TSUKUBA J. MATH.
Vol. 28 No. 1 (2004), 223-243

PARALLEL CURVED SURFACES

By

Naoya ANDO

Abstract. A surface S in R? is called parallel curved if there exists a
plane such that at each point of S, there exists a principal direction
parallel to this plane. In [2], we studied real-analytic, parallel curved
surfaces and in particular, we showed that a connected, complete,
real-analytic, embedded, parallel curved surface is homeomorphic to a
sphere, a plane, a cylinder, or a torus. In the present paper, we shall
show that a connected, complete, embedded, parallel curved surface
such that any umbilical point is isolated is also homeomorphic to a
sphere, a plane, a cylinder or a torus. However, we shall also show
that for each non-negative integer g € N U {0}, there exists a con-
nected, compact, orientable, embedded, parallel curved surface of
genus g.

1. Introduction

A surface S in R? is called parallel curved if there exists a plane P such that
at each point of S, there exists a principal direction parallel to P; if S is parallel
curved, then such a plane as P is called a base plane of S. For example, a surface
of revolution is a parallel curved surface such that a plane normal to an axis of
rotation is its base plane.

Let F be a smooth function defined on a connected neighborhood of (0,0) in
R? satisfying

oF oF
F(0,0) =—(0,0) =—(0,0)=0
0,0) = 5(0.0) =5 (0.0)
and the condition that the graph Gy of F is a parallel curved surface such that

the xy-plane is its base plane. In [2], we studied real-analytic, parallel curved
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surfaces. If F is real-analytic, then we proved the following: if the origin o of R?
is an isolated umbilical point of G, then Gr is part of a surface of revolution
such that o lies on the axis of rotation; if o is not any isolated umbilical point of
Gpr, then one of the following (a) and (b) happens:

(a) Gr is part of a plane or a round sphere;
(b) There exist a neighborhood U, of (0,0) in R? and a real-analytic curve

Cy in U, satisfying

(1) Cp is the set of the zero points of F in U,

(ii) The set of the umbilical points of the graph of F|, is empty or given
by Co,

(iii) For any point ¢ € Cy and the plane P in R® normal to Cp at ¢, the
intersection C;- of P, with the graph of F|y is a curve such that at
any point of qu, the tangent line to qu is a principal direction of
GF.

In addition, we proved that a connected, complete, real-analytic, embedded and
parallel curved surface is homeomorphic to a sphere, a plane, a cylinder or a
torus.

The purpose of the present paper is to study parallel curved surfaces which
are not always real-analytic. Suppose that F is not always real-analytic. We shall
prove the following:

THEOREM 1.1. If o is an isolated umbilical point of Gp, then Gr is part of
a surface of revolution such that o lies on the axis of rotation.

THEOREM 1.2. Suppose the following: o is not any isolated umbilical point of
Gr; not all the partial derivatives of F at (0,0) are equal to zero. Then Gg is part
of a surface of revolution such that o lies on the axis of rotation, or there exist a
neighborhood U, of (0,0) in R* and a curve Cy in U, satisfying such conditions as
the above-mentioned (i)~(iii).

THEOREM 1.3. If all the partial derivatives of F at (0,0) are equal to zero,
then it is possible that F satisfies the following conditions: Gg is not part of any
surface of revolution; there does not exist any curve in R* through (0,0) on which
F=0.

In addition, we shall prove the following:
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THEOREM 1.4. A connected, complete, embedded, parallel curved surface such
that any umbilical point is isolated is homeomorphic to a sphere, a plane, a cylinder
or a torus. '

THEOREM 1.5. For each non-negative integer ge NU{0}, there exists a
connected, compact, orientable, embedded, parallel curved surface of genus g.

