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SIMILARITIES BETWEEN THE TRIGONOMETRIC
FUNCTION AND THE LEMNISCATE FUNCTION
FROM ARITHEMETIC VIEW POINT

By

Takuma Ocawa

Abstract. We show that the rational functions associated with the
lemniscate functions and primary numbers of Gaussian integers, de-
fined by Eisenstein, has a symmetrical relation with respect to the
zeros and the poles. We also consider some polynomials associated
with the trigonometric functions and odd integers, and point out a
similar symmetry of the polynomials.

1. Introduction

Throughout the present paper, sl(u#) denotes the lemniscate sine. The lem-
niscate functions play important roles in various branches of number theory.
Here we focus on the following three aspects:

(1) A proof of the law of biquadratic reciprocity (by F. G. M. Eisenstein [1],

2 [@ Bl [9).
Let B={rpe Z[i]|1 < p < Y-l BeZ} be a quarter-system modulo
a primary prime r in Z[i], where rg are suitably chosen. Then we have

(5)4 _ HrﬂEle(s(za;’ﬁ)) e ZJ' _ﬂc_

; J (:zwrﬁ) o VI—
:

where r and s are coprime.
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(2) Abelian equation over Z[i] (by Abel [6], [7] [8).
For a primary m in Z[i], the numerator of the rational function
R, (x) defined by the equality

Ru(sl) =57

is an abelian equation over Z[i]. The above rational function was used
in (1).

(3) Abelian extension of Q(i) (by T. Takagi [9]).

Every abelian extension of Q(i) is obtained by adjoing sl(a), where «
is a root of the equation sl(mu) =0, m being a Gaussian integer.

The above relationship among the reciprocity law, the abelian equation and
the abelian extension suggests that these three may be viewed as an appearance
of the same object. This view is explicitly stated by M. Takase [11], [12]. Similar
phenomena have been known for the trigonometric functions:

(1) A proof of the law of quardratic reciprocity (by Eisenstein [1], [3], [10]).

Let A={aeZ|l <a< (p—1)/2} be a half-system modulo an odd
prime p in Z, then

sinq(zm)
(g)=H _\p) ,,zzj‘_dx_
P/ aed Sinzﬂ OVl—xz’
4

where p and ¢ are coprime.
(2) Abelian equation over Z (by Abel [7]).
For an odd g in Z, the polynomial FP,(x) defined by the equality

sin gz
sin z

P,(sin z) =

is an abelian equation over Z. Eisenstein also used the above polynomial
in (17).

(3") Abelian extension of Q (Kronecker-Weber Theorem).

Every abelian extension of Q is contained in a field generated by
exp(Z), n being an integer.

In the present paper, we examine the similarity between the lemniscate
function and the trigonometric function in more detail, with the above phe-
nomena being regarded as a guiding principle.

First we recall the following well-known fact. A Gaussian integer m =
a+ibeZ[i] (a,beZ) is said to be primary, ift m=1 (mod(1 + i)*). If a+ ib is
a primary integer, then a? +b%> =1 (mod 4) (see Lemma 3.1).
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ProposiTION 1.1 ([10, Proposition 8.2], cf. [1], [2]). Let m=a+ib be a
primary Gaussian integer and let N := a®> + b%. Then there exist polynomials
Vii(X), Wi (X) € Z[i][X] of degree (N — 1)/4 such that

sl(mu) ~ Wp(x*)

S\ = V() where x = sl(u).

Moreover, these polynomials satisfy the following two equalities:
Wi(x*) = xV1,,(x™%), and
W,.(0) = the coefficient of the top degree of Vyu(x)=m.
The last equality of the above proposition shows that the rational function

defined by

W (x*)
Vi (x4)

is symmetric with respect to the zeros and poles. This leads us to study the
function cl(mu)/cl(u) (cl(u) denotes the lemniscate cosine). It has been shown to
be a rational function of s1?(x) with coefficients in Q(#) [15, Corollary 3.2.3]. We
study the symmetry of the rational function, similar to the one of the function

W (S1* (1)) / Vi (s1% ().
2. Notation and Statement of the Result
Throughout the present paper, P denotes the set of primary numbers and let
M:={m=a+ibelli]la,beZ a—b=1 (mod2)}.

It is easy to see that M = P + iP + i’P + i*P. Eisenstein [5, Theorem 3.3] proved
that

sl(mu)
sl(u)

e Q(i)(sl*(u)), for each me M.

DEerFINITION 2.1. For me M, let R; »,(x) and R, ,,(x) be functions satisfying
the following equalities:

sl(mu) _ cl(mu)

Rom(S(0)) =~y Rem(6l(u)) 1= ~g st
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It follows from [5, Theorem 3.3] and {15, Corollary 3.2.3] that both of
R, m(x) and R, (x) are rational functions. Note that for a primary m, R; .(x) =
Wn(x*)/ Vin(x*), where V,(x), W,(x) are the polynomials in [Proposition 1.1.

