
TSUKUBA J. MATH.
Vol. 30 No. 2 (2006), 273–327

ASYMPTOTIC CONDITIONAL DISTRIBUTIONS RELATED

TO ONE-DIMENSIONAL GENERALIZED DIFFUSION

PROCESSES

By

Masaru Iizuka, Miyuki Maeno and Matsuyo Tomisaki

Abstract. For a one-dimensional generalized di¤usion process

fXðtÞ : tb 0g on an interval I , we consider an expectation condi-

tional on no hitting the end points of I . If the end points are not

accessible, we take two sequences fxng and fhng which converge to

the end points as n ! y, instead of end points. We obtain the

asymptotic behavior of this conditional expectation as t ! y and

n ! y. As an application of our results, we discuss the asymptotic

conditional distribution and related quantities in population genetics.

1 Introduction

Let I be an open interval, L ¼ ðd=dmÞðd=dsÞ be a generalized di¤usion

operator on I , and D ¼ ½XðtÞ : tb 0;Px : x A Im� be a one-dimensional generalized

di¤usion process with the generator L, where Im is the support of the speed

measure dm. We set r1 ¼ inf Im and r2 ¼ sup Im. In this paper we study the

asymptotic behavior of the conditional expectations

Ex½ f ðXðttÞÞ j t < sr1
5sr2

�; Ex½ f ðXðttÞÞ j t < sr2
< sr1

�;ð1:1Þ

as t ! y for measurable functions f and 0 < ta 1, where sa is the first hitting

time to a point a A Im and x5h ¼ minfx; hg.

In the case that the scale is natural, jr1j þ jmðr1Þj < y, r2 ¼ y, and the speed

measure is regularly varying at infinity, Li et al. ([19]) studied that the probability

law of fvðtÞX ðttÞ : 0 < ta 1g conditioned by fsr1
> ttg converges as t ! y to a

conditioned Bessel excursion where vðtÞ is a suitable function. However it seems

to be hard to deduce the asymptotic behavior of (1.1) from the results in [19].
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When D is recurrent and f A L1ðI ;mÞ, Minami et al. ([22]) showed a global

asymptotic estimate of the elementary solution of the generalized di¤usion

equation

quðx; tÞ=qt ¼ Luðx; tÞ; t > 0; x A I ;ð1:2Þ

and obtained the asymptotic behavior of Ex½ f ðXðtÞÞ� for large t. In [24] and [30],

the problem of asymptotic behavior is studied that corresponds to the case that

D is transient and f A L1
locðI ;mÞ. In this paper we follow the same method as in

[22], [24], [30] to discuss the asymptotic behavior of (1.1) for f satisfying some

conditions.

The asymptotic behavior of (1.1) is also discussed in the theory of population

genetics. For a di¤usion process ½XðtÞ : tb 0;Px : 0a xa 1� with the generator

L ¼ 1

4N
xð1 � xÞ d 2

dx2
;

Ewens ([5], [6]) obtained the nontrivial limits

lim
t!y

PxðX ðtÞ A E j t < s05s1Þ ¼
ð
E

dy;ð1:3Þ

lim
t!y

PxðX ðtÞ A E j t < s1 < s0Þ ¼
ð
E

2y dy;ð1:4Þ

for x A ð0; 1Þ and a Borel set E. These limits are referred to as the asymptotic

conditional distributions by Ewens. We should notice that these limit distributions

are derived from our results by putting f ðxÞ ¼ 1EðxÞ or f ðxÞ ¼ 1EðxÞPxðs1 < s0Þ,
where 1EðxÞ ¼ 1 if x A E, 1EðxÞ ¼ 0 if x B E (see Sec. 6 for details). Note that

limt!y PxðX ðtÞ A EÞ ¼ 0 if E V f0; 1g ¼ q. For this di¤usion process, we will

also see that

lim
t!y

PxðXðttÞ A E j t < s05s1Þ ¼ lim
t!y

PxðX ðttÞ A E j t < s1 < s0Þ

¼ 6

ð
E

yð1 � yÞ dy; 0 < t < 1;

(see Example 6.1). This result is di¤erent from those of (1.3) and (1.4). The cases

that t ¼ 1 and 0 < t < 1 are referred to as the regularly divergent limit and the

slowly divergent limit, respectively. The asymptotic conditional distributions in

the regularly divergent limit ðt ¼ 1Þ correspond to the behavior when the time

from t ¼ 0 is large enough to be close to the stationary state if it exists. On the

other hand, those in the slowly divergent limit ð0 < t < 1Þ correspond to the
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behavior when the time from t ¼ 0 is very large but it is not enough to be close

to the stationary state.

We will state our main results in Sect. 2. The definition of the elementary

solution will be given in Sect. 3. The proofs of the main results are presented in

Sect. 4. We will see some examples in Sect. 5. Finally we will consider population

genetics models in Sect. 6.

2 Main Results

Let R ¼ ½�y;þy� and m be a nondecreasing right continuous function from

R into R. We set

I ¼ ðl1; l2Þ; l1 ¼ inffx A R : mðxÞ > �yg; l2 ¼ supfx A R : mðxÞ < yg:

Let s be a real valued continuous increasing function on I . We sometimes use the

same symbols m and s for the induced measures dmðxÞ and dsðxÞ, respectively.

They are called the speed measure and the scale function, respectively. For a

function u on I , we set uðliÞ ¼ limx!li ;x A I uðxÞ if there exists the limit, for i ¼ 1; 2.

We set

Im ¼ fx : x A I with mðx1Þ < mðx2Þ for every x1 < x < x2;

or x ¼ li with jmðliÞj þ jsðliÞj < y; i ¼ 1; 2g;

I� ¼ ðr1; r2Þ; r1 ¼ inf Im; r2 ¼ sup Im:

We assume Im V I� 0q throughout this paper. Let us fix a point co A I� arbi-

trarily and set

IðxÞ ¼
ð
ðco;x�

dsðyÞ
ð
ðco;y�

dmðzÞ; JðxÞ ¼
ð
ðco;x�

dmðyÞ
ð
ðco;y�

dsðzÞ; x A I ;ð2:1Þ

where the integral
Ð
ða;b� is read as �

Ð
ðb;a� if a > b. Following [7], we call the

boundary li to be

regular if IðliÞ < y; JðliÞ < y;

exit if IðliÞ < y; JðliÞ ¼ y;

entrance if IðliÞ ¼ y; JðliÞ < y;

natural if IðliÞ ¼ y; JðliÞ ¼ y:

Note that li ¼ ri if li is not entrance. For 0 < p < y, let LpðI ;mÞ be the space

of all functions f on I satisfying
Ð
I
j f jp dm < y. Let DðLÞ be the space of all

275Asymptotic conditional distributions



functions u A L2ðI ;mÞ which have continuous versions u (we use the same symbol)

satisfying the following conditions:

i) There exist two complex constants A, B and a function hu A L2ðI ;mÞ such

that

uðxÞ ¼ Aþ BsðxÞ þ
ð
ðco;x�

fsðxÞ � sðyÞghuðyÞ dmðyÞ; x A I :ð2:2Þ

ii) If li is regular, then uðliÞ ¼ 0 for each i ¼ 1; 2.

We define the generalized di¤usion operator L from DðLÞ into L2ðI ;mÞ by

Lu ¼ hu. We sometimes use the symbol L ¼ ðd=dmÞðd=dsÞ. Due to S. Wata-

nabe’s argument, the above setting includes all cases of sticky elastic bound-

ary conditions for regular boundaries as well (see [18], [31]). In the following,

for a measurable functions u on I , uþðxÞ stands for the right derivative

lime#0fuðxþ eÞ � uðxÞg=fsðxþ eÞ � sðxÞg, provided it exists. We denote by m� the

restriction of m to I�. Namely,

m�ðxÞ ¼
�y; xa r1;

mðxÞ; x A I�;

y; xb r2:

8<
:

The generalized di¤usion operator L� ¼ ðd=dm�Þðd=dsÞ on I� is defined in the

same way as above. Let S� be the spectrum of �L�. We put l� ¼ inf S�, which

is nonnegative because �L� is nonnegative in L2ðI�;mÞ.
Let D ¼ ½XðtÞ : tb 0;Px : x A Im� be a one-dimensional generalized di¤usion

process having L as the generator ([12]). We denote by sa the first hitting time

to a point a A Im, that is, sa ¼ infft > 0 : X ðtÞ ¼ ag if ft > 0 : X ðtÞ ¼ ag0q,

sa ¼ y otherwise. It is known that Pxðsri < yÞ > 0, x A Im V I� if and only if

IðriÞ < y ([12]).

First we consider the asymptotic behavior of (1.1) in the case that l1 and l2

are not natural. Let ðAkÞi, k ¼ 1; 2; . . . ; 5, i ¼ 1; 2, be the following conditions.

jsðriÞj < y and jmðriÞj < y:ðA1Þi

jsðriÞj < y; jmðriÞj ¼ y; and

ð
ðci ; riÞ

fmðxÞ=mðxÞg dmðxÞ
�����

����� < yðA2Þi

for some ci A I�; where mðxÞ ¼ sup
x5ri<y<x4ri

jmðyÞfsðriÞ � sðyÞgj:

jsðriÞj < y; jmðriÞj ¼ y; and

ð
ðco; riÞ

jsðriÞ � sðxÞj1=2
dmðxÞ

�����
����� < y:ðA3Þi
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li is entrance and li ¼ ri:ðA4Þi

jsðriÞj ¼ y; jmðriÞj < y; and

ð
ðci ; riÞ

fnðxÞ=sðxÞg dsðxÞ
�����

����� < yðA5Þi

for some ci A I�; where nðxÞ ¼ sup
x5ri<y<x4ri

jsðyÞfmðriÞ �mðyÞgj:

Here x4h denotes maxfx; hg. We use the usual conventions a4ð�yÞ ¼ a,

a5y ¼ a. The condition ðA1Þi is satisfied if and only if li is regular, or entrance

with li 0 ri. The condition ðA2Þi or ðA3Þi implies that li is exit. The condition

ðA5Þi implies ðA4Þi. We denote by H the set of all measurable functions f on I�

satisfying the following conditions.

ð
ðco; riÞ

jfsðriÞ � sðyÞgf ðyÞj dmðyÞ
�����

����� < y if ðA1Þi or ðA2Þi is satisfied:ð2:3Þ

ð
ðco; riÞ

jsðriÞ � sðyÞj1=2j f ðyÞj dmðyÞ
�����

����� < y if ðA3Þi is satisfied:ð2:4Þ

ð
ðco; riÞ

jsðyÞ f ðyÞj dmðyÞ
�����

����� < y if ðA4Þi is satisfied:ð2:5Þ

ð
ðco; riÞ

j f ðyÞj dmðyÞ
�����

����� < y if ðA5Þi is satisfied:ð2:6Þ

Theorem 2.1. Let i; j A f1; 2g and i0 j. Assume one of ðA1Þi, ðA2Þi, ðA3Þi,
and one of ðAkÞj, k ¼ 1; 2; . . . ; 5. Then there exists a unique function c� on I�

satisfying the following properties.

(i) c� is positive and continuous on I�, and satisfies c�ðcoÞ ¼ 1 and

cþ
� ðyÞ � cþ

� ðxÞ ¼ �l�

ð
ðx;y�

c�ðzÞ dmðzÞ; x; y A I�;ð2:7Þ

c�ðriÞ ¼ 0 if ðA1Þi; ðA2Þi or ðA3Þi is satisfied;ð2:8Þ

cþ
� ðliÞ ¼ 0 if ðA4Þi or ðA5Þi is satisfied ;ð2:9Þ

c� A L1ðI�;mÞVL2ðI�;mÞ;ð2:10Þ

c� f A L1ðI�;mÞ; c2
� f A L1ðI�;mÞ for f A H:ð2:11Þ

(ii) It holds that
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lim
t!y

Ex½ f ðXðttÞÞ j t < sr1
5sr2

�ð2:12Þ

¼

ð
I�

c�ðyÞ
2
dmðyÞ

� ��1ð
I�

c�ðyÞ
2
f ðyÞ dmðyÞ; 0 < t < 1;

ð
I�

c�ðyÞ dmðyÞ
� ��1ð

I�

c�ðyÞ f ðyÞ dmðyÞ; t ¼ 1;

8>>>><
>>>>:

for x A Im V I� and f A H.

Corollary 2.2. Assume one of ðAkÞ1, k ¼ 1; 2; . . . ; 5, and one of ðA1Þ2,

ðA2Þ2, ðA3Þ2. Let c� be the function in Theorem 2.1. Then it holds that

lim
t!y

Ex½ f ðX ðttÞÞ j t < sr2
< sr1

�

¼

ð
I�

c�ðyÞ
2
dmðyÞ

� ��1ð
I�

c�ðyÞ
2
f ðyÞ dmðyÞ; 0 < t < 1;

ð
I�

c�ðyÞfsðyÞ � sðr1Þg dmðyÞ
� ��1

�
ð
I�

c�ðyÞfsðyÞ � sðr1Þg f ðyÞ dmðyÞ; jsðr1Þj < y; t ¼ 1;

ð
I�

c�ðyÞ dmðyÞ
� ��1ð

I�

c�ðyÞ f ðyÞ dmðyÞ; jsðr1Þj ¼ y; t ¼ 1;

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

for x A Im V I� and f A H.

Remark 2.1. If ðA4Þ1 and ðA4Þ2 are satisfied, then Pxðsr1
5sr2

¼ yÞ ¼ 1,

x A Im, and it holds that limt!y Ex½ f ðX ðttÞÞ� ¼ fmðl2Þ �mðl1Þg�1 Ð
I
f ðyÞ dmðyÞ,

x A Im, 0 < ta 1, f A L1ðI ;mÞ ([22, Corollary 1], see also Theorem 2.8).

Next we consider the case that l2 is natural. We divide our argument into two

cases. The first case is related to periodic generalized di¤usion operators. Let ðA6Þ
be the following condition.

ðA6Þ l1 ¼ r1 ¼ 0 or l1 is entrance with l1 < r1 ¼ 0. l2 ¼ r2 ¼ y. sð0Þ ¼ mð0Þ ¼ 0.

There is a positive constant k such that for every x; y A ½0;yÞ,

sðxþ 1Þ � sðyþ 1Þ ¼ kfsðxÞ � sðyÞg; mðxþ 1Þ �mðyþ 1Þ ¼ k�1fmðxÞ �mðyÞg:

Note that ðA6Þ implies that l2 is natural.
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Theorem 2.3. Assume ðA6Þ with k0 1. Then there exists a unique function

c� on I� satisfying the following properties.

(i) c� is positive and continuous on I�, and satisfies (2.7), c�ð0Þ ¼ 0, cþ
� ð0Þ ¼ 1,

and

sup
x A I�

k�x=2ð1 þ xÞ�1
c�ðxÞ < y;ð2:13Þ

c� A L1ðI�;mÞ if k > 1:ð2:14Þ

(ii) Let 0 < k < 1 and f satisfy

ð
I�

kx=2ð1 þ xÞj f ðxÞj dmðxÞ < y:ð2:15Þ

Then it holds that

lim
t!y

t3=2el�ttEx½ f ðXðttÞÞ j t < s0�ð2:16Þ

¼ C1t
�3=2c�ðxÞsðxÞ

�1

ð
I�

c�ðyÞFðy; tÞ f ðyÞ dmðyÞ;

for x A Im V I�, where C1 is a positive constant specified by (4.17), and Fðy; tÞ ¼
sðyÞ if 0 < t < 1, and F ðy; 1Þ ¼ sðl2Þ ðA ð0;yÞÞ.

(iii) Let k > 1. If 0 < t < 1, then it holds that

lim
t!y

t3=2Ex½ f ðXðttÞÞ j t < s0� ¼ C1t
�3=2ð1 � tÞ�3=2

ð
I�

c�ðyÞ
2
f ðyÞ dmðyÞ;ð2:17Þ

for x A Im V I� and f satisfying

ð
I�

kxð1 þ xÞ2j f ðxÞj dmðxÞ < y:ð2:18Þ

If t ¼ 1, then it holds that

lim
t!y

Ex½ f ðXðtÞÞ j t < s0� ¼
ð
I�

c�ðyÞ dmðyÞ
� ��1ð

I�

c�ðyÞ f ðyÞ dmðyÞ;ð2:19Þ

for x A Im V I� and f satisfying (2.15).