REMARK 1.6. We easily see that there exists a principal direction parallel
to the xy-plane at a point of the graph of a smooth function of two variables if
and only if its gradient vector field is in a principal direction at the same point.
Therefore we see in particular that the gradient vector field of F is in a principal
direction at each point of Gr. We found the class of parallel curved surfaces in
studying the graph of a real-analytic function such that its gradient vector field
1s in a principal direction at each point. We often studied relations between the
behavior of the principal distributions and the behavior of the gradient vector
field. The gradient vector field of a nonzero homogeneous polynomial g of degree
k = 2 in two variables is in a principal direction of its graph at a point if and
only if at the same point, one of the following happens: the gradient vector field
is represented by the “position vector field” xd/dx + yd/dy up to a constant; the
Gaussian curvature of the graph is equal to zero ([1]). In particular, we see that if
the gradient vector field of g is in a principal direction at each point of its graph,
then g is represented as g = A;(x2 + ¥?)! or g = Ay (ax + By)*, where 2, e R\{0},
(¢, 8) € R*\{(0,0)} and / € N. The former (respectively, latter) type is the simplest
one which appears in (respectively, Theorem 1.2). In [I], we studied
relations between the behavior of the principal distributions and the behavior of
the gradient vector field of a homogeneous polynomial g on its graph in the case
where ¢ is of none of the above-mentioned two types. As we saw in [2], if F is
real-analytic and nonzero, then the behavior of its gradient vector field around o
is given by either the position vector field or the set of curves {CqL} geC, @s in the
above-mentioned (iii). says that if o is an isolated umbilical point of
Gr, then the assumption that F is real-analytic is removable; [Theorem 1.2 says
that even if o is not any isolated umbilical point, if not all the partial derivatives
of F at (0,0) are equal to zero, then the assumption that F is real-analytic is also
removable; on the other hand, says that if all the partial derivatives
of F at (0,0) are equal to zero, then there exists a type which does not appear
in the real-analytic case. In [3], we studied the behavior of the principal dis-
tributions around an isolated umbilical point on a real-analytic surface. We may
grasp the behavior of the principal distributions in most cases in the way of
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studying the limit of each principal distribution toward the isolated umbilical
point along the intersection of the surface with each normal plane at this point.
However, there exist cases in which we may not grasp the behavior in only such a
way. Then adding the way of studying the behavior of the principal distributions
in relation to the behavior of the gradient vector field of a function the graph of
which is a neighborhood of the isolated umbilical point in the surface, we were
able to grasp the behavior of the principal distributions in some case (see [3]). In
[4], we described a similar discussion on the graph of a smooth function with such
coefficients as nonzero real-analytic functions have in Taylor’s formula. Let f
be a smooth function on a neighborhood of (0,0) in R? satisfying f(0,0) =0
and f > 0 on a punctured neighborhood of (0,0). Then exp(—1/f) is a smooth
function defined on a punctured neighborhood of (0,0) and smoothly extended to
(0,0) so that all the partial derivatives of exp(—1/f) at (0,0) are equal to zero. If
for each positive number ¢ > 0, there exists a punctured neighborhood of (0,0)
on which the norm of the gradient vector field of log f is bounded from below by
the number ¢, then we showed in [5] that o is an isolated umbilical point on the
graph of exp(—1/f) and that around o, a principal distribution is approximated
by (the distribution defined by) the gradient vector field of exp(—1/f) on its
graph. For example, if there exists a homogeneous polynomial g of degree k in
two variables satisfying g > 0 on R?\{(0,0)} and

f=g+o((x®+ y)*?,

then f satisfies the assumption. If the graph of f is locally strictly convex at
any point, then f also satisfies the assumption. Hence in the set of the smooth
functions such that the values and all the partial derivatives at (0,0) are equal to
zero, we may find many examples for each of which, o is an isolated umbilical
point on its graph such that there exists a principal distribution approximated
by the gradient vector field around o. On the other hand, it is exceptional that
around an isolated umbilical point on the graph of a real-analytic function, a
principal distribution is approximated by the gradient vector field.

ReMARK 1.7. Let C,, C, be simple curves in R® with a unique intersection
P(c,,c,) and contained in planes Py, P,, respectively. Then a pair (Cb, s) is called
generatmg if we may choose as P, the plane normal to C, at p(c, c,); if (Cp, C)
is generating, then C, and C; are called the base curve and the generatmg curve
of (Cp, Cy), respectively. For a generating pair (Cp, C,), let Z(¢, ¢,) be the set of
the embedded, parallel curved surfaces such that each Se X, y) satisfies the
following:
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(a) Py is a base plane of S;

(b) A surface S contains a neighborhood O, (respectively, Oy) of p(c, ¢, in
Cp (respectively, C;) so that the tangent line at each point is a principal
direction of S. '

In [2], we proved X, c,) # D if (Cp, Cy) is a generating pair such that Cp and C,
are real-analytic. If for an embedded, parallel curved surface S and a point p € S,
there exists a generating pair (C,, Cy) satisfying p = p(c,,c,) and SeZq,.c,)
then S is called generated at p (by (Cp, C,)). If S is an embedded surface of
revolution which has the only one axis of rotation, then S is generated at a point
which does not lie on the axis and S is not generated at any point on the axis. In
[2], we showed that if S is a real-analytic, embedded and parallel curved surface
and if S is not part of any surface of revolution, then S is generated at any point.
In the present paper, we shall see that Z(¢, c,) # & holds, even if (C,, Cy) is a
generating pair such that C, and C; are not always real-analytic and that if for
a function F as in [Theorem 1.2, Gr is not part of any surface of revolution, then
Gr is generated at any point of a neighborhood of o in Gr. However, we shall
also see that there exists an embedded, parallel curved surface which is neither
part of any surface of revolution nor generated at some point (we shall see that

the example we shall give implies Theorem 1.3)).

REMARK 1.8. Such results as Theorems and do not hold in the real-
analytic case. We shall see that not only the proof of but also the
proof of depends on the existence of non-constant smooth functions
such that all the partial derivatives at some point are equal to zero.
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2. Preliminaries
Let f/ be a smooth function of two variables x, y and Gy the graph of f. We
set pr:=0f/0x, qr :== df /0y and
E =1 +p/%, Fr = prqr, Gr:=1+ q}.
The first fundamental form of Gy is a symmetric tensor field Ir on Gs of type
(0,2) represented in terms of the coordinates (x, y) as

Iy := Ey dx* + 2F; dxdy + Gy dy?,
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where

dx? == dx ® dx, dxdy:= —;—(dx ®dy +dy ®dx), dy?:=dy®dy.