As the following result shows, the rational function R.,(x) has a strong
symmetry with respect to zeros and poles.

PROPOSITION 2.2. For each m € M, there exists a polynomial K,,(X) € Z[i][X]
such that
Kn(x?)
R =
c,m(x) Km(___xl)

Also R mn(x) and Ry ,(x) satisfy the following equality.

THEOREM 2.3. Let me P be a primary number. Then

1 —x2
Rs,m( —‘_—1 +x2) = Rc,m(x).

From these results, we can derive a relationship on V,,(X), W, (X) and
K, (X) for a primary m.

COROLLARY 2.4. Let m=a+ibeP (a,beZ) be a primary number. We
have the following statements:

(1) Wn(x*) = xV-1V,(x*), where N = a® + b* (Proposition 1.1).

(2) Let y* = (1-x2)/(1 + x2). Then, we have

{Wm(y4)Km(—x2) = Vim(¥*)Km(x?),
Won(X*) Kin(=p?) = Vin(x*) Kin($?)-

(3) Ku(X) can be chosen as a reciprocal polynomial.

ExaMpLE 2.5 (see [15]). For m=3-2ieP, the functions R.,(x) and
R m(x) are written as follows:

(3 =2))+ (7T+4)x* + (=11 — 10/)x8 + x12

Rem) = T — 100 + T+ )8 + (3 — 2=

R m(x)

1= (2—6i)x? + (3 + 8i)x* + (12 — 4))x® + (3 + 8i)x® — (2 — 6i)x!0 + x!?
14 (2 - 6i)x2 + (3 + 8i)x* — (12 — 4i)x6 + (3 + 8i)x8 + (2 — 6i)x10 + x12°
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For these polynomials, V,,(X), W,,(X) and K,,(X) in [Proposition 1.1 and Prop-
osition 2.2 have the following form:

Vn(X) = 14 (=11 — 10) X + (7 +4)X* + (3 - 2)X?3,
Wa(X)= 3 -2+ (7T+4)X + (11 - 10) X% + X3,
Kn(X)=1-(2-6)X + (3+8)X%+ (12 - 4)X>

+(3+8)X*-(2-6)X°+ X6,
3. Preliminaries

3.1. Lemniscate functions (see [13]). The lemniscate sine sl(x) is the func-
tion defined by the meromorphic continuation to the whole complex plane of the
inverse function of the following equation

*oodx
u= JO —ﬁ (<=> X = sl(u))

We define the constant w by

) Jl dx
2 0o vV1—x%

and define the lemniscate cosine cl(x) as follows:

cl(u) :=sl (% - u)

The functions sl(x) and cl(u) are elliptic functions. The fundamental periods of
sl(u) and cl(u) are 2w and 2wi respectively.
The addition formulas of sl(u) and cl(u) take the following form:

sl(u) cl(v) + cl(u) sl(v)
1 — sl(u) sl(v) cl(u) cl(v)’

cl(u) cl(v) — sl(u) sl(v)
1 + sl(u) sl(v) cl(u) cl(v)

sl{u+v) = cl(u+v) =

Also the functions sl(x) and cl(u) satisfy the following equalities:

1 —s1%(u) 1
A?(u) = ——"2 sl(iu) =isl(u), cl(iu)=——.
() =1 W) (iu) (w), cl(iu) )
In this paper, the addition formulas of the lemniscate functions play an important
role. '
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3.2. Primary numbers of Z[i] (see [14]). Recall that a non-unit Gaussian
integer « = a+ib (a,b € Z) is said to be primary if « =1 (mod(1 + i)?). In terms
of a and b, the above congruence is replaced with the following form.

LEMMA 3.1. a=a+ibeZ[i]\{1} (a,be Z) is primary if and only if

a=1,b=0 (mod4), or a=3,b=2 (mod4).

We denote by P the set of primary numbers.
3.3. Preparation for the proof of the results. The following result corre-

sponds to Theorem 3.3 of [5], in which it is shown that sl(mu)/sl(u) € C(s1*(u)).
It is used in the proof of [Proposition 2.2 and [Corollary 2.4 in the next section.

LEMMA 3.2 ([15, Corollary 3.23])). If m=a+ib (a,beZ;a-b=1
(mod 2)), then
cl(mu) N
S € QU6 w),

where Q(i)(s1%(u)) is the field of rational functions of sl*(u) over Q(i).
For a proof of [Theorem 2.3, we prepare the following.

