ
Xk
n¼1

Fn�1

Fn

 !
:

Rabinowitz [8] proved that for every k A N

s�
k ¼

Xy
n¼1

1

FnFnþ2k
¼ 1

F2k

Xk
n¼1

1

F2n�1F2n
:
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In this paper we consider the arithmetic nature of the sums of similarly con-

structed series such as

Xy
n¼1

ð�1Þn½logd n�
FnFnþk

ðd A Nnf1g; k A NÞ

and

Xy
n¼1

½logd n�
FnFnþ2k

ðd A Nnf1g; k A NÞ;

where ½x� denotes the largest integer not exceeding the real number x. These sums

are not only transcendental but also algebraically independent in contrast with the

sums sk and s�
k which are algebraic numbers.

In what follows, let fRngnb0 be the binary linear recurrence defined by

Rnþ2 ¼ A1Rnþ1 þ A2Rn ðnb 0Þ; ð2Þ

where A1, A2 are nonzero integers with D ¼ A2
1 þ 4A2 > 0 and R0, R1 are integers

with R0R2 0R2
1 and A1R0ðA1R0 � 2R1Þa 0. We can express fRngnb0 as fol-

lows:

Rn ¼ aan þ bbn ðnb 0Þ;

where a, b ðjajb jbjÞ are the roots of FðX Þ ¼ X 2 � A1X � A2 and a; b A Qð
ffiffiffiffi
D

p
Þ.

It is easily seen that jaj > jbj > 0. Since R0R2 � R2
1 ¼ abD and A1R0ðA1R0 � 2R1Þ

¼ ða2 � b2Þðb2 � a2Þ, we see that jajb jbj > 0. Therefore fRngnb0 is not a ge-

ometric progression and Rn 0 0 for any nb 1.

Theorem 1. The numbers

Xy
n¼1

ð�A2Þn½logd n�
RnRnþk

ðd A Nnf1g; k A NÞ

are algebraically independent and so are the numbers

Xy
n¼1

An
2 ½logd n�
RnRnþ2k

ðd A Nnf1g; k A NÞ:

Example 1. Let fFngnb0 be the sequence of the Fibonacci numbers defined

by (1). Then the numbers
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Xy
n¼1

ð�1Þn½logd n�
FnFnþk

ðd A Nnf1g; k A NÞ

are algebraically independent and so are the numbers

Xy
n¼1

½logd n�
FnFnþ2k

ðd A Nnf1g; k A NÞ:

Example 2. Let fLngnb0 be the sequence of Lucas numbers defined by

L0 ¼ 2; L1 ¼ 1; Lnþ2 ¼ Lnþ1 þ Ln ðnb 0Þ: ð3Þ

Then the numbers

Xy
n¼1

ð�1Þn½logd n�
LnLnþk

ðd A Nnf1g; k A NÞ

are algebraically independent and so are the numbers

Xy
n¼1

½logd n�
LnLnþ2k

ðd A Nnf1g; k A NÞ:

Theorem 1 is deduced from Theorems 2 and 3 below. The proof will be given

in Section 3.

Let f ðxÞ be a real-valued function on xb 0 such that f 0ðxÞ > 0 for any

x > 0 and f ðNÞHN. Let f �1ðxÞ be the inverse function of f ðxÞ. For any k A N

we put

Sk ¼
Xy

n¼f ð1Þ

ð�A2Þn½ f �1ðnÞ�
RnRnþk

; S �
k ¼

Xy
n¼f ð1Þ

An
2 ½ f �1ðnÞ�
RnRnþk

;

Tk ¼
Xy

n¼f ð1Þ

ð�A2Þn½ f �1ðnÞ�
Rnþk�1Rnþk

;

and

Uk ¼
Xy
n¼1

ð�A2Þ f ðnÞ

Rf ðnÞRf ðnÞþk

:

Let fF �
n gnb0 be the Fibonacci type sequence defined by

F �
0 ¼ 0; F �

1 ¼ 1; F �
nþ2 ¼ A1F

�
nþ1 þ A2F

�
n ðnb 0Þ:
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Theorem 2. For any k A N

Sk ¼
1

F �
k

Xk
l¼1

ð�A2Þ l�1
Tl

and

Uk ¼ 1

F �
k

ðT1 � ð�A2ÞkTkþ1Þ:

Hence the sets of the numbers fS1; . . . ;Skþ1g, fT1; . . . ;Tkþ1g, and fS1ð¼ T1Þ;
U1; . . . ;Ukg generate the same vector space over Q.