We set ry = 0°f/0x?, sp := 0>f /dxdy, tr := 0*f/dy* and

L= Moo= No—_ Y
I ety T aetdy) T Jdet(T))

where det(Iy) := E;Gy — F?. The Weingarten map of Gy is a tensor field W, on
Gy of type (1,1) satisfying

W (&) ()] - Eal

Wr = ' .
E G) \M N
A principal direction of Gy is a one-dimensional eigenspace of W,. By the sym-

metry of Wy with respect to I, we see that at a point of Gy, a one-dimensional
subspace of the tangent plane which is perpendicular to a principal direction with

where

respect to Iy is also a principal direction.
Let PD; be a symmetric tensor field on G of type (0,2) represented in terms
of the coordinates (x, y) as

1

PDf = ——
det(Iy)

{Ay dx* + 2By dxdy + Cy dy*},
where

A= EMy — FyLy, 2By :=EfNy — Grly, Cpi= E N — GrMy.
For vector fields Vi, V> on Gy,

LY AW =

PD/ (W, V2) ( 0 a)
2 {i,j}:{l,Z}

det(T,) \ox " oy

Therefore we see that at a point of Gy, a tangent vector vy is in a principal
direction if and only if PDs(vo,v9) = 0. In particular, if we set

wy = sr(p; — q47) — (7 — 1) pray,

@i = sr(1+ p}) — prayry,

then we obtain the following:
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PrOPOSITION 2.1 ([2]). At a point of Gy, there exists a principal direction
parallel to the xy-plane if and only if wr = 0.

PROPOSITION 2.2. At a point of Gy, there exists a principal direction parallel
to the xz-plane if and only if w; = 0.

3. Parallel Curved Surfaces

Let S be an embedded, parallel curved surface and for a base plane P of S,
let Eg p be the subset of S such that for any g € Eg, p, the tangent plane T,(S) to
S at g is not parallel to P. We see that Eg p is an open set of S. A point of
S\Egs, p is called a parallel point of S with respect to a base plane P. If there exists
a base plane Py of S satisfying Eg p, = J, then each connected component of S
is part of a plane in R>. In the following, suppose Es p # & for any base plane
P.

For a base plane Py, of S and a point g € Es p,, let Pi;(L), g be the plane in
R? through ¢ perpendicular to each of P, and T,(S), and C,%o’ ; the connected
component of P}%’ 4N Es,p, containing g. We shall prove

PrOPOSITION 3.1.  The plane PPLO, 4 is perpendicular to T,(S) for any p e C;.i, .

Proor. For each geZs p, let (x,y,z) be orthogonal coordinates on R3
satisfying the following:

(a) the point ¢ corresponds to (0,0,0);
(b) the xz-plane Py, is parallel to Py;

(c) the yz-plane P, is equal to Py .

Then the xy-plane Py, is not perpendicular to 7,(Zs p,). Let f be a smooth
function on a neighborhood of ¢ in Py, such that Gy is a neighborhood of ¢
in Eg p,. The function f satisfies f(0,0) = ps(0,0) = 0. Noticing that d/0x is in
a principal direction at each point of Gy, we see that a vector field

0 0
V=t tE gy

which is perpendicular to 0/0x with respect to the first fundamental form I, is

also in a principal direction at each point of G,. In addition, by [Proposition 2.2,

we see that p, is constant on each integral curve of ¥;. Then by ps(0,0) =0
together with the definition of F;, we see that the integral curve of ¥; through ¢
is contained in P,, and that at any point p of this integral curve, P,. is per-
pendicular to 7,(S). Hence we obtain [Proposition 3.1. O
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REMARK 3.2. In [2], we presented another proof of [Proposition 3.1 on

condition that S is real-analytic.

CoRrOLLARY 3.3. The following hold:

(a) Cp,, is a simple curve;

(b) A4 principal direction of S at each point of Cp, , which is parallel to Py is
perpendicular to Py, .;

(c) The tangent line to Cp, , at each point of Cg, , is a principal direction of S

and not parallel to P.

For a base plane Py of S and a point g € Eg p,, let Pp, , be the plane in R?
through g parallel to Py and Cp, , the connected component of Pp ,NS con-
taining g. We shall prove

PROPOSITION 3.4. The angle between T,(S) and Pp, , does not depend on the
choice of p e Cp, 4.

Proor. For each geZg p, let (x,y,z) and f be as in the proof of
[Proposition 3.1. Let ar(x, y) be the angle between T, ,(Gs) and Pp (\,). Then
we see that as(x, y) is equal to the angle between V;(x, y) and Pp, (. ,). Therefore

we obtain
2
q
2 f
cos® o = ————.
>
By [Proposition 2.2, we obtain d(cos? oy)/dx = 0. This implies
3.4. (]

COROLLARY 3.5. The set Cp, 4 is a simple curve in Eg, p, such that the tangent
line to Cp, 4 at each point of Cp, 4 is a principal direction of S.

4. Generating Pairs

Let S be an embedded, parallel curved surface and Py a base plane of S.