Remark 2.2. By means of (2.13), c� f A L1ðI�;mÞ for f satisfying (2.15), and

c2
� f A L1ðI�;mÞ for f satisfying (2.18).
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For a measurable function f on I , we set

supp½ f � ¼ x A Im :

ð
U

j f j dm > 0 for any neighborhood U of x

� �
:

Theorem 2.4. Assume ðA6Þ with k ¼ 1. If 0 < t < 1, then it holds that

lim
t!y

t3=2Ex½ f ðXðttÞÞ j t < s0�ð2:20Þ

¼ 2�1p�1=2mð1Þ1=2
sð1Þ�1=2t�3=2ð1 � tÞ�1=2

ð
I�

sðyÞ2
f ðyÞ dmðyÞ;

for x A Im V I� and f A L1ðI�;mÞ such that supp½ f � is compact in ½0;yÞ. If t ¼ 1

and f satisfies (2.15), then sf A L1ðI�;mÞ and it holds that

lim
t!y

tEx½ f ðXðtÞÞ j t < s0� ¼ 2�1

ð
I�

sðyÞ f ðyÞ dmðyÞ;ð2:21Þ

for x A Im V I�.

Next we consider the case that the speed measure is regularly varying near

the boundary l2. Let 0 < b < 1 and L be a positive slowly varying function at

infinity, that is, limx!y LðcxÞ=LðxÞ ¼ 1, c > 0. Let ðA7Þ and ðA8Þ be the fol-

lowing conditions.

ðA7Þ l1 ¼ r1 ¼ 0 or l1 is entrance with l1 < r1 ¼ 0. l2 ¼ r2 < y. sðxÞ ¼ x, x A I�.

m satisfies mð0Þ ¼ 0 and

lim
x!y

x�1�1=bLðxÞ�1
mðl2 � 1=xÞ ¼ 1:ð2:22Þ

ðA8Þ l1 ¼ r1 ¼ 0 or l1 is entrance with l1 < r1 ¼ 0. l2 ¼ r2 ¼ y. sðxÞ ¼ x, x A I�.

m satisfies mð0Þ ¼ 0 and

lim
x!y

x1�1=bLðxÞ�1
mðxÞ ¼ 1:ð2:23Þ

Note that l2 is natural if ðA7Þ or ðA8Þ is satisfied. It is known that, under the

assumption (2.22) or (2.23), there is a slowly varying function ~LL satisfying

lim
x!y

~LLðxÞ1=b
Lðxb ~LLðxÞÞ ¼ lim

x!y
LðxÞb ~LLðx1=bLðxÞÞ ¼ 1;ð2:24Þ

(cf. [27]). Let denote by Ci, i ¼ 2; 3, positive constants given by

C2 ¼ fbð1 þ bÞgb=GðbÞ; C3 ¼ fbð1 � bÞgb=GðbÞ;

where GðzÞ is the gamma function defined by GðzÞ ¼
Ðy

0 e�ttz�1 dt.
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Theorem 2.5. Let x A Im V I� and f satisfy yf ðyÞ A L1ðI�;mÞ.
(i) Assume ðA7Þ. Also assume that supp½ f � is compact in ½0; l2Þ. If 0 < t < 1,

then it holds that

lim
t!y

t1þb ~LLðtÞEx½ f ðXðttÞÞ j t < s0� ¼ C2t
�1�bl�2

2

ð
I�

y2f ðyÞ dmðyÞ:ð2:25Þ

If t ¼ 1, then it holds that

lim
t!y

t1þb ~LLðtÞEx½ f ðXðtÞÞ j t < s0� ¼ C2l
�1
2

ð
I�

yf ðyÞ dmðyÞ:ð2:26Þ

(ii) Assume ðA8Þ. If 0 < t < 1 and supp½ f � is compact in ½0;yÞ, then it holds

that

lim
t!y

t1þb ~LLðtÞEx½ f ðX ðttÞÞ j t < s0� ¼ C3t
�1�bð1 � tÞ�b

ð
I�

y2f ðyÞ dmðyÞ:ð2:27Þ

If t ¼ 1, then it holds that

lim
t!y

tEx½ f ðXðtÞÞ j t < s0� ¼ b

ð
I�

yf ðyÞ dmðyÞ:ð2:28Þ

If IðliÞ ¼ y with li ¼ ri for i ¼ 1 and 2, then Pxðsr1
5sr2

¼ yÞ ¼ 1, x A Im.

Including this situation, we consider other asymptotic conditional expectations.

Let fxng and fhng be sequences satisfying

xn; hn A Im; xn < co < hn ðn A NÞ; xn # r1; hn " r2 as n ! y:ð2:29Þ

Theorem 2.6. There exist subsequences fxng and fhng (denoted by the same

symbols), a function c� on I�, and three sequences fV ð jÞ
n g, j ¼ 1; 2; 3, satisfying the

following properties.

(i) c� is positive and continuous on I�, and satisfies (2.7) and c�ðcoÞ ¼ 1.

(ii) fV ð jÞ
n g, j ¼ 1; 2; 3, are sequences of positive numbers and it holds that

lim
n!y

V ð1Þ
n lim

t!y
Ex½ f ðXðttÞÞ j t < sxn5shn �ð2:30Þ

¼ lim
n!y

V ð1Þ
n lim

t!y
Ex½ f ðXðttÞÞ j t < shn < sxn �

¼
ð
I�

c�ðyÞ
2
f ðyÞ dmðyÞ; 0 < t < 1;

lim
n!y

V ð2Þ
n lim

t!y
Ex½ f ðXðtÞÞ j t < sxn5shn � ¼

ð
I�

c�ðyÞ f ðyÞ dmðyÞ;ð2:31Þ
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lim
n!y

V ð3Þ
n lim

t!y
Ex½ f ðXðtÞÞ j t < shn < sxn �ð2:32Þ

¼

ð
I�

c�ðyÞfsðyÞ � sðr1Þg f ðyÞ dmðyÞ; jsðr1Þj < y;

ð
I�

c�ðyÞ f ðyÞ dmðyÞ; jsðr1Þj ¼ y;

8>>><
>>>:

for x A Im and f A L1ðI�;mÞ with supp½ f � being compact in I�.

Remark 2.3. If li ¼ ri and jsðliÞj ¼ y for i ¼ 1 or 2, then c� ¼ 1 in

Theorem 2.6 (see Proposition 4.3).

We note that Theorem 2.6 is a kind of extension of Theorem 2.1 and

Corollary 2.2. We also note that if ðA1Þ1 and ðA1Þ2 are satisfied, then the double

limits (n ! y and t ! y) are commutable. More precisely we obtain the

following.

Corollary 2.7. Assume ðA1Þ1 and ðA1Þ2. Then it holds that

lim
n!y

lim
t!y

Ex½ f ðXðttÞÞ j t < sxn5shn �ð2:33Þ

¼ lim
n!y

lim
t!y

Ex½ f ðX ðttÞÞ j t < shn < sxn �

¼
ð
I�

c�ðyÞ
2
dmðyÞ

� ��1ð
I�

c�ðyÞ
2
f ðyÞ dmðyÞ; 0 < t < 1;

lim
n!y

lim
t!y

Ex½ f ðXðtÞÞ j t < sxn5shn �ð2:34Þ

¼
ð
I�

c�ðyÞ dmðyÞ
� ��1ð

I�

c�ðyÞ f ðyÞ dmðyÞ;

lim
n!y

lim
t!y

Ex½ f ðXðttÞÞ j t < shn < sxn �ð2:35Þ

¼
ð
I�

c�ðyÞfsðyÞ � sðr1Þg dmðyÞ
� ��1

�
ð
I�

c�ðyÞfsðyÞ � sðr1Þg f ðyÞ dmðyÞ;

for any sequences fxng and fhng satisfying (2.29), f satisfying (2.3), and the func-

tion c� given in Theorem 2.1.
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In some cases we can obtain asymptotic conditional expectations of

limn!y Ex½ f ðX ðttÞÞ j t < sxn5shn � and limn!y Ex½ f ðXðttÞÞ j t < shn < sxn � as

t ! y.

Theorem 2.8. Assume li ¼ ri, jsðliÞj ¼ y and jmðliÞj < y for i ¼ 1; 2. Let

x A Im, 0 < ta 1 and f A L1ðI ;mÞ. Then it holds that

lim
t!y

lim
n!y

Ex½ f ðXðttÞÞ j t < sxn5shn � ¼ fmðl2Þ �mðl1Þg�1

ð
I

f ðyÞ dmðyÞ:ð2:36Þ

Assume that there exists the limit s� ¼ limn!yjsðxnÞj=sðhnÞ A ð0;y�. Then it holds

that

lim
t!y

lim
n!y

Ex½ f ðX ðttÞÞ j t < shn < sxn � ¼ fmðl2Þ �mðl1Þg�1

ð
I

f ðyÞ dmðyÞ:ð2:37Þ

If s� A ð0;yÞ, then it also holds that

lim
n!y

lim
t!y

Ex½ f ðX ðttÞÞ j t < sxn5shn �ð2:38Þ

¼ lim
n!y

lim
t!y

Ex½ f ðX ðttÞÞ j t < shn < sxn �

¼ fmðl2Þ �mðl1Þg�1

ð
I

f ðyÞ dmðyÞ:

This theorem implies that the double limits (n ! y and t ! y) are commutable

if we take appropriate sequences fxng and fhng, when there exists a stationary

distribution. However this commutability does not hold in general as we can see

in the following.

We consider again the case that the speed measure is regularly varying near

the boundary l2. Let 0 < b < 1 and L be a positive slowly varying function at

infinity. Let ðA9Þ and ðA10Þ be the following conditions.

ðA9Þ li ¼ ri, jlij ¼ y for i ¼ 1; 2. sðxÞ ¼ x, x A I , mðxÞ satisfies (2.23) and there

exists the limit

y ¼ lim
t!y

k2ðtÞ=k1ðtÞ A ½0;yÞ;ð2:39Þ

where k1ðtÞ and k2ðtÞ are the inverse functions of the mapping ½0;yÞ C x 7!
�xmð�xÞ and ½0;yÞ C x 7! xmðxÞ, respectively.

ðA10Þ l1 ¼ r1 > �y and l2 ¼ r2 ¼ y. sðxÞ ¼ x, x A I , and mðxÞ satisfies (2.23).

Further assume that
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lim
x!y

jx2mðxÞ=mðl1 þ 1=xÞj ¼ y:

Since (2.23) is satisfied, there is a slowly varying function ~LL satisfying (2.24).

Theorem 2.9. Assume ðA9Þ. Let x A Im, 0 < ta 1 and f A L1ðI ;mÞ. Then it

holds that

lim
t!y

t1�b ~LLðtÞ�1 lim
n!y

Ex½ f ðX ðttÞÞ j t < sxn5shn � ¼ C4t
�1þb

ð
I

f ðyÞ dmðyÞ;ð2:40Þ

where

C4 ¼ bfbð1 � bÞg�bGð1 � bÞ�1ð1 þ yÞ�1:

If there exists the limit s� ¼ limn!yjxnj=hn A ð0;y�, then

lim
t!y

t1�b ~LLðtÞ�1 lim
n!y

Ex½ f ðXðttÞÞ j t < shn < sxn � ¼ C4t
�1þb

ð
I

f ðyÞ dmðyÞ:ð2:41Þ

Further assume that s� A ð0;yÞ. Then there exist subsequences fxng and fhng
(denoted by the same symbols) and positive constants v

ð jÞ
� , j ¼ 1; 2; 3, such that

the statement (ii) of Theorem 2.6 holds with V
ð jÞ
n ¼ v

ð jÞ
� mðhnÞ, c� ¼ 1 and f A

L1ðI ;mÞ.

Remark 2.4. Note that v
ð jÞ
� , j ¼ 1; 2; 3, are not necessarily the same (see

Sect. 6.3).

Theorem 2.10. Assume ðA10Þ. Let x A Im V I , 0 < ta 1 and f A L1ðI ;mÞ
with supp½ f � being compact in I . Then it holds that

lim
t!y

t1þb ~LLðtÞ lim
n!y

Ex½ f ðXðttÞÞ j t < sxn5shn �ð2:42Þ

¼ lim
t!y

t1þb ~LLðtÞ lim
n!y

Ex½ f ðXðttÞÞ j t < sxn < shn �

¼ C3t
�1�bðx� l1Þ

ð
I

ðy� l1Þ f ðyÞ dmðyÞ:

There exist subsequences fxng and fhng (denoted by the same symbols) such

that the statement (ii) of Theorem 2.6 holds with a function c�ðyÞ ¼
Bðy� coÞ þ 1, y A I , where B is a real number satisfying 0aBa ðco � l1Þ�1

.

If lim supn!yjmðxnÞj=hnmðhnÞ < y, then fV ð jÞ
n g, j ¼ 1; 2; 3, satisfy the following

properties.

284 Masaru Iizuka, Miyuki Maeno and Matsuyo Tomisaki



lim inf
n!y

V ð jÞ
n =mðhnÞ > 0; j ¼ 1; 2;ð2:43Þ

lim sup
n!y

V ð1Þ
n =h2

nmðhnÞ < y; lim sup
n!y

V ð2Þ
n =hnmðhnÞ < y;ð2:44Þ

lim inf
n!y

V ð3Þ
n =hnmðhnÞ > 0; lim sup

n!y
V ð3Þ

n =h3
nmðhnÞ < y:ð2:45Þ

Remark 2.5. In the same way as in the proof of Theorem 2.8 we can show

that

lim
n!y

Ex½ f ðXðttÞÞ j t < shn < sxn � ¼ Ex½ f ðX ðttÞÞfX ðtÞ � l1g�=Ex½X ðtÞ � l1�;

under the assumption of Theorem 2.10. By means of Proposition 3.1 in the next

section,

0 < Ex½XðtÞ � l1� < y; x A Im V I ; t > 0:

But it seems to be di‰cult to consider the asymptotic behavior of Ex½XðtÞ � l1� as

t ! y since x� l1 B L1ðI ;mÞ. So that there are no results on the conditional

asymptotic behavior of limn!y Ex½ f ðX ðttÞÞ j t < shn < sxn � as t ! y.

3 Preliminaries

In this section we define the elementary solution pðt; x; yÞ of the generalized

di¤usion equation (1.2) following [12], [21] and [33]. Then we study its properties.

Let I , m, s, etc. be those given in the preceding section. Let jiðx; lÞ, i ¼ 1; 2,

l A C, be the solutions of the integral equations

j1ðx; lÞ ¼ 1 þ l

ð
ðco;x�

fsðxÞ � sðyÞgj1ðy; lÞ dmðyÞ; x A I ;ð3:1Þ

j2ðx; lÞ ¼ sðxÞ � sðcoÞ þ l

ð
ðco;x�

fsðxÞ � sðyÞgj2ðy; lÞ dmðyÞ; x A I ;ð3:2Þ

where co A I� is fixed arbitrarily. Then for each a > 0, there exist the limits

h1ðaÞ ¼ �lim
x#l1

j2ðx; aÞ=j1ðx; aÞ; h2ðaÞ ¼ lim
x"l2

j2ðx; aÞ=j1ðx; aÞ:

Define the function hðaÞ by the equality

1=hðaÞ ¼ 1=h1ðaÞ þ 1=h2ðaÞ:
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We set

h11ðaÞ ¼ hðaÞ; h22ðaÞ ¼ �fh1ðaÞ þ h2ðaÞg�1;

h12ðaÞ ¼ h21ðaÞ ¼ �hðaÞ=h2ðaÞ:

The functions hijðaÞ, i; j ¼ 1; 2, can be analytically continued to Cnð�y; 0�. The

spectral measures sij , i; j ¼ 1; 2 are defined by

sijð½l1; l2�Þ ¼ lim
e#0

1

p

ð l2

l1

Im hijð�lþ
ffiffiffiffiffiffiffi
�1

p
eÞ dl;

for all continuity points l1 and l2 of sij ðl1 < l2Þ. The matrix valued measure

½sijðdlÞ�i; j¼1;2 is symmetric and nonnegative definite. We define the elementary

solution of the generalized di¤usion equation (1.2) by

pðt; x; yÞ ¼
X

i; j¼1;2

ð
½0;yÞ

e�ltjiðx;�lÞjjðy;�lÞsijðdlÞ; t > 0; x; y A I :ð3:3Þ

Note that pðt; x; yÞ ¼ pðt; y; xÞ and pðt; x; yÞ is positive and continuous for t > 0,

x; y A I .