Theorem 3. If f ðnÞ1 f ð1Þ ðmod 2Þ for any nb 1, then

S �
2k ¼

ð�1Þ f ð1Þ

F �
2k

X2k
l¼1

Al�1
2 Tl

for any k A N. Hence the numbers fS2l j 1a la kg are expressed as linearly inde-

pendent linear combinations over Q of the numbers fTl j 1a la 2kg.

Using Theorem 2, we prove also the following:

Theorem 4. The numbers

Xy
n¼1

Ad n

2

Rd nRd nþk

ðd A Nnf1g; k A NÞ

are algebraically independent.

Example 3. The numbers

Xy
n¼1

1

Fd nFd nþk

ðd A Nnf1g; k A NÞ

are algebraically independent and so are the numbers

Xy
n¼1

1

Ld nLd nþk

ðd A Nnf1g; k A NÞ:

Using di¤erent technique to that used in the proof of Theorem 4, we prove

the following:
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Theorem 5. Let d be an integer greater than 1. Then the numbers

Xy
n¼1

nlxnð�A2Þd
n

Rd nRd nþk

ðx A Q�; lb 0; k A NÞ and
Xy
n¼1

ð�A2Þn½logd n�
RnRnþ1

ð4Þ

are algebraically independent.

As a special case of Theorem 5 we have the following:

Corollary 1. Let d be an integer greater than 1. Then the numbers

Xy
n¼1

ð�A2Þd
n

Rd nRd nþk

;
Xy
n¼1

nð�A2Þd
n

Rd nRd nþk

ðk A NÞ; and
Xy
n¼1

ð�A2Þn½logd n�
RnRnþ1

are algebraically independent.

Combining Corollary 1 and Theorem 2 with f ðxÞ ¼ d x, we immediately have

the following:

Corollary 2. Let d be an integer greater than 1. Then the numbers

Xy
n¼1

ð�A2Þn½logd n�
RnRnþk

;
Xy
n¼1

nð�A2Þd
n

Rd nRd nþk

ðk A NÞ

are algebraically independent.

It is interesting that the second series of Corollary 2 is regarded as a subseries

of the first one obtained by replacing n by d n. It seems di‰cult to find in

literature the results which assert the algebraic independence of the sum of a

certain series and that of its subseries with subscripts taken in a geometric

progression. For example, the algebraic independency of the numbers
Py

n¼1 1=Fn

and
Py

n¼1 1=Fd n ðdb 3Þ is open. On the other hand, Lucas [3] showed thatPy
n¼1 1=F2 n ¼ ð5 �

ffiffiffi
5

p
Þ=2. André-Jeannin [1] proved the irrationality of

Py
n¼1 1=Fn,

while its transcendency is open. Nishioka, Tanaka, and Toshimitsu [7] proved

that the numbers
Py

n¼1 1=Fd n ðdb 3Þ are algebraically independent.

Example 4. Let fFngnb0 be the sequence of the Fibonacci numbers defined

by (1) and d an integer greater than 1. Then the numbers
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Xy
n¼1

ð�1Þn½logd n�
FnFnþk

;
Xy
n¼1

n

Fd nFd nþk

ðk A NÞ

are algebraically independent.

Example 5. Let fLngnb0 be the sequence of Lucas numbers defined by (3)

and d an integer greater than 1. Then the numbers

Xy
n¼1

ð�1Þn½logd n�
LnLnþk

;
Xy
n¼1

n

Ld nLd nþk

ðk A NÞ

are algebraically independent.

If D is not a perfect square, we can prove the algebraic independence of

the sums of the series (4) of Theorem 5 without the factor ð�A2Þd
n

in their

numerators as follows:

Theorem 6. Assume in addition that D is not a perfect square. Let d be an

integer greater than 1. Then the numbers

Xy
n¼1

nlxn

Rd nRd nþk

ðx A Q�; lb 0; k A NÞ and
Xy
n¼1

ð�A2Þn½logd n�
RnRnþ1

ð5Þ

are algebraically independent.

2 Lemmas

The following lemma will be used in the proof of Theorems 1 and 4.