LEMMA 3.3. For peP, the functions sl(u) and cl(u) satisfy the following

equalities:
sl(pu) _ a(2(3-4)) _ a(r(3- ))
si(u) cl (%) - u) ) sl (% - u)

PrROOF. These equalities immediately follow from addition formulas and
Lemma 3.1. O

4. Proofs of the Results
We prove the main results by using [Lemma 3.2 and [Lemma 3.3

PROOF OF PROPOSITION 2.2. By there exist polynomials F,,(X),
Gn(X) € Z[i][X] such that
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cl(mu)
cl(u)

Fu(x?)
Gn(x?)’

Re,m(x) = where R, ,(sl(u)) =

Let x =sl(x). By the definition of R, ,,(x), we have

Rc,m(ix) = Rc,m(i SI(U)) = Rc,m(SI(iu)) - C(lziz’:;) = C(l:zl(’:l)l) B Rc,nl1(x) .

From the above, we obtain the following equality

Fp(=x%)  Gu(x?)

Gm(—x2)  F,(x?)’

which implies
Fo(=x2) Fn(x?) = Gon(62) Gon(—2).
Hence, we have
Fon(x%) (Fou(—%%) + Gu(x?)) = Giu(x*) (Fn(x?) + Gin(—x7)).

From [Lemma 3.2l and the definition of G, (x?), we have G,(x?) # 0. And it is
easy to see F,,(—x2) + G,(x?) # 0. Hence, we obtain

_ Fu(x?)  Fu(x?) 4+ Gn(—x%) _ Kn(x?)
Re,m(x) = Gu(x?) ~ Fpp(—=x2) + Gu(x?) ~ Kpp(—x2)’

where K,,(X) := F,(X) + Gu(—X). Tt is easy to see K,(X) e Z[i][X]. O
PrOOF OF THEOREM 2.3. For x = sl(u), we have

[1—x2
y=cllu) = T2

Thus, for m e P, we obtain the following equality by using Definition 2.1 and
Lemma 3.3

Rsm ( i ;zi) = Rom(¥) = Rem(©l(¥)) = Rym <s1 (% - u>)

A
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Similarly, we have

Ree(153) ~ e = et = e (a(§-1))
AG) o _

B cl(%-u) ~ sl(u) = Ry m(x). 0

PROOF OF COROLLARY 2.4. The equality (1) has been stated in
1.1. The equality (2) follows immediately from [Proposition 1.1, Definition 2.1,
[Proposition 2.2, and [Theorem 2.3. It remains to show (3).

From [Proposition 2.2, for m € P, we have

Ky (x?)

Rc,m(x) = m (*)

and by [Theorem 2.3,

(52))

14 x2

Let Wnu(X) =ao+ a1 X + a;X? + - + apv_1)4X¥~V/4. Then by Proposition 1.1,
we obtain

R m(x)

4o +a 1_x22+a l__x24+ ta 1_x2 (N-1)/2
N 0 1 1+x2 2 1+x2 (N-1)/4 1+x2

1 — x2\? 1 — x2\? 1 — x2\N-D/2
A(N-1)/4 + A(N-5)/4 152 + an-9)/a T3 <2 +---+ao 152

N ao(1 +x2)(N—l)/2 +ar(l — x2)2(1 +x2)(N—5)/2 4+ agona(l — xz)(N—])/z
ao(1 = x) VD72 g (1 + x2)2(1 = x)V 72 4 gy (1 + x2) D2

Comparing the above equality with (x), we see that K,,(X) may be chosen as a
reciprocal polynomial. O
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5. The Trigonometric Function Case

5.1. Existence for some polynomials. The perspective of M. Takase men-
tioned in Section 1 ([1I], [12]) and the close connection between lemniscate sine
and lemniscate cosine functions proved in Section 4 naturally lead to the si-
multaneous study of the polynomials given by P ,(sin z) = sin gz/sin z, and
P. 4(sin z) = cos gz/cos z. It is easy to see that Py, and P, are indeed poly-
nomials by using the following lemma.

LEMMA 5.1. For an odd integer q > 1, we define fy(z) and g,(z) as follows:

sin gz Cos gz

ﬁ] = fIY(Z) = y Yg = gq(z) =

sin z

cosz

Then, for each odd integer q >S5, f, and g, satisfy the following recurrence
formulas:

Ja=f3fg-2— Jo-2— Jo-4, 9q = 939q-2 + 9q-2 — gg-4-

COROLLARY 5.2. If q is an odd integer, then we have

sin gz cos gz )
7 , 1 e Z[sin® z],
sinz ’ cosz

where Z[sin® z] is the ring of the polynomial of sin® z over Z.