Next we give the definition of the Green function Gða; x; yÞ of the generalized

di¤usion equation (1.2). Define the functions uiðx; aÞ, i ¼ 1; 2, a > 0, x A I , by

uiðx; aÞ ¼ j1ðx; aÞ þ ð�1Þ iþ1j2ðx; aÞ=hiðaÞ:ð3:4Þ

It is well known that u1ðx; aÞ [resp. u2ðx; aÞ] is positive and nondecreasing [resp.

nonincreasing] in x A I , and uiðx; aÞ, i ¼ 1; 2, satisfy

u1ðl2; aÞ < y if Iðl2Þ < y;ð3:5Þ

u2ðl1; aÞ < y if Iðl1Þ < y;ð3:6Þ

lim
x!li ;x A I

uiðx; aÞ ¼ 0; lim
x!li ;x A I

uþi ðx; aÞ ¼ 0 if li is natural;ð3:7Þ

ð
ðco; liÞ

uiðy; aÞ dmðyÞ
�����

����� < y;ð3:8Þ

(see [12], [18]). We define Gða; x; yÞ by

Gða; x; yÞ ¼ Gða; y; xÞ ¼ hðaÞu1ðx; aÞu2ðy; aÞ; a > 0; xa y; x; y A I :ð3:9Þ

We note the following facts ([21], [22]).
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sup
t>0

pðt; x; yÞ < y; if mðxÞ < mðyÞ; fðl1; xÞU ðy; l2ÞgV Im 0q:ð3:10Þ

pðt; x; yÞ ¼ pðt; x4r1; r1Þ; t > 0; x A I ; y A ðl1; r1� if l1 < r1:ð3:11Þ

pðt; x; yÞ ¼ pðt; x5r2; r2Þ; t > 0; x A I ; y A ½r2; l2Þ if r2 < l2:ð3:12Þ

pðt; x; yÞa pðt; x; xÞ1=2
pðt; y; yÞ1=2; t > 0; x; y A I :ð3:13Þ

pðt; x; xÞa t�1Gðt�1; x; xÞ; t > 0; x A I :ð3:14Þ

Gða; x; xÞaGða; y; yÞ þ jsðxÞ � sðyÞj; a > 0; x; y A I :ð3:15Þ

lim
x!li ;x A I

Gða; x; xÞ ¼ 0; a > 0; if IðliÞ < y:ð3:16Þ

lim
x!li ;x A I

pðt; x; yÞ ¼ 0; t > 0; y A I ; if IðliÞ < y:ð3:17Þ

Let D ¼ ½XðtÞ : tb 0;Px : x A Im� be a one-dimensional generalized di¤usion

process with the generator L as in the preceding section. Then it holds that

PxðX ðtÞ A EÞ ¼
ð
E

pðt; x; yÞ dmðyÞ; x A Im; t > 0; E A BðIÞ;ð3:18Þ

([12]). We find the following properties from [12], [21] and [22].

Ea½e�asb � ¼ u1ða; aÞ
u1ðb; aÞ

; Eb½e�asa � ¼ u2ðb; aÞ
u2ða; aÞ

; a > 0;ð3:19Þ

if a; b A Im; a < b:

pðt; x; yÞ ¼
ð t

0

pðt� u; a; yÞPxðsa A duÞð3:20Þ

¼
ð t

0

pðt� u; x; aÞPyðsa A duÞ; t > 0;

if x; y; a A Im; x < a < y:

Obviously the expectation Ex½ f ðX ðtÞÞ� of f ðXðtÞÞ with respect to the proba-

bility measure Px is finite for bounded measurable functions f on I . It is easy to

show that it is finite for f A L1ðI ;mÞ. Now we observe that Ex½sðXðtÞÞ� is finite.

Proposition 3.1. It holds that

Ex½jsðX ðtÞÞj� < y;ð3:21Þ

for x A Im V I� and t > 0.
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Proof. By means of (3.18),

Ex½jsðX ðtÞÞj� ¼
ð
I

pðt; x; yÞjsðyÞj dmðyÞð3:22Þ

¼
ð
ðl1; co�

pðt; x; yÞjsðyÞj dmðyÞ þ
ð
ðco; l2Þ

pðt; x; yÞjsðyÞj dmðyÞ:

We only show ð
ðco; l2Þ

pðt; x; yÞjsðyÞj dmðyÞ < y:ð3:23Þ

If s A L1ððco; l2Þ;mÞ or jsðl2Þj < y, then (3.23) holds obviously. Assume s B

L1ððco; l2Þ;mÞ and sðl2Þ ¼ y, which implies that l2 is natural. We note that

ð
ðco; l2Þ

jsðyÞju2ðy; aÞ dmðyÞ < y; a > 0:ð3:24Þ

Indeed, since by (3.7), u2ðx; aÞ satisfies

�uþ2 ðx; aÞ ¼ a

ð
ðx; l2Þ

u2ðy; aÞ dmðyÞ;

we see by (3.7) again that

y > u2ðco; aÞ ¼ �
ð
ðco; l2Þ

uþ2 ðx; aÞ dsðxÞ

¼ a

ð
ðco; l2Þ

dsðxÞ
ð
ðx; l2Þ

u2ðy; aÞ dmðyÞ

¼ a

ð
ðco; l2Þ

fsðyÞ � sðcoÞgu2ðy; aÞ dmðyÞ:

Combining this with (3.8) we obtain (3.24). Let l1 a a < ba l2. Then by means

of (3.9), (3.13) and (3.14),

sup
a<y<b

pðt; x; yÞa t�1=2pðt; x; xÞ1=2 sup
a<y<b

Gðt�1; y; yÞ1=2

¼ t�1=2hðt�1Þ1=2
pðt; x; xÞ1=2 sup

a<y<b

u1ðy; t�1Þ1=2
u2ðy; t�1Þ1=2

a t�1=2hðt�1Þ1=2
pðt; x; xÞ1=2

u1ðb; t�1Þ1=2
u2ða; t�1Þ1=2 1Fðt; x; a; bÞ:
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Since l2 is natural, ðx; l2ÞV Im is an infinite set. We can take ao; bo A Im such that

mðxÞ < mðaoÞ < mðboÞ, so that Mo 1 supu>0 pðu; x; aoÞ < y in view of (3.10). By

means of (3.19) and (3.20) we see that for y A ½bo; l2ÞV Im,

pðt; x; yÞaMoPyðsao < tÞaMoEy½e1�sao=t� ¼ Moeu2ðy; t�1Þ=u2ðao; t�1Þ:

This estimate coupled with (3.24) implies thatð
ðco; l2Þ

pðt; x; yÞjsðyÞj dmðyÞ

¼
ð
ðco;boÞ

pðt; x; yÞjsðyÞj dmðyÞ þ
ð
½bo; l2Þ

pðt; x; yÞjsðyÞj dmðyÞ

aFðt; x; co; boÞ
ð
ðco;boÞ

jsðyÞj dmðyÞ

þMoeu2ðao; t�1Þ�1

ð
½bo; l2Þ

u2ðy; t�1ÞjsðyÞj dmðyÞ < y:

This shows (3.23). r

Let p�ðt; x; yÞ be the elementary solution of the generalized di¤usion equation

(1.2) with L and I replaced by L� and I�, respectively. Note that p�ðt; x; yÞ
coincides with pðt; x; yÞ whenever l1 ¼ r1 and l2 ¼ r2. Also note that

PxðXðt5sr1
5sr2

Þ A EÞð3:25Þ

¼
ð
E

p�ðt; x; yÞ dmðyÞ; x A Im V I�; t > 0; E A BðI�Þ:

The conditional expectation Ex½ f ðX ðtÞÞ j t < sr1
5sr2

� is finite for x A Im V I�, t > 0

and f which is bounded on I� or f A L1ðI�;mÞ.
In the rest of this section, we assume that both of li, i ¼ 1; 2, are not natural.

Then the spectrum S� of �L� only consists of point spectrum, l� ð¼ inf S�Þ A S�,

and (3.3) corresponding to p�ðt; x; yÞ is reduced to

p�ðt; x; yÞ ¼
X
l AS�

e�ltcðx;�lÞcðy;�lÞ; t > 0; x; y A I�;ð3:26Þ

where the functions cðx;�lÞ, l A S�, satisfy

cþðy;�lÞ � cþðx;�lÞ ¼ �l

ð
ðx;y�

cðz;�lÞ dmðzÞ; x; y A I�;ð3:27Þ
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cðri;�lÞ ¼ 0 if IðliÞ < y; or li is entrance with li 0 ri;ð3:28Þ

cþðli;�lÞ ¼ 0 if li is entrance with li ¼ ri;ð3:29Þ ð
I�

cðx;�lÞ2
dmðxÞ ¼ 1;ð3:30Þ

ð
I�

cðx;�lÞcðx;�mÞ dmðxÞ ¼ 0 if l0 m:ð3:31Þ

In view of [14, Theorem 1],

cðx;�l�Þ > 0; x A I�:ð3:32Þ

Proposition 3.2. Let i; j A f1; 2g and i0 j. Assume one of ðA1Þi, ðA2Þi,
ðA3Þi, and one of ðAkÞj, k ¼ 1; 2; . . . ; 5. Then cð�;�l�Þ belongs to L1ðI�;mÞ, and

cð�;�l�Þ f ð�Þ, cð�;�l�Þ2
f ð�Þ also belong to L1ðI�;mÞ whenever f A H. Further

there is a nonincreasing function KðtÞ on ð0;yÞ such that

el�tp�ðt; x; yÞaKðtÞHðxÞHðyÞ; t > 0; x; y A I�;ð3:33Þ

where HðxÞ ¼ H1ðxÞ1ðr1; co�ðxÞ þH2ðxÞ1ðco; r2ÞðxÞ, and for each i ¼ 1; 2,

HiðxÞ ¼

jsðxÞ � sðriÞj; if ðA1Þi or ðA2Þi is satisfied ;

jsðxÞ � sðriÞj1=2; if ðA3Þi is satisfied;

1 þ jsðxÞj1=2; if ðA4Þi is satisfied;

1; if ðA5Þi is satisfied:

8>>>><
>>>>:

ð3:34Þ

Consequently it holds thatðð
I��I�

p�ðu; x; yÞp�ðt; y; zÞj f ðyÞgðzÞj dmðyÞdmðzÞ < y;ð3:35Þ

for u; t > 0, x A I� and f ; g A H.

Proof. By means of (3.14), (3.15) and (3.16) corresponding to m� and I� in

place of m and I , respectively, we see that

p�ðt; x; xÞa t�1jsðxÞ � sðriÞj; t > 0; x A I�; if IðriÞ < y:ð3:36Þ

Since IðriÞ < y for i ¼ 1 or 2, it holds that

p�ðt; x; xÞa t�1 minfsðxÞ � sðr1Þ; sðr2Þ � sðxÞg; t > 0; x A I�:ð3:37Þ
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We show that

sup
x A ðr1; co�

p�ðt; x; xÞ=H1ðxÞ2 < y; t > 0:ð3:38Þ

If ðA3Þ1 is satisfied, then (3.36) implies (3.38). If ðA4Þ1 is satisfied, then jsðr1Þj ¼ y

and one of ðA1Þ2, ðA2Þ2, ðA3Þ2 is satisfied, and hence jsðr2Þj < y. Therefore by

means of (3.37) we obtain (3.38).

Let us assume ðA5Þ1. Then by using the results in [20, Sect. 4] and [23, (6.4)],

we find that p�ðt; x; xÞ is bounded in x A ðr1; co� for each fixed t > 0, which shows

(3.38).

If ðA1Þ1 or ðA2Þ1 is satisfied, then in the same way as [20, Sect. 4] we can

show that supx A ðr1; co� p�ðt; x; xÞfsðxÞ � sðr1Þg�2 is finite for each t > 0. Thus we

obtain (3.38).

In the same way as above, we can obtain that

sup
x A ðco; r2Þ

p�ðt; x; xÞ=H2ðxÞ2 < y; t > 0:ð3:39Þ

It follows from (3.38) and (3.39) that

~KKðtÞ1 sup
x A I�

p�ðt; x; xÞ=HðxÞ2 < y; t > 0:ð3:40Þ

Since cðx;�l�Þ2
a el�tp�ðt; x; xÞ, there is a positive constant C such that

0 < cðx;�l�ÞaCHðxÞ; x A I�:ð3:41Þ

Next we show (3.33). We may assume that S�nfl�g0q. There is a d A ð0; 1Þ
such that l� < dl, l A S�nfl�g, from which it holds that ð1 � dÞl < l� l�,

l A S�nfl�g. Then we see that

jel�tp�ðt; x; yÞ � cðx;�l�Þcðy;�l�Þj ¼
X

l AS�nfl�g
e�ðl�l�Þtcðx;�lÞcðy;�lÞ

������
������

a
X
l AS�

e�lð1�dÞtjcðx;�lÞj jcðy;�lÞj

a p�ðð1 � dÞt; x; xÞ1=2
p�ðð1 � dÞt; y; yÞ1=2:

Combining this with (3.40) and (3.41), we find that

el�tp�ðt; x; yÞa p�ðð1 � dÞt; x; xÞ1=2
p�ðð1 � dÞt; y; yÞ1=2 þ cðx;�l�Þcðy;�l�Þ

a f ~KKðð1 � dÞtÞ þ C2gHðxÞHðyÞ:
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Putting KðtÞ ¼ ~KKðð1 � dÞtÞ þ C2 leads us to (3.33). Since p�ðt; x; xÞ is non-

increasing in t, so is KðtÞ.
It is easy to see that

H A L1ðI�;mÞ; Hf A L1ðI�;mÞ; H 2f A L1ðI�;mÞ;ð3:42Þ

for f A H. Combining (3.41) with (3.42), we obtain that cð�;�l�Þ, cð�;�l�Þ f ð�Þ
and cð�;�l�Þ2

f ð�Þ belong to L1ðI�;mÞ. The result of (3.35) immediately follows

from (3.33) and (3.42). r

Remark 3.1. If one of ðA1Þi, ðA2Þi, ðA5Þi is satisfied for each i ¼ 1; 2, we

can show (3.33) with H replaced by cð�;�l�Þ, that is, supx;y A I� p�ðt; x; yÞ=
cðx;�l�Þcðy;�l�Þ < y for each t > 0. This implies that L is intrinsically

ultracontractive (cf. [2]).

4 Proof of Theorems

In order to show Theorem 2.1, we prepare the following.

Proposition 4.1. Under the assumption of Theorem 2.1, it holds that

lim
t!y

Ex½ f ðXðttÞÞgðX ðtÞÞ j t < sr1
5sr2

�ð4:1Þ

¼
ð
I�

cðy;�l�Þ dmðyÞ
� ��1ð

I�

cðy;�l�Þ2
f ðyÞ dmðyÞ

�
ð
I�

cðz;�l�ÞgðzÞ dmðzÞ;

for x A Im V I�, 0 < t < 1 and f ; g A H.