Then from [Corollary 3.3 and [Corollary 3.5, we see that for any ¢qe€ Zs p),

(Cryq> Cp, ,) is a generating pair such that Cp, ; and Cj, , are the base curve and

the generating curve of (Cp, 4, Cp, ,), respectively and that (Cp, 4, Cp, ,) satisfies

Pqu
q :p(CP.).quﬁ;‘q) and SGZ(Cpo.q,C,%_q)- Therefore we obtain
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ProPOSITION 4.1. Let S be an embedded, parallel curved surface and Py a
base plane of S. Then S is generated at any point of Eg p,.

We shall prove

PROPOSITION 4.2. Let (Cy,C,) be a generating pair such that C, and C,
are the base curve and the generating curve of (Cp, C;), respectively. Then
X,c) # I

Proor. For each p e Cp, there exists an isometry @, of R® satisfying

(a) (Dp(p(Cb,Cg)) =D

(b) ®,(P,) is normal to C, at p;

(c) the angle between P, and the tangent line to ®,(C,) at p is equal to the
angle between P, and the tangent line to C; at p(c, c,);

(d) the map @ : Cp x R® — R* defined by ®(p, X) := ®,(X) is smooth;

(e) @, is the identity map.

(Cp. Cy)

In addition, there exist neighborhoods Oy, O, of p(c, c,) in Gy, C,, respectively
such that

SO,,,Og = U q)p(og) (1)

PeOy
is an embedded surface. Let g be a point of Sp, o, such that T;(So,,o,) is not
parallel to P, and (x, y,z) orthogonal coordinates on R* satisfying the following:

(a) the point ¢ corresponds to (0,0,0);
(b) Py. is parallel to Pp;
(c) P, is perpendicular to each of P, and T,(So,, 0,)-

Let f be a smooth function defined on a neighborhood U of ¢ in P, such that
Gy is a neighborhood of ¢ in Sg, 0,. Then we obtain ps(0, y) = s7(0, ) =0 for
any y € R satisfying (0, y) € U. Therefore we obtain

0 0 0o 0
20 (i) = (55) =

at (0,y), i.e,, we see that each of d/0x and 0/dy is in a principal direction
at (0, y). In particular, we see that at g, there exists a principal direction parallel
to Pp. If g is a point of So, ¢, such that T,(Sop, o,) is parallel to Py, then any
principal direction at g is parallel to Py. Therefore we see that So,, ¢, is a parallel
curved surface such that P, is a base plane of Sp, o,. If ¢ is a point of OpN
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ESo, 0.7 OF OgNEs, , p,, then we see from that the tangent line
at ¢ is a principal direction of So, o,- If g is a point of O, or O, and if g is
an umbilical point of Sp, o,, then the tangent line at ¢ is a principal direction of
So,,0,- Suppose that g is a point of O, and that g is a non-umbilical point and
a parallel point with respect to Pp. Then there exists a point of Eg, , p, in any
neighborhood of g in ®,(C,). Therefore by the continuity of a principal dis-
tribution, we see that the tangent line to O, at g is a principal direction of So, o,
If g is a point of O, and if ¢ is a non-umbilical point and a parallel point with
respect to Py, then we similarly obtain the same result. Hence we obtain Prop-
osition 4.2. d

REMARK 4.3. In the following, such a surface as Sp, o, constructed in (1) is
called a canonical parallel curved surface generated by a generating pair (Cp, Cy).
We see that a canonical parallel curved surface is generated at any point.

REMARK 4.4. In [Proposition 4.1 and [Proposition 4.2, we may find relations
between parallel curved surfaces and generating pairs. We take notice of the
following question:

For a given generating pair (Cp, Cy), does the non-empty set Z(c, ¢,) de-
termine the only one germ of parallel curved surface? In other words, does
any element S of X, ¢, contain a canonical parallel curved surface
generated by (G, Cy)?

By [Proposition 3.1 together with [Proposition 3.4, we see that if for a generating
pair (Cp, Cy), C, is not tangent to Py at p(c, c,), then the set £(¢, ¢,) determines
the only one germ. Suppose that C; is tangent to P, at p(c, c,) and let ap be a
smooth function on a neighborhood of p(c, c,) in P, N P, such that the graph of
ap in Py is a neighborhood of p(c, c,) in C,. In Section 6, we shall show that if
not all the derivatives of ao at p(c, c,) are equal to zero, then the set X, ¢,
determines the only one germ (Remark 6.5). However, we shall also show in the
present section that if all the derivatives of ao at p(c, c,) are equal to zero, then

9

X, c,) always gives plural germs (Example 4.5). We also take notice of the

following question:

Let S be a parallel curved surface and P, a base plane of S. Then is
S generated at a parallel point with respect to Py? In addition, if S
is generated at some parallel point py with respect to Py, then is S uniquely
generated at py? In other words, for two generating pairs (Cgl),Cél)),



Parallel curved surfaces 233

(C,Ez), ngz)) such that S is generated at py by each of these two pairs, does
there exist a neighborhood V of py in S satisfying

