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UNIVERSAL SPACES OF NON-SEPARABLE ABSOLUTE

BOREL CLASSES

By

Kotaro Mine

Abstract. In this paper, we show the existence of strongly universal

spaces of non-separable Borel class ab 2. By combining this with the

result of Sakai and Yaguchi, we can extend the results concerning

absorbing sets due to Bestvina and Mogilski to every non-separable

absolute Borel classes.

1. Introduction

Throughout the paper, let t be an infinite cardinal. All space are metrizable and

maps are continuous.

For each space X and for each countable ordinal a, we can define the additive

Borel class SaðX Þ and the multiplicative Borel class PaðXÞ in X as follows: Let

S0ðXÞ be the collection of all open subsets of X , and P0ðXÞ the one of all closed

subsets of X . Suppose that the collections SzðX Þ and PzðX Þ have been defined

for z < a. Define SaðXÞ as the collection of all countable unions 6
i AN Xi of

Xi A 6
z<a

PzðX Þ, and PaðX Þ as the one of all countable intersections 7
i AN Xi of

Xi A 6
z<a

SzðXÞ.
For a countable ordinal a, the absolute Borel class aaðtÞ (resp. MaðtÞ) is the

class of all metrizable spaces X with weight wðX Þa t such that X A SaðY Þ (resp.

X A PaðYÞ) for an arbitrary metrizable space Y which contains X as a subspace.

By the result of [4, CH. III, § 35 IV], X A aaðtÞ ðab 2Þ if and only if X A SaðEÞ
for some completely metrizable space E with wðEÞa t, and X A MaðtÞ ðab 1Þ if

and only if X A PaðEÞ for some completely metrizable space E with wðEÞa t.
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Note that a0ðtÞ ¼ q, M0ðtÞ ¼ M0ð@0Þ is the class of compact metrizable spaces,

a1ðtÞ is the class of s-locally compact metrizable spaces with weighta t (cf. [7]),1

M1ðtÞ is the class of completely metrizable spaces with weighta t, and M2ðtÞ is

the class of absolute Fsd-spaces which plays an important role in this article.

Let l2ðtÞ be the Hilbert space with weight t and l
f

2 ðtÞ the linear span of the

canonical orthonormal basis of l2ðtÞ. In case t ¼ @0, we denote l2ð@0Þ ¼ l2 and

l
f

2 ð@0Þ ¼ l
f

2 . Let Q ¼ ½�1; 1�N be the Hilbert cube. It is well known that l2 is

homeomorphic to (A) the psuedo-interior s ¼ ð�1; 1ÞN of Q,

l
f

2 As ¼ fx A RN j xðnÞ ¼ 0 except for finitely many n A Ng and

l
f

2 �QAS ¼ ðxiÞi AN A Q

���� sup
i AN

jxij < 1

� �
;

where S is called the radial-interior of Q.

In the separable case (i.e., t ¼ @0), Bestvina and Mogilski [1] constructed

strongly universal spaces for the classes aað@0Þ and Mað@0Þ ðab 1Þ as absorbing

sets in s (or Q), and characterized them topologically (for the definitions of strong

universality and absorbing sets, see Section 2). Using the universality of S for the

class a1ð@0Þ, they inductively constructed strongly universal spaces for the classes

aað@0Þ and Mað@0Þ ðab 2Þ. In [6], their characterization of strongly universal

spaces was extended to non-separable spaces, and it was shown that l2ðtÞ � l
f

2 is

strongly M1ðtÞ-universal and l
f

2 ðtÞ �Q is strongly a1ðtÞ-universal. However, for

the classes aaðtÞ and MaðtÞ ðab 2Þ, the existence of strongly universal spaces has

not been known because separability is used in the proof of [1] (cf. Remark 2 in

Section 3).

In this paper, we characterize ðl2ðtÞ � l
f

2 Þ
N as a strongly universal space for

the class M2ðtÞ, that is,

Proposition 1.1. An AR X which is an absolute Fsd-space with wðX Þa t is

homeomorpic to ðl2ðtÞ � l
f

2 Þ
N

if and only if X is strongly M2ðtÞ-universal strong
Zs-space.