Proof. By virtue of (3.25) and Markov property,

Ex½ f ðX ðttÞÞgðXðtÞÞ j t < sr1
5sr2

�ð4:2Þ

¼ Ex½ f ðX ðttÞÞgðXðtÞÞ; t < sr1
5sr2

�=Pxðt < sr1
5sr2

Þ

¼
ð
I�

p�ðtt; x; yÞ f ðyÞ dmðyÞ

�
ð
I�

p�ðð1 � tÞt; y; zÞgðzÞ dmðzÞ=Pxðt < sr1
5sr2

Þ;
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which is finite in view of (3.35). Note that

Pxðt < sr1
5sr2

Þ ¼
ð
I�

p�ðt; x; yÞ dmðyÞ:ð4:3Þ

It follows from (3.26) that

lim
t!y

el�tp�ðt; x; yÞ ¼ cðx;�l�Þcðy;�l�Þ; x; y A I�:ð4:4Þ

By means of Proposition 3.2,

el�tp�ðtt; x; yÞp�ðð1 � tÞt; y; zÞ

aKðttoÞKðð1 � tÞtoÞHðxÞHðyÞ2
HðzÞ; tb to; x; y A I�;

for each to > 0. Combining this with Lebesgue’s dominated convergence theorem,

(3.42) and (4.4), we obtain

lim
t!y

el�t
ðð

I��I�

p�ðtt; x; yÞp�ðð1 � tÞt; y; zÞ f ðyÞgðzÞ dmðyÞdmðzÞð4:5Þ

¼ cðx;�l�Þ
ðð

I��I�

cðy;�l�Þ2cðz;�l�Þ f ðyÞgðzÞ dmðyÞdmðzÞ:

Since 1 A H,
Ð
I�
p�ðtt; x; yÞp�ðð1 � tÞt; y; zÞ dmðyÞ ¼ p�ðt; x; zÞ andÐ

I�
cðy;�l�Þ2

dmðyÞ ¼ 1, the asymptotic behavior (4.1) is derived from (4.2), (4.3)

and (4.5). r

Proof of Theorem 2.1. Put c�ðxÞ ¼ cðco;�l�Þ�1cðx;�l�Þ, x A I�. It follows

from (3.27), (3.28), (3.29), (3.30), (3.32), and Proposition 3.2 that c� satisfies all

of the properties in the statement (i). Further by means of Proposition 4.1,

lim
t!y

Ex½ f ðXðttÞÞgðX ðtÞÞ j t < sr1
5sr2

�ð4:6Þ

¼
ð
I�

c�ðyÞ
2
dmðyÞ

� ��1 ð
I�

c�ðyÞ dmðyÞ
� ��1

�
ð
I�

c�ðyÞ
2
f ðyÞ dmðyÞ

ð
I�

c�ðzÞgðzÞ dmðzÞ:

We find (2.12) with 0 < t < 1 and t ¼ 1 by putting g ¼ 1 and f ¼ 1 in (4.6),

respectively. r

Proof of Corollary 2.2. By Markov property, we have
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Ex½ f ðXðttÞÞ j t < sr2
< sr1

� ¼ Ex½ f ðX ðttÞÞ; t < sr2
< sr1

�=Pxðt < sr2
< sr1

Þ

¼ Ex½ f ðX ðttÞÞFðXðtÞÞ j t < sr1
5sr2

�
Ex½FðXðtÞÞ j t < sr1

5sr2
� ; 0 < ta 1;

where

FðxÞ ¼ Pxðsr2
< sr1

Þ ¼ sðxÞ � sðr1Þg=fsðr2Þ � sðr1Þg; if jsðr1Þj < y;

1; if jsðr1Þj ¼ y:

�
ð4:7Þ

Since F A H, we obtain the corollary by means of Proposition 4.1. r

Next we prove Theorems 2.3 and 2.4. In [25] and [29], the asymptotic

behavior of elementary solutions of periodic generalized di¤usion equations was

studied. We list up some results from [25] and [29]. Let jiðx; lÞ, i ¼ 1; 2, be the

solutions of the equations (3.1), (3.2) with co ¼ 0, which exist because of the

assumption ðA6Þ. It holds that, under the assumption ðA6Þ,

l� > 0 if and only if k0 1;ð4:8Þ

j2ðx;�l�Þ > 0; x A I�;ð4:9Þ

sup
x A I�

k�x=2ð1 þ xÞ�1j2ðx;�l�Þ < y;ð4:10Þ

ð
I�

kx=2ð1 þ xÞ dmðxÞ < y if k > 1;ð4:11Þ

j2ð�;�l�Þ A L1ðI�;mÞ if k > 1;ð4:12Þ

sf A L1ðI�;mÞ if k ¼ 1 and f satisfies ð2:15Þ;ð4:13Þ

lim
t!y

t3=2el�tp�ðt; x; yÞ ¼ C1j2ðx;�l�Þj2ðy;�l�Þ; x; y A I�;ð4:14Þ

lim sup
t!y

t3=2el�t sup
x;y A I�

k�ðxþyÞ=2ð1 þ xÞ�1ð1 þ yÞ�1
p�ðt; x; yÞ < y;ð4:15Þ

lim
t!y

sup
x A I�

k�x=2ð1 þ xÞ�1ð4:16Þ

�
����t3=2el�t

ð
I�

p�ðt; x; yÞ f ðyÞ dmðyÞ

� C1j2ðx;�l�Þ
ð
I�

j2ðy;�l�Þ f ðyÞ dmðyÞ
���� ¼ 0;

for f satisfying (2.15), where C1 is a positive constant given by
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C1 ¼ 2�1p�1=2k1=4f�D 0ðl�Þg1=2j2ð1;�l�Þ�1;ð4:17Þ

DðlÞ ¼ j1ð1;�lÞ þ kjþ2 ð1;�lÞ; D 0ðl�Þ ¼
d

dl
DðlÞ

����
l¼l�

ð< 0Þ:

Proof of Theorem 2.3. Put c�ðxÞ ¼ j2ðx;�l�Þ, x A I�. By means of (3.2),

(4.9), (4.10) and (4.12), we see that c� satisfies all of the properties of the

statement (i).

Let 0 < k < 1 and f satisfy (2.15). We note that

lim
t!y

Pxðt < s0Þ ¼ Pxðs0 ¼ yÞ ¼ sðxÞ=sðl2Þ A ð0;yÞ; x A I�:ð4:18Þ

If 0 < t < 1, then in the same way as in the proof of Proposition 4.1,

Ex½ f ðX ðttÞÞ j t < s0�ð4:19Þ

¼
ð
I�

p�ðtt; x; yÞ f ðyÞPyðð1 � tÞt < s0Þ dmðyÞ=Pxðt < s0Þ:

By using (4.14), (4.15), (4.18), (4.19), and Lebesgue’s dominated convergence

theorem, we obtain (2.16) with 0 < t < 1. If t ¼ 1, then

Ex½ f ðXðtÞÞ j t < s0� ¼
ð
I�

p�ðt; x; yÞ f ðyÞ dmðyÞ=Pxðt < s0Þ:ð4:20Þ

Therefore (2.16) with t ¼ 1 immediately follows from (4.16) and (4.18).

Let k > 1. In this case, f ¼ 1 satisfies (2.15) by means of (4.11), and hence

we obtain (4.16) with f ¼ 1. Therefore

lim
t!y

sup
x A ImVI�

k�x=2ð1 þ xÞ�1ð4:21Þ

� t3=2el�tPxðt < s0Þ � C1j2ðx;�l�Þ
ð
I�

j2ðy;�l�Þ dmðyÞ
����

���� ¼ 0:

If 0 < t < 1 and f satisfies (2.18), then (2.17) is obtained by (4.14), (4.15), (4.19),

(4.21) and Lebesgue’s dominated convergence theorem. If t ¼ 1 and f satisfies

(2.15), then (2.19) follows from (4.16), (4.20) and (4.21). r

Proof of Theorem 2.4. Noting k ¼ 1, we find l� ¼ 0, j2ðx;�l�Þ ¼ sðxÞ,
C1 ¼ fmð1Þ=4psð1Þg1=2 ([25]), and

lim
x!y

x�1sðxÞ ¼ sð1Þ; lim
x!y

x�1mðxÞ ¼ mð1Þ:
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Hence by means of [24, Corollary 1],

lim
t!y

t1=2

ð
I�

p�ðt; x; yÞ dmðyÞ ¼ fmð1Þ=psð1Þg1=2
sðxÞ:

Combining this with (4.3), we find that

lim
t!y

t1=2Pxðt < s0Þ ¼ fmð1Þ=psð1Þg1=2
sðxÞ:ð4:22Þ

Since Pxðt < s0Þ and sðxÞ are nondecreasing in x A Im and x A I�, respectively, and

sðxÞ is continuous, the convergence in (4.22) is uniform in x A Im V ½0; a� for each

a A I�. Therefore if 0 < t < 1, f A L1ðI ;mÞ and supp½ f � is compact in ½0;yÞ, we

obtain (2.20) by means of (4.14), (4.15), (4.19), (4.22), and Lebesgue’s dominated

convergence theorem. If t ¼ 1 and f satisfies (2.15), then sf A L1ðI�;mÞ by means

of (4.13), and (2.21) follows from (4.16), (4.20) and (4.22). r

We turn to the proof of Theorem 2.5. Under the assumption ðA7Þ or ðA8Þ,
the asymptotic behavior of the elementary solution p�ðt; x; yÞ was studied in [30].

We summarize some results which we need below.

Proposition 4.2. If ðA7Þ is satisfied, then

lim
t!y

sup
x;y A ð0;a�

jt1þb ~LLðtÞx�1y�1p�ðt; x; yÞ � C2l
�2
2 j ¼ 0; a A I�:ð4:23Þ

If ðA8Þ is satisfied, then

lim
t!y

sup
x;y A ð0;a�

jt1þb ~LLðtÞx�1y�1p�ðt; x; yÞ � C3j ¼ 0; a A I�;ð4:24Þ

lim sup
t!y

t1þb ~LLðtÞ sup
y A I�

y�1p�ðt; x; yÞ < y;ð4:25Þ

lim
t!y

tb ~LLðtÞ
ð
I�

p�ðt; x; yÞ dmðyÞ ¼ b�1C3x;ð4:26Þ

lim
t!y

t1þb ~LLðtÞ
ð
I�

p�ðt; x; yÞ f ðyÞ dmðyÞ ¼ C3x

ð
I�

yf ðyÞ dmðyÞ;ð4:27Þ

for f satisfying yf ðyÞ A L1ðI�;mÞ.

Proof. In [30], (4.24), (4.25), (4.26) and (4.27) are obtained. We will show

(4.23). We note that, under the assumption ðA7Þ, there exist the solutions jiðx; lÞ,
i ¼ 1; 2, of the equations (3.1) and (3.2) with co ¼ 0. We also note that (3.3)

corresponding to p�ðt; x; yÞ is reduced to
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p�ðt; x; yÞ ¼
ð
ð0;yÞ

e�ltj2ðx;�lÞj2ðy;�lÞs22ðdlÞ; t > 0; x; y A I�:ð4:28Þ

By virtue of [30, (5.11)],

lim
t!y

t1þb ~LLðtÞ
ð
ð0;yÞ

e�lts22ðdlÞ ¼ C2l
�2
2 :ð4:29Þ

In view of (4.28) and (4.29), it is enough to show that

lim
t!y

sup
x;y A ð0;a�

t1þb ~LLðtÞ
ð
ð0;yÞ

e�ltjx�1y�1j2ðx;�lÞj2ðy;�lÞ � 1js22ðdlÞ ¼ 0;ð4:30Þ

for each a A I�. Due to [13, (2.27)], we have

jj2ðx;�lÞja jxj expf21=2jlxmðxÞj1=2g;ð4:31Þ

jj2ðx; lÞ � xja jlx2mðxÞj j expf21=2jlxmðxÞj1=2g;ð4:32Þ

for x A I and l A C. Fix a point a A I� arbitrarily. By means of (4.31) and (4.32),

we have

sup
x;y A ð0;a�

jx�1y�1j2ðx;�lÞj2ðy;�lÞ � 1j

a sup
x;y A ð0;a�

jx�1j2ðx;�lÞ � 1j jy�1j2ðy;�lÞj þ sup
y A ð0;a�

jy�1j2ðy;�lÞ � 1j

a 2jljamðaÞ expf23=2jlamðaÞj1=2g:

Fix a positive T arbitrarily and take a positive L such that LT 2 b 32amðaÞ.
Then it holds that suptbT ;lbL expf�lt=2 þ 23=2ðlamðaÞÞ1=2ga 1. Noting

maxxb0 xe�x a e�1, we see that for every tbT ,

sup
x;y A ð0;a�

t1þb ~LLðtÞ
ð
ð0;yÞ

e�ltjx�1y�1j2ðx;�lÞj2ðy;�lÞ � 1js22ðdlÞ

a 2amðaÞt1þb ~LLðtÞ
ð
ð0;yÞ

l expf�ltþ 23=2ðlamðaÞÞ1=2gs22ðdlÞ

a 2amðaÞf1 þ expf23=2ðLamðaÞÞ1=2ggt1þb ~LLðtÞ
ð
ð0;yÞ

le�lt=2s22ðdlÞ

a 8e�1amðaÞf1 þ expf23=2ðLamðaÞÞ1=2ggtb ~LLðtÞ
ð
ð0;yÞ

e�lt=4s22ðdlÞ:

Combining this with (4.29), we obtain (4.30). r
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Proof of Theorem 2.5. (i) Let us assume ðA7Þ. Let f satisfy yf ðyÞ A
L1ðI ;mÞ and supp½ f � being compact in ½0; l2Þ. Note that

lim
t!y

Pxðt < s0Þ ¼ Pxðs0 ¼ yÞ ¼ x=l2:ð4:33Þ

If 0 < t < 1, we notice that (4.19) holds in this case, too. By (4.23), (4.33), and

Lebesgue’s dominated convergence theorem, we obtain

lim
t!y

t1þb ~LLðtÞEx½ f ðXðttÞÞ j t < s0�

¼ lim
t!y

t1þb ~LLðtÞ
ð
I�

p�ðtt; x; yÞ f ðyÞPyðð1 � tÞt < s0Þ dmðyÞ=Pxðt < s0Þ

¼ C2t
�1�bl�2

2

ð
I�

y2f ðyÞ dmðyÞ:

Let t ¼ 1. By means of (4.20), (4.23), (4.33), and Lebesgue’s dominated con-

vergence theorem, we obtain

lim
t!y

t1þb ~LLðtÞEx½ f ðX ðtÞÞ j t < s0�

¼ lim
t!y

t1þb ~LLðtÞ
ð
I�

p�ðt; x; yÞ f ðyÞ dmðyÞ=Pxðt < s0Þ

¼ C2l
�1
2

ð
I�

yf ðyÞ dmðyÞ:

(ii) Assume ðA8Þ and yf ðyÞ A L1ðI�;mÞ. Combining (4.26) with (4.3), we

have

lim
t!y

tb ~LLðtÞPxðt < s0Þ ¼ b�1C3x;ð4:34Þ

uniformly in x in ½0; a�V Im for each a A I�. If 0 < t < 1 and supp½ f � is compact

in ½0;yÞ, by using (4.19), (4.24), (4.25), (4.34) and Lebesgue’s dominated con-

vergence theorem, we obtain

lim
t!y

t1þb ~LLðtÞEx½ f ðXðttÞÞ j t < s0�

¼ lim
t!y

t1þb ~LLðtÞ
ð
I�

p�ðtt; x; yÞ f ðyÞPyðð1 � tÞt < s0Þ dmðyÞ=Pxðt < s0Þ

¼ C3t
�1�bð1 � tÞ�b

ð
I�

y2f ðyÞ dmðyÞ:
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If t ¼ 1, by using (4.20), (4.27), (4.34) and Lebesgue’s dominated convergence

theorem, we obtain

lim
t!y

tEx½ f ðXðtÞÞ j t < s0�

¼ lim
t!y

t

ð
I�

p�ðt; x; yÞ f ðyÞ dmðyÞ=Pxðt < s0Þ

¼ b

ð
I�

yf ðyÞ dmðyÞ;

which completes the proof. r

Let fxng and fhng be sequences satisfying (2.29). We set

mnðxÞ ¼
�y; xa xn;

mðxÞ; xn < x < hn;

þy; ha x;

8<
: snðxÞ ¼ 1ðxn;hnÞðxÞsðxÞ; Ln ¼

d

dmn

d

dsn
:

Denote by Sn the spectrum of �Ln and put l�;n ¼ inf Sn. Since the assumptions

ðA1Þi, i ¼ 1; 2, are satisfied for mn, sn and ðxn; hnÞ, there exists a unique positive

continuous function c�;n on ðxn; hnÞ satisfying c�;nðcoÞ ¼ 1 and (2.7), (2.8), (2.10)

with c�, l� and I� replaced by c�;n, l�;n and ðxn; hnÞ, respectively.