1 2
huchny =cPuc®nye

By [Corollary 3.3 together with [Corollary 3.5, we see that a parallel curved
surface S is uniquely generated at any non-parallel point ¢ with respect to a base

plane if there exists no totally umbilical neighborhood of ¢ in S. In addition,
Mheorem 1.2, which we shall prove in Section 6, implies that if for a smooth
function F as in [Theorem 1.2 Gr is not part of any surface of revolution, then
Gr is uniquely generated at o. Even if all the partial derivatives of a smooth
function F as in the beginning of the second paragraph in Section 1 are equal to
zero at (0,0), it is possible that Gy is uniquely generated at o: if we set

0, if x =0,

F(x,y) = {exp(—l/xz), if x # 0,

then the graph of F is a suitable example. However, in the present section, we
shall construct an example of a parallel curved surface which is generated but
not uniquely generated at some parallel point p with respect to a base plane
and in which there exists no totally umbilical neighborhood of p (Example 4.5).
We already know [Theorem 1.1 in the real-analytic case. Therefore we already
have an example of a parallel curved surface which is not generated at some
point. In Section 5, we shall prove in the general case. In addition,
in the present section, we shall construct an example of a parallel curved surface
which is neither part of any surface of revolution nor generated at some parallel
point with respect to a base plane (Example 4.6).

We shall present types of parallel curved surface which never appear in the
real-analytic case.

ExaMPLE 4.5. For a positive number Jy > 0, let gy be a smooth function on
an open interval Iy := (—dJg,dy) satisfying a¢(0) = 0 and the condition that all the
derivatives of ao at 0 are equal to zero, and C,, C, two curves in P, and P,
respectively defined by

Cb = {(0’ y,O);yGR},
Cy = {(x,0,a0(x)); x € Ip}.

Then we see that (Cp, C,) is a generating pair. We shall prove that there exists an
element Sy of (¢, ¢, satisfying the following:
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(a) So contains no canonical parallel curved surface generated by (Cp, C,);
(b) So is generated but not uniquely generated at o.

From (a), we see that X¢, ¢,) gives plural germs and that there exists no to-
tally umbilical nelghborhood of o in Sp. Suppose that gy is not constant on
any neighborhood of 0 in Iy. Let n be a positive integer and for J € (0,6,), let

C,ET'J)F, be')_ be simple curves in the planes {z = ay(d)}, {z = ao(—6)}, respectively

defined by
C) = {0+ »¥, y,a0(6)); y € R},

CM = {(=5— ¥, y,a0(—0)); y € R}.
We set
Cy+ = CyN{x>0}, C,_:=C,N{x<0}.

Then we may choose d € (0,dp) so that for any ee {+,—}, (Cbs,Cq e) Is a
generating pair such that

Sclf"'z,cg,£ = U ®(Cpe)

peC,”

is a canonical parallel curved surface generated by (C,Ef'e), C,..). We set

X = ny n (SC/f."l’Cy.Jr U SCIE.")_an—)’
where S ., i1s the closure of Sc("’ C,. in R. Let A.,A_ be two connected

components of Py, \X which contain’ pomts (0,1,0), (0,—1,0), respectively. Then

(n) ._ 1 1
SO" = Sc(n) .G, U A+ U SC,ET')_,C!,._ UAd_
is an element of X¢, ¢,). We see that S ) contains no canonical parallel curved

surface generated by (Cb, C,) and that S " s generated but not uniquely gen-
erated at o. Suppose that a is constant on /. Let n be a positive integer and D,
an open disc in Py, defined by

1Y 1V 1

Then for arbitrary distinct two positive integers ny,ny € N, D, ND,, = &. We set

Y := P\ U D,.
neN
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For each ne N, let F, be a smooth function on D, defined by

1
F,(x,y):=e -2 — .
() "p( 2o (=120 + (= 1/2n>2})
Then
S() =YU U GF,,

neN
is an element of X(¢, ¢,). We see that Sp contains no canonical parallel curved
surface generated by (Cp, C,) and that Sy is generated but not uniquely generated
at 0. We may prove that ¥, c,) gives plural germs as long as C, is a curve in
P,, through o tangent to the y-axis at o.

ExAMPLE 4.6. Let k be a smooth, positive-valued function on an open
interval (—2n/3,27/3) satisfying the following:

(@) k' >0 on (-2n/3,—=n/3);
(b) k=1 on [-x/3,7/3];
(c) k' <0 on (n/3,27/3).

Let 4:(—2n/3,2n/3) — {z =1} be a smooth map from (—2x/3,2x/3) into the
plane {z =1} in R® satisfying || =1, |2"| =k and
A([—n/3,7/3]) = {(cos O,sin 8,1);6 € [-n/3,7/3]}.
We set Cp := A((—2x/3,2n/3)). In addition, we set
C,:={(r,0,z) eR*z=e-e’ V" r>0}.
Then (Cp, C,) is a generating pair. We see that

Sc,,c, = U ®,(Cy)
PeCy
is a canonical parallel curved surface generated by (C,, C;) and that P, is a
base plane of Sc, c,. Let Co be the intersection of the plane P,, with the closure
m of S¢, ¢, in R? and G, the interior of C,. Then we see that each connected
component of Cp\{o} is an embedded curve but that C, is not immersed at o.
Let e;,e; be the two ends of Cy and Dy the domain bounded by Cy and the line
segment determined by e;,e;. Then we see that the set

S() = Scb’cg U C() UD()
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is a parallel curved surface such that P, is a base plane of Sy. In addition, we see
that Sy is not part of any surface of revolution and that S, is generated at any
point of Sp\{o} but not generated at o.