Proor. By using an induction, we prove and [Corollary 5.2
simultaneously. Direct calculations for fi, f3, and fs5 give the following equalities:

fi=1, fi=3—4sin?z, f5=5—205in22+16sin4z.
Eliminating sin? z from these equalities, we obtain
fs=HA-H-N
For an inducﬁve argument, we assume
Je = fifk—2 — fi—2 = fr-a-

Now we compute fi.>. By usihg the addition formulas of the trigonometric
functions, we have
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sin(k +2)z _ sin kz cos 2z + cos kz sin 2z

Jir2 = sin z sin z

sin kz . 2 cos kz sin 2z
=——(1-2sin“ z) + ——

sin z sin z

sin kz . . cos kz sin 2z
= —((3—4sin’z) —2+42sin’z) 4 —————

sin z sin z

sin kz . 2 sinkz 2sinkzsin?z cos kz sin 2z
=——(3—-4sin“z) - 2— - + -

sin z sin z sin z sin z

sin kz . 2 sinkz [sin kz(1 —2sin?z) cos kz sin 2z
=——(B3—-4sin“z) ———— - - -

sin z sin z sin z sin z

sin kz . sinkz sin(k —2)z
=——(3-4sin?z) - —=— (. )

sin z sin z sin z
= f3fk — Jfe = fr-2:

This completes the induction and thus we obtain the first recurrence formula.
The functions g; and g3 are easily computed as follows:

g1 =1, g3=1—4sinzz.

The recurrence formula g, = g3gq-2 + g4-2 — g¢—4 1s proved by the same inductive
argument starting with the above. This completes the proof of Lemma 3.1.

By induction and Lemma 5.1, we obtain [Corollary 5.2, O

5.2. A similar symmetry of the polynomials.

DeFINITION 5.3. For an odd integer g, let P ,(x) and P, ,(x) be functions
satisfying the following equalities:

oS gz
cosz

sin gz
sin z

P; 4(sin z) := , P g(sin z) :=

It follows from Corollary 5.2 that both of P;,(x) and P ,(x) are poly-
nomials. Applying the same method in the proof of Theorem 2.3 in Section 4,
we can get the following symmetrical equality. Comparing with Theorem 2.3,
we can again recognize a similarity between the trigonometric function and the
lemniscate function.

THEOREM 5.4. For any odd integer q, we have

P (V1= x2) = (=1)4 V2P, (x).



Similarities, the trigonometric function and the lemniscate function 75

ExampPLE 5.5. For g =13, the polynomials P, ,(x) and P.,(x) have the
following form:

Py 4(x) = 13 — 364x? + 2912x* — 9984x° + 16640x® — 13312x'° + 4096x'2,

P g(x) = 1 — 84x% + 1120x* — 5376x5 + 11520x® — 11264x° + 4096x!2.

5.3. Remark. A simultaneous study of the polynomials P ,(x) and P, ,(x)
led us to obtain [Theorem 5.4 Here we demonstrate another example of the
advantage of this approach. From [Corollary 5.2 and Definition 5.3, we easily see
that P ,(x) and P, ,(x) are polynomials of Z[x?]. So, we study the polynomials
in view of the mentioned above again.

DEFINITION 5.6. For an odd integer g, let F;(w) and. G,(w) be functions
satisfying the following equalities:
_ COs gz

sin gz .
~ 4 ,  Ga(w) = , where w:=sin® z.
sin z COoS z

Fy(w) :=
Note that f,(z) = F,(sin® z) and g,(z) = G,(sin” z).

THEOREM 5.7. For an odd integer q, the polynomials F,(w) and G,(w) have
the following properties:

(1) deg F, =deg G, = (9 — 1)/2, and the coefficients of F, and G, of the
highest degree are equal to (—4)Y4~V/2,

(2) Fy(1—w) = (=126, (w).

(3) Let q be an odd prime and Fy(w)= A9+ Ajw+ Aaw? +---+
A(q_3)/2w(q‘3)/2 + (_4)(q—1)/2w(q-1)/2, Ao, Al, ces ,A(q_3)/2 € Z. Then,

Ay A . Ag-3),2 e

Ado=¢, —,—--, Z
9 49 q

PrOOF. It is easy to obtain (1) by using the recurrence formulas of
5.1. Moreover (2) is a rewriting of Mheorem 5.4 We prove (3) below.

From [Definition 5.6, we have

sin gz = Fy(w) sinz, where w = sin’ z.

Differentiating the equality above, we obtain the following:

g cos gz = cos zFy(w) + 2(cos z)wF,(w).
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Dividing the above by cos z, it follows from [Definition 5.6 that

Gy (w) = = (Fg(w) + 2wF,(w))

!
q
= %I(AO + 341w + SApw? + 43w’

+ 4 (g - 2)A(q_3)/2w(‘1‘3)/2 + (—4)(""1)/2qw("‘1)/2).

Since G,(w) is a polynomial in Z[w] and ¢ is an odd prime in Z, so we get the
following:

oy Ay Aoy

q9°q’q’" g

By using the recurrence formula for f; of [Lemma 5.1, we get 4o = gq. 0
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