Proposition 4.3. There exist a subsequence fc�;ng (denoted by the same

symbol) and a positive continuous function c� on I� satisfying (2.7), c�ðcoÞ ¼ 1, and

lim
n!y

sup
x AK

jc�;nðxÞ � c�ðxÞj ¼ 0;ð4:35Þ

for every compact set KH I�.

Assume ri ¼ li and jsðliÞj ¼ y for i ¼ 1 and 2. Then c�ðxÞ ¼ 1, x A I . If fxng
and fhng satisfy

0 < lim inf
n!y

jsðxnÞj=sðhnÞa lim sup
n!y

jsðxnÞj=sðhnÞ < y;ð4:36Þ

then

sup
xnaxahn;n

c�;nðxÞ < y:ð4:37Þ

Assume l� ¼ 0, ri ¼ li for i ¼ 1; 2, jsðl1Þj < y and sðl2Þ ¼ y. Then c�ðxÞ ¼
BfsðxÞ � sðcoÞg þ 1, x A I , where B is a real number satisfying 0aBa

fsðcoÞ � sðl1Þg�1
. For each a A I , it holds that
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sup
xnaxaa;n

c�;nðxÞ < y;ð4:38Þ

sup
aaxahn;n

c�;nðxÞ=sðxÞ < y if sðaÞ > 0:ð4:39Þ

Proof. Following the same argument as the proof of [14, Theorem 1], we

can show that there exist a subsequence fc�;ng and a positive continuous function

c� satisfying (2.7), c�ðcoÞ ¼ 1 and (4.35).

Assume ri ¼ li and jsðliÞj ¼ y for i ¼ 1 and 2. Then l� ¼ 0 by virtue of [18,

Theorem 3]. Therefore it follows from (2.7) that c�ðxÞ ¼ B1sðxÞ þ B2, x A I ,

where B1 and B2 are constants. Noting that c�ðxÞ > 0, x A I and c�ðcoÞ ¼ 1, we

see that B1 ¼ 0 and B2 ¼ 1, that is, c�ðxÞ ¼ 1, x A I . Let fxng and fhng satisfy

(4.36). We will show (4.37). By virtue of (2.7),

c�;nðxÞ ¼ 1 þ cþ
�;nðcoÞfsðxÞ � sðcoÞgð4:40Þ

� l�;n

ð
ðco;x�

fsðxÞ � sðyÞgc�;nðyÞ dmðyÞ; x A ðxn; hnÞ;

and it holds that

jcþ
�;nðcoÞja

1 � c�;nðxnÞ
sðcoÞ � sðxnÞ

4
1 � c�;nðhnÞ
sðhnÞ � sðcoÞ

ð4:41Þ

a fsðcoÞ � sðxnÞg�14fsðhnÞ � sðcoÞg�1:

Combining this with (4.36), we see that

M1 1 sup
xnaxahn;n

jcþ
�;nðcoÞfsðxÞ � sðcoÞgj

a sup
n
ffsðhnÞ � sðcoÞgfsðcoÞ � sðxnÞg�14fsðcoÞ � sðxnÞgfsðhnÞ � sðcoÞg�1g

< y:

By using (4.40) again, we have

sup
xnaxahn;n

c�;nðxÞa 1 þM1:

Assume l� ¼ 0, ri ¼ li for i ¼ 1; 2, jsðl1Þj < y, and sðl2Þ ¼ y. Noting

c�ðl1Þb 0, in the same way as above we find that c�ðxÞ ¼ BfsðxÞ � sðcoÞg þ 1,
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x A I , and 0aBa fsðcoÞ � sðl1Þg�1. Let a A I . Since M2 1 supnjcþ
�;nðcoÞj < y by

means of (4.41), it follows from (4.40) that

sup
xnaxaa;n

c�;nðxÞa 1 þM2jsðaÞ � sðcoÞj;

sup
aaxahn;n

c�;nðxÞ=sðxÞa sðaÞ�1 þM2f1 þ jsðcoÞj=sðaÞg if sðaÞ > 0;

which shows (4.38) and (4.39). r

Proof of Theorem 2.6. Let fxng and fhng be subsequences corresponding

to fc�;ng in Proposition 4.3. Let f A L1ðI�;mÞ such that supp½ f � is compact in I�.

We may assume that supp½ f �H ðxn; hnÞ for su‰ciently large n. Then f satisfies

(2.3) with r1 ¼ xn or r2 ¼ hn. By means of Theorem 2.1 and Corollary 2.2, we see

that

lim
t!y

Ex½ f ðX ðttÞÞ j t < sxn5shn � ¼ lim
t!y

Ex½ f ðXðttÞÞ j t < shn < sxn �

¼
ð
ðxn;hnÞ

c�;nðyÞ
2
dmðyÞ

 !�1ð
ðxn;hnÞ

c�;nðyÞ
2
f ðyÞ dmðyÞ; 0 < t < 1;

lim
t!y

Ex½ f ðX ðtÞÞ j t < sxn5shn �

¼
ð
ðxn;hnÞ

c�;nðyÞ dmðyÞ
 !�1ð

ðxn;hnÞ
c�;nðyÞ f ðyÞ dmðyÞ;

lim
t!y

Ex½ f ðX ðtÞÞ j t < shn < sxn �

¼
ð
ðxn;hnÞ

c�;nðyÞfsðyÞ � sðxnÞg dmðyÞ
 !�1

�
ð
ðxn;hnÞ

c�;nðyÞfsðyÞ � sðxnÞg f ðyÞ dmðyÞ:

We put

V ð1Þ
n ¼

ð
ðxn;hnÞ

c�;nðyÞ
2
dmðyÞ;ð4:42Þ

V ð2Þ
n ¼

ð
ðxn;hnÞ

c�;nðyÞ dmðyÞ;ð4:43Þ
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V ð3Þ
n ¼

ð
ðxn;hnÞ

c�;nðyÞfsðyÞ � sðxnÞg dmðyÞ; jsðr1Þj < y;

ð
ðxn;hnÞ

c�;nðyÞf1 � sðyÞ=sðxnÞg dmðyÞ; jsðr1Þj ¼ y:

8>>>><
>>>>:

ð4:44Þ

Then we obtain (2.30), (2.31) and (2.32) by virtue of (4.35). r

Proof of Corollary 2.7. We put c�;nðxÞ ¼ 0 for x A I�nðxn; hnÞ and n A N.

Then, by means of ðA1Þ1 and ðA1Þ2, we can show that c�;nðn A NÞ are uniformly

bounded and equicontinuous on I�. Therefore there exist a subsequence fc�;ng
(denoted by the same symbols) and a positive continuous function ~cc� on I� such

that

lim
n!y

sup
x A I�

jc�;nðxÞ � ~cc�ðxÞj ¼ 0:

We note that ~cc� satisfies (2.7) with c� replaced by ~cc�, ~cc�ðcoÞ ¼ 1 and ~cc�ðriÞ ¼ 0

ði ¼ 1; 2Þ. Since the function c� in Theorem 2.1 is unique, we see that ~cc� coin-

cides with c�, and

lim
n!y

sup
x A I�

jc�;nðxÞ � c�ðxÞj ¼ 0;ð4:45Þ

for every sequence fc�;ng. It is easy to see that (2.30), (2.31) and (2.32) are

valid for every f satisfying (2.3) and V
ð jÞ
n , j ¼ 1; 2; 3, given by (4.42), (4.43),

(4.44) with jsðr1Þj < y. By means of (4.45), ðA1Þ1 and ðA1Þ2, we find that

lim
n!y

V ð1Þ
n ¼

ð
I�

c�ðyÞ
2
dmðyÞ;

lim
n!y

V ð2Þ
n ¼

ð
I�

c�ðyÞ dmðyÞ;

lim
n!y

V ð3Þ
n ¼

ð
I�

c�ðyÞfsðyÞ � sðr1Þg dmðyÞ:

Thus we obtain (2.33), (2.34) and (2.35). r

Proof of Theorem 2.8. Let 0 < ta 1 and f A L1ðI ;mÞ. It is easy to see

that

lim
n!y

Ex½ f ðXðttÞÞ j t < sxn5shn � ¼ Ex½ f ðX ðttÞÞ� ¼
ð
I

pðtt; x; yÞ f ðyÞ dmðyÞ:ð4:46Þ

This formula together with [22, Corollary 1] implies (2.36).
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Assume that there exists the limit s� ¼ limn!yjsðxnÞj=sðhnÞ A ð0;y�. In the

same way as the proof of Corollary 2.2,

Ex½ f ðXðttÞÞ j t < shn < sxn � ¼
Ex½ f ðXðttÞÞFnðXðtÞÞ; t < sxn5shn �

Ex½FnðXðtÞÞ; t < sxn5shn �
;ð4:47Þ

where

FnðxÞ ¼ Pxðshn < sxnÞ ¼
sðxÞ � sðxnÞ
sðhnÞ � sðxnÞ

:ð4:48Þ

Since limn!y FnðxÞ ¼ s�ð1 þ s�Þ�1 A ð0; 1�, we see that

lim
n!y

Ex½ f ðXðttÞÞ j t < shn < sxn � ¼ Ex½ f ðX ðttÞÞ�;ð4:49Þ

from which (2.37) follows.

Next we assume 0 < s� < y. By means of Proposition 4.3, c�ðxÞ ¼ 1, x A I

and it is the unique positive continuous function on I satisfying (2.7) and

c�ðcoÞ ¼ 1 because of l� ¼ 0. By (4.37) and the dominated convergence theorem,

we see that (2.30), (2.31) and (2.32) are valid for c� ¼ 1, any sequences satisfying

(2.29) and (4.36), and f A L1ðI ;mÞ. Note that we do not need the condition that

supp½ f � is compact in I . Noting (4.37), (4.42), (4.43) and (4.44), we find that

lim
n!y

V ð jÞ
n ¼ mðl2Þ �mðl1Þ; j ¼ 1; 2; 3:

Combining this with Theorem 2.6, we obtain (2.38). r

Proof of Theorem 2.9. Let 0 < ta 1 and f A L1ðI ;mÞ. Since (4.46) also

holds in this case, by means of [16, Theorem 2] and [22, Remark 2] we obtain

(2.40).

Assume that there exists the limit s� ¼ limn!yjxnj=hn A ð0;y�. In the same

way as the proof of Theorem 2.8, we can show (2.41). Further assume s� A

ð0;yÞ. Then we see that (2.30), (2.31) and (2.32) hold with c� ¼ 1, and f A

L1ðI ;mÞ. Here we do not need the condition that supp½ f � is compact in I .

Since (2.23) and (2.39) imply limx!yjmð�xÞj=mðxÞ A ½0;yÞ, by means of (4.37),

(4.42), (4.43) and (4.44) we also see that the sequences fV ð jÞ
n =mðhnÞg, j ¼ 1; 2; 3,

are bounded, and hence there are subsequences fxng, fhng, fV ð jÞ
n g, j ¼ 1; 2; 3,

(denoted by the same symbols) satisfying v
ð jÞ
� 1 limn!y V

ð jÞ
n =mðhnÞ A ½0;yÞ, j ¼

1; 2; 3. We will show that v
ð jÞ
� > 0, j ¼ 1; 2; 3. It follows from (4.40) that

c�;nðxÞb ðhn � xÞ=ðhn � coÞ; co a xa hn;ð4:50Þ
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which implies

V ð1Þ
n b

ð hn
co

c�;nðyÞ
2
dmðyÞb 1

ðhn � coÞ2

ð hn=2

co

ðhn � yÞ2
dmðyÞ

b
ðhn=2Þ2

ðhn � coÞ2
fmðhn=2Þ �mðcoÞg:

Combining this with (2.23) we see that v
ð1Þ
� b 2�ð1þ1=bÞ. In the same way we

obtain v
ð jÞ
� > 0, j ¼ 2; 3. r

Proof of Theorem 2.10. Let 0 < ta 1 and f A L1ðI ;mÞ such that supp½ f �
is compact in I . Since (4.46) also holds in this case, by means of [30, Theorem 1]

we see that

lim
t!y

t1þb ~LLðtÞ lim
n!y

Ex½ f ðXðttÞÞ j t < sxn5shn �

¼ C3t
�1�bðx� l1Þ

ð
I

ðy� l1Þ f ðyÞ dmðyÞ:

Next we note that

Ex½ f ðX ðttÞÞ j t < sxn < shn � ¼
Ex½ f ðX ðttÞÞCnðX ðtÞÞ; t < sxn5shn �

Ex½CnðX ðtÞÞ; t < sxn5shn �
;

where

CnðxÞ ¼ Pxðsxn < shnÞ ¼
hn � x

hn � xn
:

Since limn!y CnðxÞ ¼ 1, we see that

lim
n!y

Ex½ f ðXðttÞÞ j t < sxn < shn � ¼ Ex½ f ðX ðttÞÞ�:

Therefore we obtain

lim
t!y

t1þb ~LLðtÞ lim
n!y

Ex½ f ðXðttÞÞ j t < sxn < shn �

¼ C3t
�1�bðx� l1Þ

ð
I

ðy� l1Þ f ðyÞ dmðyÞ:

Note that l� ¼ 0 by virtue of [18, Theorem 3], and hence by means of Prop-

osition 4.3, c�ðxÞ ¼ Bðx� coÞ þ 1, x A I with 0aBa ðco � l1Þ�1. Thus there

exist subsequences fxng and fhng (denoted by the same symbols) such that the
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statement (ii) of Theorem 2.6 holds with this c�. Assume that lim supn!yjmðxnÞj=
hnmðhnÞ < y. Fix a point a A I such that sðaÞ > 0. By using (4.38) and (4.39) we

see that

lim sup
n!y

V ð1Þ
n =h2

nmðhnÞ

¼ lim sup
n!y

1

h2
nmðhnÞ

ð
ðxn;a�

c�;nðyÞ
2
dmðyÞ þ

ð
ða;hnÞ

c�;nðyÞ
2
dmðyÞ

( )

a sup
xnayaa;n

c�;nðyÞ
2 lim sup

n!y
fmðaÞ �mðxnÞg=h2

nmðhnÞ

þ sup
aayahn;n

c�;nðyÞ
2=y2 < y:

In the same way we obtain

lim sup
n!y

V ð2Þ
n =hnmðhnÞ < y; lim sup

n!y
V ð3Þ

n =h3
nmðhnÞ < y:

Since (4.50) is also valid in this case, (2.43) follows by the same method as in the

proof of Theorem 2.9. We also see that

V ð3Þ
n ¼

ð
ðxn;hnÞ

c�;nðyÞðy� xnÞ dmðyÞ

b
1

hn � co

ð
ðhn=3;hn=2Þ

ðhn � yÞðy� xnÞ dmðyÞ

b
ðhn=2Þðhn=3 � xnÞ

hn � co
fmðhn=2Þ �mðhn=3Þg:

Combining this with (2.23) we obtain lim infn!y V
ð3Þ
n =hnmðhnÞ > 0. r

5 Examples

We observe two examples in this section.