By the inductive construction, we can obtain strongly universal spaces LaðtÞ
and WaðtÞ for the classes aaðtÞ and MaðtÞ ðab 2Þ (for the definitions of the

1A space X is s-locally compact if X is a countable union of locally compact closed subsets. It should

be note that X is s-locally compact if X is a countable union of locally compact subsets. Indeed, let

X ¼ 6
i AN Xi, where Xi is locally compact. Then, each Xi is an absolute Fs-space, hence Fs in X .

Thus, a1ðtÞ is equal to the class M4ðtÞ in the paper [6].
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spaces LaðtÞ and WaðtÞ, see Section 3). The following theorem is a main result of

this article.

Theorem 1.2. For ab 2, an AR X with wðXÞa t is homeomorpic to WaðtÞ
(or LaðtÞ) if and only if X is strongly MaðtÞ-universal (or strongly aaðtÞ-universal )
and X ¼ 6

i AN Xi, where each Xi is a strong Z-set in X and Xi A MaðtÞ (or

Xi A aaðtÞ).

It is also proved in Section 4 that ðl2ðtÞ � l
f

2 Þ
NAðl f

2 ðtÞ �QÞNAl
f

2 ðtÞ
N.

2. Preliminaries

For each open cover U of Y , two maps f ; g : X ! Y are U-close (or f is U-

close to g) if each f f ðxÞ; gðxÞg is contained in some U A U. A closed set AHX is

called a (strong) Z-set in X provided, for each open cover U of X , there is a map

f : X ! X such that f is U-close to idX and f ðX ÞVA ¼ q ðcl f ðXÞVA ¼ qÞ.
When X is an ANR, a closed set A is a Z-set in X if and only if every map

f : Ik ! X ðkb 0Þ can be approximated by maps g : Ik ! XnA (i.e., for each

open cover U of X , there is a map g : Ik ! XnA which is U-close to f ). A

countable union of (strong) Z-sets in X is called a (strong) Zs-set in X . A space is

called a (strong) Zs-space if it is a (strong) Zs-set in itself. A Z-embedding is an

embedding whose image is a Z-set.

A space X is said to be universal for a class C (simply, C-universal ) if every

map f : C ! X of C A C is approximated by Z-embeddings. It is said that X is

strongly universal for C (simply, strongly C-universal ) when the following con-

dition is satisfied:

(suC) for each C A C and each closed set DHC, if f : C ! X is a map such

that f jD is a Z-embedding, then, for each open cover U of X , there is

a Z-embedding h : C ! X such that hjD ¼ f jD and h is U-close to f .

It should be noted that the condition ‘‘X A C’’ is not required in the definition of

(strong) C-universal.

Let M be the class of all metrizable spaces. For a class CHM, we denote by

CðtÞ the subclass of C consisting of all spaces X A C with weight wðXÞa t. It is

said that
� C is topological if X A C, XAY ) Y A C,
� C is closed (resp. open) hereditary if X A C, AHX is closed (resp. open) in

X ) A A C,
� C is additive if X ¼ X1 UX2 and X1;X2 A C are closed in X ) X A C.
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By Cs, we denote the class consisting of all metrizable spaces which can be

expressed as countable unions of closed subspaces contained in C. Clearly, if C is

closed hereditary then Cs is closed and open hereditary.

Remark 1. The Borel classes aaðtÞ and MaðtÞ ðab 1Þ are closed and open

hereditary, additive and topological. For each ab 1, aaðtÞs ¼ aaðtÞ by the defi-

nition. We can see that MaðtÞs ¼ MaðtÞ for ab 2 (Remark 2). It should be noted

that M1ðtÞYM1ðtÞs Y a2ðtÞ.