Example 4.6 implies Mheorem 1.3.
In order to prove we shall use the following:

PROPOSITION 4.7. Let S be a connected, complete, embedded, parallel curved
surface which is uniquely generated at any parallel point of S with respect to a base
plane. Then S is a canonical parallel curved surface generated by a generating pair
(Cy, Cy) such that each of Cy and C, is isometric to R or a simple closed curve. In
particular, S is homeomorphic to a plane, a cylinder or a torus.

5. Parallel Points of a Parallel Curved Surface

A parallel point p of S with respect to a base plane Py of S is called isolated
if there exists a neighborhood of p in S in which p is the only one parallel point
of S with respect to Py; p is called isolated in the weak sense if the following hold:

(a) S is not generated at p by any generating pair such that its base curve is
contained in the tangent plane at p;

(b) there exists a neighborhood U of p in S such that at each parallel point ¢
of U\{p} with respect to Py, S is uniquely generated by a generating pair
such that its base curve is contained in the tangent plane at q.

By [Proposition 3.4, we see that if p is isolated, then p is isolated in the weak

S€nsc.

ExaMPLE 5.1. Let S be part of an embedded surface of revolution such that
a point p of S lies on its axis of rotation. Then p is a parallel point with respect
to a plane normal to the axis. We see that if S is real-analytic and if S is not part
of any plane, then p is isolated and that if S is not real-analytic, then p is not
always isolated. We also see that even if p is not isolated, it is possible that p is
isolated in the weak sense.

ExaMPLE 5.2. Let Sy be as in Example 4.6. Then o is a parallel point with
respect to a base plane Py,. In addition, Sy is not generated at 0. However, since
in any neighborhood of o, there exists another parallel point p with respect to P,
than o such that S, is not uniquely generated at p, we see that o is not isolated in
the weak sense.

We shall prove
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PROPOSITION 5.3.  Let S be a connected, embedded, parallel curved surface and
Py a base plane of S.

(a) If there exists a parallel point p of S with respect to Py which is isolated
in the weak sense, then S is part of a surface of revolution such that p lies
on its axis of rotation.

(b) In addition, if S is complete, then S is a surface of revolution which crosses
its axis of rotation at just one point or just two points; correspondingly, S is
homeomorphic to a plane or a sphere.

We shall also prove

PROPOSITION 5.4. Let S be an embedded, parallel curved surface and Py a
base plane of S. Then for a parallel point p of S with respect to Py,

(@) if p is a non-umbilical point, then S is uniquely generated at p by a
generating pair such that its base curve is contained in the tangent plane
at p;

(b) if p is an isolated umbilical point, then p is isolated in the weak sense.

By (a) of [Proposition 5.3 together with (b) of |Proposition 5.4, we obtain
MTheorem 1.1. In addition, by [Proposition 4.7, [Proposition 5.3 and [Proposition|
5.4, we obtain Theorem 1.4

PROOF OF PROPOSITION 5.3. Suppose that there exists a parallel point p with
respect to Py which is isolated in the weak sense. Then let (x, y,z) be orthogonal
coordinates on R* satisfying the following:

(a) p corresponds to (0,0,0);
(b) Py, is tangent to S at p.

Let f be a smooth function defined on {x? + y? < r2} for some ry > 0 satisfying
the following:

(a) Gy is a neighborhood of p in S;

(b) at each parallel point g of Gr\{p} with respect to Py, S is uniquely
generated by a generating pair such that its base curve is contained in the
tangent plane at g.

Suppose that there exists a point go of Eg, p, such that PI%, 4 does not contain p.

Then we see that there exists a point gq; of Cp, 4, N Gr such that P;  ~ contains p.

s q1
Since at any parallel point of Gs\{p}, S is uniquely generated, we see that there

exists a simple curve C, through p contained in Py, N Gs. The curve Cp is normal
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to Py,
a generating pair (Cp, C,), which causes a contradiction. Therefore we see that
for any go € Eg,, pO,P,i 5 contains p. Then we see that S is part of a surface
of revolution such that p lies on its axis of rotation. Hence we obtain (a) of
[Proposition 5.3 In addition, by (a) of [Proposition 5.3, we obtain (b) of Propo-

sition 5.3. O

at p. We set C, := Pf%’ s N Gr. Then we see that S is generated at p by

PrROOF OF (a) OF ProposITION 5.4. Let (x,y,z) be as in the proof of
[Proposition 5.3 and f a smooth function defined on a neighborhood of p in Py,
such that any point of Gy is a non-umbilical point of S. Then not all the partial
derivatives of f of order two at (0,0) are equal to zero. In addition, since f
satisfies w, =0, we may suppose that all the partial derivatives of f — x? of
order two at (0,0) are equal to zero. Then there exists a positive number xo > 0
satisfying Xr(x) := (x,0, f(x,0)) € Eg,,p, for any x € (—xo,x0)\{0}. Let Cp be an
integral curve of a principal distribution on Gy tangent to the y-axis at (0,0,0).
Then noticing |Corollary 3.3 and |Corollary 3.5, we obtain C, N Cp, x,(x) = & for
any x € (—xo,x0)\{0} and we may suppose V

G =GU U Chxw
xe(~x0 0\ {0}

Therefore we obtain C, < Py,. We set C, := P,. N Gy. Then by [Corollary 3.3, we
see that (Cp, C;) is a generating pair such that Gy is generated at p by (G, Cy).

