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A RIGIDITY THEOREM FOR HYPERSURFACES WITH
POSITIVE MOBIUS RICCI CURVATURE IN §™*!

By
Zejun Hu* and Haizhong Lif

Abstract. Let M"” (n>3) be an immersed hypersurface without
umbilic points in the (n + 1)-dimensional unit sphere S"*!. Then M™"
is associated with a so-called Mobius form ® and a M&bius metric
g which are invariants of M" under the Mgbius transformation
group of S™*!. In this paper, we show that if ® is identically zero
and the Ricci curvature Ric, is pinched: (n— 1)(n —2)/n? < Ric, <
(n? — 2n 4 5)(n — 2)/[n*(n — 1)), then it must be the case that n = 2p
and M" is Mobius equivalent to S?(1/v2) x SP(1/v/2).

§1. Introduction

Let x: M™ — S""! be an m-dimensional submanifold in the (n+ 1)-
dimensional unit sphere S"*! without umbilic point and {e;} be a local
orthonormal basis for the first fundamental form 7 = dx-dx with dual basis
{6;}. Let II = Zi, jyahgﬁ,-@t?j@ea be the second fundamental form and H =
> HYey = nl,zi,ahﬁea the mean curvature vector of x, respectively, where {e,}
is a local orthonormal basis for the normal bundle of x. We define p? =
m/(m —1) - (JI||* — m||H||*), where || - || is the norm with respect to the induced
metric dx - dx on M", then g = p?dx - dx is a Mobius invariant and is called the
Moébius metric of x : M™ — S"t1, The normalized scalar curvature of g will be
denoted by R and is called the normalized Mo&bius scalar curvature. A basic
Mébius invariant of x, the Mobius form @ =3,  C0; @ ey, is defined by

(ef. [12)
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(L1) Ci=—p (Hf; + (kg — H78)e;(log p)) ,
J

where {H%} denotes the covariant derivative of the mean curvature vector field
of x in the normal bundle with respect to the basis {¢;} and {e,}. We see easily
from the definition that all minimal submanifolds with constant scalar curvature
in "1 will satisfy ® = 0, and further for m = n, all hypersurfaces with constant
mean curvature and constant scalar curvature in S"*! will also satisfy ® = 0. The
Moébius form plays an important role in the Mobius differential geometry. In
a series papers by C. P. Wang, H. Li and F. Wu [8, 9, 12], the authors have
obtained a completely classification for all surfaces in S”+! with ® = 0. For the
general case m > 3, there have achieved interesting results recently (cf. [S, 7, 10]),
but to author’s knowledge, the study for submanifolds with ® =0 is far from
completed.

In this paper, we will restrict to the hypersurface case, i.e. m = n, and prove
the following locally rigidity resulit.

MAIN THEOREM. Let x: M" — S™! (n>3) be an immersed umbilic free
hypersurface with vanishing Mobius form. Suppose (M",g) has pinched Ricci
curvature with

(n—1)(n-2) , (n* —2n+5)(n-2)
2 < <
(1.2) n? < Rieg < n¥(n—1) ’
then Ric, = “’%’ﬁ"‘zl with n=2p an even and M" is Mobius equivalent to the

Einstein hypersurface S?(1/v/2) x §7(1/V2) of S™t1.
ReEMARK 1.1. In fact, we shall prove a more general result in Theorem 4.1.

This paper is organized as follows: Section 2 is devoted to some notations
and preliminaries. In Section 3, we make calculations for a standard example
concerned with the Main Theorem whose proof is given in Section 4. The paper
ends up with an appendix as Section 5, where we prove Lemma 4.1, which is
elementary and is crucial for our proof of the Main Theorem.

Acknowledgements. The authors would like to express their thanks to Pro-
fessor U. Simon for his helps and hospitality during our research stay at TU
Berlin, where this work was carried out.
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§2. Mébius Invariants for Hypersurfaces in S"*!