Lemma 1 (Tanaka [9]). Let fRngnb0 be as in Section 1. Then the numbers

Xy
n¼d

ð�A2Þn½logd n�
Rnþk�1Rnþk

ðd A Nnf1g; k A NÞ

are algebraically independent.

The following lemma plays an essential role in the proof of Theorems 2 and 3.

Lemma 2. Let f ðxÞ be a real-valued function on xb 0 such that f 0ðxÞ > 0

for any x > 0 and f ðNÞHN. Let f �1ðxÞ be the inverse function of f ðxÞ. Let K
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be any field of characteristic 0 endowed with an absolute value j jv. Let fangnb1 be

a sequence in K with janjv ¼ oð1=f �1ðnÞÞ. Suppose the sum
Py

n¼1 janjv converges in

R. Then in the completion Kv of K we have

Xy
n¼f ð1Þ

½ f �1ðnÞ�ðan � anþ1Þ ¼
Xy
h¼1

af ðhÞ: ð6Þ

Proof. Let h A N and n A N. Since f 0ðxÞ > 0 for any x > 0, ð f �1ðxÞÞ0 > 0

for any xb f ð1Þ. Hence, if f ðhÞa n < f ðhþ 1Þ, then ha f �1ðnÞ < hþ 1 and so

½ f �1ðnÞ� ¼ h. Therefore, letting

wðnÞ ¼ 1 ðn ¼ f ðhÞÞ
0 (otherwise)

�
and sn ¼

Xn
k¼1

wðkÞ;

we see that sn ¼ ½ f �1ðnÞ� for nb f ð1Þ. Then, letting H A N and N ¼ f ðHÞ, we

have

XH
h¼1

af ðhÞ ¼
XN

n¼f ð1Þ
wðnÞan

¼
XN�1

n¼f ð1Þ
snðan � anþ1Þ þ sNaN

¼
XN�1

n¼f ð1Þ
½ f �1ðnÞ�ðan � anþ1Þ þ ½ f �1ðNÞ�aN : ð7Þ

Since janjv ¼ oð1=f �1ðnÞÞ, ½ f �1ðNÞ�aN tends to 0 as N ! y. Since
Py

n¼1 janjv
converges in R, the sum of the subseries

Py
h¼1 af ðhÞ also converges in Kv. Letting

H ! y in (7), we have (6). This completes the proof of the lemma.

Remark 1. The condition janjv ¼ oð1=f �1ðnÞÞ of Lemma 2 is satisfied if

janjv ¼ oðn�1Þ; ð8Þ

since we have ½ f �1ðnÞ� ¼ sn a n. We shall use the condition (8) instead in the

proof of Theorems 2 and 3.

The following lemma is a special case of Theorem 3.3.2 in Nishioka [5], since

its assumption is satisfied by Masser’s vanishing theorem [4].
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Lemma 3. Let K be an algebraic number field and d an integer greater than 1.

Suppose that fijðz1; z2Þ A K ½½z1; z2�� ði ¼ 1; . . . ;m; j ¼ 1; . . . ; nðiÞÞ are algebraically

independent over Kðz1; z2Þ and convergent in a polydisc U HC2 around the origin.

Assume that, for every i, fi1ðz1; z2Þ; . . . ; finðiÞðz1; z2Þ satisfy the system of functional

equations

fi1ðz1; z2Þ
..
.

..

.

finðiÞðz1; z2Þ

0
BBBBB@

1
CCCCCA

¼

ai 0 � � � 0

a
ðiÞ
21 ai

. .
. ..

.

..

. . .
.

0

a
ðiÞ
nðiÞ 1 � � � a

ðiÞ
nðiÞ nðiÞ�1 ai

0
BBBBBB@

1
CCCCCCA

fi1ðzd1 ; zd2 Þ
..
.

..

.

finðiÞðzd1 ; zd2 Þ

0
BBBBB@

1
CCCCCAþ

bi1ðz1; z2Þ
..
.

..

.

binðiÞðz1; z2Þ

0
BBBBB@

1
CCCCCA; ð9Þ

where ai; a
ðiÞ
st A K and bijðz1; z2Þ A Kðz1; z2Þ. If ða1; a2Þ A U is an algebraic point with

0 < ja1j; ja2j < 1 such that a1, a2 are multiplicatively independent, then the values

fijða1; a2Þ ði ¼ 1; . . . ;m; j ¼ 1; . . . ; nðiÞÞ are algebraically independent.