For each space X A M, we denote by EðXÞ the class consisting of all

metrizable spaces which is homeomorphic to a closed subset of X . In this paper,

the countable product of X is denoted by X N, and X N
f denotes the weak product

of X with a basepoint � A X , that is,

X N
f ¼ fx A X N j xðnÞ ¼ � except for finitely many n A Ng:

Observe that Proposition 2.5 of [1] is valid for a non-separable AR X (cf. [6,

footnotes in p. 155]), that is,

Proposition 2.1. Let X be a non-degenerate AR. Then X N (resp. X N
f ) is

strongly EðX NÞ-universal (resp. strongly EðX N
f Þ-universal ).

A subset X HM is said to be homotopy dense if there exists a deformation

h : M � I ! M such that h0 ¼ id and htðMÞHX for t > 0.2 By card A, we denote

the cardinality of a set A. Let DðtÞ be a discrete space with card DðtÞ ¼ t.

Lemma 2.2. Let X be an AR with wðX Þ ¼ t. Then, the topological classes

EðX NÞ and EðX N
f Þ are additive and closed hereditary. Moreover, they contain

In �DðtÞ as a closed subset for any n A N.

Proof. It was proved that EðX N
f Þ is additive and closed hereditary in the

proof of [1, Corollary 5.5]. It can be shown by the same way that EðX NÞ is

additive and closed hereditary. By [5], there exists a complete AR ~XX which

contains X as a dense subset. Then, X N
f is dense in ~XX N. Moreover, ~XX N is

homeomorphic to l2ðtÞ by [9]. Since l2ðtÞ has a discrete open collection B with

card B ¼ t, it follows that X N
f has a discrete open collection U with card U ¼ t,

which is also descrete in X N. Observe that each U A U contains an arc. Then, X N
f

2 It is noted that X is homotopy dense in an ANR M if and only if MnX is locally homotopy

negligible in M [8].
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contains a copy of I�DðtÞ which is closed in X N. Note that ðX N
f ÞnAX N

f and

ðX NÞnAX N. Therefore, In �DðtÞ A EðX N
f ÞVEðX NÞ. r

Lemma 1.3 of [1] is also valid for the non-separable case because separability

is not used in the proof. Then, we have the following lemma.

Lemma 2.3. Let M be an ANR and X a homotopy dense subset of M.

Suppose that every Z-set in M is a strong Z-set in M. Then, every Z-set in X is a

strong Z-set in X.

Proof. Suppose that AHX is a Z-set in X . For each open cover U of X ,

we have a collection ~UU of open sets in M such that fU VX jU A ~UUg ¼ U. Then

U ¼ 6 ~UU is open in M and X is homotopy dense in U . Let V be an open cover

of U which is a star-refinement of ~UU. Since X is homotopy dense in M, clM A is

a Z-set in M, hence a strong Z-set in M. Thus, clU A ¼ U V clM A is a strong

Z-set in U by Lemma 1.3 of [1]. Hence, there is a map f : U ! U such that f is

V-close to idU and clU f ðUÞV clU A ¼ q. Choose an open refinement W of V

such that if a map f 0 : U ! U is W-close to f then clU f 0ðUÞV clU A ¼ q.

Since X is homotopy dense in U , there exists a map g : U ! X which is W-close

to idU . Then the map h ¼ g � f jX is U-close to idX . Since g � f is W-close to

idU � f ¼ f , we have clU gf ðUÞV clU A ¼ q, hence clX hðXÞVA ¼ q. There-

fore, A is a strong Z-set in X . r

Note that every Z-set in l2ðtÞ is a strong Z-set [3]. Using the Lemma 2.3, we

have the following lemma.

Lemma 2.4. Let X be a Zs-space which is homotopy dense in l2ðtÞ. Then, X N

and X N
f are strong Zs-spaces which are homotopy dense in l2ðtÞN.

Proof. Since X is homotopy dense in l2ðtÞ, X is an AR and X N is

homotopy dense in l2ðtÞN. It is easy to see that X N
f is homotopy dense in X N.