In this section we define Mobius invariants and recall structure equations for

hypersurfaces in S"*!. For more detail we refer to [12].
Let L™3 be the Lorentz space, i.e., R""® with inner product <:,-> defined by

(21) X, w) = —xgwo + X1W1 + -+ + XpraWnt2

for x = (x0,x1,-..,%Xn+2), w= (Wo, Wi1,...,Wns2) e R™3.
Let x: M" — S"™! < R"?2 be an immersed hypersurface of S"*! without
umbilics. We define the Mobius position vector Y : M* — L™ of x by

(2.2) Y =p(L,x), p?=—= (I’ -nH?) >0,
where and in sequel, for simplicity, we write H"+! as H.

Wang [12, Theorem 1.2] proved that g = {(dY,dY) = p?dx - dx is Mobius
invariant (cf. also [4, 11, 13]), and hence named g the Mobius metric for x.
Combining this fact and a classical theorem for Mobius equivalence of two
hypersurfaces, we have the following

Tueorem 2.1 ([(12]). Two hypersurfaces x, X: M" — S™1 without umbilic
points are Mobius equivalent if and only if there exists T in the Lorentz group

O(n+2,1) on L™ such that Y = YT.

Let us denote by A the Laplace operator with respect to g and define

(2.3) N=—%AY—5’1;§<AY,AY>Y,

then we have (cf. [12])

(2.4) (AY,YY=—n, {(AY,dY>=0, <(AY,AY>=1+n’R,
(2.5) Y, Y>=0, (N,Y>=1, {(N,N)>=0,

where R is the normalized scalar curvature of g and is called the normalized
Mobius scalar curvature of x.

Let {E),...,E,} be a local orthonormal basis for (M",g) with dual basis
{w,...,w,} and write Y; = E;(Y), then from (2.2), (2.4) and [2.5), we have

(2.6) Yy, Y)=<KY;,N)=0, Y,Y;>=045 1<ij<n
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Let V be the orthogonal complement to the subspace Span{Y,N,Y,... Y,}
in L"3, Along M we have the following orthogonal decomposition:

(2.7) L™3 = Span{Y,N} ® Span{Yy,..., Y.} ® V.

V is called the Mébius normal bundle of x. A local unit vector basis £ = E,;
for ¥V can be written as (cf. [12])

(2.8) E=E, . = (H,Hx+ ey1).

Then {Y,N,Y),..., Y, E} forms a moving frame in L"*> along M".

If not otherwise stated, we will use the following range of indices throughout
this paper: 1 <i,j,k,[,t <n.

We can write the structure equations as follows:

(2.9) dy = _ Yo,
i
(2.10) dN = Ajw;Yi+ Y CojE,
ij i
(211) dY,‘=—Z.A,'jij—COiN-i'ZCOinj‘l'ZBijij,
7 j i
(2.12) dE = - Ciw;Y — Y Bjw; Y,
i i,j

where w; are the components of the connection form of the Md&bius metric
9, A=3,  4;0;®@w;, ®=3,Ciw; and B=3%_, ; Byw; @ w; are called the
Blaschke tensor, the Mobius form and the Mobius second fundamental form of x,
respectively. The relations between @, B, A and the Euclidean invariants of x are

given by and (cf. [12])
(2.13) Bj = p~'(hy — Hdy),
(2.14) A; = —p~?[Hess;(log p) — ei(log p)e;(log p) — Hhy)

1 _
— 502 (IV log pll* = 1+ H)3y,

where Hess; and V are the Hessian matrix and the gradient with respect to
dx - dx.
The covariant derivative of C;, A4;, B; are defined by
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(2.15) > Cijwj=dCi+ ) Cay,
J J
(2.16) D Ajror =dA; + Y Awwy + Y Ao,
k k k
(2.17) > Bjiwx =dBj+ Y Brwyy+ | Bijooki.
k k k

The integrability conditions for the structure equations (2.9)—(2.12) are given
by (cf. [12]) |
(2.18) Ajj i — Aix,j = B Cj — B;; Cy,

(2.19) Cij—Cji= Y _(BiAi — BijAw),
%
(2.20) Bjj k — Bix,j = 0;;Cx — 0 C;,
(2.21) Rjji = BiBjy — ByBj + 6 Aji + 0 Aix — udjx — O Air.