Remark 2. It is not necessary in Lemma 3 to assume that bijðad k

1 ; ad k

2 Þ
ði ¼ 1; . . . ;m; j ¼ 1; . . . ; nðiÞÞ are defined for all kb 0, which is satisfied by (9) and

the fact that fijðad k

1 ; ad k

2 Þ ði ¼ 1; . . . ;m; j ¼ 1; . . . ; nðiÞÞ are defined for all kb 0

since ðad k

1 ; ad k

2 Þ A U .

Lemma 4 (Theorem 3.2.1 in Nishioka [5]). Let C be a field of characteristic 0.

Suppose that fijðz1; z2Þ A C½½z1; z2�� ði ¼ 1; . . . ;m; j ¼ 1: . . . ; nðiÞÞ satisfy the func-

tional equations of the form (9) with ai; a
ðiÞ
st A C, ai 0 0, a

ðiÞ
s s�1 0 0 ð2a sa nðiÞÞ,

and bijðz1; z2Þ A Cðz1; z2Þ. If fijðz1; z2Þ ði ¼ 1; . . . ;m; j ¼ 1; . . . ; nðiÞÞ are algebrai-

cally dependent over Cðz1; z2Þ, then there exists a non-empty subset fi1; . . . ; irg of

f1; . . . ;mg with ai1 ¼ � � � ¼ air such that fi1 1; . . . ; fir 1 are linearly dependent over C

modulo Cðz1; z2Þ, that is, there exist c1; . . . ; cr A C, not all zero, such that

c1 fi1 1 þ � � � þ crfir 1 A Cðz1; z2Þ:

Lemma 5 (Nishioka [6, Lemmas 2, 3, and 6]). Let x be a nonzero complex

number and a1; . . . ; an nonzero complex numbers satisfying jaij0 1, jaij0 jaj j
ði0 jÞ. Let fiðzÞ A C½½z�� ð0a ia nÞ satisfy the functional equations

352 Taka-aki Tanaka



f0ðzÞ ¼ x f0ðzdÞ þ
zr

1 þ ezr
;

fiðzÞ ¼ x fiðzdÞ þ
zr

1 þ aizr
ð1a ia nÞ;

where r A N and e ¼G1. If d ¼ x ¼ 2 and e ¼ 1, then fiðzÞ ð1a ia nÞ are linearly

independent over C modulo CðzÞ, otherwise so are fiðzÞ ð0a ia nÞ.

Remark 3. If d ¼ x ¼ 2 and e ¼ 1, then

f0ðzÞ ¼
Xy
h¼0

2hzr2
h

1 þ zr2
h
¼ zr

1 � zr
A CðzÞ:

Lemma 6 (A special case of Theorem 3.3.10 in Nishioka [5]). Let C be a field

and F a subfield of C. If

f ðz1; z2Þ A C½½z1; z2��VFðz1; z2Þ;

then there exist Aðz1; z2Þ;Bðz1; z2Þ A F ½z1; z2� such that

f ðz1; z2Þ ¼
Aðz1; z2Þ
Bðz1; z2Þ

; Bð0; 0Þ0 0:

3 Proof of Theorems 1, 2, 3, and 4

Proof of Theorem 1. Let

Sd;k ¼
Xy
n¼1

ð�A2Þn½logd n�
RnRnþk

¼
Xy
n¼d

ð�A2Þn½logd n�
RnRnþk

;

S �
d;k ¼

Xy
n¼1

An
2 ½logd n�
RnRnþk

¼
Xy
n¼d

An
2 ½logd n�
RnRnþk

;

and

Td;k ¼
Xy
n¼1

ð�A2Þn½logd n�
Rnþk�1Rnþk

¼
Xy
n¼d

ð�A2Þn½logd n�
Rnþk�1Rnþk

ðd A Nnf1g; k A NÞ:

Letting f ðxÞ ¼ d x in Theorem 2, we see that for any fixed d

Sd;k ¼ 1

F �
k

Xk
l¼1

ð�A2Þ l�1
Td; l ðk A NÞ:
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Hence the sets of the numbers fSd; l j 2a dam; 1a la kg and fTd; l j 2a dam;

1a la kg generate the same vector space over Q for any fixed m A Nnf1g and

for any fixed k A N. Since the numbers Td;k ðd A Nnf1g; k A NÞ are algebraically

independent by Lemma 1, the numbers Sd;k ðd A Nnf1g; k A NÞ are algebraically

independent.