We easily see that Gy is uniquely generated at p. Hence we obtain (a) of Prop-
osition 5.4. O

PROOF OF (b) OF PROPOSITION 5.4. By [Proposition 4.1 together with (a) of
[Proposition 5.4, we see that there exists a neighborhood U of p in S such that at
each point of U\{p}, S is uniquely generated by a generating pair the base curve
of which is contained in a plane parallel to Py. Suppose that S is generated at
p by a generating pair (Cp, Cy) such that P, is the tangent plane at p. We may
suppose that any point of C,\{p} is a non-umbilical point of S. Then by Prop-

osition 3.4, we see that p is a non-umbilical point or a non-parallel point with
respect to Py, which causes a contradiction. Hence we obtain (b) of Proposi-
tion 5.4. O

6. Partial Differential Equations =0 and = =0

Let f be a smooth function of two variables. From [Proposition 2.2, we see

that Gy is a parallel curved surface such that the xz-plane is its base plane if and



Parallel curved surfaces 239

only if f satisfies wf =0. From [Proposition 4.2, we obtain the following
proposition in relation to the existence of a solution for the partial differential

equation w’ = 0:

ProrosITION 6.1. Let I1,I, be open intervals which contain 0 and ay,a;
smooth functions on I, I, respectively. Suppose a;(0) = a,(0) and aj(0) = 0. Then
there exist a neighborhood V of (0,0) in R* and a smooth function f defined on V
satisfying the following:

(@) @ =0 on V;

(b) f(x,0) =ai(x) for any x € I satisfying (x,0) € V;
f(0,y) =ay(y) for any y e I, satisfying (0,y)€e V.

In addition, by [Proposition 3.1 together with [Proposition 3.4, we obtain the
following proposition in relation to the uniqueness of a solution for w' = 0:

PROPOSITION 6.2. Let f1, 2 be smooth functions defined on a neighborhood V
of (0,0) in R* satisfying the following:

(@) p;(0,0) =0 for i=1,2

(b) wp =0 on V for i=1,2;

(© fi(x,0) = f2(x,0) for any x € R satisfying (x,0) € V;
(d) f( y) = f2(0,y) for any ye R satisfying (0,y) e V.

Then there exists a neighborhood V' of (0,0) in V satisfying fi = f> on V'.

From |Proposition 2.1, we see that G, is a parallel curved surface such that

the xy-plane is its base plane if and only if f satisfies w, = 0. From
4.2, we obtain the following proposition in relation to the existence of a solution

for the partial differential equation w = 0:

ProposITION 6.3. Let Cy be a simple curve in Py, through (0,0) tangent to
the y-axis at (0,0). Let Iy be an open interval which contains 0 and ay a smooth
Sfunction on Iy satisfying ap(0) = 0. Then there exist a neighborhood U of (0,0) in
R? and a smooth function f defined on U satisfying the following:

(@) wr=0o0n U

(b) flenw =05
(c) f(x,0) =ao(x) for any x e Iy satisfying (x,0) e U.
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We shall prove in the present section. By Theorem 1.2, Corol-
lary 3.5 and [Proposition 6.2, we obtain the following proposition in relation to
the uniqueness of a solution for w = 0:

PROPOSITION 6.4. Let f1, f> be smooth functions defined on a neighborhood U
of (0,0) in R? satisfying the following:
(@) wr,=0o0n U for i=1,2;
(b) there exists a simple curve in P, through (0,0) tangent to the y-axis at
(0,0) on which f; =0 for i =1,2;
(c) fi(x,0) = f2(x,0) for any x e R satisfying (x,0) e U,
(d) not all the partial derivatives of f; at (0,0) are equal to zero for i =1,2.

Then there exists a neighborhood U’ of (0,0) in U satisfying fi = f> on U'.

REMARK 6.5. Let Cy and ao be as in [Proposition 6.3 and set

Cb = COa Cg = {(X,O,QO(X));XE 10}

Suppose that not all the derivatives of @y at 0 are equal to zero. Then from

[Proposition 6.4, we see that (Cy, C,) is a generating pair such that the set £¢, ¢,

determines the only one germ.

