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Abstract. The Dirichlet-Neumann problem for the dissipative Helm-

holtz equation in a connected plane region bounded by closed curves

and open arcs (cuts) is studied. The Dirichlet condition is specified

on the closed curves, while the Neumann condition is specified on

the cuts. The existence of a classical solution is proved by potential

theory. The problem is reduced to a Fredholm equation of the

second kind, which is uniquely solvable. An integral representation

for the solution of the problem is obtained. Our approach holds for

both interior and exterior domains.

1. Introduction

The boundary of a 2-D cracked domain includes both closed curves and open

arcs (cuts or cracks). The boundary condition is specified on the whole boundary,

i.e. on both closed curves and open arcs. Open arcs or cuts model screens, wings,

cracks or spits in applied problems. Boundary value problems for PDEs in

cracked domains describe di¤erent physical processes such as distribution of

electric and heat fields, propagation of acoustic waves and scattering by cracks,

etc. Stationary waves in isotropic media are described by the Helmholtz equation

Duþ k2u ¼ 0;

where D is Laplacian. If Im k ¼ 0, then this equation is called propagative. If

Im k0 0, then this equation is called dissipative, since energy of waves dissipates
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in the media [13]. The skew derivative problem for the propagative Helmholtz

equation outside cuts (cracks) in a plane has been studied in [12]. The Dirichlet

and Neumann problems for the dissipative Helmholtz equation in cracked

domains were studied in [7], [8]. In the present paper we study the mixed problem

for the dissipative Helmholtz equation in a cracked domain (interior or exterior),

so that the Dirichlet condition is specified on the closed curves, while the

Neumann condition is specified on the cuts. We obtain an integral representation

for a solution and reduce the problem to the uniquely solvable Fredholm integral

equation of the second kind and index zero. The obtained integral equation can

be solved numerically by standard codes [9]. The results of the present paper may

be helpful in applied inverse problems of determination of crack locations.

2. Formulation of the Problem

By a simple open curve we mean a non-closed smooth arc of finite length

without self-intersections [5].

Let g be a set of curves, which may be closed and open. We say that g A C 2;l

(or g A C1;l) if curves g are of class C 2;l (or C1;l) with the Hölder exponent

l A ð0; 1�.
In the plane x ¼ ðx1; x2Þ A R2 we consider the multiply connected domain

bounded by simple open curves G1
1 ; . . . ;G

1
N1

A C 2;l and simple closed curves

G2
1 ; . . . ;G

2
N2

A C 2;l, l A ð0; 1�, so that the curves do not have common points, in

particular, endpoints. We will consider both the case of an exterior domain

and the case of an interior domain, when the curve G2
1 encloses all others. We

put

G1 ¼ 6
N1

n¼1

G1
n ; G2 ¼ 6

N2

n¼1

G2
n ; G ¼ G1 UG2:

The connected domain bounded by G2 and containing G1 will be called D, so

that qD ¼ G2, G1 HD. We assume that each curve G j
n is parametrized by the arc

length s: G j
n ¼ fx : x ¼ xðsÞ ¼ ðx1ðsÞ; x2ðsÞÞ; s A ½a j

n; b
j
n�g, n ¼ 1; . . . ;Nj , j ¼ 1; 2, so

that

a1
1 < b1

1 < � � � < a1
N1

< b1
N1

< a2
1 < b2

1 < � � � < a2
N2

< b2
N2

and the domain D is to the right when the parameter s increases on G2
n . Therefore

points x A G and values of the parameter s are in one-to-one correspondence

except a2
n , b2

n , which correspond to the same point x for n ¼ 1; . . . ;N2. Below the

sets of the intervals on the Os axis
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6
N1

n¼1

½a1
n ; b

1
n �; 6

N2

n¼1

½a2
n ; b

2
n �; 6

2

j¼1

6
Nj

n¼1

½a j
n; b

j
n�

will be denoted by G1, G2 and G also.

We put C j; rðG2
n Þ ¼ fFðsÞ : FðsÞ A C j; r½a2

n ; b
2
n �;FðmÞða2

nÞ ¼FðmÞðb2
nÞ;m¼ 0; jg,

j ¼ 0; 1, r A ½0; 1� and

C j; rðG2Þ ¼ 7
N2

n¼1

C j; rðG2
n Þ:

The tangent vector to G at the point xðsÞ we denote by tx ¼ ðcos aðsÞ;
sin aðsÞÞ, where cos aðsÞ ¼ x 0

1ðsÞ, sin aðsÞ ¼ x 0
2ðsÞ. Let nx ¼ ðsin aðsÞ;�cos aðsÞÞ be

a normal vector to G at xðsÞ. The direction of nx is chosen such that it will

coincide with the direction of tx if nx is rotated anticlockwise through an angle of

p=2. So, nx is the inward normal to D on G2.

We consider G1 as a set of cuts. The side of G1 which is on the left, when

the parameter s increases will be denoted by ðG1Þþ and the opposite side will be

denoted by ðG1Þ�.

We say, that the function uðxÞ belongs to the smoothness class K if

1) u A C 0ðDnG1ÞVC 2ðDnG1Þ and uðxÞ is continuous at the end-points of the

cuts G1,

2) ‘u A C 0ðDnG1nX Þ, where X is a point-set, consisting of the end-points

of G1:

X ¼ 6
N1

n¼1

ðxða1
nÞU xðb1

nÞÞ;

3) in the neighbourhood of any point xðdÞ A X for some constants C > 0,

e > �1 the inequality holds

j‘ujaCjx� xðdÞj e;ð1Þ

where x ! xðdÞ and d ¼ a1
n or d ¼ b1

n , n ¼ 1; . . . ;N1.

Remark. In the definition of the class K we consider G1 as a set of cuts

in the domain D. According to this definition, uðxÞ and ‘uðxÞ are continuously

extensible on cuts G1nX from the left and from the right, but their values on

G1nX from the left and from the right may be di¤erent, so that uðxÞ and ‘uðxÞ
may have a jump across G1nX .

Let us formulate the mixed Dirichlet-Neumann problem for the dissipative

Helmholtz equation in the domain DnG1 (interior or exterior). The Dirichlet
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condition is specified on the closed curves G2, while the Neumann condition is

posed on the cuts G1.

Problem U. To find a function uðxÞ of the class K which satisfies the

Helmholtz equation

ux1x1
ðxÞ þ ux2x2

ðxÞ þ k2uðxÞ ¼ 0; x A DnG1; k ¼ const; Im k > 0ð2aÞ

and the boundary conditions

quðxÞ
qnx

����
xðsÞ A ðG1Þþ

¼ F þðsÞ; quðxÞ
qnx

����
xðsÞ A ðG1Þ�

¼ F�ðsÞ;ð2bÞ

uðxÞjxðsÞ AG 2 ¼ FðsÞ:

If D is an exterior domain, then we add the following conditions at infinity:

u ¼ oðjxj�1=2Þ; j‘uðxÞj ¼ oðjxj�1=2Þ; jxj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

1 þ x2
2

q
! y:ð2cÞ

All conditions of the problem U must be satisfied in the classical sense.

The problem U includes two particular cases. In the first case G1 ¼ q,

G2 0q and we obtain the Dirichlet problem for the dissipative Helmholtz

equation in the domain D without cuts (this is a particular case of [8] also). In

the second case G1 0q, G2 ¼ q and we obtain the Neumann problem for the

dissipative Helmholtz equation outside the cuts G1 on a plane (see [4], [7]).

On the basis of the energy equalities [1, v. IV], [11], we can easily prove the

following assertion.

Theorem 1. If G A C 2;l, l A ð0; 1�, then the problem U has at most one

solution.

The theorem holds for both interior and exterior domain D.

3. Integral Equations at the Boundary

Below we assume that

F þðsÞ; F�ðsÞ A C 0;lðG1Þ; F ðsÞ A C1;lðG2Þ; l A ð0; 1�:ð3Þ

If B1ðG1Þ, B2ðG2Þ are Banach spaces of functions given on G1 and G2, then

for functions given on G we introduce the Banach space B1ðG1ÞVB2ðG2Þ with

the norm k � kB1ðG1ÞVB2ðG2Þ ¼ k � kB1ðG1Þ þ k � kB2ðG2Þ.