5.1 Bessel Processes

Let D ¼ ½XðtÞ : tb 0;Px : x A I � be a di¤usion process whose generator is

given by

L ¼ 1

2

d 2

dx2
þ a� 1

2x

d

dx
; x A I ;
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where a A R, and I ¼ ð0; 1Þ or ð0;yÞ. This process is referred to as the a-

dimensional Bessel process on I if a > 0. In particular, D is the Brownian motion

on I in the case that a ¼ 1. We set

soðxÞ ¼ x1�a; moðxÞ ¼ 2xa�1; sðxÞ ¼
ð x
co

soðyÞ dy; mðxÞ ¼
ð x
co

moðyÞ dy;ð5:1Þ

where co is a fixed point in I arbitrarily. We assume that mðxÞ ¼ �y for x < 0,

and further assume that if I ¼ ð0; 1Þ, then mðxÞ ¼ y for x > 1. Thus l1 ¼ r1 ¼ 0

and l2 ¼ r2 ¼ 1 if I ¼ ð0; 1Þ, or l2 ¼ r2 ¼ y if I ¼ ð0;yÞ. Then the generator L

is reduced to L ¼ ðd=dmÞðd=dsÞ which is a generalized di¤usion operator defined

in Sect. 2, and s and m above are the scale function and the speed measure,

respectively. We note that ðA1Þ1 or ðA2Þ1 or ðA5Þ1 is valid according to 0 < a < 2

or aa 0 or ab 2.

(i) Let us consider the case I ¼ ð0; 1Þ. In this case ðA1Þ2 holds. Let JnðxÞ be

the Bessel function defined by

JnðxÞ ¼
x

2

� �nXy
n¼0

ð�1Þnðx=2Þ2n

n!Gðnþ nþ 1Þ :

We denote by JðnÞ the set of positive zeros of Jn, that is, JðnÞ ¼ fx > 0 : JnðxÞ ¼ 0g.

It is known that JðnÞ is a countable infinite set, it has no accumulating points in

½0;yÞ, and

Jn�1ðxÞJnþ1ðxÞ0 0 for x A JðnÞ;

(cf. [32, Ch.15]).

If a < 2, then

pðt; x; yÞ ¼
X

k A Jð1�a=2Þ
jJ�a=2ðkÞJ2�a=2ðkÞj�1

e�k2t=2ðxyÞ1�a=2
J1�a=2ðkxÞJ1�a=2ðkyÞ:

Suppose that f satisfies
Ð 1=2

0 xj f ðxÞj dx < y and
Ð 1

1=2ð1 � x2�aÞj f ðxÞj dx < y. By

virtue of Theorem 2.1 and Corollary 2.2, it holds that for x A I ,

lim
t!y

Ex½ f ðXðttÞÞ j t < s05s1� ¼
ð1

0

f ð1Þðt; yÞ f ðyÞ dy;

lim
t!y

Ex½ f ðXðttÞÞ j t < s1 < s0� ¼
ð1

0

f ð2Þðt; yÞ f ðyÞ dy;
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f ð1Þðt; yÞ ¼ f ð2Þðt; yÞð5:2Þ

¼ 2jJ�a=2ð�oÞJ2�a=2ð�oÞj�1
yJ1�a=2ð�oyÞ2; if 0 < t < 1;

f ð1Þð1; yÞ ¼ ya=2J1�a=2ð�oyÞ
ð1

0

ya=2J1�a=2ð�oyÞ dy
� ��1

;ð5:3Þ

f ð2Þð1; yÞ ¼ y2�a=2J1�a=2ð�oyÞ
ð1

0

y2�a=2J1�a=2ð�oyÞ dy
� ��1

;ð5:4Þ

where �o ¼ min Jð1 � a=2Þ. In the case that a ¼ 1, (5.2), (5.3) and (5.4) are re-

duced to

f ð1Þðt; yÞ ¼ f ð2Þðt; yÞ ¼ 2 sin2 py; if 0 < t < 1;

f ð1Þð1; yÞ ¼ ðp=2Þ sin py;

f ð2Þð1; yÞ ¼ py sin py:

If ab 2, then PxðX ðttÞ A E j t < s05s1Þ ¼ PxðXðttÞ A E j t < s1Þ ¼ PxðXðttÞ A
E j t < s1 < s0Þ and

pðt; x; yÞ ¼
X

k A Jða=2�1Þ
jJa=2ðkÞJa=2�2ðkÞj�1

e�k2t=2ðxyÞ1�a=2
Ja=2�1ðkxÞJa=2�1ðkyÞ:

By means of Theorem 2.1, we find that

lim
t!y

Ex½ f ðX ðttÞÞ j t < s1� ¼
ð 1

0

f �ðt; yÞ f ðyÞ dy;

f �ðt; yÞ ¼ 2jJa=2ðdoÞJa=2�2ðdoÞj�1
yJa=2�1ðdoyÞ2; if 0 < t < 1;ð5:5Þ

f �ð1; yÞ ¼ ya=2Ja=2�1ðdoyÞ
ð1

0

ya=2Ja=2�1ðdoyÞ dy
� ��1

;ð5:6Þ

where do ¼ min Jða=2 � 1Þ and f satisfies
Ð 1=2

0 xa�1j f ðxÞj dx < y andÐ 1

1=2ð1 � x2�aÞj f ðxÞj dx < y.

(ii) Let I ¼ ð0;yÞ. We set ~mmðxÞ ¼ mðs�1ðxÞÞ, where s�1ðxÞ stands for the

inverse function of sðxÞ. Then ~mmðxÞ is a continuous increasing function on

ðsð0Þ; sðyÞÞ. Let ~LL ¼ ðd=d ~mmÞðd=d~ssÞ with ~ssðxÞ ¼ x, which is a generalized dif-

fusion operator. Let ~ppðt; x; yÞ be the elementary solution of the generalized

di¤usion equation (1.2) with L replaced by ~LL. Then it holds that

~ppðt; sðxÞ; sðyÞÞ ¼ pðt; x; yÞ; x; y A I :
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Let 0 < a < 2. Then �y < sð0Þ, sðyÞ ¼ y, and jmð0Þj < y. Further it

holds that

lim
x!y

~mmðxÞ=xa=ð2�aÞ ¼ lim
x!y

mðxÞ=sðxÞa=ð2�aÞ ¼ 2a�1ð2 � aÞa=ð2�aÞ:

This shows that ~mm satisfies (2.23) with b ¼ 1 � a=2 A ð0; 1Þ. By virtue of Theorem

2.5 (ii), it holds that for x A I ,

lim
t!y

t2�a=2Ex½ f ðX ðttÞÞ j t < s0�ð5:7Þ

¼ 2a=2�1Gð2 � a=2Þ�1t�2þa=2ð1 � tÞ�1þa=2

ðy
0

y3�af ðyÞ dy; 0 < t < 1;

lim
t!y

tEx½ f ðX ðtÞÞ j t < s0� ¼
ðy

0

y f ðyÞ dy;ð5:8Þ

where f satisfies
Ðy

0 xj f ðxÞj dx < y and in particular for (5.7) it is necessary that

supp½ f � is compact in ½0;yÞ.
Let aa 0. Since sðyÞ ¼ y, mðyÞ < y in this case, we can not apply our

theorems to see the asymptotic behavior of (1.1) as t ! y. Noting (5.1), we

deduce from [1] that

pðt; x; yÞ ¼ ð2tÞ�1ðxyÞ1�a=2
e�ðx2þy2Þ=2tIj1�a=2jðxy=tÞ;ð5:9Þ

where In is the modified Bessel function defined by

InðxÞ ¼
x

2

� �nXy
n¼0

ðx=2Þ2n

n!Gðnþ nþ 1Þ :

By using this, we can obtain the asymptotic behavior of (1.1) as t ! y. Indeed,

Pxðt < s0Þ ¼
ðy

0

pðt; x; yÞmoðyÞ dy

¼ 2�1þa=2Gð2 � a=2Þ�1
ta=2�1x2�ae�x2=2tF ð1; 2 � a=2; x2=2tÞ;

where F ða; b; zÞ is the hypergeometric function defined by

Fða; b; zÞ ¼ GðbÞ
GðaÞ

Xy
n¼0

Gðaþ nÞ
Gðbþ nÞ

zn

n!
:

Here we used the following relation.
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ðy
0

e�a2x2

xm�1InðbxÞ dx

¼ Gððmþ nÞ=2Þbn

2nþ1amþnGðnþ 1ÞF ððmþ nÞ=2; nþ 1; b2=4a2Þ; if mþ n > 0:

Therefore we find that

lim
t!y

sup
0<xaa

jt1�a=2xa�2Pxðt < s0Þ � 2�1þa=2Gð2 � a=2Þ�1j ¼ 0; a A I :

If supp½ f � is compact in ½0;yÞ and
Ðy

0 x3�aj f ðxÞj dx < y, then

lim
t!y

t2�a=2Ex½ f ðX ðttÞÞ j t < s0�ð5:10Þ

¼ lim
t!y

t2�a=2

ðy
0

pðtt; x; yÞPyðð1 � tÞt < s0Þ f ðyÞmoðyÞ dy=Pxðt < s0Þ

¼ 2�1þa=2Gð2 � a=2Þ�1
t�2þa=2ð1 � tÞa=2�1

ðy
0

y3�af ðyÞ dy; 0 < t < 1:

If
Ðy

0 xj f ðxÞj dx < y, then

lim
t!y

tEx½ f ðX ðtÞÞ j t < s0�

¼ lim
t!y

t

ðy
0

pðt; x; yÞ f ðyÞmoðyÞ dy=Pxðt < s0Þ ¼
ðy

0

yf ðyÞ dy:

The above argument is still valid in the case that 0 < a < 2, and the asymptotic

behavior coincides with (5.7) and (5.8). We note that it is enough for (5.10) that

x3�af ðxÞ is integrable near the end point 0. This fact is also valid for (5.7).

Let ab 2. In this case we also find that (5.9) holds by virtue of [1], and

Pxðs05sy < yÞ ¼ 0. Then we derive the following asymptotic behavior.

lim
t!y

ta=2Ex½ f ðXðtÞÞ j t < s05sy� ¼ lim
t!y

ta=2Ex½ f ðXðtÞÞ�

¼ 21�a=2Gða=2Þ�1

ðy
0

ya�1f ðyÞ dy;

for f such that
Ðy

0 xa�1j f ðxÞj dx < y and supp½ f � is compact in ½0;yÞ.

5.2 Birth and Death Processes

For given 0 < k, m < y, we put

sðxÞ ¼ ðk� 1Þ�1ðkx � 1Þ if k0 1;

x if k ¼ 1;

�
x A ½0;yÞ;
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mðxÞ ¼
ðk� 1Þ�1ðkþ 1Þm

Xy
n¼0

ð1 � k�nÞ1½n;nþ1ÞðxÞ; if k0 1;

2m
Xy
n¼0

n1½n;nþ1ÞðxÞ; if k ¼ 1;

8>>>>><
>>>>>:

x A ½0;yÞ;

mðxÞ ¼ �y; x A ð�y; 0Þ:

Then L ¼ ðd=dmÞðd=dsÞ is a generalized di¤usion operator and it is a periodic

di¤usion operator

Lf ðnÞ ¼ f f þðnÞ � f þðn� 1Þg=fmðnÞ �mðn� 1Þg;

where f þðnÞ ¼ f f ðnþ 1Þ � f ðnÞg=fsðnþ 1Þ � sðnÞg. Feller ([8]) pointed out that

the generator of a birth and death process can be represented as a di¤erence

operator as above. Since ðA6Þ is satisfied, we find that all of the statements of

Theorems 2.3 and 2.4 hold. The spectrum of �L has been studied in [25] and

[29], from which

l� ¼ ðkþ 1Þ�1ðk1=2 � 1Þ2m�1; C1 ¼ 2�1p�1=2k1=4ðkþ 1Þ1=2m1=2;

j2ðx;�l�Þ ¼ sðxÞ; x A ½0; 1�;

j2ðxþ n;�l�Þ ¼ ðk�1 þ 1Þ�1=2jk1=2 � 1j�1kðn�1Þ=2

� ½sin nyþ fð2k� 2k1=2 þ 1Þ sin ny� k1=2 sinðn� 1ÞygsðxÞ�;

x A ½0; 1Þ; n A N:

where j2ðx;�lÞ is the solution of the equation (3.2) with co ¼ 0, and y is

the positive number satisfying sin y ¼ ðk�1 þ 1Þ1=2jk1=2 � 1j and cos y ¼ k1=2 þ
k�1=2 � 1. By means of Theorems 2.3 and 2.4, we obtain the following. Let

k A N.

Assume that 0 < k < 1 and f satisfies
Py

n¼1 k
n=2ð1 þ nÞj f ðnÞjfmðnÞ�

mðn� 1Þg < y. If 0 < t < 1, then

lim
t!y

t3=2 expfðkþ 1Þ�1ðk1=2 � 1Þ2
m�1ttgEk½ f ðXðttÞÞ j t < s0�

¼ 2�1p�1=2k1=4ðkþ 1Þ1=2m1=2

� t�3=2ð1 � kkÞ�1j2ðk;�l�Þ
Xy
n¼1

ð1 � knÞj2ðn;�l�Þ f ðnÞfmðnÞ �mðn� 1Þg:
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If t ¼ 1, then

lim
t!y

t3=2 expfðkþ 1Þ�1ðk1=2 � 1Þ2m�1tgEk½ f ðXðtÞÞ j t < s0�

¼ 2�1p�1=2k1=4ðkþ 1Þ1=2m1=2

� ð1 � kkÞ�1j2ðk;�l�Þ
Xy
n¼1

j2ðn;�l�Þ f ðnÞfmðnÞ �mðn� 1Þg:

Assume k ¼ 1. If 0 < t < 1, then

lim
t!y

t3=2Ek½ f ðX ðttÞÞ j t < s0�

¼ ð2pÞ�1=2m1=2t�3=2ð1 � tÞ�1=2
Xy
n¼1

n2f ðnÞfmðnÞ �mðn� 1Þg;

for every f such that
Py

n¼1 j f ðnÞjfmðnÞ �mðn� 1Þg < y and supp½ f � is compact

in ½0;yÞ. If t ¼ 1, then

lim
t!y

tEk½ f ðX ðtÞÞ j t < s0� ¼ 2�1
Xy
n¼1

nf ðnÞfmðnÞ �mðn� 1Þg;

for every f satisfying
Py

n¼1ð1 þ nÞj f ðnÞjfmðnÞ �mðn� 1Þg < y.

Assume k > 1. If 0 < t < 1, then

lim
t!y

t3=2Ek½ f ðXðttÞÞ j t < s0�

¼ 2�1p�1=2k1=4ðkþ 1Þ1=2m1=2

� t�3=2ð1 � tÞ�3=2
Xy
n¼1

j2ðn;�l�Þ2
f ðnÞfmðnÞ �mðn� 1Þg;

for every f satisfying
Py

n¼1 k
nð1 þ nÞ2j f ðnÞjfmðnÞ �mðn� 1Þg < y. If t ¼ 1,

then

lim
t!y

Ex½ f ðXðtÞÞ j t < s0�

¼
Xy
n¼1

j2ðn;�l�ÞfmðnÞ �mðn� 1Þg
 !�1Xy

n¼1

j2ðn;�l�Þ f ðnÞfmðnÞ �mðn� 1Þg;

for every f satisfying
Py

n¼1 k
n=2ð1 þ nÞj f ðnÞjfmðnÞ �mðn� 1Þg < y.
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6 Application to Population Genetics

In this section, we consider the asymptotic conditional distributions in pop-

ulation genetics since this concept was first introduced in population genetics (see

[4]). We consider a locus with two alleles in a randomly mating population of N

diploid individuals. We denote by A1 the wide-type allele and by A2 the mutant

allele. Let XðnÞ be the relative frequency (gene frequency) of A1 at the n-th

generation in the population ðn ¼ 0; 1; 2; . . .Þ. Mutation, selection and random

genetic drift are the factors which change gene frequency XðnÞ. The Wright-

Fisher model and the stochastic selection model are the fundamental stochastic

models in population genetics. The Wright-Fisher model is a stochastic model due

to random genetic drift and this stochastic force has no correlation between

distinct generations. On the other hand, in the stochastic selection model sto-

chastic force of selection has autocorrelation from generation to generation in

general. These models are described by discrete time stochastic processes because

we regard the generation as the time unit. It is di‰cult, however, to analyze these

discrete time models. Then di¤usion approximations are employed for the original

discrete time models. In other words, we approximate a discrete time stochastic

process in population genetics by an appropriate di¤usion process by introducing

a new time scaling. For approximating methods and applicability of di¤usion

approximations, see [3], [11] and cited therein. A general stochastic model may

be obtained by combining these di¤usion models. We will deal with a di¤usion

process D ¼ ½XðtÞ : tb 0;Px : x A I � that is the di¤usion model with random

genetic drift and stochastic selection, where I is the interval with end points 0 and

1. Further we introduce two deterministic factors of mutation and selection in this

di¤usion model.