This means that X N
f is homotopy dense in l2ðtÞN. By Lemma 2.3, every Z-set

in X N (resp. X N
f ) is a strong Z-set in X N (resp. X N

f ). Thus, it remains to show

that X N and X N
f are Zs-spaces. It is clear that X N

f is a Zs-space. Since X is a

Zs-space, we can write that X ¼ 6
i AN Xi, where Xi is a Z-set in X . Then,

Xi � X N is a Z-set in X � X N. Hence, X NAX � X N ¼ 6
i AN Xi � X N is a

Zs-space. r

Given a space E, an E-manifold is a topological manifold modeled on E, that
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is, a paracompact Hausdor¤ space such that each point has an open neigh-

borhood which is homeomorphic to an open set in E.

A C-absorbing set in M is a homotopy dense subset X HM such that X A Cs

and X is a strongly C-universal strong Zs-space. In [6], Sakai and Yaguchi

generalized a characterization of C-absorbing sets by Bestvina and Mogilski [1,

Theorem 5.3] to the non-separable case [6, Theorem 3.8]. The following Theorem

is an extension of [6, Theorem 3.8]. Note that Proposition 2.1 of [1] are proved

without separability.

Theorem 2.5. Let C be a closed hereditary additive topological class of spaces

such that In �DðtÞ A C for each n A N. Suppose that there exists a C-absorbing set

W in l2ðtÞ. Then, an AR (or an ANR) X with wðXÞa t is homeomorphic to W (or

an W-manifold ) if and only if X A Cs, X is strongly C-universal and X is a strong

Zs-space.

Proof. This proof is similar to the one of [6, Proposition 4.2]. For the ‘‘if ’’

part, just replace ‘‘MiðtÞ’’ and ‘‘EiðtÞ’’ by ‘‘C’’ and ‘‘W’’. To prove the ‘‘only if ’’

part, suppose that X is an W-manifold. By Theorem 3.9 (3) of [6], there exists an

open embedding j : X ,! W. Since W A Cs and Cs is open hereditary, we have

X A Cs. By Proposition 2.1 of [1], X is strongly C-universal. Moreover, X is a

strong Zs-space because so is W. r

One should noticed that Theorem 2.5 above means that all C-absorbing sets

of l2ðtÞ are homeomorphic to each others. Moreover, we can show the topological

uniqueness of C-absorbing sets of an l2ðtÞ-manifold (see the proof of Proposition

4.2 of [6]). Then, the following theorem follows from the classification theorem for

l2ðtÞ-manifold [2, Theorem 6].

Theorem 2.6. Under the assumption of Theorem 2.5, two W-manifolds are

homeomorphic to each others if and only if they have the same homotopy type.

Proof. Let X and Y be W-manifolds which have the same homotopy type.

By Theorem 3.9 (4) of [6], there exist l2ðtÞ-manifolds ~XX and ~YY in which X and Y

can be embedded as C-absorbing sets, respectively. Since X and Y are homotopy

dense in ~XX and ~YY respectively, ~XX and ~YY have the same homotopy type. By the

classification theorem of l2ðtÞ-manifolds [2, Theorem 6], we have ~XXA ~YY . Hence,

Y also can be embedded into ~XX as a C-absorbing set. From uniqueness of

C-absorbing sets, it follows that X and Y are homeomorphic. r
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3. Existence of Absorbing Sets in l2ðtÞ

First, we will show the following lemmas.

Lemma 3.1. For each Fs-subset X of l2ðtÞ, there exists a closed embedding

j : l2ðtÞ ,! l2ðtÞ � l2 such that j�1ðl2ðtÞ � l
f

2 Þ ¼ X.

Proof. As a special case of Lemma 3.3 of [11], we have a map f : l2ðtÞ !
l
f

2 such that f �1ðl f
2 Þ ¼ X . Now, we define a map j : l2ðtÞ ! l2ðtÞ � l2 by

jðxÞ ¼ ðx; f ðxÞÞ. Then, j is a closed embedding such that j�1ðl2ðtÞ � l
f

2 Þ ¼ X .

r

Lemma 3.2. For each Fsd-subset X of l2ðtÞ, there exists a closed embedding

j : l2ðtÞ ,! ðl2ðtÞ � l2ÞN such that j�1ððl2ðtÞ � l
f

2 Þ
NÞ ¼ X.