We consider the angular potential from [3], [4] for the equation (2a) on

G1
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w1½m�ðxÞ ¼
i

4

ð
G1

mðsÞVðx; sÞ ds:ð4Þ

The kernel Vðx; sÞ is defined on each curve G1
n ðn ¼ 1; . . . ;N1Þ by the

formula

Vðx; sÞ ¼
ð s
a1
n

q

qny
H

ð1Þ
0 ðkjx� yðxÞjÞ dx; s A ½a1

n ; b
1
n �;

where H
ð1Þ

0 ðzÞ is the Hankel function of the first kind [10]:

H
ð1Þ

0 ðzÞ ¼
ffiffiffi
2

p
expðiz� ip=4Þ

p
ffiffiffi
z

p
ðy

0

expð�tÞt�1=2 1 þ it

2z

� ��1=2

dt;

y ¼ yðxÞ ¼ ðy1ðxÞ; y2ðxÞÞ; jx� yðxÞj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1 � y1ðxÞÞ2 þ ðx2 � y2ðxÞÞ2

q
:

Below we suppose that mðsÞ belongs to the Banach space Co
q ðG1Þ, o A ð0; 1�,

q A ½0; 1Þ and satisfies the following additional conditionsð b1
n

a1
n

mðsÞ ds ¼ 0; n ¼ 1; . . . ;N1:ð5Þ

We say, that mðsÞ A Co
q ðG1Þ if

mðsÞ
YN1

n¼1

js� a1
n j

qjs� b1
n j

q A C 0;oðG1Þ;

where C 0;oðG1Þ is a Hölder space with the exponent o and

kmðsÞkC o
q ðG1Þ ¼ mðsÞ

YN1

n¼1

js� a1
n j

qjs� b1
n j

q

�����
�����
C 0;oðG1Þ

:

As shown in [3], [4] for such mðsÞ the angular potential w1½m�ðxÞ belongs

to the class K. In particular, the inequality (1) holds with e ¼ �q, if q A ð0; 1Þ.
Moreover, integrating w1½m�ðxÞ by parts and using (5) we express the angular

potential in terms of a double layer potential

w1½m�ðxÞ ¼ � i

4

ð
G1

rðsÞ q

qny
H

ð1Þ
0 ðkjx� yðsÞjÞ ds;ð6Þ

with the density

rðsÞ ¼
ð s
a1
n

mðxÞ dx; s A ½a1
n ; b

1
n �; n ¼ 1; . . . ;N1:
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Consequently, w1½m�ðxÞ satisfies both equation (2a) outside G1 and the conditions

at infinity (2c).

Let us construct a solution of the problem U. This solution can be obtained

with the help of potential theory for the Helmholtz equation (2a). We seek a

solution of the problem in the following form

u½n; m�ðxÞ ¼ v1½n�ðxÞ þ w½m�ðxÞ;ð7Þ

where

v1½n�ðxÞ ¼
i

4

ð
G1

nðsÞHð1Þ
0 ðkjx� yðsÞjÞ ds;

w½m�ðxÞ ¼ w1½m�ðxÞ þ w2½m�ðxÞ;ð8Þ

w2½m�ðxÞ ¼
i

4

ð
G 2

mðsÞ q

qny
H

ð1Þ
0 ðkjx� yðsÞjÞ ds;

and w1½m�ðxÞ is given by (4), (6).

By
Ð
G j � � � ds we mean

XNj

n¼1

ð b j
n

a
j
n

� � � ds:

We will look for nðsÞ in the space C 0;lðG1Þ, then the single layer potential

v1½n�ðxÞ belongs to the class K, obeys the equation (2a) outside G1 and satisfies

the conditions at infinity (2c) in case of an exterior domain D (see [1, v. IV],

[3]).

We will seek mðsÞ from the Banach space Co
q ðG1ÞVC 1;l=4ðG2Þ, o A ð0; 1�,

q A ½0; 1Þ with the norm k � kC o
q ðG1ÞVC 1; l=4ðG2Þ ¼ k � kC o

q ðG1Þ þ k � kC 1; l=4ðG2Þ. Besides,

mðsÞ must satisfy conditions (5).

It follows from Theorem 5 in Appendix 1 that for such mðsÞ the double layer

potential w2½m�ðxÞ belongs to C1ðDÞ, and so w2½m�ðxÞ A K. Besides, w2½m�ðxÞ obeys

the equation (2a) and satisfies the conditions at infinity (2c) if D is an exterior

domain [1, v. IV], [11]. Consequently, for densities mðsÞ, nðsÞ described above, the

function (7) belongs to the class K and satisfies all conditions of the problem U

except the boundary condition (2b).

To satisfy the boundary condition we put (7) in (2b), use the limit formulas

for the angular potential from [3] and arrive at the integral equations for the

densities mðsÞ, nðsÞ:
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G
1

2
nðsÞ þ i

4

ð
G1

nðsÞ q

qnx
H

ð1Þ
0 ðkjxðsÞ � yðsÞjÞ dsð9aÞ

� 1

2p

ð
G1

mðsÞ sin j0ðxðsÞ; yðsÞÞ
jxðsÞ � yðsÞj dsþ i

4

ð
G1

mðsÞ q

qnx
V0ðxðsÞ; sÞ ds

þ i

4

ð
G2

mðsÞ q

qnx

q

qny
H

ð1Þ
0 ðkjxðsÞ � yðsÞjÞ ds ¼ FGðsÞ; s A G1;

i

4

ð
G1

nðsÞHð1Þ
0 ðkjxðsÞ � yðsÞjÞ dsþ i

4

ð
G1

mðsÞVðxðsÞ; sÞ dsþ 1

2
mðsÞð9bÞ

þ i

4

ð
G 2

mðsÞ q

qny
H

ð1Þ
0 ðkjxðsÞ � yðsÞjÞ ds ¼ F ðsÞ; s A G2;

where Vðx; sÞ is the kernel of the angular potential (4),

V0ðx; sÞ ¼
ð s
a1
n

q

qny
hðkjx� yðxÞjÞ dx; s A ½a1

n ; b
1
n �; n ¼ 1; 2; . . . ;N1;

hðzÞ ¼ H
ð1Þ

0 ðzÞ � 2i

p
ln

z

k
:

By j0ðx; yÞ we denote the angle between the vector xy! and the direction of the

normal nx. The angle j0ðx; yÞ is taken to be positive if it is measured anti-

clockwise from nx and negative if it is measured clockwise from nx. Besides,

j0ðx; yÞ is continuous in x; y A G if x0 y.

Equation (9a) is obtained as x ! xðsÞ A ðG1ÞG and comprises two integral

equations. The upper sign denotes the integral equation on ðG1Þþ, the lower sign

denotes the integral equation on ðG1Þ�.

In addition to the integral equations written above we have the conditions

(5).

Subtracting the integral equations (9a) we find

nðsÞ ¼ ðF þðsÞ � F�ðsÞÞ A C 0;lðG1Þ:ð10Þ

We note that nðsÞ is found completely and satisfies all required conditions.

Hence, the potential v1½n�ðxÞ is found completely as well.

We introduce the functions f1ðsÞ and f2ðsÞ by the formulae

f1ðsÞ ¼
1

2
ðF þðsÞ þ F�ðsÞÞð11aÞ

� i

4

ð
G1
ðF þðsÞ � F�ðsÞÞ q

qnx
H

ð1Þ
0 ðkjxðsÞ � yðsÞjÞ ds; s A G1;
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f2ðsÞ ¼ F ðsÞ � i

4

ð
G1
ðF þðsÞ � F�ðsÞÞHð1Þ

0 ðkjxðsÞ � yðsÞjÞ ds; s A G2:ð11bÞ

As shown in [4], if s A G1, then f1ðsÞ A C 0;lðG1Þ. Clearly, f2ðsÞ A C1;lðG2Þ.
Adding the integral equations (9a) and taking into account (9b) we obtain the

integral equations for mðsÞ on G1 and on G2

� 1

2p

ð
G1

mðsÞ sin j0ðxðsÞ; yðsÞÞ
jxðsÞ � yðsÞj dsþ i

4

ð
G1

mðsÞ q

qnx
V0ðxðsÞ; sÞ dsð12aÞ

þ i

4

ð
G2

mðsÞ q

qnx

q

qny
H

ð1Þ
0 ðkjxðsÞ � yðsÞjÞ ds ¼ f1ðsÞ; s A G1;

i

4

ð
G1

mðsÞVðxðsÞ; sÞ dsð12bÞ

þ 1

2
mðsÞ þ i

4

ð
G2

mðsÞ q

qny
H

ð1Þ
0 ðkjxðsÞ � yðsÞjÞ ds ¼ f2ðsÞ; s A G2;

where f1ðsÞ, f2ðsÞ are given in (11).