It is known that the generator of the di¤usion process D is given by

L ¼ 1

2
aðxÞ d 2

dx2
þ bðxÞ d

dx
;

aðxÞ ¼ 1

2N
xð1 � xÞ þ gx2ð1 � xÞ2;

bðxÞ ¼ v� ðuþ vÞxþ g

2
rxð1 � xÞð1 � 2xÞ

þ fðS11 � 2S12 þ S22Þxþ S12 � S22gxð1 � xÞ

ð6:1Þ

(see [10]). The meaning of each variable and parameter are as follows. The

variable x is the gene frequency of A1 ð0a xa 1Þ. The parameter N is the

population size ð1aNayÞ. Note that the case that N ¼ y corresponds to
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that without random genetic drift. Three genotypes A1A1, A1A2 and A2A2 have

fitnesses 1 þ wn þ S11, 1 þ 1
2wn þ S12 and 1 þ S22 in the original discrete time

model. Here wn is the stochastic part of selection parameters at the n-th gen-

eration, and S11, S12 and S22 are the deterministic part of selection parameters

min wn þ S11;
1
2wn þ S12;S22

� �
b�1

	 

. It is assumed that stochastic selection has

no dominance. We assume that fwn : 0;G1;G2; . . .g is a discrete time stationary

process with the mean E½wn� ¼ 0. The parameter g ¼
Py

k¼�y E½wowk�=4 is a

degree of autocorrelated stochastic selection ð0a g < yÞ. The parameter r de-

notes the type of stochastic selection ðrb 1Þ. The case that r ¼ 1 with N < y is

called the TIM model ([28]) and the case that r > 1 with N ¼ y is called the

SAS-CFF model ([9]). The mutation rate per generation from A1 to A2 [resp.

from A2 to A1] is denoted by u [resp. v] ðu; vb 0Þ.
In this section, we consider the one-dimensional di¤usion process D ¼

½XðtÞ : tb 0;Px : x A ð0; 1Þ� with the generator defined by (6.1) and Xð0Þ ¼ x. Let

us fix a point co A ð0; 1Þ arbitrarily and set

sðxÞ ¼
ð x
co

soðyÞ dy; mðxÞ ¼
ð x
co

moðyÞ dy;

soðxÞ ¼ C�1
o exp �2

ð x
co

bðyÞ
aðyÞ dy

� �
;

moðxÞ ¼
2

aðxÞ soðxÞ
�1 ¼ 2Co

aðxÞ exp 2

ð x
co

bðyÞ
aðyÞ dy

� �
;

ð6:2Þ

for 0 < x < 1, where Co is a positive constant. We also set mðxÞ ¼ �y, x < 0

and mðxÞ ¼ y, x > 1. Then the generator L is reduced to L ¼ ðd=dmÞðd=dsÞ
which is a generalized di¤usion operator defined in Sect. 2, and s and m given by

(6.2) are the scale function and the speed measure, respectively. The densities so

and mo can be expressed as follows. If N < y and g ¼ 0, then the densities are

soðxÞ ¼ x�4Nvð1 � xÞ�4Nu expf�4NðS12 � S22Þx� 2NðS11 � 2S12 þ S22Þx2g;

moðxÞ ¼ 4Nx�1ð1 � xÞ�1
soðxÞ�1:

If N < y and g > 0, then the densities are

soðxÞ ¼ x�4Nvð1 � xÞ�4Nufð1 � 2x� dÞ=ð1 � 2xþ dÞgd�1f�2Nuþ2Nv�g�1ðS11�S22Þg

� fgxð1 � xÞ þ 1=2Ng2Nuþ2Nv�rþg�1ðS11�2S12þS22Þ;

moðxÞ ¼ 2x�1ð1 � xÞ�1fgxð1 � xÞ þ 1=2Ng�1
soðxÞ�1;
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where d ¼ ð1 þ 2=NgÞ1=2. If N ¼ y and g > 0, then the densities are

soðxÞ ¼ x�r�2g�1ðv�u�S22þS12Þð1 � xÞ�r�2g�1ðu�v�S11þS12Þ exp½2g�1fuð1 � xÞ�1 þ vx�1g�;

moðxÞ ¼ 2g�1x�2ð1 � xÞ�2
soðxÞ�1:

We classify the states of the end points 0 and 1 in Tables 1 and 2.* We will

consider the asymptotic conditional distributions and some related asymptotic

properties of the di¤usion process with L given by ð6:1Þ.

Table 1. The state of the end point 0

jsð0Þj jmð0Þj state

N < y, v ¼ 0 < y ¼ y exit

N < y, 0 < 4Nv < 1 < y < y regular

N < y, 4Nvb 1 ¼ y < y entrance

N ¼ y, v > 0 ¼ y < y entrance

N ¼ y, v ¼ 0, u < S12 � S22 þ gðr� 1Þ=2 ¼ y < y natural

N ¼ y, v ¼ 0, u ¼ S12 � S22 þ gðr� 1Þ=2 ¼ y ¼ y natural

N ¼ y, v ¼ 0, u > S12 � S22 þ gðr� 1Þ=2 < y ¼ y natural

Table 2. The state of the end point 1

sð1Þ mð1Þ state

N < y, u ¼ 0 < y ¼ y exit

N < y, 0 < 4Nu < 1 < y < y regular

N < y, 4Nub 1 ¼ y < y entrance

N ¼ y, u > 0 ¼ y < y entrance

N ¼ y, u ¼ 0, v < S12 � S11 þ gðr� 1Þ=2 ¼ y < y natural

N ¼ y, u ¼ 0, v ¼ S12 � S11 þ gðr� 1Þ=2 ¼ y ¼ y natural

N ¼ y, u ¼ 0, v > S12 � S11 þ gðr� 1Þ=2 < y ¼ y natural

* The states of the end points 0 and 1 in general cases are presented in Appendix (Tables 3 and 4).

Tables 1 and 2 are special cases of Tables 3 and 4, respectively.
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6.1 The Case that N HT with 4NuH 1 or 4NvH 1

By Tables 1 and 2, this is the case that at least one of the boundaries is

regular or exit. It is easy to see that ðA1Þ1 [resp. ðA1Þ2] is satisfied if 0 < 4Nv < 1

[resp. 0 < 4Nu < 1], ðA3Þ1 [resp. ðA3Þ2] is satisfied if v ¼ 0 [resp. u ¼ 0], and

ðA4Þ1 [resp. ðA4Þ2] is satisfied if 4Nvb 1 [resp. 4Nub 1]. For E A Bðð0; 1ÞÞ,
f ðxÞ ¼ 1EðxÞ belongs to H. We apply Theorem 2.1 to find the following

asymptotic conditional distribution.

lim
t!y

PxðX ðttÞ A E j t < s05s1Þ

¼

ð
I�

c�ðyÞ
2
dmðyÞ

� ��1ð
E

c�ðyÞ
2
dmðyÞ; 0 < t < 1;

ð
I�

c�ðyÞ dmðyÞ
� ��1ð

E

c�ðyÞ dmðyÞ; t ¼ 1:

8>>>><
>>>>:

If 0a 4Nu < 1a 4Nv, then sð0Þ ¼ �y by Table 1 and hence Pxðs1 < s0Þ ¼
Pxðs1 < yÞ ¼ 1, and

PxðXðttÞ A E j t < s05s1Þ ¼ PxðXðttÞ A E j t < s1Þ

¼ PxðXðttÞ A E j t < s1 < s0Þ; 0 < ta 1:

If 0a 4Nv < 1a 4Nu, then sð1Þ ¼ y by Table 2 and hence Pxðs0 < s1Þ ¼
Pxðs0 < yÞ ¼ 1 and PxðXðttÞ A E j t < s1 < s0Þ ¼ 0.

If 0a 4Nu, 4Nv < 1, then �y < sð0Þ < sð1Þ < y, and

Pxðs1 < s0Þ ¼ fsðxÞ � sð0Þg=fsð1Þ � sð0Þg;

which is the probability that A1 fixes in the population before it disappears from

the population. By putting f ðxÞ ¼ 1EðxÞ in Corollary 2.2, we obtain the following.

PxðXðttÞ A E j t < s1 < s0Þ

¼

ð
I�

c�ðyÞ
2
dmðyÞ

� ��1ð
E

c�ðyÞ
2
dmðyÞ; 0 < t < 1;

ð
I�

c�ðyÞfsðyÞ � sð0Þg dmðyÞ
� ��1ð

E

c�ðyÞfsðyÞ � sð0Þg dmðyÞ; t ¼ 1:

8>>>><
>>>>:
We consider the special case that N < y and g ¼ S11 � S12 ¼ S22 � S12 ¼ 0

(no selection) in the following examples. The generator is given by

L ¼ 1

4N
xð1 � xÞ d 2

dx2
þ fv� ðuþ vÞxg d

dx
:
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The density of scale function is given by soðxÞ ¼ x�4Nvð1 � xÞ�4Nu and that of

speed measure is given by moðxÞ ¼ 4Nx4Nv�1ð1 � xÞ4Nu�1.

Example 6.1. We consider the case that 0a 4Nu, 4Nv < 1. It is easy to see

that

Pxðs1 < s0Þ ¼
ð1

0

y�4Nvð1 � yÞ�4Nu
dy

� ��1ð x
0

y�4Nvð1 � yÞ�4Nu
dy:

The probability density function pðt; x; yÞ has an eigenfunction expansion (see

[17]).

pðt; x; yÞ ¼ ð4NÞ�1fGð2 � 4NvÞg�2ðxyÞ1�4Nvfð1 � xÞð1 � yÞg1�4Nu

�
Xy
i¼1

Fð2 � 4Nðuþ vÞ þ i; 1 � i; 2 � 4Nv; xÞ

� Fð2 � 4Nðuþ vÞ þ i; 1 � i; 2 � 4Nv; yÞfði � 1Þ!Gði þ 1 � 4NuÞg�1

� f1 � 4Nðuþ vÞ þ 2igGð2 � 4Nðuþ vÞ þ iÞGð1 � 4Nvþ iÞ

� exp½�ð4NÞ�1
ifi þ 1 � 4Nðuþ vÞgt�;

where F ða; b; g; xÞ is the hypergeometric function defined by

F ða; b; g; xÞ ¼ GðgÞ
GðaÞGðbÞ

Xy
n¼0

Gðaþ nÞGðb þ nÞ
Gðgþ nÞ

xn

n!
:

The asymptotic conditional distributions are as follows.

lim
t!y

PxðX ðttÞ A E j t < s05s1Þ ¼
ð
E

f ð1Þðt; yÞ dy;

lim
t!y

PxðX ðttÞ A E j t < s1 < s0Þ ¼
ð
E

f ð2Þðt; yÞ dy;

f ð1Þðt; yÞ ¼ f ð2Þðt; yÞ

¼ f3 � 4Nðuþ vÞgGð3 � 4Nðuþ vÞÞfGð2 � 4NvÞ

� Gð2 � 4NuÞg�1
y1�4Nvð1 � yÞ1�4Nu; if 0 < t < 1;

f ð1Þð1; yÞ ¼ 1;

f ð2Þð1; yÞ ¼
ð1

0

z�4Nvð1 � zÞ1�4Nu
dz

� ��1ð y
0

z�4Nvð1 � zÞ�4Nu
dz:
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Note that this case with u ¼ v ¼ 0 and t ¼ 1 coincides with results due to Ewens

([5], [6]). Also note that, in this case with u ¼ v ¼ 0 and 0 < t < 1, f ð1Þðt; yÞ ¼
f ð2Þðt; yÞ ¼ 6yð1 � yÞ.

Example 6.2. We consider the case that 0a 4Nu < 1a 4Nv. The proba-

bility density function pðt; x; yÞ has an eigenfunction expansion (see [17]).

pðt; x; yÞ

¼ ð4NÞ�1fGð4NvÞg�2fð1 � xÞð1 � yÞg1�4Nu

�
Xy
i¼1

Fð4Nðv� uÞ þ i; 1 � i; 4Nv; xÞFð4Nðv� uÞ þ i; 1 � i; 4Nv; yÞ

� fði � 1Þ!Gði þ 1Þg�1f4Nðv� uÞ þ 2i � 1gGð4Nðv� uÞ þ iÞGð4Nvþ i � 1Þ

� exp½�ð4NÞ�1fi2 þ ð4Nðv� uÞ � 1Þi þ 4Nuð1 � 4NvÞgt�:

The asymptotic conditional distributions are as follows.

lim
t!y

PxðXðttÞ A E j t < s05s1Þ ¼ lim
t!y

PxðXðttÞ A E j t < s1 < s0Þ

¼ lim
t!y

PxðXðttÞ A E j t < s1Þ ¼
ð
E

f ð1Þðt; yÞ dy;

f ð1Þðt; yÞ ¼ f4Nðv� uÞ þ 1gGð4Nðv� uÞ þ 1ÞfGð2 � 4NuÞGð4NvÞg�1

� y4Nv�1ð1 � yÞ1�4Nu; if 0 < t < 1;

f ð1Þð1; yÞ ¼ 4Nvy4Nv�1:

6.2 The Case that Is(l)IFT, Im(l)IHT, lF 0, 1

Note that this is the case that there exists the stationary distribution of XðtÞ.
By Tables 1 and 2 this is the case that one of the following conditions is valid.

N < y; 4Nub 1; 4Nvb 1:ð6:3Þ

N ¼ y; u > 0; v > 0:ð6:4Þ

N ¼ y; S12 � S22 þ gðr� 1Þ=2 > u > v ¼ 0:ð6:5Þ

N ¼ y; S12 � S11 þ gðr� 1Þ=2 > v > u ¼ 0:ð6:6Þ

N ¼ y; S12 þ gðr� 1Þ=2 > maxfS11;S22g; u ¼ v ¼ 0:ð6:7Þ
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Note that gb 0 in (6.3), and g > 0 in (6.4), (6.5), (6.6) and (6.7). Let fxng and

fhng be sequences such that

xn < hn ðn A NÞ; xn # 0 and hn " 1 as n ! y;ð6:8Þ

there exists the limit s� ¼ lim
n!y

jsðxnÞj=sðhnÞ:ð6:9Þ

Putting hn ¼ s�1ðCjsðxnÞjÞ, n A N, with some positive number C leads us to (6.9)

with s� ¼ C�1, where s�1 denotes the inverse function of s. Thus we may assume

that s� A ð0;yÞ. In view of Theorem 2.8, we obtain the following asymptotic

conditional distributions. Let 0 < ta 1, 0 < x < 1 and E A Bðð0; 1ÞÞ. Then

lim
t!y

lim
n!y

PxðXðttÞ A E j t < sxn5shnÞ

¼ lim
t!y

lim
n!y

PxðXðttÞ A E j t < shn < sxnÞ

¼ lim
n!y

lim
t!y

PxðXðttÞ A E j t < sxn5shnÞ

¼ lim
n!y

lim
t!y

PxðXðttÞ A E j t < shn < sxnÞ

¼
ð1

0

moðyÞ dy
� ��1ð

E

moðyÞ dy:

Note that the last quantity of the above formulas is the stationary distribution of

X ðtÞ. Note also that the double limits (n ! y and t ! y) are commutable for

these cases.

6.3 The Case that Is(l)IFT, Im(l)IFT, lF 0 or 1

By Tables 1 and 2 this is the case that N ¼ y, g > 0, and one of the

following conditions is satisfied.