Then we have the following identities (cf. [12])

(222) Ry=> Ruj=—) BBy +1trAd; + (n—2)4y,
k k
— y2_n-l I U SR
(2.23) ZB,,—O, ;(B,,) =—, trA_Y;A,,_Zn(Hn R),

where Rz denote the components of the curvature tensor of g. R=
n(Tl—TSZi, j Ry is the normalized M&bius scalar curvature of x: M" — S"*1.
The second covariant derivative of B; are defined by

(2.24) Z Bjj jiw; = dByj ik + Z By koo + Z B vy + Z By 1oy .
! I / l
By exterior differentiation of (2.17), we have the following Ricci identities
(2.25) Bjj 11 — By, = Z BjiRyn + z BiRyjx1.-
t t

We get from that
(2.26) S =pN(S—H id)=_ BywE,
LJj
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where S is the Weingarten operator for x: M" — S™*! and we call & the
Mobius shape operator of x. For n > 3, it is easy to find that all coefficients in
(2.9)-(2.12) are determined by {g, ¥} and thus we have

THEOREM 2.2 (see [12], [1]-[3]). Two umbilic free hypersurfaces x: M" —
S™1 and % : M" — 8™ (n > 3) are Mobius equivalent if and only if there exists
a diffeomorphism o : M" — M" which preserves the Mobius metric and the Mobius
shape operator.

§3. Calculation of Mdbius Invariants for % : SP(a) x S?(b) — S¥*!

For the purpose of establishing the Main Theorem, we will consider in this
section the umbilic free hypersurface % : S?(a) x SP(b) — S#*! with a? + b% = 1.

We write R?+2 = RP*! x RP*!, Let %, : §”(a) — R?*! and %, : $7(b) — R?*!
be the standard embedding of spheres with radius a and b, respectively. Then
X = X1 + X, and one of the unit normal vector of X is given by ez = {;’561 — §X2.
The induced Euclidean metric of x is given by I = dx; - dx| + dx; - dx, and the
second fundamental form of X is Il = —dx -dey;) = —gdil -dxX) +§dx; - dx,.
Take an orthonormal frame {ej, ez, ..., ey} with dual frame {6;,6,,...,65,} such
that dx; = Z,’.’zl Gie; and dx; = Zz_p +1 Oiei, then we have

2p s b2 2, 2p
B I=)6), H=--3(0)"+3 2(0) > hybiby
i=1 i=1 i,j=1

i=p+1

with
(3.2) hj=M04, M= =l=——=, Apa=-=Ap=

From we see that

1 2p a’ ~ b? (a +b4)
(3 H=g33 h="gg— "= ;(h,,) =

Note that X : §7(a) x S?(b) — S%**! is of constant mean curvature and con-
stant length of second fundamental form, and its M6bius form is thus identically
zero. By definition

2p p? 1
2 = — 2 —_— 2 = - —_—
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so that the Mobius metric g of X is given by

2p
(3.5) g =p%d%-di=p?d% -dx +pld%,-diXy =G, + g, = Z(wi)z,

i=1

where w; = —\-/—re_—ﬁ(),-. Let us define
(3.6) E; = ___g_pp—_labei, Y; =(0,e;), Ezpsy1 = (H, eps + HX).

From (2.13), the Mébius second fundamental form is given by

(3.7) By=bdy, bi=--= vap -l vap -l

==by == — b”l:m:bzp:__zi—'
From and (3.2)-(3.4), we get
2p—1 1 2
(38) A,’j =a,-5,-j, ap = ---=ap = 4p2 [2b4 —E(az —bz) ],
2p—1 1
ap+1=-..=azp: sz |:2a4__2_(a2__b2)2j].

The Ricci curvature and normalized scalar curvature of g can be calculated,
by (3.7), (3.8) and [2.22)

(3.9) Ru=-=Rp=02p-1)(p- 1)p~2b?,

Ro1pr1=--=Rypo2p=02p-1)(p— )p2a®, R;=0,i#}j,
1 2 p—]
R= 2p(2p - 1)2Rii T op?

i=1

It follows that for n = 2p and if Ric, > (n — 1)(n — 2)/n?, then it must be the
case a> =b?=1.

REMARK 3.1. Our example here is a Mobius isoparametric hypersurface with
two distinct principal curvatures. We note that all Mobius isoparametric hyper-
surface with two distinct principal curvatures have been classified in [7].