It follows from Lemma 4 in Appendix 2 that the sum of integral terms

in (12b) belongs to C1;l=4ðG2Þ in s for any mðsÞ A Co
q ðG1ÞVC 0ðG2Þ, o A ð0; 1�,

q A ½0; 1Þ. Since f2ðsÞ A C1;lðG2Þ in (12b), any solution of the equation (12b) in

Co
q ðG1ÞVC 0ðG2Þ automatically belongs to Co

q ðG1ÞVC1;l=4ðG2Þ. Consequently,

below we will look for a solution mðsÞ of the equations (12) in Co
q ðG1ÞVC 0ðG2Þ,

o A ð0; 1�, q A ½0; 1Þ.
Thus, if mðsÞ is a solution of equations (5), (12) from the space Co

q ðG1ÞV
C 0ðG2Þ, o A ð0; 1�, q A ½0; 1Þ, then mðsÞ A Co

q ðG1ÞVC1;l=4ðG2Þ and the potential (7)

satisfies all conditions of the problem U.

The following theorem holds.

Theorem 2. Let G A C 2;l and conditions (3) hold. If the system of equations

(12), (5) has a solution mðsÞ from the Banach space Co
q ðG1ÞVC 0ðG2Þ, o 2 ð0; 1�,

q A ½0; 1Þ, then a solution of the problem U is given by (7), where nðsÞ is defined

in (10).

Below we look for mðsÞ in the Banach space Co
q ðG1ÞVC 0ðG2Þ.

If s A G2, then (12b) is an integral equation of the second kind. If s A G1, then

(12a) is a singular integral equation [5], [2]. The first term in (12a) is a Cauchy

singular integral.

Our further treatment will be aimed to the proof of the solvability of the

system (5), (12) in the Banach space Co
q ðG1ÞVC 0ðG2Þ. Moreover, we reduce the
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system (5), (12) to a Fredholm equation of the second kind, which can be easily

computed by classical methods.

Equation (12b) on G2 we rewrite in the form

mðsÞ þ
ð
G

mðsÞA2ðs; sÞ ds ¼ 2f2ðsÞ; s A G2;ð13Þ

where

A2ðs; sÞ ¼
i

2
ð1 � dðsÞÞVðxðsÞ; sÞ þ i

2
dðsÞ q

qny
H

ð1Þ
0 ðkjxðsÞ � yðsÞjÞ;

dðsÞ ¼ 0; if s A G1;

1; if s A G2;

�

Vðx; sÞ is the kernel of the angular potential (4). According to [3], [4],

A2ðs; sÞ A C 0ðG2 � GÞ, since G A C 2;l, l A ð0; 1�.

Remark. Evidently, f2ða2
nÞ ¼ f2ðb2

nÞ and A2ða2
n ; sÞ ¼ A2ðb2

n ; sÞ for any

s A G ðn ¼ 1; . . . ;N2Þ. Hence, if mðsÞ is a solution of equation (13) from

C 0 6
N2

n¼1

½a2
n ; b

2
n �

 !
, then, according to the equality (13), mðsÞ automatically satisfies

matching conditions mða2
nÞ ¼ mðb2

nÞ for n ¼ 1; . . . ;N2 and therefore belongs to

C 0ðG2Þ. This observation is true for equation (12b) also and can be helpful

for finding numerical solutions, since we may abandon matching conditions

mða2
nÞ ¼ mðb2

nÞ ðn ¼ 1; . . . ;N2Þ, which are fulfilled automatically.

It can be easily proved that

sin j0ðxðsÞ; yðsÞÞ
jxðsÞ � yðsÞj � 1

s� s
A C 0;lðG1 � G1Þ

(see [3], [4] for details). Therefore we can rewrite equation (12a) on G1 in the

form

1

p

ð
G1

mðsÞ ds

s� s
þ
ð
G

mðsÞY ðs; sÞ ds ¼ �2f1ðsÞ; s A G1;ð14Þ

where

Yðs; sÞ ¼
�
ð1 � dðsÞÞ 1

p

sin j0ðxðsÞ; yðsÞÞ
jxðsÞ � yðsÞj � 1

s� s

� �
� i

2

q

qnx
V0ðxðsÞ; sÞ

� �

� i

2
dðsÞ q

qnx

q

qny
H

ð1Þ
0 ðkjxðsÞ � yðsÞjÞ

	
A C 0;p0ðG1 � GÞ;
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p0 ¼ l if 0 < l < 1 and p0 ¼ 1 � e0 for any e0 A ð0; 1Þ if l ¼ 1 (we took into

account Lemma 3 in [4]).

4. The Fredholm Integral Equation and the Solution of the Problem

Inverting the singular integral operator in (14) we arrive at the following

integral equation of the second kind [5]:

mðsÞ þ 1

Q1ðsÞ

ð
G

mðsÞA0ðs; sÞ dsþ 1

Q1ðsÞ
XN1�1

n¼0

Gns
n ¼ 1

Q1ðsÞ
F0ðsÞ; s A G1;ð15Þ

where

A0ðs; sÞ ¼ � 1

p

ð
G1

Y ðx; sÞ
x� s

Q1ðxÞ dx;

Q1ðsÞ ¼
YN1

n¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
s� a1

n

q ffiffiffiffiffiffiffiffiffiffiffiffiffi
b1
n � s

q����
���� signðs� a1

nÞ;

F0ðsÞ ¼
1

p

ð
G1

2Q1ðsÞ f1ðsÞ
s� s

ds;

G0; . . . ;GN1�1 are arbitrary constants.

To derive equations for G0; . . . ;GN1�1 we substitute mðsÞ from (15) in the

conditions (5), then we obtain

ð
G

mðsÞlnðsÞ dsþ
XN1�1

m¼0

BnmGm ¼ Hn; n ¼ 1; . . . ;N1;ð16Þ

where

lnðsÞ ¼ �
ð
G1
n

Q�1
1 ðsÞA0ðs; sÞ ds;

Bnm ¼ �
ð
G1
n

Q�1
1 ðsÞsm ds;ð17Þ

Hn ¼ �
ð
G1
n

Q�1
1 ðsÞF0ðsÞ ds:

By B we denote the N1 �N1 matrix with the elements Bnm from (17). As shown

in [4], the matrix B is invertible. The elements of the inverse matrix will be called

ðB�1Þnm. Inverting the matrix B in (16) we express the constants G0; . . . ;GN1�1 in

terms of mðsÞ
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Gn ¼
XN1

m¼1

ðB�1Þnm Hm �
ð
G

mðsÞlmðsÞ ds
� �

:

We substitute Gn in (15) and obtain the following integral equation for mðsÞ on G1

mðsÞ þ 1

Q1ðsÞ

ð
G

mðsÞA1ðs; sÞ ds ¼ 1

Q1ðsÞ
F1ðsÞ; s A G1;ð18Þ

where

A1ðs; sÞ ¼ A0ðs; sÞ �
XN1�1

n¼0

sn
XN1

m¼1

ðB�1ÞnmlmðsÞ;

F1ðsÞ ¼ F0ðsÞ �
XN1�1

n¼0

sn
XN1

m¼1

ðB�1ÞnmHm:

It can be shown using the properties of singular integrals [2], [5], that F0ðsÞ,
A0ðs; sÞ are Hölder functions if s A G1, s A G. Hence, F1ðsÞ, A1ðs; sÞ are also

Hölder functions if s A G1, s A G. Consequently, any integrable on G1 and con-

tinuous on G2 solution of equation (18) belongs to Co
1=2ðG

1Þ with some o A ð0; 1�.
Therefore, below we look for mðsÞ on G in the space Co

1=2ðG
1ÞVC 0ðG2Þ with

o A ð0; 1�. It can be easily verified that any solution of equation (18) in this space

satisfies both conditions (5) and equation (14). Indeed, if a function mðsÞ A
Co

1=2ðG
1ÞVC 0ðG2Þ turns equation (18) to identity, then multiplying this identity

by ðs� tÞ�1, where t A G1, and integrating in s over G1, we obtain identity (14).

Integrating identity (18) in s over G1
n ðn ¼ 1; . . . ;N1Þ, one can prove that con-

ditions (5) hold.