Again letting f ðxÞ ¼ d x and noting that f ðnÞ1 f ð1Þ ðmod 2Þ for any n A N,

we see by Theorem 3 that for any fixed d

S �
d;2k ¼ ð�1Þ f ð1Þ

F �
2k

X2k
l¼1

Al�1
2 Td; l ðk A NÞ:

Hence the numbers fS �
d;2l j 2a dam; 1a la kg are expressed as linearly inde-

pendent linear combinations over Q of the numbers fTd; l j 2a dam; 1a la 2kg
for any m A Nnf1g and for any k A N. Since the numbers Td;k ðd A Nnf1g; k A NÞ
are algebraically independent by Lemma 1, the numbers S �

d;2k ðd A Nnf1g; k A NÞ
are algebraically independent, which completes the proof of the theorem.

Before stating the proof of Theorems 2 and 3, we recall that fRngnb0 is

expressed as

Rn ¼ aan þ bbn ðnb 0Þ;

where a, b are the roots of FðXÞ ¼ X 2 � A1X � A2 such that jaj > jbj > 0 and

a; b A Qð
ffiffiffiffi
D

p
Þ satisfy jajb jbj > 0. Using the same a and b, we can express the

sequence fF �
n gnb0 defined before Theorem 2 by

F �
n ¼ an � b n

a� b
ðnb 0Þ:

Proof of Theorem 2. Since Rn ¼ aan þ bb n ðnb 0Þ and �A2 ¼ ab, we

have

ð�A2Þn

RnRnþk

¼ 1

aðak � bkÞ
bn

aan þ bbn �
b nþk

aanþk þ bbnþk

 !

¼ 1

aðak � bkÞ
b n

Rn

� b nþk

Rnþk

 !
: ð10Þ

Hence, noting that njbn=Rnj ! 0 as n ! y, we have by Lemma 2 with Re-

mark 1
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Sk ¼
1

aðak � bkÞ
Xy

n¼f ð1Þ
½ f �1ðnÞ�

Xk�1

l¼0

bnþl

Rnþl

�
Xk�1

l¼0

bnþlþ1

Rnþlþ1

 !

¼ 1

aðak � bkÞ
Xy
h¼1

Xk�1

l¼0

b f ðhÞþl

Rf ðhÞþl

: ð11Þ

Letting k ¼ 1 and replacing n by nþ l � 1 in (10), we have

ð�A2Þnþl�1

Rnþl�1Rnþl

¼ 1

aða� bÞ
b nþl�1

Rnþl�1
� bnþl

Rnþl

 !
:

Hence by Lemma 2

Tl ¼
ð�A2Þ1�l

aða� bÞ
Xy

n¼f ð1Þ
½ f �1ðnÞ� b nþl�1

Rnþl�1
� bnþl

Rnþl

 !

¼ ð�A2Þ1�l

aða� bÞ
Xy
h¼1

b f ðhÞþl�1

Rf ðhÞþl�1
: ð12Þ

Therefore we have

Sk ¼ 1

F �
k

Xk
l¼1

ð�A2Þ l�1
Tl :

Replacing n by f ðhÞ in (10), we have

ð�A2Þ f ðhÞ

Rf ðhÞRf ðhÞþk

¼ 1

aðak � bkÞ
b f ðhÞ

Rf ðhÞ
� b f ðhÞþk

Rf ðhÞþk

 !
: ð13Þ

Hence

Uk ¼
1

aðak � bkÞ
Xy
h¼1

b f ðhÞ

Rf ðhÞ
� b f ðhÞþk

Rf ðhÞþk

 !

and so

Uk ¼ 1

F �
k

ðT1 � ð�A2ÞkTkþ1Þ;

which completes the proof of the theorem.

Proof of Theorem 3. Replacing k by 2k in (10) and multiplying its both

sides by ð�1Þn, we have
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An
2

RnRnþ2k
¼ 1

aða2k � b2kÞ
ð�bÞn

Rn

� ð�bÞnþ2k

Rnþ2k

 !