REMARK 6.6. Let Cy and ao be as in [Proposition 6.3. As we have seen in
Example 4.5, if all the derivatives of ay at 0 are equal to zero, then X, ¢,

always gives plural germs. This means that we may not remove condition (d) in

IProposition 6.4]

REMARK 6.7. By Theorem 1.2, [Proposition 4.7, [Proposition 5.3 and Propo-
sition 5.4, we see that a connected, complete, real-analytic, embedded and parallel
curved surface is homeomorphic to a sphere, a plane, a cylinder or a torus, which

was already obtained in 2]

PrOOF OF THEOREM 1.2. Let F be a smooth function as in the beginning of
the second paragraph in Section 1 such that not all the partial derivatives of F at
(0,0) are equal to zero. Then there exists a homogeneous polynomial g of degree
k = 2 such that all the partial derivatives of F — g of order less than k + 1 are
equal to zero. By wr = 0, we obtain w, = 0. Then noticing Remark 1.6, we may
suppose one of the following:

(a) k is even and g is equal to (x? + y2)*/?;

(b) g is equal to x*.
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If g = (x2+ y2)*2 then o is an isolated parallel point of Gr with respect to a
base plane P,,. Therefore from (a) of Proposition 5.3, we see that G is part of a

surface of revolution such that o lies on its axis of rotation. Suppose g = x¥.

Then there exists a positive number x¢ > 0 satisfying Xr(x) := (x,0, F(x,0)) €
Eg,p, for any x e (—xo,x0)\{0}. Suppose that for each positive integer n e NV,
there exists a number x, € (0, min{xop, 1/n}) satisfying gr(x,,0) # 0. Then notic-
ing lim,_o gr(x,0)/x*"!1 =0, we see that there exists a positive integer ng € ¥
such that for each integer n = ny, Péy} Xp(xy 18 DOt normal to Cp x,(x,) at an
intersection, which causes a contradiction. Therefore we obtain gr(x,0) =0 for
any x € (—xp,xp). In particular, we see that Py is normal to Gr at any point of
a neighborhood of o in P..NGpg. Let Cp ; (respectively, Cp ) be the interior of
the intersection of P, with the closure of

U Cr, xew <respectively, U G, XF(X))
)

xe(0,x9 xe(—xp,0)

in R?. Then Cp + and Cp _ are smooth curves in P, tangent to the y-axis at o.
We see by [Proposition 3.4] that at any point of Cp , and C, _, not all the partial
derivatives of F of order k are equal to zero. Suppose that for each neighborhood
U of o in G, 4, there exists a point of U;\{o} which is not contained in Cp _.
Then we may find a point p, of U,\{o} such that the plane normal to U, at p,;
is not normal to Cp _ at an intersection, which causes a contradiction. Therefore
we see that there exists a neighborhood U of o in Cp ; contained in Cp . We
set Cp := U and let C, be a connected neighborhood of o in P,. N GF satisfying
Cy\{o} = Eg;,p,. We see that (Cp, C,) is a generating pair such that there exists

a neighborhood of o in Gr which is a canonical parallel curved surface generated
by (Cs, Cy). Noticing Cy\{0o} = Eg;,p,, we obtain [Theorem 1.2 O

7. Construction of a Compact, Orientable, Parallel Curved Surface of
Genus g = 2

Let g be an integer not less than two, and let Cy, C;,. .., C, be circles in Py,
with radius two and D; the open disc bounded by C; (i€ {1,2,...,g}). We set
D;:=D;UC; for ie{1,2,...,9} and suppose D;ND; = & for arbitrary distinct
two i, je{l1,2,...,9}. Let Cy be a circle such that the open disc Dy bounded by
Cy contains Dy, Dy, ...,D,. We set Séo) := CoUDo\|J_, Di. Let Proj® be a map
from R? onto {z = 2} defined by Proj® (x, y,z) := (x, y,2) for each (x, y,z) € R>.
We set S\ := Proj® ().
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Let k be a smooth function on (-2,2) defined by

1
k(1) := ap exp (m),

where
n
ap = 5 1 .
[Low(ms)«
Then k satisfies
2
J k(t) dt =m. (2)
2

For a sufficiently small positive number ¢ > 0, let y be a map from (-2 — &,
2+ ¢g) into Py, satisfying |y'| =1 on (-2 —&,2+ &), |y”’| =k on (-2,2) and

(1) = {(2+ t,0,0) fortze (-2 —¢g,—2],

(2—1,0,c) forte(2,2+¢), (3)

where ¢ > 0. Noticing (2), we see that such a map as y exists. We represent y as
y = (71,0,7;) and we set
2
= 9 O> - .
()’1 c V3)

Then from (3), we see that for te€(2,2+¢), I'(z) is contained in the plane
{z =2}. We set C*+:=T((-2,2)).

For each i€ {0,1,...,9} and each pe C;, let ¥, be an isometry of R}
satisfying the following:

(a) \PP(O,O,O) =D
(b) for a sufficiently small g > 0, ¥,(,0,0) is contained in S;O) for any
te (_'8070]>
(©) (d¥p)(0,0,0)((0/0x)0,0,0)) is normal to C;,
(d) (d¥5)(0,0,0)((8/02)0,0,0)) = (9/02),.
We set
g
St = L)Clyp(ci), S = UOS,.i, Sy =8P UsHusP.
ped; 1=

Then we see that S; is a connected, compact, orientable, embedded, parallel
curved surface of genus g. Since there exist embedded, parallel curved surfaces
homeomorphic to a sphere and a torus, respectively, we obtain [Theorem 1.3
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