We put

QðsÞ ¼ ð1 � dðsÞÞQ1ðsÞ þ dðsÞ; s A G:

Instead of mðsÞ A Co
1=2ðG

1ÞVC 0ðG2Þ we introduce the new unknown function

m�ðsÞ ¼ mðsÞQðsÞ A C 0;oðG1ÞVC 0ðG2Þ and rewrite system of equations (13), (18)

in the form of one equation

m�ðsÞ þ
ð
G

m�ðsÞQ�1ðsÞAðs; sÞ ds ¼ FðsÞ; s A G;ð19Þ

where

Aðs; sÞ ¼ ð1 � dðsÞÞA1ðs; sÞ þ dðsÞA2ðs; sÞ;

FðsÞ ¼ ð1 � dðsÞÞF1ðsÞ þ 2dðsÞ f2ðsÞ:
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Thus, the system of equations (12), (5) for mðsÞ has been reduced to the

equation (19) for the function m�ðsÞ. It is clear from our consideration that any

solution m�ðsÞ of equation (19) in the space C 0;oðG1ÞVC 0ðG2Þ with o A ð0; 1�
produces the solution mðsÞ ¼ m�ðsÞ=QðsÞ A Co

1=2ðG
1ÞVC 0ðG2Þ of system (12),

(5).

As noted above, F1ðsÞ and A1ðs; sÞ are Hölder functions if s A G1, s A G.

More precisely (see [4], [5]), F1ðsÞ A C 0;pðG1Þ, p ¼ minf1=2; lg and A1ðs; sÞ
belongs to C 0;pðG1Þ in s uniformly with respect to s A G.

We arrive at the following assertion.

Lemma 1. Let G A C 2;l, l A ð0; 1�, FðsÞ A C 0;pðG1ÞVC 0ðG2Þ,
p ¼ minfl; 1=2g. If m�ðsÞ from C 0ðGÞ satisfies the equation (19), then

m�ðsÞ A C 0;pðG1ÞVC 0ðG2Þ.

The condition FðsÞ A C 0;pðG1ÞVC 0ðG2Þ holds if f1ðsÞ A C 0;lðG1Þ, f2ðsÞ A
C 0ðG2Þ.

Hence below we will seek a solution m�ðsÞ of the equation (19) in C 0ðGÞ.
Since A1ðs; sÞ A C 0ðG1 � GÞ and A2ðs; sÞ A C 0ðG2 � GÞ, one can verify using

the Arzela theorem [6] that the integral operator from (19)

Am� ¼
ð
G

m�ðsÞQ�1ðsÞAðs; sÞ ds

is a compact operator mapping C 0ðGÞ into itself. Therefore, (19) is a Fredholm

equation of the second kind in the Banach space C 0ðGÞ.
Let us show that homogeneous equation (19) has only a trivial solution in

C 0ðGÞ. Then, according to Fredholm’s theorems, the inhomogeneous equation

(19) has a unique solution in C 0ðGÞ for any right-hand side in C 0ðGÞ. We will

prove this by a contradiction. Let m0
�ðsÞ A C 0ðGÞ be a non-trivial solution of the

homogeneous equation (19). According to Lemma 1, m0
�ðsÞ A C 0;pðG1ÞVC 0ðG2Þ,

p ¼ minfl; 1=2g. Therefore the function m0ðsÞ ¼ m0
�ðsÞQ�1ðsÞ A C

p

1=2ðG
1ÞVC 0ðG2Þ

converts the homogeneous equations (13), (18) into identities. Using the ho-

mogeneous identity (18) we check, that m0ðsÞ satisfies conditions (5). Besides,

acting on the homogeneous identity (18) with a singular operator with the kernel

ðs� tÞ�1 we find that m0ðsÞ satisfies the homogeneous equation (14). Conse-

quently, m0ðsÞ satisfies the homogeneous equations (12). On the basis of

Theorem 2, u½0; m0�ðxÞ1w½m0�ðxÞ is a solution of the homogeneous problem

U. According to Theorem 1: w½m0�ðxÞ1 0, x A DnG1. Using the limit formulas for

tangent derivatives of an angular potential [3], we obtain
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lim
x!xðsÞ A ðG1Þþ

q

qtx
w½m0�ðxÞ � lim

x!xðsÞ A ðG1Þ�
q

qtx
w½m0�ðxÞ ¼ m0ðsÞ1 0; s A G1:

Hence, w½m0�ðxÞ ¼ w2½m0�ðxÞ1 0, x A D, and m0ðsÞ satisfies the following

homogeneous equation

1

2
m0ðsÞ þ i

4

ð
G 2

m0ðsÞ q

qny
H

ð1Þ
0 ðkjxðsÞ � yðsÞjÞ ds ¼ 0; s A G2:ð20Þ

Equation (20) has only the trivial solution m0ðsÞ1 0 in C 0ðG2Þ. This is true

for both interior and exterior domain D. The detailed proof is presented in the

section 5.

Consequently, if s A G, then m0ðsÞ1 0, m0
�ðsÞ ¼ m0ðsÞQ�1ðsÞ1 0 and we arrive

at the contradiction to the assumption that m0
�ðsÞ is a non-trivial solution of the

homogeneous equation (19). Thus, the homogeneous Fredholm equation (19) has

only a trivial solution in C 0ðGÞ.
We have proved the following assertion.

Theorem 3. If G A C 2;l, l A ð0; 1�, then (19) is a Fredholm equation of the

second kind in the space C 0ðGÞ. Moreover, equation (19) has a unique solution

m�ðsÞ A C 0ðGÞ for any FðsÞ A C 0ðGÞ.

As a consequence of Theorem 3 and Lemma 1 we obtain the corollary.

Corollary 1. If G A C 2;l, l A ð0; 1� and FðsÞ A C 0;pðG1ÞVC 0ðG2Þ, where

p ¼ minfl; 1=2g, then the unique solution of equation (19) in C 0ðGÞ, ensured by

Theorem 3, belongs to C 0;pðG1ÞVC 0ðG2Þ.

We recall that FðsÞ belongs to the class of smoothness required in the

corollary if f1ðsÞ A C 0;lðG1Þ, f2ðsÞ A C 0ðG2Þ. As follows from our treatment

presented above, if m�ðsÞ A C 0;pðG1ÞVC 0ðG2Þ is a solution of (19), then mðsÞ ¼
m�ðsÞQ�1ðsÞ A C

p

1=2ðG
1ÞVC 0ðG2Þ is a solution of system (12), (5). We obtain the

following statement.

Corollary 2. If G A C 2;l, f1ðsÞ A C 0;lðG1Þ, f2ðsÞ A C 0ðG2Þ, l A ð0; 1�, then

the system of equations (12), (5) has a solution mðsÞ A C
p

1=2ðG
1ÞVC 0ðG2Þ, p ¼

minf1=2; lg, which is expressed by the formula mðsÞ ¼ m�ðsÞQ�1ðsÞ, where m�ðsÞ A
C 0;pðG1ÞVC 0ðG2Þ is the unique solution of the Fredholm equation (19) in C 0ðGÞ.

Remark. The solution of system (12), (5) ensured by Corollary 2 is unique

in the space C
po

1=2ðG
1ÞVC 0ðG2Þ for any po A ð0; p�. The proof can be given by a
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contradiction to the assumption that the homogeneous system (12), (5) has a

nontrivial solution in this space. The proof is almost the same as the proof of

Theorem 3. Consequently, the numerical solution of system (12), (5) can be

obtained by the direct numerical inversion of the integral operator from (12), (5).

In doing so, Hölder functions can be approximated by continuous piecewise

linear functions, which also obey Hölder inequality. The simplification for nu-

merical solving equation (12b) is suggested in the remark to the equation (13) in

the section 3.

We remind, that if conditions (3) hold, then f1ðsÞ A C 0;lðG1Þ, f2ðsÞ A
C 1;lðG2ÞHC 0ðG2Þ and the solution of equations (5), (12) ensured by Corollary 2

belongs to C
p

1=2ðG
1ÞVC 1;l=4ðG2Þ. On the basis of Corollary 2 and Theorem 2 we

arrive at the final result.

Theorem 4. If G A C 2;l and conditions (3) hold, then the solution of the

problem U exists and is given by (7), where nðsÞ is defined in (10) and mðsÞ is a

solution of equations (12), (5) from C
p

1=2ðG
1ÞVC 0ðG2Þ, p ¼ minf1=2; lg, ensured

by Corollary 2. More precisely, mðsÞ A C
p
1=2ðG

1ÞVC 1;l=4ðG2Þ.

It can be checked directly that the solution of the problem U satisfies

condition (1) with e ¼ �1=2. Explicit expressions for singularities of the solution

gradient at the end-points of the cuts G1 can be easily obtained with the help of

formulas presented in [4].