§4. Proof of the Main Theorem

Firstly, we state an algebraic lemma, Lemma 4.1, which will play a crucial
role in our proof of the Main Theorem. Because this lemma’s proof is not much
concerned in the theme of this article, we will leave it in section 5 as Appendix.
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LeMMA 4.1. For constant X > (n—1)(n—=2)/n, n>3, let xi,...,Xu;
Y1,---, Yn € R satisfy

n — —
(4.1) Y xi=X, xz2GC= (m 1’)15_" 2) Sfor all i,
i=1
n n 1

(42) Soy=0, Y ="

i=1 i=1

Then we have

n . 12
43 S Gwttadz-"Lx-nc,+ 22D

i=1 L n |

1T TS 12
n-—1 X—nC,,+2(n D] 2(n 31)
n n | n

+

’

and the equality sign in (4.3) holds if and only if one of the following two cases
occurs

() n=2piseven and x;=---=x,=Cp, X =0nCp; y{ =--- =y =21,
() nC, <X <nC,+% and n—1 of {x} equal C,, say x1=---=
Xn1=Cn, Xp=X—(n—1)C, and correspondingly yf=--'=y,2,_1 =

l[X—nC,,+z£"—n_—ll].

2n

Now, we shall prove the following more general theorem from which the
Main Theorem is proved immediately.

THEOREM 4.1. Let x: M" — S*! (n>3) be an immersed umbilic free
hypersurface with vanishing Mobius form. Suppose the curvature of (M",g) satisfy
Ricy > (n—1)(n—2)/n? and R < (n? —2n+5)(n—2)/[n(n — 1)]*>. Then Ric, =
(n—1)(n—2)/n* n=2p is even and M" is MJbius equivalent to the Einstein
hypersurface SP(1/v/2) x SP(1/v/2) of S™1.

ProoOF. To achieve the result expected, we start with calculating the
Laplacian of the norm square of the Mobius second fundamental form.

Let x: M" — S™! be an umbilic free hypersurface with vanishing M&bius
form ® = 0. Since our consideration is of local nature, without loss of generality,
we may assume that M" is simply connected. From (2.19) and (2.20), we see that
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{B;} is a Codazzi tensor (i.e. Bjx = Bi,;) and that {4;} and {B;} can be
diagonalized simultaneously. We choose {Ei,...,E,} such that
(4.4) A; = a;idy, By = b-5,~,-, 1<i,j<n.

Now we have, by using (2.23), [(2.25), [4.4) and the fact B = By,j,

(45 0= —A Z(B,,) = Z(B,J )+ BBy

ij,k i,j,k
SRS ST (WS SN IES N
i,j k ij,k
- Z(B,j )2 +beRw, +Zb Rijij
i,j,k
=> (Byi) +5 Z(b — b))’ Ry
i,j,k

From (2.21)-(2.23) and [4.4), we have

1
(4.6) Ez(b" — b))’ Ry = Z(bi — b)*(bib; + ai + a)
¥ 247

n—=17% n—-1 2
=0 + " Zai—l—nZaibi

__(» ;21)2 - ig: - ;; tr A+—§:(R,,b2 +b}).

From (2.23) and the assumption of the theorem, we have

(4.7) Y b =0, sz n-1.

(4.8) ZR;,- =nn—1)R< (n?=2n+5)(n-2) R;>C, = (n—1)(n— 2)

n(n—1) ’ n?
Now we can apply Lemma 4.1 to obtain
n n—17] 2(n —1)1?
(4.9) ;(R,-,-b,.z +bH) =~ pm” -n(n—- DR —nGCy +=— ;
—17 20n—1)] 2(n—1)2
+ 2 ! n(n—1)R—nC, + (n=D]_2n 31) .
n | n | n
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From (4.6), (4.9) and (2.23), we get

1
(4.10) EZ(b,- — b))’ Ry
iLJj

n n—1 2(n—1)]?
Zn_z{— o [n(n—l)R—nC,,+ " ]

2
_(n ;21) _”;31(1 +n2R)+n;1 [n(n— 1)R—nc,,+2("n_ 1)]}

= a5 nn = DR =Gl n(n — DR =, - 2=

ZO,

where the last inequality is implied by (4.8).
From (4.5) and (4.10), we have

(4.11) B =0, forall i jk,
and

_ _ 4(n - 2)
(4.12) n(n—1)R=nC, or n(n l)R_nC,,-i—n(n_l).