S12 � S11 þ gðr� 1Þ=2 ¼ v > u ¼ 0:ð6:10Þ

S12 � S22 þ gðr� 1Þ=2 ¼ u > v ¼ 0:ð6:11Þ

S22 < S11 ¼ S12 þ gðr� 1Þ=2; u ¼ v ¼ 0:ð6:12Þ

S11 < S22 ¼ S12 þ gðr� 1Þ=2; u ¼ v ¼ 0:ð6:13Þ

S11 ¼ S22 ¼ S12 þ gðr� 1Þ=2; u ¼ v ¼ 0:ð6:14Þ

S11 > S22 ¼ S12 þ gðr� 1Þ=2; u ¼ v ¼ 0:ð6:15Þ

S22 > S11 ¼ S12 þ gðr� 1Þ=2; u ¼ v ¼ 0:ð6:16Þ
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Let fxng and fhng be sequences satisfying (6.8) and (6.9). We may assume that

s� A ð0;yÞ in above cases except (6.15) and (6.16). Also s� ¼ y in case (6.15),

and s� ¼ 0 in case (6.16). We set ~mmðxÞ ¼ mðs�1ðxÞÞ. Then ~mmðxÞ is a continuous

increasing function on ðsð0Þ; sð1ÞÞ. Let ~LL ¼ ðd=d ~mmÞðd=d~ssÞ with ~ssðxÞ ¼ x, which is

a generalized di¤usion operator. Let ~ppðt; x; yÞ be the elementary solution of the

generalized di¤usion equation (1.2) with L replaced by ~LL. Then it holds that

~ppðt; sðxÞ; sðyÞÞ ¼ pðt; x; yÞ; x; y A ð0; 1Þ:

The double limits (n ! y and t ! y) are not commutable in these cases as it is

shown in the following.

We now consider the case (6.10) or (6.12). We see that

sð0Þ ¼ �y; sð1Þ ¼ y;

lim
x!�y

~mmðxÞ > �y; lim
x!y

x�1 ~mmðxÞ ¼ lim
x"1

sðxÞ�1
mðxÞ ¼ 2g�1e�4vg�1

:

Denoting by ~kk1ðtÞ and ~kk2ðtÞ the inverse functions of the mapping ½0;yÞ C x 7!
�x ~mmð�xÞ and ½0;yÞ C x 7! x ~mmðxÞ, respectively, we find that

y ¼ lim
t!y

~kk2ðtÞ=~kk1ðtÞ ¼ 0:ð6:17Þ

Thus it follows from Theorem 2.9 that

lim
t!y

t1=2 lim
n!y

PxðXðttÞ A E j t < sxn5shnÞð6:18Þ

¼ lim
t!y

t1=2 lim
n!y

PxðXðttÞ A E j t < shn < sxnÞ

¼ g1=2ð2ptÞ�1=2
e2vg�1

ð
E

moðyÞ dy;

for 0 < ta 1, 0 < x < 1 and E A Bðð0; 1ÞÞ satisfying
Ð
E
moðyÞ dy < y. In the

cases (6.11) and (6.13), we similarly obtain (6.18) where we have to replace v by

u in the last formula.

Let us consider the case (6.14). We see that sð0Þ ¼ �y, sð1Þ ¼ y, and

lim
x!�y

jx�1 ~mmðxÞj ¼ lim
x#0

jsðxÞ�1
mðxÞj ¼ 2g�1;

lim
x!y

x�1 ~mmðxÞ ¼ lim
x"1

sðxÞ�1
mðxÞ ¼ 2g�1:

Hence (6.17) holds with y ¼ 1 in place of y ¼ 0. By using Theorem 2.9 we obtain

that
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lim
t!y

t1=2 lim
n!y

PxðXðttÞ A E j t < sxn5shnÞ

¼ lim
t!y

t1=2 lim
n!y

PxðXðttÞ A E j t < shn < sxnÞ

¼ g1=2ð8ptÞ�1=2

ð
E

moðyÞ dy;

for 0 < ta 1, 0 < x < 1 and E A Bðð0; 1ÞÞ satisfying
Ð
E
moðyÞ dy < y.

Let us assume (6.15). Then it holds that sð0Þ ¼ �y, sð1Þ < y,

limx!yjx�1 ~mmð�xÞj ¼ 2g�1, limx"1fsð1Þ � sðxÞgð1 � xÞ�2ðS11�S22Þ=g ¼ g=2ðS11 � S22Þ,
and limx"1 mðxÞð1 � xÞ2ðS11�S22Þ=g ¼ 1=ðS11 � S22Þ. Therefore

lim
x!y

jx2 ~mmð�xÞt= ~mmðsð1Þ � 1=xÞj ¼ ð2=gÞ lim
x"1

fsð1Þ � sðxÞg�3=mðxÞ ¼ y:

By exchanging the role of l1 and l2 in Theorem 2.10, we obtain that

lim
t!y

t3=2 lim
n!y

PxðXðttÞ A E j t < sxn5shnÞ

¼ lim
t!y

t3=2 lim
n!y

PxðXðttÞ A E j t < shn < sxnÞ

¼ g1=2ð8pÞ�1=2t�3=2fsð1Þ � sðxÞg
ð
E

fsð1Þ � sðyÞgmoðyÞ dy;

for 0 < ta 1, 0 < x < 1 and E A Bðð0; 1ÞÞ with EH ð0; 1Þ.
Let us assume (6.16). Then it holds that jsð0Þj < y, sð1Þ ¼ y,

limx!y ~mmðxÞ=x ¼ 2=g, limx#0fsðxÞ � sð0Þgx�q ¼ 1=q and limx#0jmðxÞjxq ¼ 2=qg,

where q ¼ 1 � r� 2ðS12 � S22Þ=g > 0. Therefore

lim
x!y

jx2 ~mmðxÞ= ~mmðsð0Þ þ 1=xÞj ¼ 2g�1 lim
x#0

fsðxÞ � sð0Þg�3=jmðxÞj ¼ y:

By means of Theorem 2.10, we obtain that

lim
t!y

t3=2 lim
n!y

PxðXðttÞ A E j t < sxn5shnÞ

¼ g1=2ð8pÞ�1=2t�3=2fsðxÞ � sð0Þg
ð
E

fsðyÞ � sð0ÞgmoðyÞ dy;

for 0 < ta 1, 0 < x < 1 and E A Bðð0; 1ÞÞ with EH ð0; 1Þ.
Next, we consider the other order of limits. In cases (6.10) to (6.14), in view

of Theorem 2.9, there exist subsequences fxng and fhng (denoted by the same

symbols) and positive constants m
ð jÞ
� , j ¼ 1; 2; 3, such that
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lim
n!y

Vn lim
t!y

PxðXðttÞ A E j t < sxn5shnÞ

¼ lim
n!y

Vn lim
t!y

PxðXðttÞ A E j t < shn < sxnÞ ¼ mð1Þ�

ð
E

moðyÞ dy; 0 < t < 1;

lim
n!y

Vn lim
t!y

PxðXðtÞ A E j t < sxn5shnÞ ¼ mð2Þ�

ð
E

moðyÞ dy;

lim
n!y

Vn lim
t!y

PxðXðtÞ A E j t < shn < sxnÞ ¼ mð3Þ�

ð
E

moðyÞ dy;

for 0 < x < 1 and E A Bðð0; 1ÞÞ satisfying
Ð
E
moðyÞ dy < y, where Vn ¼Ð hn

xn
moðyÞ dy. We note that m

ð jÞ
� , j ¼ 1; 2; 3 are not necessarily the same. For

example, let us consider the case that u ¼ v ¼ S11 � S12 ¼ S22 � S12 ¼ r� 1 ¼ 0.

Then sðxÞ and mðxÞ defined by (6.2) reduce to

sðxÞ ¼ logfx=ð1 � xÞg; mðxÞ ¼ 2g�1 logfx=ð1 � xÞg:

Putting hn ¼ s�1ðCjsðxnÞjÞ, n A N, implies (6.9) with s� ¼ C�1, where C is a pos-

itive number. It is easy to see that m
ð1Þ
� ¼ 2, m

ð2Þ
� ¼ 2�1p, m

ð3Þ
� ¼ ð1 þ CÞ�1p.

By applying Theorem 2.6, in cases (6.15) and (6.16), we see that there are

subsequences fxng, fhng (denoted by the same symbols), and sequences of positive

numbers fV ð jÞ
n g, j ¼ 1; 2; 3, and a positive continuous function c� satisfying (2.7)

with l� ¼ 0 and c�ðcoÞ ¼ 1 such that

lim
n!y

V ð1Þ
n lim

t!y
PxðXðttÞ A E j t < sxn5shnÞð6:19Þ

¼ lim
n!y

V ð1Þ
n lim

t!y
PxðXðttÞ A E j t < shn < sxnÞ

¼
ð
E

c�ðyÞ
2
moðyÞ dy; 0 < t < 1;

lim
n!y

V ð2Þ
n lim

t!y
PxðXðtÞ A E j t < sxn5shnÞ ¼

ð
E

c�ðyÞmoðyÞ dy;ð6:20Þ

lim
n!y

V ð3Þ
n lim

t!y
PxðXðtÞ A E j t < shn < sxnÞð6:21Þ

¼

ð
E

c�ðyÞfsðyÞ � sð0ÞgmoðyÞ dy; jsð0Þj < y;

ð
E

c�ðyÞmoðyÞ dy; jsð0Þj ¼ y,

8>>><
>>>:

for 0 < x < 1 and E A Bðð0; 1ÞÞ with EH ð0; 1Þ.
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6.4 Other Cases

Let us consider the case that N ¼ y, g > 0 and one of the following con-

ditions is satisfied

S12 � S11 þ gðr� 1Þ=2 < v; v > u ¼ 0:ð6:22Þ

S12 � S22 þ gðr� 1Þ=2 < u; u > v ¼ 0:ð6:23Þ

S12 þ gðr� 1Þ=2 < minfS11;S22g; u ¼ v ¼ 0:ð6:24Þ

S11 > S12 þ gðr� 1Þ=2 > S22; u ¼ v ¼ 0:ð6:25Þ

S11 < S12 þ gðr� 1Þ=2 < S22; u ¼ v ¼ 0:ð6:26Þ

We should notice that l� > 0 in these cases by means of [18, Theorem 3]. Since

the end points are entrance or natural in these cases, Pxðs05s1 ¼ yÞ ¼ 1,

0 < x < 1. We note that jsð0Þj < y in cases (6.23), (6.24) and (6.26), jsð0Þj ¼ y

in cases (6.22) and (6.25). By virtue of Theorem 2.6, we see that there are

subsequences fxng, fhng (denoted by the same symbols), and sequences of positive

numbers fV ð jÞ
n g, j ¼ 1; 2; 3, and a positive continuous function c� satisfying (2.7)

with l� > 0 and c�ðcoÞ ¼ 1, for which (6.19), (6.20) and (6.21) are satisfied. In

these cases we can only show that

lim
t!y

el�tp�ðt; x; yÞ ¼ 0; x; y A I :

Therefore we can not obtain the asymptotic behavior of limn!y PxðXðttÞ A E j t <
sxn5shnÞ and limn!y PxðXðttÞ A E j t < shn < sxnÞ as t ! y.

Appendix

Let D ¼ ½X ðtÞ : tb 0;Px : x A ð0; 1Þ� be the di¤usion process with the gen-

erator

L ¼ 1

2
aðxÞ d 2

dx2
þ bðxÞ d

dx
;

where aðxÞ; bðxÞ A Cðð0; 1ÞÞ and aðxÞ is positive on ð0; 1Þ. Let us fix a point

co A ð0; 1Þ arbitrarily and set

soðxÞ ¼ exp �2

ð x
co

bðyÞ
aðyÞ dy

� �
; moðxÞ ¼

2

aðxÞ exp 2

ð x
co

bðyÞ
aðyÞ dy

� �
;

sðxÞ ¼
ð x
co

soðyÞ dy; mðxÞ ¼
ð x
co

moðyÞ dy:
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We classify the state of the end points 0 and 1 according to the asymptotic

behavior of a and b near the end points. We set the following.

Assumption. (i) For some real numbers p and q there exist the limits

a0 ¼ lim
x#0

aðxÞ
xp

A ð0;yÞ; a1 ¼ lim
x"1

aðxÞ
ð1 � xÞq A ð0;yÞ:

(ii) If b0 0, then for some real numbers m and n there exist the limits

b0 ¼ lim
x#0

bðxÞ
xm

A Rnf0g; b1 ¼ lim
x"1

bðxÞ
ð1 � xÞn A Rnf0g:

(ii-1) If m� pþ 1 ¼ 0, and one of

p ¼ 2; b0=a0 ¼ 1=2; b0=a0 ¼ ðp� 1Þ=2;

is satisfied, then there exists a real number A0 such that

lim
e#0

sup
0<x<e

bðxÞ
aðxÞ �

b0

a0
� 1

x
� A0

����
���� ¼ 0:

(ii-2) If n� qþ 1 ¼ 0, and one of

q ¼ 2; b1=a1 ¼ �1=2; b1=a1 ¼ �ðq� 1Þ=2;

is satisfied, then there exists a real number A1 such that

lim
e#0

sup
1�e<x<1

bðxÞ
aðxÞ �

b1

a1
� 1

1 � x
� A1

����
���� ¼ 0:

(ii-3) If m� pþ 1 < 0, then a and b are di¤erentiable near the end point 0, and

satisfy lim
x#0

ðaðxÞ=bðxÞÞ0 ¼ 0.

(ii-4) If n� qþ 1 < 0, then a and b are di¤erentiable near the end point 1, and

satisfy lim
x"1

ðaðxÞ=bðxÞÞ0 ¼ 0.

Under the Assumption we obtain Tables 3 and 4. It follows from the def-

inition of the classification of boundary that

jsðlÞj < y; jmðlÞj < y if the end point l is regular;

jsðlÞj < y; jmðlÞj ¼ y if the end point l is exit;
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jsðlÞj ¼ y; jmðlÞj < y if the end point l is entrace;

jsðlÞj þ jmðlÞj ¼ y if the end point l is natural;

where l ¼ 0 or 1. Therefore it is quite easy to see the results on the cases �1 , �4 ,

�8 , �11 , �14 on both tables. In order to obtain those on the other cases, we have to

observe the convergence or the divergence of IðlÞ and JðlÞ for the functions I

and J defined in Sect. 2. After a tedious calculation, we obtain results on all cases

in Tables 3 and 4.

Table 3. The state of the end point 0

jsð0Þj jmð0Þj state

p < 1 < y < y regular �1

b ¼ 0 1a p < 2 < y ¼ y exit �2

pb 2 < y ¼ y natural �3

p < 1 < y < y regular �4

1a p < mþ 1, p < 2 < y ¼ y exit �5

1a p < mþ 1, pb 2 < y ¼ y natural �6

p ¼ mþ 1, p < 2, 2b0=a0 a p� 1 < y ¼ y exit �7

p ¼ mþ 1, p < 2, p� 1 < 2b0=a0 < 1 < y < y regular �8

p ¼ mþ 1, p < 2, 2b0=a0 b 1 ¼ y < y entrance �9

p ¼ mþ 1 ¼ 2, 2b0=a0 < 1 < y ¼ y natural �10

b0 0 p ¼ mþ 1 ¼ 2, 2b0=a0 ¼ 1 ¼ y ¼ y natural �11

p ¼ mþ 1 ¼ 2, 2b0=a0 > 1 ¼ y < y natural �12

p ¼ mþ 1, p > 2, 2b0=a0 < 1 < y ¼ y natural �13

p ¼ mþ 1, p > 2, 1a 2b0=a0 a p� 1 ¼ y ¼ y natural �14

p ¼ mþ 1, p > 2, 2b0=a0 > p� 1 ¼ y < y natural �15

p > mþ 1, b0 < 0, m < 1 < y ¼ y exit �16

p > mþ 1, b0 < 0, mb 1 < y ¼ y natural �17

p > mþ 1, b0 > 0, m < 1 ¼ y < y entrance �18

p > mþ 1, b0 > 0, mb 1 ¼ y < y natural �19
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