Theorem 4 ensures existence of a classical solution of the problem U when

G A C 2;l and conditions (3) hold. The uniqueness of the classical solution follows

from Theorem 1. On the basis of our consideration we suggest the following

scheme for solving the problem U. First, we find the unique solution m�ðsÞ of the

Fredholm equation (19) from C 0ðGÞ. This solution automatically belongs to

C 0;pðG1ÞVC 0ðG2Þ, p ¼ minfl; 1=2g. Second, we construct the solution of equa-

tions (12), (5) from C
p

1=2ðG
1ÞVC 0ðG2Þ by the formula mðsÞ ¼ m�ðsÞQ�1ðsÞ. This

solution automatically belongs to C
p

1=2ðG
1ÞVC1;l=4ðG2Þ. Finally, substituting nðsÞ

from (10) and mðsÞ in (7) we obtain the solution of the problem U.

Modern methods for numerical analysis of integral equations with singular

integrals are presented in [9].

5. Analysis of Equation (20)

The Fredholm equation (20) is well-known in classical mathematical physics.

We arrive at (20) when solving the homogeneous Dirichlet problem for the

Helmholtz equation (2a) in the domain D by the double layer potential.
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Our aim is to prove the following assertion.

Proposition. If G2 A C 2;l, l A ð0; 1�, then there is only the trivial solution of

the homogeneous Fredholm equation (20) in C 0ðG2Þ.

We will give a proof by a contradiction. Let m0ðsÞ be a nontrivial solution

of equation (20) in C 0ðG2Þ. So, m0ðsÞ transforms equation (20) into an identity.

It follows from Lemma 4 in Appendix 2 that the integral term in this identity

belongs to C1;l=4ðG2Þ. It follows from identity (20) that m0ðsÞ A C 1;l=4ðG2Þ.

Consider the double layer potential w2½m0�ðxÞ ¼ i

4

Ð
G 2 m0ðsÞ qH

ð1Þ
0 ðkjx� yðsÞjÞ

qny
ds.

According to Theorem 5 in Appendix 1, w2½m0�ðxÞ A C1ðDÞVC1ðR2nDÞ. More-

over, the potential w2½m0�ðxÞ satisfies the Helmholtz equation ðw2Þx1x1
þ ðw2Þx2x2

þ
k2w2 ¼ 0, x A D and the homogeneous Dirichlet boundary condition on G2:

lim
x!x0 AG 2

x AD

w2½m0�ðxÞ ¼ 0, which follows from identity (20). Besides, w2½m0�ðxÞ sat-

isfies conditions at infinity (2c) if D is an exterior domain. So, w2½m0�ðxÞ is a

solution of the particular case of the problem U when G1 ¼ q. According to

Theorem 1, this problem has only the trivial solution w2½m0�ðxÞ1 0 in D. Let Dn

be a domain bounded by the curve G2
n and such that DQDn, n ¼ 1; . . . ;N2.

Therefore D2; . . . ;DN2
are interior domains, while D1 is interior if D is exterior,

and D1 is exterior if D is interior. We consider G2 as double-sided curves. We

denote that side of G2 which is on the left when the parameter s increases on G2

by ðG2Þþ, the opposite side will be denoted by ðG2Þ�. Set

w2½m0�ðxÞ ¼ w21½m0�ðxÞ þ w22½m0�ðxÞð21Þ

where

w21½m0�ðxÞ ¼ � 1

2p

ð
G2

m0ðsÞ q lnjx� yðsÞj
qny

ds;

w22½m0�ðxÞ ¼ i

4

ð
G2

m0ðsÞ qhðkjx� yðsÞjÞ
qny

ds:

According to Lemma 2 in Appendix 1,

qw22½m0�ðxÞ
qnx

����
ðG 2Þþ

¼ qw22½m0�ðxÞ
qnx

����
ðG2Þ�

:ð22Þ

It follows from (27) in Theorem 5 (Appendix 1) and from Lemma 3 in Appendix

1 that
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qw21½m0�ðxÞ
qnx

����
ðG2Þþ

¼ qv21½ðm0Þ0�ðxÞ
qtx

����
ðG 2Þþ

;ð23Þ

qw21½m0�ðxÞ
qnx

����
ðG2Þ�

¼ qv21½ðm0Þ0�ðxÞ
qtx

����
ðG 2Þ�

ð24Þ

where v21½ðm0Þ0�ðxÞ ¼ � 1

2p

Ð
G 2fm0ðsÞg0 lnjx� yðsÞj ds. It is shown in Lemma 3

(Appendix 1) that

qv21½ðm0Þ0�ðxÞ
qtx

����
ðG 2Þþ

¼ qv21½ðm0Þ0�ðxÞ
qtx

����
ðG2Þ�

:ð25Þ

According to (21)–(25),
qw2½m0�ðxÞ

qnx

����
ðG2Þþ

¼ qw2½m0�ðxÞ
qnx

����
ðG2Þ�

. Since w2½m0�ðxÞ1 0

in D, we have
qw2½m0�ðxÞ

qnx

����
ðG 2Þþ

¼ 0. Therefore, the function

w2½m0�ðxÞ A C 1ðDnÞVC 2ðDnÞ

satisfies the Helmholtz equation

Dw2 þ k2w2 ¼ 0; k ¼ const; Im k > 0ð26Þ

in the domain Dn ðn ¼ 1; . . . ;N2Þ and obeys the homogeneous Neumann

boundary condition
qw2½m0�ðxÞ

qnx

����
ðG2

n Þ
þ
¼ 0, n ¼ 1; . . . ;N2. In addition, if n ¼ 1 and

if D1 is an exterior domain (D is interior) then w2½m0�ðxÞ satisfies conditions at

infinity (2c). So, w2½m0�ðxÞ obeys the homogeneous Neumann problem for dis-

sipative Helmholtz equation (26) in the domain Dn. Using the method of energy

equalities [1, v. IV], [11], we multiply (26) by w2 (the complex conjugate function

to w2) and integrate by parts in Dn. Using condition at infinity (2c) for n ¼ 1 if

D1 is an exterior domain, we obtain the identity k‘w2k2
L2ðDnÞ � k2kw2k2

L2ðDnÞ ¼Ð
ðG2

n Þ
þ w2

qw2

qnx
ds ¼ 0, n ¼ 1; . . . ;N2. If Re k0 0 then taking the imaginary part in

this identity and remembering that Im k > 0, we obtain kw2k2
L2ðDnÞ ¼ 0; n ¼

1; . . . ;N2. The same result follows from the identity if Re k ¼ 0 since Im k > 0.

So in any case, w2½m0�ðxÞ1 0 in Dn ðn ¼ 1; . . . ;N2Þ. Therefore, w2½m0�ðxÞ1 0 in

R2nG2. Using the jump formula for the limit values of the double layer potential

[1], [11], we obtain w2½m0�ðxÞjðG 2Þþ � w2½m0�ðxÞjðG 2Þ� ¼ �m0ðsÞ1 0. Hence m0ðsÞ1 0

on G2 and we arrive at a contradiction to the assumption that m0ðsÞ is a non-

trivial solution of equation (20). Thus, equation (20) has only the trivial solution

in C 0ðG2Þ. The proof is completed.
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As a consequence of Proposition and the Fredholm alternative, we

obtain

Corollary 3. If G2 A C 2;l, l A ð0; 1� then nonhomogeneous Fredholm

equation (20) is uniquely solvable in C 0ðG2Þ for any right-hand side from C 0ðG2Þ.