Case (I) n(n — 1)R = nC,.
Since (4.9) and (4.10) now become equality, from the proof of Lemma 4.1 in
section 5, we see that n=2p is even and Rjy =+ =Ry =Cp, b¥ =--- = b2 =
(n— 1)/n%. Without loss of generality, we assume that
n—1 n—1
(4.13) bj=---=by,=- v bpri = =by =

n n

Then we have the following decomposition: TM = V; @ V>, where V) and V; are
the eigenspaces of the Mobius shape operator % corresponding to eigenvalue
—+vn—1/n and vn — 1/n, respectively.

From (4.11), (4.13), and (2.17), we obtain

n n n
(414) 0= Buiwx =dBu+ )  Buwru+ Y Bratii
k=1 k=1 pas

zbiwia+bawka=(bi—ba)wia, 1 SisP,p+1 S“SZP,
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which gives that

(4.15) wy=0, 1<i<p, p+1<ax<?2p,

and thus
p 2

(4.16) dw; = Zco,-j/\wj, dwy = Z wegAg, 1<i<p p+1<a<2p.
j=1 B=p+1

Therefore, V7 and V, are integrable and we can write M = M; x M, for
some simply connected manifolds M, and M, with dim M; = dim M; = p.
Moreover, if we define

£ 2 z: 2
gl=§ w;, g2= E:Cl)a,

i=1 a=p+1
then we have

(4.17) (M, g) = (M1,91) x (M2,92).
From (4.4), (4.13) and [2.22), we see that

n—1
2n?

(418) Ry =---=Ry,=C,, or equivalently, aj=---=a, =

It follows from [2.21), (4.4), (4.13) and (4.18) that

2(n—1)
n2

(4.19) Rijkl = (5ik5jl _5i15jk), 1 <i, j,k,l <p,

2(n—1
i) 2 ) (Ouy0ps — 0ucOpy), P+ 1<0,,7,6 <2p,

(4.20) Raupys =
that is, (M1,g1) and (M>,g2) are space forms with the same constant sectional
curvature 2(n — 1)/n?.

Let x:S7(1/v2) x 8P(1/v/2) — S™! be the hypersurface defined as in
Section 3 with @ = b = 1/+/2. Then by (3.5) the M&bius metric § of X is given by
g = g, + g, where

n? n?
o 1a’xl - dxy, g2 =-—7

Note that d%; - dx; (i = 1,2) have constant sectional curvature 2, from
we know that (S?(1/v2),4;) and (M;,g;) (i =1,2) are simply connected
spaces with the same constant curvature 2(n — 1)/n?. Hence, we can find local
isometries

(421) gl = dx; - dx,.

0 (Mi,g)) — (SP(1/V2),3,), i=1,2.
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Then we obtain a diffeomorphism ¢ = (¢;,9,) : M" — SP(1/v/2) x §P(1/V2)
which preserves the Mé&bius metric and the Mobius shape operator (cf. (3.7) and
@13).

From Theorem 2.2 we know that x: M” — S™*! is Mdobius equivalent to
%:87(1/V2) x §P(1/4/2) — S™*! which has been considered in Section 3.

Case (IT) n(n — 1)R = nC, + 523

Since (4.9) and (4.10) now become equality, from the proof of Lemma 4.1 in
section 5, we should have

n(n—1)R SnC,,+’2—1,

which implies 4(n — 2)/[n(n — 1)] < 2/n and thus we get n = 3. Apply Lemma 4.1
again we deduce (up to re-arranging the order of the lower index)

1 1
422 bh=——, by=—, b3=0;
(4.22) 1 5 2=pm b
2 8
(4.23) Rjy=Rp= 3’ R33 = 5

On the other hand, just as deriving (4.15), from and (4.22) we can

show that w; =0, 1 <i,j <3, which imply that (M,g) has constant sectional
curvature zero. This is a contradiction to [4.23). Therefore case (II) can not
occur.

We have completed the proof of Theorem 4.1.