¼ 1

aða2k � b2kÞ
X2k�1

l¼0

ð�bÞnþl

Rnþl

�
X2k�1

l¼0

ð�bÞnþlþ1

Rnþlþ1

 !
:

Hence, noting that njbn=Rnj ! 0 as n ! y, we have by Lemma 2 with Re-

mark 1

S �
2k ¼

1

aða2k � b2kÞ
Xy

n¼f ð1Þ
½ f �1ðnÞ�

X2k�1

l¼0

ð�bÞnþl

Rnþl

�
X2k�1

l¼0

ð�bÞnþlþ1

Rnþlþ1

 !

¼ 1

aða2k � b2kÞ
Xy
h¼1

X2k�1

l¼0

ð�bÞ f ðhÞþl

Rf ðhÞþl

¼ 1

aða2k � b2kÞ
X2k�1

l¼0

ð�1Þ lþf ð1ÞXy
h¼1

b f ðhÞþl

Rf ðhÞþl

;

since f ðhÞ1 f ð1Þ ðmod 2Þ for any hb 1. Therefore we have by (12)

S �
2k ¼ ð�1Þ f ð1Þ

F �
2k

X2k
l¼1

Al�1
2 Tl ;

which completes the proof of the theorem.

Proof of Theorem 4. Let

Ud;k ¼
Xy
n¼1

Ad n

2

Rd nRd nþk

and

Td;k ¼
Xy
n¼1

ð�A2Þn½logd n�
Rnþk�1Rnþk

¼
Xy
n¼d

ð�A2Þn½logd n�
Rnþk�1Rnþk

ðd A Nnf1g; k A NÞ:

Letting f ðxÞ ¼ d x in Theorem 2 and noting that ð�1Þd
n

¼ ð�1Þd ðnb 1Þ, we see

that for any fixed d

ð�1ÞdUd;k ¼
Xy
n¼1

ð�A2Þd
n

Rd nRd nþk

¼ 1

F �
k

ðTd;1 � ð�A2ÞkTd;kþ1Þ ðk A NÞ:
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Hence the numbers fUd; l j 2a dam; 1a la kg are expressed as linearly inde-

pendent linear combinations over Q of the numbers fTd; l j 2a dam; 1a la

k þ 1g for any m A Nnf1g and for any k A N. Since the numbers Td;k ðd A Nnf1g;
k A NÞ are algebraically independent by Lemma 1, the numbers Ud;k ðd A Nnf1g;
k A NÞ are algebraically independent, which completes the proof of the theorem.

4 Proof of Theorems 5 and 6

Remark 4. For Qðz1; z2Þ A Cðz1; z2Þ with Qð0; 0Þ ¼ 0, we define

f ðx; z1; z2Þ ¼
Xy
n¼1

xnQðzd n

1 ; zd
n

2 Þ;

where x is a variable and d is an integer greater than 1. Letting D ¼ xq=qx, we

see that

flðx; z1; z2Þ :¼ Dlf ðx; z1; z2Þ ¼
Xy
n¼1

nlxnQðzd n

1 ; zd
n

2 Þ ðlb 0Þ

satisfy

f0ðx; z1; z2Þ ¼ xf0ðx; zd1 ; zd2 Þ þ xQðzd1 ; zd2 Þ;

f1ðx; z1; z2Þ ¼ xf1ðx; zd1 ; zd2 Þ þ xf0ðx; zd1 ; zd2 Þ þ xQðzd1 ; zd2 Þ;

..

.

fmðx; z1; z2Þ ¼
Xm
l¼0

m

l

� �
xflðx; zd1 ; zd2 Þ þ xQðzd1 ; zd2 Þ:

Hence for a complex number x, the functions f0ðx; z1; z2Þ; . . . ; fmðx; z1; z2Þ satisfy

a system of functional equations of the form (9).

Proof of Theorem 5. Let c ¼ a�1b, g ¼ a�1b, and

fxlkðzÞ ¼
Xy
n¼1

nlxn zd
n

1 þ czd
n �

gkzd
n

1 þ cgkzd
n

� �
ðx A Q�; lb 0; k A NÞ:

Then

fxlkðgÞ ¼ a2ðak � bkÞ
Xy
n¼1

nlxnð�A2Þd
n

Rd nRd nþk

: ð14Þ
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Using (11) in the proof of Theorem 2 and letting k ¼ 1, f ðxÞ ¼ d x, and

gðzÞ ¼
Py

n¼1 z
d n

=ð1 þ czd
nÞ, we have

Xy
n¼1

ð�A2Þn½logd n�
RnRnþ1

¼ 1

aða� bÞ
Xy
n¼1

bd n

Rd n

¼ gðgÞ
a2ða� bÞ : ð15Þ

Therefore it is enough by (14) and (15) to prove the algebraic independence

of the values fxlkðgÞ ðx A Q�; lb 0; k A NÞ and gðgÞ. We see that each fx0kðzÞ
ðx A Q�; k A NÞ satisfies the functional equation

fx0kðzÞ ¼ x fx0kðzdÞ þ x
zd

1 þ czd
� gkzd

1 þ cgkzd

� �

and fxlkðzÞ ðlb 0Þ satisfy a system of functional equations of the form (9) for

every fixed x and k by Remark 4. We see also that gðzÞ satisfies the functional

equation

gðzÞ ¼ gðzdÞ þ zd

1 þ czd
:

Hence by Lemma 3 the values fxlkðgÞ ðx A Q�; lb 0; k A NÞ and gðgÞ are alge-

braically independent if the functions fxlkðzÞ ðx A Q�; lb 0; k A NÞ and gðzÞ are

algebraically independent over CðzÞ.
We assert that for every fixed x0 1 the functions fx0kðzÞ ðk A NÞ are linearly

independent over C modulo CðzÞ and so are the functions f10kðzÞ ðk A NÞ with

gðzÞ, which implies by Lemma 4 that the functions fxlkðzÞ ðx A Q�; lb 0; k A NÞ
and gðzÞ are algebraically independent over CðzÞ. Let

hxkðzÞ ¼
Xy
n¼1

gkxnzd
n

1 þ cgkzd
n ðx A Q�; kb 0Þ:

Then

fx0kðzÞ ¼ hx0ðzÞ � hxkðzÞ

for every fixed x A Q� and k A N and each hxkðzÞ ðx A Q�; kb 0Þ satisfies the

functional equation

hxkðzÞ ¼ xhxkðzdÞ þ
xgkzd

1 þ cgkzd
:

Suppose there exists a x0 1 such that fx01ðzÞ; . . . ; fx0kðzÞ are linearly dependent

over C modulo CðzÞ for some k. If d ¼ x ¼ 2 and c ¼ 1, we see by Remark 3
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that h20ðzÞ ¼ 2z2=ð1 � z2Þ A CðzÞ and so h21ðzÞ; . . . ; h2kðzÞ are linearly dependent

over C modulo CðzÞ; otherwise, so are hx0ðzÞ; hx1ðzÞ; . . . ; hxkðzÞ, which contradicts

Lemma 5, since HxkðzÞ :¼ x�1g�khxkðzÞ satisfies the functional equation

HxkðzÞ ¼ xHxkðzdÞ þ
zd

1 þ cgkzd
:

Therefore, if fxlkðzÞ ðx A Q�; lb 0; k A NÞ and gðzÞ ¼ h10ðzÞ are algebraically

dependent over CðzÞ, then h10ðzÞ; f101ðzÞ; . . . ; f10kðzÞ are linearly dependent over

C modulo CðzÞ for some k, and hence so are h10ðzÞ; h11ðzÞ; . . . ; h1kðzÞ, which

contradicts Lemma 5. Therefore the functions fxlkðzÞ ðx A Q�; lb 0; k A NÞ
and gðzÞ are algebraically independent over CðzÞ and so the values fxlkðgÞ
ðx A Q�; lb 0; k A NÞ and gðgÞ are algebraically independent, which completes the

proof of the theorem.

Proof of Theorem 6. First we consider the case where a, b are multi-

plicatively dependent. Then there exist integers m, n, not both zero, with

amb n ¼ 1. Since a and b are field conjugates in the quadratic number field

Qð
ffiffiffiffi
D

p
Þ, bman ¼ 1 must also hold. This implies

ðabÞmþn ¼ ða=bÞm�n ¼ 1:

Since ja=bj > 1, we have m ¼ n0 0, and hence ab must be a real root of

unity, i.e., �A2 ¼ ab ¼G1. Therefore this case is proved by Theorem 5 since

ð�A2Þd
n

¼ ð�A2Þd ðnb 1Þ.
Secondly we consider the case where a, b are multiplicatively independent.