Appendix 1

Let us study smoothness properties of the double layer potential with a

di¤erentiable density. Let G be an interior simply connected domain bounded by

a simple closed curve qG of the class C1;l, l A ð0; 1�. The boundary qG is

parametrized by the arc length s counted from some fixed point on qG:

qG ¼ fy : y ¼ yðsÞ ¼ ðy1ðsÞ; y2ðsÞÞ A R2; s A ½a; b�; y1ðsÞ; y2ðsÞ A C1;l½a; b�;

yðaÞ ¼ yðbÞ; y 0ðaÞ ¼ y 0ðbÞg:

It is assumed that the domain G is situated on the left when the parameter s

increases on qG. Introduce at a point y A qG the tangent vector ty showing the

increment direction of s and the vector ny of the outward normal to G. Then

ty ¼ ðcos aðsÞ; sin aðsÞÞ, ny ¼ ðsin aðsÞ;�cos aðsÞÞ, cos aðsÞ ¼ y 0
1ðsÞ, sin aðsÞ ¼

y 0
2ðsÞ. Note that the curvilinear integral of the first kind

Ð
qG

� � � ds coincides with

the integral
Ð b
a
� � � ds. Let

mðsÞ A C1;lðqGÞ ¼ fmðsÞ A C1;l½a; b�; mðaÞ ¼ mðbÞ; m 0ðaÞ ¼ m 0ðbÞg:

Introduce the designations:

W ½m�ðxÞ ¼ i

4

ð
qG

mðsÞ qH
ð1Þ

0 ðkjx� yðsÞjÞ
qny

ds ¼ W1½m�ðxÞ þW2½m�ðxÞ

is the double layer potential for the Helmholtz equation,

W1½m�ðxÞ ¼ � 1

2p

ð
qG

mðsÞ q lnjx� yðsÞj
qny

ds

is the double layer potential for the Laplace equation,

W2½m�ðxÞ ¼
i

4

ð
qG

mðsÞ qhðkjx� yðsÞjÞ
qny

ds;

where hðzÞ ¼ H
ð1Þ

0 ðzÞ � 2i
p

ln z
k

, hðzÞ ¼ C1½0;þyÞ. We will prove the following

result.
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Theorem 5. Let qG A C 1;l, l A ð0; 1�, mðsÞ A C1;lðqGÞ, then

W ½m�ðxÞ A C1ðGÞVC 1ðR2nGÞ:

Proof. It will be proved in Lemma 2 (see below) that W2½m�ðxÞ A C1ðR2Þ
for any density mðsÞ A C 0ðqGÞ ¼ fmðsÞ A C 0½a; b�; mðaÞ ¼ mðbÞg. Thus, to finish the

proof of the theorem, we need to demonstrate that

W1½m�ðxÞ A C1ðGÞVC1ðR2nGÞ:

According to [11, § 31.2], if mðsÞ A C 0ðqGÞ and qG A C1;l then

W1½m�ðxÞ A C 0ðGÞVC 0ðR2nGÞ:

Thereby, it remains to prove that ‘W1½m�ðxÞ A C 0ðGÞVC 0ðR2nGÞ. Let x B qG,

then

qW1½m�ðxÞ
qxj

¼ � 1

2p

ð
qG

mðsÞ q

qxj

q lnjx� yðsÞj
qny

ds; j ¼ 1; 2:

Transform the densities in the integrals for
qW1

qx1
,
qW1

qx2
taking into account that

ny ¼ ðy 0
2ðsÞ;�y 0

1ðsÞÞ:

q

qx1

q lnjx� yj
qny

¼ y 0
2

q

qx1

q lnjx� yj
qy1

� y 0
1

q

qx1

q lnjx� yj
qy2

¼ �y 0
2

q

qy1

q lnjx� yj
qy1

þ y 0
1

q

qy1

q lnjx� yj
qy2

¼ y 0
2

q

qy2

q lnjx� yj
qy2

� y 0
1

q

qy1

q lnjx� yj
qx2

¼ �y 0
2

q

qx2

q lnjx� yj
qy2

� y 0
1

q

qx2

q lnjx� yj
qy1

¼ � q

qx2

q lnjx� yðsÞj
qs

;

q

qx2

q lnjx� yj
qny

¼ y 0
2

q

qx2

q lnjx� yj
qy1

� y 0
1

q

qx2

q lnjx� yj
qy2

¼ �y 0
2

q

qy2

q lnjx� yj
qy1

þ y 0
1

q

qy2

q lnjx� yj
qy2

¼ y 0
2

q

qy2

q lnjx� yj
qx1

� y 0
1

q

qy1

q lnjx� yj
qy1
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¼ y 0
2

q

qx1

q lnjx� yj
qy2

þ y 0
1

q

qx1

q lnjx� yj
qy1

¼ q

qx1

q lnjx� yðsÞj
qs

;

where the Laplace equation

q

qy1

q lnjx� yj
qy1

¼ � q

qy2

q lnjx� yj
qy2

; x0 y

and the relation

q lnjx� yj
qxj

¼ � q lnjx� yj
qyj

; j ¼ 1; 2

are used. Consequently, integrating by parts, we obtain for x B qG

qW1½m�ðxÞ
qxj

¼ �ð�1Þ j

2p

ð
qG

mðsÞ q

qx3�j

q lnjx� yðsÞj
qs

ds

¼ ð�1Þ j

2p

ð
qG

m 0ðsÞ q lnjx� yðsÞj
qx3�j

ds ¼ �ð�1Þ j qV1½m 0�ðxÞ
qx3�j

; j ¼ 1; 2;

where m 0ðsÞ A C 0;lðqGÞ ¼ fm 0ðsÞ A C 0;l½a; b�; m 0ðaÞ ¼ m 0ðbÞg. By

V1½m 0�ðxÞ ¼ � 1

2p

ð
qG

m 0ðsÞ lnjx� yðsÞj ds

we denote the single layer potential with the density m 0ðsÞ. It follows from

Lemma 3 (see below) that ‘V1½m 0�ðxÞ A C 0ðGÞVC 0ðR2nGÞ. Since

qW1½m�ðxÞ
qxj

¼ �ð�1Þ j qV1½m 0�ðxÞ
qx3�j

; j ¼ 1; 2;ð27Þ

we obtain ‘W1½m�ðxÞ A C 0ðGÞVC 0ðR2nGÞ. The proof is completed.

Lemma 2. If qG A C1;l, l A ð0; 1�, mðsÞ A C 0ðqGÞ, then W2½m�ðxÞ A C 1ðR2Þ.
Besides, ‘W2½m�ðxÞjqG can be calculated by di¤erentiation under the integral.

Proof. Set ðx0 yÞ

cos cðx; yÞ ¼ x1 � y1

jx� yj ¼ �jx� yj 0y1
¼ jx� yj 0x1

;

sin cðx; yÞ ¼ x2 � y2

jx� yj ¼ �jx� yj 0y2
¼ jx� yj 0x2

:

121Dirichlet-Neumann problem for the dissipative Helmholtz equation



Then for x0 y

‘yhðkjx� yjÞ ¼ �kh 0ðkjx� yjÞðcos cðx; yÞ; sin cðx; yÞÞ:

Since h 0ðzÞ A C 0½0;þyÞ and h 0ðzÞ ¼ Oðz ln zÞ, then
qhðkjx� yjÞ

qny
is continuous in

ðx; yÞ A R2 � qG. We obtain from the theorem on a continuity of a proper

integral in parameter that W2½m�ðxÞ A C 0ðR2Þ. It is easy to verify that

‘x cos cðx; yÞ ¼ � sin cð�sin c; cos cÞ
jx� yj ; ‘x sin cðx; yÞ ¼ cos cð�sin c; cos cÞ

jx� yj :

Hence,

q‘yhðkjx� yjÞ
qx1

¼ �k2h 00ðkjx� yjÞ cos cðx; yÞðcos cðx; yÞ; sin cðx; yÞÞ

þ kh 0ðkjx� yjÞ sin cðx; yÞð�sin cðx; yÞ; cos cðx; yÞÞ
jx� yj ;

q‘yhðkjx� yjÞ
qx2

¼ �k2h 00ðkjx� yjÞ sin cðx; yÞðcos cðx; yÞ; sin cðx; yÞÞ

� kh 0ðkjx� yjÞ cos cðx; yÞð�sin cðx; yÞ; cos cðx; yÞÞ
jx� yj :

Taking into account (see [3, 4]) that h 0ðzÞ ¼ � i
p
z ln zþ zh1ðzÞ, h1ðzÞ A

C 1½0;þyÞ, h 00ðzÞ ¼ � i
p

ln zþ h2ðzÞ, h2ðzÞ A C1½0;þyÞ, we obtain

q‘yhðkjx� yjÞ
qx1

¼ ik2ð1; 0Þ lnðkjx� yjÞ
p

� k2½h2ðkjx� yjÞ cos cðx; yÞðcos cðx; yÞ; sin cðx; yÞÞ

þ h1ðkjx� yjÞ sin cðx; yÞðsin cðx; yÞ;�cos cðx; yÞÞ�;

q‘yhðkjx� yjÞ
qx2

¼ ik2ð0; 1Þ lnðkjx� yjÞ
p

� k2½h2ðkjx� yjÞ sin cðx; yÞðcos cðx; yÞ; sin cðx; yÞÞ

þ h1ðkjx� yjÞ cos cðx; yÞð�sin cðx; yÞ; cos cðx; yÞÞ�:
Thus,

qW2½m�ðxÞ
qx1

¼ � k2

4p

ð
qG

mðsÞ sin aðsÞ lnðkjx� yðsÞjÞ ds

� ik2

4

ð
qG

mðsÞ½h2ðkjx� yjÞ cos cðx; yÞðcos cðx; yÞ sin a
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� sin cðx; yÞ cos aÞ þ h1ðkjx� yjÞ sin cðx; yÞ