Proof. Suppose X ¼ 7
i AN Xi, where each Xi ði A NÞ is Fs in l2ðtÞ. By

Lemma 3.1, there exist closed embeddings ji : l2ðtÞ ! l2ðtÞ � l2, i A N, such

that ji
�1ðl2ðtÞ � l

f
2 Þ ¼ Xi. Define a map j : l2ðtÞ ! ðl2ðtÞ � l2ÞN by jðxÞ ¼

ðjiðxÞÞi AN. Then, j is a closed embedding and j�1ððl2ðtÞ � l
f

2 Þ
NÞ ¼ X . r

Lemma 3.3. Let Ai be an Fs-subset of a space Xi for each i A N. Then, the

subset
Q

i AN Ai of the product space
Q

i AN Xi is Fsd in
Q

i AN Xi.

Proof. Let Ai ¼ 6
j AN Fij where each Fij is a closed subset of Xi. Then, it

follows that

Y
i AN

Ai ¼ 7
i AN

Yi�1

n¼1

Xn � Ai �
Yy

n¼iþ1

Xn

¼ 7
i AN

Yi�1

n¼1

Xn � 6
j AN

Fij �
Yy

n¼iþ1

Xn

¼ 7
i AN

6
j AN

Yi�1

n¼1

Xn � Fij �
Yy

n¼iþ1

Xn

H
Y
i AN

Xi:

For every i; j A N,
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Yi�1

n¼1

Xn � Fij �
Yy

n¼iþ1

Xn

is closed in
Q

i AN Xi. Therefore,
Q

i AN Ai is Fsd in
Q

i AN Xi. r

Lemma 3.4. Eððl2ðtÞ � l
f

2 Þ
NÞ ¼ M2ðtÞ

Proof. We have M2ðtÞHEððl2ðtÞ � l
f

2 Þ
NÞ by Lemma 3.2. To see

Eððl2ðtÞ � l
f

2 Þ
NÞHM2ðtÞ, it su‰ces to show that ðl2ðtÞ � l2ÞN A M2ðtÞ be-

cause M2ðtÞ is closed hereditary. Since l
f

2 is Fs in l2, l2ðtÞ � l
f

2 is Fs in

l2ðtÞ � l2. Then, ðl2ðtÞ � l
f

2 Þ
N is Fsd in ðl2ðtÞ � l2ÞN by Lemma 3.3. This means

ðl2ðtÞ � l
f

2 Þ
N A M2ðtÞ. r

By combining Proposition 2.1 and Lemmas 2.4, 3.4, we have the following:

Proposition 3.5. The space ðl2ðtÞ � l
f

2 Þ
N

is an M2ðtÞ-absorbing set in

ðl2ðtÞ � l2ÞN. r

Now, for each countable ordinal ab 2, we shall construct an MaðtÞ-absorbing

set WaðtÞ and an aaðtÞ-absorbing set LaðtÞ in l2ðtÞ. This construction is the same

way as [1], where ‘‘s’’ (Al2) is just replaced by ‘‘l2ðtÞ’’. Take any homeo-

morphisms j : ðl2ðtÞ � l2ÞN ! l2ðtÞ and c : l2ðtÞN ! l2ðtÞ. First, define W2ðtÞ ¼
jððl2ðtÞ � l

f
2 Þ

NÞ. Suppose that WaðtÞH l2ðtÞ has been defined. Then, we define

LaðtÞ ¼ cððl2ðtÞnWaðtÞÞNf ÞH l2ðtÞ

Suppose that LzðtÞH l2ðtÞ have been defined for 2a z < a. In case a ¼ b þ 1,

let

WaðtÞ ¼ cðLbðtÞNÞH l2ðtÞ:

When a is a limit ordinal, we define

WaðtÞ ¼ ha
Y

2az<a
LzðtÞN

� �
H l2ðtÞ

where ha :
Q

2az<a l2ðtÞN ! l2ðtÞ is a homeomorphism.