Define

fxlkðz1; z2Þ ¼
Xy
n¼1

nlxn zd
n

1

1 þ czd
n

2

� gkzd
n

1

1 þ cgkzd
n

2

� �
ðx A Q�; lb 0; k A NÞ;

where c ¼ a�1b and g ¼ a�1b. Then

fxlkða�2; gÞ ¼ a2ðak � bkÞ
Xy
n¼1

nlxn

Rd nRd nþk

:

Using (11) in the proof of Theorem 2 and letting k ¼ 1, f ðxÞ ¼ d x, and

gðz1; z2Þ ¼
Py

n¼1 z
d n

2 =ð1 þ czd
n

2 Þ, we have

Xy
n¼1

ð�A2Þn½logd n�
RnRnþ1

¼ 1

aða� bÞ
Xy
n¼1

bd n

Rd n

¼ gða�2; gÞ
a2ða� bÞ :
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Therefore it is enough to prove the algebraic independence of the values

fxlkða�2; gÞ ðx A Q�; lb 0; k A NÞ and gða�2; gÞ. We see that each fx0kðz1; z2Þ
ðx A Q�; k A NÞ satisfies the functional equation

fx0kðz1; z2Þ ¼ x fx0kðzd1 ; zd2 Þ þ x
zd1

1 þ czd2
� gkzd1

1 þ cgkzd2

� �

and fxlkðz1; z2Þ ðlb 0Þ satisfy a system of functional equations of the form (9)

for every fixed x and k by Remark 4. We see also that gðz1; z2Þ satisfies the

functional equation

gðz1; z2Þ ¼ gðzd1 ; zd2 Þ þ
zd2

1 þ czd2
:

Hence, noting that a�2, g are multiplicatively independent, we see by Lemma 3

that the values fxlkða�2; gÞ ðx A Q�; lb 0; k A NÞ and gða�2; gÞ are algebraically

independent if the functions fxlkðz1; z2Þ ðx A Q�; lb 0; k A NÞ and gðz1; z2Þ are

algebraically independent over Cðz1; z2Þ. We assert that for every fixed x0 1 the

functions fx0kðz1; z2Þ ðk A NÞ are linearly independent over C modulo Cðz1; z2Þ
and so are the functions f10kðz1; z2Þ ðk A NÞ with gðz1; z2Þ, which implies by

Lemma 4 that the functions fxlkðz1; z2Þ ðx A Q�; lb 0; k A NÞ and gðz1; z2Þ are

algebraically independent over Cðz1; z2Þ.
Suppose there exists a x0 1 such that fx01ðz1; z2Þ; . . . ; fx0kðz1; z2Þ are linearly

dependent over C modulo Cðz1; z2Þ for some k. Thus there are complex numbers

c1; . . . ; ck, not all zero, such that

c1 fx01ðz1; z2Þ þ � � � þ ck fx0kðz1; z2Þ A Cðz1; z2Þ:

Since fx01ðz1; z2Þ; . . . ; fx0kðz1; z2Þ A C½½z1; z2��, by Lemma 6 there exist Aðz1; z2Þ;
Bðz1; z2Þ A C½z1; z2� such that

c1 fx01ðz1; z2Þ þ � � � þ ck fx0kðz1; z2Þ ¼
Aðz1; z2Þ
Bðz1; z2Þ

; Bð0; 0Þ0 0:

Letting z1 ¼ z2 ¼ z, we have

c1 fx01ðz; zÞ þ � � � þ ck fx0kðz; zÞ A CðzÞ;

which contradicts Lemma 5 by the same way as in the proof of Theorem 5.

Therefore, if fxlkðz1; z2Þ ðx A Q�; lb 0; k A NÞ and gðz1; z2Þ are algebraically de-

pendent over Cðz1; z2Þ, then gðz1; z2Þ; f101ðz1; z2Þ; . . . ; f10kðz1; z2Þ are linearly de-

pendent over C modulo Cðz1; z2Þ for some k. By the same way as above gðz; zÞ;
f101ðz; zÞ; . . . ; f10kðz; zÞ are linearly dependent over C modulo CðzÞ, which again
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contradicts Lemma 5. Therefore the functions fxlkðz1; z2Þ ðx A Q�; lb 0; k A NÞ
and gðz1; z2Þ are algebraically independent over Cðz1; z2Þ and so the values

fxlkða�2; gÞ ðx A Q�; lb 0; k A NÞ and gða�2; gÞ are algebraically independent,

which completes the proof of the theorem.
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