REMARK 4.1. We expect that Theorem 4.1 should be true without the upper
bound restriction for R. But our method depends heavily on Lemma 4.1, which is
already the best possible.

§5. Appendix: Proof of Lemma 4.1
If X =nC,, then x; =--- = x, = C,, and by [4.2)

(5.1) En:(xiy,+y,)*CZy,+Zy, n—l)(n——2) Zy,

i=1
2
—1)*(n -2 n -1)°
. (n ),,3(" )n(z)’?)=("na)’

i=1

which shows that (4.3) is correct, and it is also easy to see that the equality sign
in (4.3) holds if and only if (i) occurs.
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Hereafter we assume X > nC,. Define a bounded domain Q in R by
Q={(x,7) eR¥ |x= (x1,...,. %),y = (1,..., ya) satisfy (4.1) and [32}},
n-—1
with boundary 6Q = () Q;, where
i=1

Q; = {(x,y) e Q|exactly i of {xi1,...,x,} equal C,}.

Let us consider the function
n
fx,3) =Y (vl + v
i=1

defined on Q. Since Q is bounded and closed, f(x, y) will attain its minimum at
somewhere on Q. We apply the method of Lagrange’s multiplier for seeking this
minimum. ‘

Consider the following auxiliary function

n n n n_l n
F(x, 3,2, 7) = > _(xiy} + ¥}) +l§:yi+u(2y,-2 ——n—) +y(2x: - X)
i=1 i=1 i=1 i=1

defined on R*"*3,
If (%, y) is a critical point of f(x, y) in the interior of Q, then it must satisfy
the equations

OF  _OF _OF _  _OF_,

(5.2) =T TR T

F
53) oF _oF _or _
oA ou Oy
From and %&£ = yZ +y, we get for each i, 72 +y = 0. Furthermore, by
making summation over i and using %‘E = 0, we obtain at the critical point

n—1 _ _ n—1

"2 n2

Combining with >, ;=0 we see that n must be even, say n = 2p,

and up to re-arranging the lower index we have

n—1 c n—1

(55) jjlz"'zj}_p:_ n ’ yp+1="'=yn;
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From %z 2x,~y,-+4y,-3 + A+ 2uy; and [5.2), we have
2\/ 4(n—1)\/ 1_l+ZVn—1

n3 n

(5.6) p=0, 1<i<p,

2\/ 4(n— 1)\/n— 2\/n—— 1

(5.7) p=0 p+l<i<n

Summing up (5.6) and (5.7), and using & =0, we get

(5-8)
2'"_ Z)'c,- 4("_1)“ L 2Vn=Tu=0, thus y——f—z(nz D,
i=1
Combining (5.6)—(5.8), we obtain
(5.9) .o T
xP+1—"'_x"‘7—2m'

where X; > C, implies that the parameter A satisfies

_2vn-—1 (X——nC) 2\/n— (X—nC)

n2 n?

(5.10)

We have proved the following

CLamM 1.  f(x, y) has critical points in the interior of Q if and only if n = 2p
is even. In the case n = 2p, the critical points (X, y), which depends on A, is given
by and (up to re-arranging the lower index). It is easy to see that
n-1_ (n—1)>

X+

f(x,y) =
and it is in fact a local minimum of f(x,y) on Q.

Our next purpose is to find out the minimum of f(x,y) on 0Q. We first
prove the following

CLAM 2. On Q,_,, it holds

(5.11) f(x,y)z—n;il[X—nC,,+2(nn—1)]2+n;l[ — (n—-1)C, +”_l],

with the equality sign attainable if and only if X < nC, +2. If it is the case, then
Lemma 4.1(ii) occurs.
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Proor orF CLamM 2. Without loss of generality, we assume that on Q,_;
(5.12) X1==%1=C,, x=X—-(n-1)C, > C,.
By use of (4.2), we have