� ðsin cðx; yÞ sin aþ cos cðx; yÞ cos aÞ� ds;

qW2½m�ðxÞ
qx2

¼ k2

4p

ð
qG

mðsÞ cos aðsÞ lnðkjx� yðsÞjÞ ds

� ik2

4

ð
qG

mðsÞ½h2ðkjx� yjÞ sin cðx; yÞðcos cðx; yÞ sin a

� sin cðx; yÞ cos aÞ þ h1ðkjx� yjÞ cos cðx; yÞ

� ð�sin cðx; yÞ sin a� cos cðx; yÞ cos aÞ� ds:

Here the arguments are omitted: y ¼ yðsÞ, a ¼ aðsÞ. The first terms in the

formulae for
qW2

qx1
,
qW2

qx2
are the single layer potentials with continuous on qG

densities. They are continuous in x on the whole plane (see [11, § 31.2]). Let G0 be

a bounded open domain and qGHG0. If x A G0 then the integrands in the

second integrals in
qW2

qx1
and in

qW2

qx2
are uniformly bounded, that is their absolute

values can be majorized by a constant uniformly in x A G0, y A qG. If x B qG and

x ! x0 A qG then the integrands in these integrals tend to their direct values on

qG for all y A qG except y ¼ x0 (that is the limit exists ‘nearly everywhere’).

Applying the theorem on proceeding to limit under the Lebesgue integral [6,

ch. V, § 5.5], [1, v. V, § 54], we obtain that for x B qG, x ! x0 A qG the second

integrals in
qW2

qx1
,
qW2

qx2
tend to their direct values on qG. Hence,

qW2

qx1
;
qW2

qx2
A

C 0ðR2Þ. Moreover, these derivatives can be calculated under the integral for all

x A R2. The proof is completed.

Lemma 3. Let qG A C1;l, l A ð0; 1�,

nðsÞ A C 0;lðqGÞ ¼ fnðsÞ A C 0;l½a; b�; nðaÞ ¼ nðbÞg:

Then V1½n�ðxÞ ¼ � 1
2p

Ð
qG

nðsÞ lnjx� yðsÞj ds A C1ðGÞVC1ðR2nGÞ. Besides,

qV1ðxÞ
qtx

����
x A ðqGÞþ

¼ qV1ðxÞ
qtx

����
x A ðqGÞ�

, where qG is considered as a double-sided curve,

ðqGÞþ is the side of qG, which is on the left, when parameter s increases, while

ðqGÞ� is another side.
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Proof. The functions ðV1Þx1
and ð�V1Þx2

are defined for x A R2nqG and

satisfy the Cauchy-Riemann relations ðV1Þx1x2
¼ �ð�V1Þx2x1

, ðV1Þx1x1
¼ ð�V1Þx2x2

since DV ¼ 0 for x A R2nqG. Let z ¼ x1 þ ix2, t ¼ y1 þ iy2, consider the analytic

complex function

FðzÞ ¼ ðV1Þx1
� iðV1Þx2

¼ � 1

2p

ð
qG

nðsÞ cos cðx; yðsÞÞ
jx� yj � i

sin cðx; yðsÞÞ
jx� yj

� �
ds

¼ � 1

2p

ð
qG

nðsÞ e�iaðsÞ

jx� yjeicðx;yÞ dt ¼ � 1

2p

ð
qG

n1ðsÞ
dt

z� t
;

where n1ðsÞ ¼ nðsÞe�iaðsÞ A C 0;lðqGÞ, dt ¼ t 0ðsÞ ds ¼ eiaðsÞ ds since y 0
1ðsÞ ¼

cos aðsÞ, y 0
2ðsÞ ¼ sin aðsÞ. Denote n2ðtÞ ¼ n2ðtðsÞÞ ¼ n1ðsÞ. Consider an arbitrary

non-closed arc g1 which is a part of qG. If xðaÞ ¼ xðbÞ B g1 ¼ fy A g1 : y ¼ yðsÞ;
s A ½c; d �g, then n1ðsÞ A C 0;l½c; d �, that is

jn2ðt1ðs1ÞÞ � n2ðt2ðs2ÞÞj ¼ jn1ðs1Þ � n1ðs2Þja cjs1 � s2jl

a c1jt1ðs1Þ � t2ðs2Þjl; Es1; s2 A ½c; d �:

Here we used the fact (see [3, lemma 1]) that

js1 � s2j
jyðs1Þ � yðs2Þj

A C 0ð½c; d � � ½c; d �Þ;

consequently,

js1 � s2j
jyðs1Þ � yðs2Þj

< const;

therefore

js1 � s2j < constjt1ðs1Þ � t2ðs2Þj:

Hence, n2ðtÞ A C 0;lðg1Þ,

FðzÞ ¼ � 1

2p

ð
qG

n2ðtÞ
dt

z� t
:

If xðaÞ ¼ xðbÞ is an interior point of g1 ¼ fx A g1 : x ¼ xðsÞ; s A ½a; c�U ½d; b�g, then

introduce a new parametrization on g1:

g1 ¼ f ~yy A g1 : ~yy ¼ ~yyðxÞ; x A ½d; bþ c� a�g;
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where ~yyðxÞ ¼ yðxÞ, ~nn1ðxÞ ¼ n1ðxÞ if x A ½d; b�; ~yyðxÞ ¼ yðx� ðb� aÞÞ, ~nn1ðxÞ ¼
n1ðx� ðb� aÞÞ if x A ½b; bþ c� a�. Obviously, ~nn1ðxÞ A C 0;l½d; b�, ~nn1ðxÞ A C 0;l½b;
bþ c� a� and ~nn1ðxÞ A C 0½d; bþ c� a�. It is known from [5, § 5.1] that ~nn1ðxÞ A
C 0;l½d; bþ c� a�. Similarly, ~xxðxÞ A C1;l½d; bþ c� a�. It can be shown by re-

peating the above arguments for the function ~nn2ðtÞ ¼ ~nn2ðtðxÞÞ ¼ ~nn1ðxÞ in the new

parametrization x that ~nn2ðtÞ A C 0;lðg1Þ. Then

FðzÞ ¼ � 1

2p

ð
g1

~nn2ðtÞ dt
z� t

� 1

2p

ð
qGng1

n2ðtÞ dt
z� t

:

In any case, the Cauchy integral FðzÞ has a Hölder density on g1. It is known

from [5, § 15] that the function FðzÞ is continuously extensible on g1 from the left

and from the right (except, maybe, the end-points of g1). Since g1 is an arbitrary

non-closed arc of qG, the function FðzÞ is continuously extensible on qG from the

left and from the right at all points. Thereby, ‘V1 A C 0ðGÞVC 0ðR2nGÞ. Since

V1½m�ðxÞ A C 0ðR2Þ (see [11, ch. V, § 31.2]), we obtain that V1½m�ðxÞ A C 1ðGÞV
C 1ðR2nGÞ. Consider qG a double-sided curve. The limiting values of functions

on ðg1Þ
þ and on ðg1Þ

� will be denoted by superscripts þ and � respectively.

Using the expression for function FðzÞ and Sokhotsky’s formulae from [5], we

obtain

qV1ðxÞ
qtx

� �G����
xðsÞ A g1

¼ Re½eiaðsÞFGðt0Þ�jt0 A g1
¼ Re G

nðsÞ
2

i þ eiaðsÞFðt0Þ
� �����

t0 A g1

¼ ReðeiaðsÞFðt0ÞÞjt0 A g1
;

where t0 ¼ x1 þ ix2, Fðt0Þ is the direct value of the function FðzÞ at the point t0

on g1. Hence,
qV1ðxÞ
qtx

����
x A ðg1Þ

þ
¼ qV1ðxÞ

qtx

����
x A ðg1Þ

�
¼ ½ReðeiaðsÞFðt0ÞÞ�jt0 A g1

. Since g1 is an

arbitrary open arc contained in qG, we obtain
qV1ðxÞ
qtx

����
x A ðqGÞþ

¼ qV1ðxÞ
qtx

����
x A ðqGÞ�

.

The proof is completed.

Appendix 2

Let us study smoothness of the direct value of the double layer potential on

the curve.