The following is easily proved by the induction on ab 2.
� WaðtÞ A MaðtÞ and LaðtÞ A aaðtÞ.
� WaðtÞ and LaðtÞ are homotopy dense in l2ðtÞ.
� WaðtÞ and LaðtÞ are strong Zs-space.
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The following lemma is the non-separable version of [1, Lemma 6.3], where

‘‘s’’ and ‘‘Q’’ are replaced by ‘‘l2ðtÞ’’. The proof is basically same as [1, Lemma

6.3].

Lemma 3.6. Let ab 2 be a countable ordinal. Suppose X A MaðtÞ (resp. X A

aaðtÞ) is embedded into l2ðtÞ. Then there is a closed embedding ja : l2ðtÞ ,! l2ðtÞ
such that j�1

a ðWaðtÞÞ ¼ X (resp. ja
�1ðLaðtÞÞ ¼ X ).

Proof. Lemma 3.2 means the case of W2ðtÞ. Similarly to [1, Lemma 6.3],

other cases are shown by induction on a. r

Now, we have the following non-separable version of [1, Proposition 6.4]. This

is an answer for Problem 5 in [6]. The proof is same as [1, Proposition 6.4].

Proposition 3.7. For a countable ordinal ab 2, the space WaðtÞ is MaðtÞ-
absorbing in l2ðtÞ and LaðtÞ is aaðtÞ-absorbing in l2ðtÞ. r

Remark 2. Recall that WaðtÞ A MaðtÞ for ab 2. By Proposition 3.5 of [6],

WaðtÞ is strongly MaðtÞs-universal, which means MaðtÞs ¼ MaðtÞ. Moreover, we

have WaðtÞNf AWaðtÞ ðAWaðtÞNÞ by Theorem 3.8 below because WaðtÞNf A MaðtÞ
can be embedded into l2ðtÞ as an MaðtÞ-absorbing set.

By combining Proposition 3.7 and Theorem 2.5, we have the following non-

separable version of [1, Theorem 6.5].

Theorem 3.8. For ab 2, an AR X with wðXÞa t is homeomorpic to WaðtÞ
(or LaðtÞ) if and only if X is strongly MaðtÞ-universal (or strongly aaðtÞ-universal )
and X ¼ 6

i AN Xi, where each Xi is a strong Z-set in X and Xi A MaðtÞ (or

Xi A aaðtÞ). r

Theorem 3.9. For ab 2, an ANR X with wðX Þa t is an WaðtÞ-manifold

(or a LaðtÞ-manifold ) if and only if X is strongly MaðtÞ-universal (or strongly

aaðtÞ-universal ) and X ¼ 6
i AN Xi, where each Xi is a strong Z-set in X and

Xi A MaðtÞ (or Xi A aaðtÞ). r

Remark 3. We have defined W2ð@0Þ as ðl2 � l
f

2 Þ
N. On the other hand, in

[1], W2 was defined as SNAðl f
2 �QÞN. In this connection, we shall show that

ðl f
2 ðtÞ �QÞNAW2ðtÞ in Section 4.
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Remark 4. It was shown in [6] that l
f

2 ðtÞ �Q can be embedded into l2ðtÞ
as an a1ðtÞ-absorbing set.3 Thus, as a generalization of L1 ¼ SAl

f
2 �Q in [1],

L1ðtÞ should be defined as l
f

2 ðtÞ �Q. In [1], L1 is the first step of the inductive

construction of Wa and La. Then, it seems that L1ðtÞ can be used as the first

step in the construction. Thus, it is natural to ask whether Lemma 3.6 is valid for

L1ðtÞ and X A a1ðtÞ or not. In other words, we have the following question.

Question. For each Fs-subset X of l2ðtÞ, does there exist a closed em-

bedding j : l2ðtÞ ,! l2ðtÞ �Q such that j�1ðl f
2 ðtÞ �QÞ ¼ X ?

However, even if this question is a‰rmative, we cannot obtain Lemma 3.6 for

ab 2 from this directly. Because there exists an absolute Fsd-space which cannot

be expressed as a countable intersection of absolute Fs-spaces (e.g., the space l2ðtÞ
for any t > @0).