n—1 n—1
(13)  fP) =G Y +[X —(n=-1DGCIy2+ > yi+ v}
i=1 i=1

n— n— 2 n—
=§iy?+ (Zly?) - [X-nc,,+2("n_ 1)] iyf

n
+

n

= [x-e-na 2,

where in the last inequality, we have used

n—1 n—1 2
1
4 2
(5.14) 7 Z"—1<,§=1 yi)-

i=1

From (5.13), we find that

- 2
(5.15) f(x, y)>—[z ( —nc,,+2("n“1)>}

1

—”_I[X—nCn+2(n;1)r+n_l [X—(n—l) 3 ";1}

4n n

2
5 M= I[X— qui_2(n—1)] 4" I[X—- ; n 1]'
4n n n n

This proves (5.11). The equality sign in (5.11) holds if and only if

n—1 _
(5.16) Zy, (Zy,) and Zyizzn—z:l—l[X—nCn—i—z(nn l)]
i=1

are satisfied. Moreover, from (5.15) one see that (5.16) is possible if and only if
2(n — 1)]S n—1
n n

n—1
2n

. 2
[X——nC,,+ , le. XSnC,,-i—;.
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If it is the case, then the equality sign in (5.11) holds if

2(n— 1)]

1
ylzz---zy'%_lz-z—';[x——ncn'i’

This proves Claim 2.

CLamm 3. For each qe{2,3,...,n— 1}, it holds on Q,_,
2
2(n——l)] +n—1 [X—
n n

n-—1
—

Proor oF CLAIM 3. For given g € {2,3,...,n— 1}, we consider the function
f(x,y) being defined on Q,_,. Without loss of generality, we assume

(517) f(x,»)

(5.18) Xge1 ==X =Cp; x;>Cp, 1 <i<gq.

By use of (4.2), we have

(519)  f(x,) Zx,y, +C, Z y; +Zy,

i=q+1

ea(354)

1 -1 2(n—-1 cl
+n_q[(n n?-) ( )E (nyz)]

1

a -1 —-1)?
_—_Zx,-yiz—}-n C,+ (n )
i=1

2= 5, n (&)
‘[C"*n(n—q)],;y"+q<n—q>(¥y")’

with equality sign holds if and only if y} =---=y2 and y2,, =--- = y}.
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Denote Q=37 y2 then 0< Q< —. If 0 =0, the following discussion
is trivially hold, so we will assume Q > 0. We shall find the minimum of the
function g(x, y) = > 1, x;y? for x = (x1,...,x,) and y = (y1,...,¥,) subjecting
to the constraint

(5.20) Zx, =X—(n—q)Cy, Zy, Q;, xi>GC,l<i<uy.
Define
q q q
(5.21) G(x, 3,2, ) =D Xy + 4D _xi+pd Vi
i=1 i=1 i=1

Let (X, y) be a critical point of g(x, y) under condition (5.20), then we have
t (%, )
oG

—— _.2 = | <
(5.22) o, yi+4=0, 1<i<yqy,
(5.23) ég—Zx,y,+2,uy,—0 l1<i<g.
0y
From and [5.23), we obtain 7 =--- =yl =Q/gand X1 =--- =%, =

[X — (n—q)C,]/q. This gives

g(J_C, J_)) =

2O

q
> %=X~ (1-9)Glo
i=1

It is easy to check that g(X, y) is in fact the absolute minimum of g(x, y)
under the condition (5.20). Therefore, from (5.19) and the above fact we obtain
that

520 x> r G ity [f‘gc"‘H:Q”Lq(n"z—.q) ¢
~ma 0 (e e )]
G e T [ e ‘(?T_—“lc})Tq]
Zn;IC"+rt(;1(;—l);)— 4nq [X—n " H]
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with equality sign attainable if and only if

0o<=9|Mr=ba o x|< n-1
2n | n(n-q) n
or equivalently
nCy -2 =1 oy e, 122219
n n(n — q)

A direct calculation shows that

n-1_. (-1? n—gq 2n = Dq)®
(5.25) n C"+n2(n—q)_ 4nq [X—nCn— n(n—q)]

n—1
- 4n

2
[X—nC,,+2(n 1)] +Z 1[X—(n—1)C,,+n 1],
n n n

with equality sign holds if and only if ¢ = 1.
Now, Claim 3 follows from (5.24) and (5.25).

Finally, a direct calculation will verify the following, which shows that
f(x,y) on Q will not achieve its minimum in the interior of Q in case X > nC,.

CLAaM 4.

(5.26)

2

with equality sign holds if and only if X = nC,.
We have completed the proof of Lemma 4.1 by Claim 1~Claim 4.
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