Lemma 4. Let g be a simple closed curve of class C 2;l, l A ð0; 1�, para-

metrized by the arc length s: g ¼ fx : x ¼ xðsÞ; s A ½a; b�g, and

mðsÞ A C 0ðgÞ ¼ fmðsÞ A C 0½a; b�; mðaÞ ¼ mðbÞg:
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Let

IðsÞ ¼ i

4

ð
g

mðsÞ qH
ð1Þ

0 ðkjxðsÞ � yðsÞjÞ
qny

ds

be the direct value of the double layer potential on g. Then

IðsÞ A C1;l=4ðgÞ ¼ fIðsÞ A C1;l=4½a; b�; IðaÞ ¼ IðbÞ; I 0ðaÞ ¼ I 0ðbÞg:

Proof. Let IðsÞ ¼ I1ðsÞ þ I2ðsÞ, where

I1ðsÞ ¼ � 1

2p

ð
g

mðsÞ q lnjxðsÞ � yðsÞj
qny

ds;

I2ðsÞ ¼
i

4

ð
g

mðsÞ qhðkjxðsÞ � yðsÞjÞ
qny

ds; hðzÞ ¼ H
ð1Þ

0 ðzÞ � 2i

p
ln

z

k
:

1) Consider I1ðsÞ and prove that I1ðsÞ A C1;l=4½a; b�. Taking into account that

ny ¼ ðy 0
2ðsÞ;�y 0

1ðsÞÞ, we find

q lnjxðsÞ � yðsÞj
qny

¼ Tðs; sÞ
gðs; sÞ ; gðs; sÞ ¼ jxðsÞ � yðsÞj2

ðs� sÞ2
;

Tðs; sÞ ¼ ½x2ðsÞ � y2ðsÞ�y 0
1ðsÞ � ½x1ðsÞ � y1ðsÞ�y 0

2ðsÞ
ðs� sÞ2

:

Note that yðsÞ is a point on G corresponding to s ¼ s. So, we may put

xðsÞ ¼ yðsÞ. For j ¼ 1; 2 we have [3, § 3]

xjðsÞ � xjðsÞ ¼ ðs� sÞZ1
j ðs; sÞ ¼ �x 0

j ðsÞðs� sÞ þ ðs� sÞ2
Z2

j ðs; sÞ;
where

Z1
j ðs; sÞ ¼

ð1

0

x 0
j ðsþ xðs� sÞÞ dx A C1;lð½a; b� � ½a; b�Þ;

Z2
j ðs; sÞ ¼

ð1

0

xx 00
j ðsþ xðs� sÞÞ dx A C 0;lð½a; b� � ½a; b�Þ:

Note that the function

gðs; sÞ ¼ jxðsÞ � xðsÞj2

ðs� sÞ2
¼ f½Z1

1 ðs; sÞ�
2 þ ½Z1

2 ðs; sÞ�
2g A C1;lð½a; b� � ½a; b�Þ

does not equal zero anywhere on G and gðs; sÞ ¼ 1, therefore

1

gðs; sÞ A C1ð½a; b� � ½a; b�Þ:
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Further,

q

qs

1

gðs; sÞ ¼
q

qs

ðs� sÞ2

jxðsÞ � xðsÞj2
¼ � g 0

sðs; sÞ
g2ðs; sÞ

¼ �2
Z1

1 ðs; sÞ½Z1
1 ðs; sÞ�

0
s þ ½Z1

2 ðs; sÞ�
0
sZ

1
2 ðs; sÞ

g2ðs; sÞ A C 0;lð½a; b� � ½a; b�Þ:

Consequently,
1

gðs; sÞ A C1;lð½a; b� � ½a; b�Þ. Similarly,

Tðs; sÞ ¼ ½x2ðsÞ � x2ðsÞ�x 0
1ðsÞ � ½x1ðsÞ � x1ðsÞ�x 0

2ðsÞ
ðs� sÞ2

¼ ½Z2
2 ðs; sÞx 0

1ðsÞ � Z2
1 ðs; sÞx 0

2ðsÞ� A C 0;lð½a; b� � ½a; b�Þ:

Consider
qTðs; sÞ

qs
¼ J1ðs; sÞ � 2J2ðs; sÞ, where

J1ðs; sÞ ¼
x 0

2ðsÞx 0
1ðsÞ � x 0

1ðsÞx 0
2ðsÞ

ðs� sÞ2

¼ ½x 0
2ðsÞ � x 0

2ðsÞ�x 0
1ðsÞ � ½x 0

1ðsÞ � x 0
1ðsÞ�x 0

2ðsÞ
ðs� sÞ2

¼ 1

s� s
x 0

1ðsÞ
ð1

0

x 00
2 ½sþ xðs� sÞ� dx� x 0

2ðsÞ
ð1

0

x 00
1 ½sþ xðs� sÞ� dx

� 	
;

J2ðs; sÞ ¼
½x2ðsÞ � x2ðsÞ�x 0

1ðsÞ � ½x1ðsÞ � x1ðsÞ�x 0
2ðsÞ

ðs� sÞ3

¼ 1

s� s
x 0

1ðsÞ
ð1

0

xx 00
2 ½sþ xðs� sÞ� dx� x 0

2ðsÞ
ð1

0

xx 00
1 ½sþ xðs� sÞ� dx

� 	
:

Then

qTðs; sÞ
qs

¼ 1

s� s

�
x 0

1ðsÞ
ð1

0

ð1 � 2xÞx 00
2 ½sþ xðs� sÞ� dx

� x 0
2ðsÞ

ð1

0

ð1 � 2xÞx 00
1 ½sþ xðs� sÞ� dx

	
¼ Kðs; sÞ

s� s
;

where Kðs; sÞ A C 0;lð½a; b� � ½a; b�Þ and Kðs; sÞ ¼ 0. According to [5, § 5.7], the

following representation holds:

qTðs; sÞ
qs

¼ K �ðs; sÞ
js� sj1�l=4

;
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K �ðs; sÞ A C 0;3l=4ð½a; b� � ½a; b�Þ. Using properties of Hölder functions [5], we

obtain the representation

q

qs

q lnjxðsÞ � yðsÞj
qny

¼ 1

gðs; sÞ
qTðs; sÞ

qs
þ Tðs; sÞ q

qs

1

gðs; sÞ

¼ K1ðs; sÞ
js� sj1�l=4

þ K2ðs; sÞ;

where K1ðs; sÞ A C 0;3l=4ð½a; b� � ½a; b�Þ, K2ðs; sÞ A C 0;lð½a; b� � ½a; b�Þ. By formal

di¤erentiation under the integral, we find

dI1ðsÞ
ds

¼ � 1

2p

ð
g

mðsÞ q
qs

q lnjxðsÞ � yðsÞj
qny

ds

¼ � 1

2p

ð
g

mðsÞ K1ðs; sÞ
js� sj1�l=4

ds� 1

2p

ð
g

mðsÞK2ðs; sÞ ds:

The validity of di¤erentiation under the integral can be proved in the same way

as at the end of § 1.6 in [11] (Fubini theorem on change of integration order is

used). Taking into account the obtained representation for
dI1ðsÞ
ds

and applying

results of [5, § 51.1], we obtain that
dI1ðsÞ
ds

A C 0;l=4½a; b�.

2) Consider I2ðsÞ. It follows from lemma 3.3 in [3] that

q

qs

qhðkjxðsÞ � yðsÞjÞ
qny

A C 0;l=4ð½a; b� � ½a; b�Þ:

This kernel is continuous, hence di¤erentiation under the integral is valid (by the

theorem on di¤erentiation of proper integral with respect to a parameter):

dI2ðsÞ
ds

¼ i

4

ð
g

mðsÞ q
qs

qhðkjxðsÞ � yðsÞjÞ
qny

ds;
dI2ðsÞ
ds

A C 0;l=4½a; b�:

It follows from the points 1) and 2) that IðsÞ A C1;l=4½a; b� and

dIðsÞ
ds

¼ i

4

ð
g

mðsÞ q
qs

qH
ð1Þ

0 ðkjxðsÞ � yðsÞjÞ
qny

ds:

Note that
q

qs
¼ q

qtx
due to the parametrization chosen. It is easy to verify that the

kernels in the integrals IðsÞ, I 0ðsÞ depend on x
ðmÞ
j ðsÞ, j ¼ 1; 2; m ¼ 0; 1; 2. The

values of these functions at s ¼ a and at s ¼ b are equal. Therefore, IðaÞ ¼ IðbÞ,
I 0ðaÞ ¼ I 0ðbÞ. Thus, IðsÞ A C1;l=4ðgÞ. That accomplishes the proof.
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