4. Consistency with the Separable Case

In this section, we shall show ðl2ðtÞ � l
f

2 Þ
NAðl f

2 ðtÞ �QÞNAl
f

2 ðtÞ
N (cf.

Remark 1 in the previous section). Recall that M2ðtÞ ¼ Eððl2ðtÞ � l
f

2 Þ
NÞ by

Lemma 3.4.

Lemma 4.1. M2ðtÞ ¼ Eðl f
2 ðtÞ

NÞ.

Proof. To see Eððl2ðtÞ � l
f

2 Þ
NÞHEðl f

2 ðtÞ
NÞ, it su‰ces to prove that

ðl2ðtÞ � l
f

2 Þ
N A Eðl f

2 ðtÞ
NÞ. Let JðtÞ be the hedgehog with weight t, that is, the

cone over the canonical orthonormal basis of l2ðtÞ with the vertex 0 A l2ðtÞ.
Then, JðtÞNAl2ðtÞ by Theorem 5.1 of [9] (cf. [10]). Since JðtÞ is a closed subset

of the space l
f

2 ðtÞ, we have a closed embedding of l2ðtÞ into l
f

2 ðtÞ
N. On the

other hand, l
f

2 can be embedded into l
f

2 ðtÞ as a closed set. Then, we have

l2ðtÞ � l
f

2 A Eðl f
2 ðtÞ

N � l
f

2 ðtÞÞ. Hence,

ðl2ðtÞ � l
f

2 Þ
N A Eððl f

2 ðtÞ
N � l

f
2 ðtÞÞ

NÞ ¼ Eðl f
2 ðtÞ

NÞ:

To see Eðl f
2 ðtÞ

NÞHM2ðtÞ, observe that l
f

2 ðtÞ is an Fs-subspace of l2ðtÞ.
By Lemma 3.3, we have that l

f
2 ðtÞ

N is Fsd in l2ðtÞN, and Eðl f
2 ðtÞ

NÞHM2ðtÞ.
r

Proposition 4.2. Suppose that E and F are Zs-spaces which are homotopy

3See the footnote 1.
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dense in l2ðtÞ. If there exist closed embeddings f : EN ,! F N and g : F N ,! EN

(resp. f : EN
f ,! F N

f and g : F N
f ,! EN

f ), then ENAF N (resp. EN
f AF N

f ).

Proof. Because of similarity, we shall only prove ENAF N. By the as-

sumption, we have EðENÞ ¼ EðF NÞ, which is an additive closed hereditary to-

pological class such that In �DðtÞ A EðENÞ for all n A N by Lemma 2.2. By

Proposition 2.1 and Lemma 2.4, EN and F N are strongly EðENÞ-universal strong

Zs-spaces which are homotopy dense in l2ðtÞN. Then, EN and F N are EðENÞ-
absorbing in l2ðtÞN. Hence, ENAF N by the topological uniqueness of absorbing

sets. r

Then, we have the following.

Proposition 4.3. ðl2ðtÞ � l
f

2 Þ
NAl

f
2 ðtÞ

NAðl f
2 ðtÞ �QÞN.

Proof. Since Eððl2ðtÞ � l
f

2 Þ
NÞ ¼ M2ðtÞ ¼ Eðl f

2 ðtÞ
NÞ, we have ðl2ðtÞ � l

f
2 Þ

N

Al
f

2 ðtÞ
N by Proposition 4.2. Now, we show ðl f

2 ðtÞ �QÞNAl
f

2 ðtÞ
N. Note that

l2 �QAl2 and l
f

2 ðtÞ � RAl
f

2 ðtÞ. Then it follows that

ðl f
2 ðtÞ �QÞNAðl f

2 ðtÞ � R�QÞNAl
f

2 ðtÞ
N � l2 �Q

Al
f

2 ðtÞ
N � l2Aðl f

2 ðtÞ � RÞNAl
f

2 ðtÞ
N: r
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