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ON FINITE-DIMENSIONAL MAPS

By

H. Murat TuncaLl and Vesko VaLov

Abstract. Let f: X — Y be a perfect surjective map of paracom-
pact spaces. It is shown that if Y is a C-space (resp., dim Y < n and
dim f < m), then the function space C(X,I®) (resp., C(X, I*"+1+™))
equipped with the source limitation topology contains a dense Gjs-set
A such that f x g embeds X into Y x I (resp., into ¥ x I27+1+m)
for every ge #. Some applications of this result are also given.

1. Introduction

The aim of this note is to prove the following theorem.

THEOREM 1.1. Let f: X — Y be a perfect surjection of countable functional
weight between paracompact spaces.

(i) If dmf<n and dim Y <m, then the set # of all maps g€
C(X, P '™y with f x g being an embedding is dense and G;s in
C(X, I*"'*™) with respect to the source limitation topology.

(i) If Y is a C-space, then all maps g: X — I® such that f x g is an
embedding form a dense and Gs-subset of C(X,I®) with respect to the
source limitation topology.

Here, f is of countable functional weight if there exists a map
h:X — I” such that f x h embeds X into Y x I°. The C-space property was
introduced by Haver for compact metric spaces and then extended by Addis
and Gresham for general spaces. The source limitation topology (or the fine
topology) is defined in Section 2, it is well known that this topology is stronger
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than the uniform convergence topology. We consider the covering dimension dim
(see [6]) and dim f < n means that dim f~!(y) <n for every ye Y.

Theorem 1.1(ii) was announced without proof in [20]. Concerning (i),
Eilenberg [5] proved that s# # J for n = 0 and compact metric spaces X and Y.
Then Pasynkov extended Eilenberg’s result to perfect 0-dimensional maps
between arbitrary metric spaces and proved the compact version of Theorem
1.1(i) in [17]. The Eilenberg theorem was also generalized by S. Bogatyi, V.
Fedorchuk and J. van Mill [2]. Recently, Pasynkov extended his results from
[17]. It follows from [18, Theorem 9.5] that, under the hypotheses of Theoreml
1.1(i), the set # is dense in C(X,I*"*'*™) with respect to the uniform con-
vergence topology generated by the Euclidean metric on I*"*'*™. Since the func-
tion space C(X,I**1*™) with any reasonable topology (e.g., the uniform con-
vergence and the fine topology) has Baire property, in many cases it is important
to know that # is also residual (i.e., contains a dense Gs-set) in C(X,I*"*!*™).
We demonstrate that importance by proving the following variant of a result due
to Roberts (see [Proposition 4.3)):

COROLLARY 1.2. Under the hypothesis of Theorem 1.1(1), there exists a
dense Gs-set B in C(X,I*"*'*™) with the source limitation topology such that
B H and every ge B has the following property: dim g(f~'(y))NII <
max{—1,k —n—1} for any y€ Y and any rational k-plane 1 in R**'*™ with
0<k<2n

Another application of Theorem 1.1(i) is an improvement of the mentioned
above result of Bogatyi, V. Fedorchuk and van Mill [2] (see [Proposition 4.1). Let
us also note that Theorem 1.1(i) extends a result of Hansen [9] about embedding
of finite covers. _

The paper is organized as follows. Section 2 is devoted to the main technical
result, Theorem 2.1. Theorem 1.1 is proved in Section 3 and the final Section 4
contains some applications. All single-valued maps under discussion are contin-
uous, and all function spaces, if not explicitely stated otherwise, are equipped
with the source limitation topology.

We wish to thank the referee who recommended some improvements of the

paper.

2. w-maps

For any spaces X and Y by C(X,Y) we denote the set of all continuous
maps from X into Y. If (Y,d) is a metric space, then the source limitation
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topology on C(X,Y) is defined in the following way: a subset U = C(X,Y)
is open in C(X,Y) with respect to the source limitation topology provided
for every ge U there exists a continuous function «: X — (0,00) such that
B(g,a) = U. Here, B(g,«) denotes the set {he C(X,Y) : d(g(x),h(x)) < a(x) for
each x € X}.

The source limitation topology is also known as the fine topology and
C(X,7Y) with this topology has Baire property provided (Y,d) is a complete
metric space [15]. Moreover, the source limitation topology on C(X,Y) doesn’t
depend on the metric of ¥ when X is paracompact [I1].

Throughout the paper I* denotes the k-dimensional cube equipped with the
Euclidean metric di, and D; denotes the uniform convergence metric on C(X,I¥)
generated by d. We also agree to denote by cov(X) the family of all open covers
of X. In case (X,d) is a metric space, B;(x) (resp., B.(x)) stands for the open
(resp., closed) ball in (X,d) with center x and radius &.

It i1s well known that if X is a compact n-dimensional space, then for every
w € cov(X) the set of all w-maps g: X — I***! is open and dense in C(X,I**!)
(recall that ge C(X,I*""") is an w-map if for every x e X there is a neigh-
borhood V of g(x) in I*"*! such that g~!(V) c U for some U € w). Next theo-
rem, which easily implies [Theorem 1.1(i), is a counterpart of the above result for
n-dimensional maps.

THEOREM 2.1. Let f:X — Y be a perfect surjection between para-
compact spaces such that dim f <n and dim Y <m. Then, for every we
cov(X), the set {ge C(X,I*™'4™): f x g is an w-map} is open and dense in
C(X,12n+l+m).

The proof of this theorem follows very closely the proof of Theorem 2.2
from [20]. We need few lemmas, in all these lemmas we suppose that f,X,Y
are as in Theorem 2.1, w € cov(X) and k =2n+1+m. We also denote by
C(X,Y x I*, f) the set of all maps #: X — Y x I* such that 7y o h = f, where
ny: Y x I¥ — Y is the projection. For any closed K = X, C,(X|K,Y x I*, f)
stands for the set of all e C(X,Y x I, f) with h|K being an w-map (as a
map from K into Y x I*) and C,(X|K,I*) consists of all ge C(X,I*) such
that f x ge C,(X|K,Y x I*, f). In case K = X we simply write C,(X,Y x I*,
f) (resp., C,(X,I*)) instead of C,(X|X,Y x I*, f) (resp., Co(X|X,I%)).

LEMMA 2.2. Let ge Co(X | f~"(»),I¥) for some ye Y. Then there exists
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a neighborhood U of y in Y such that the restriction g|f~'(U) is an w-map.
Moreover, g e Co(X,I¥) provided ge C,(X | f~(»),I¥) for every ye Y.

ProoF. Since f is perfect, all fibers of f are compact and the map f x g :
X — Y x I* is closed. These two facts imply the proof (see and
Corollary 2.4 from for similar arguments). O

LEMMA 2.3. For any closed K = X the set C,(X|K,I¥) is open in C(X,I*).

PrOOF. Let go € C,(X|K,I¥). We are going to find a e C(X,(0,00)) with
B(go,a) = C,(X|K,I¥). For every y e H = f(K) there exists a neighborhood U,
of y in Y such that go|(f~!(U,)NK) is an w-map. Then w; = {U,: ye H} U
{Y\H} is an open cover of Y. Using that Y is paracompact, we can find a
metric space (M,d), a surjection p: Y — M and u e cov(M) such that p~!(u)
refines ;. Hence, every ze p(H) has a neighborhood W, in M such that
go|(po f)"'(W,)NK is an w-map. The last condition implies that ho|K also is
an w-map, where ho = (p o f) x go. The proof of the next claim is similar to the
proof of the Claim from [20, Lemma 2.5].

CLAIM. There exists a locally finite open family y in M x I* covering ho(K)
such that every ge C(X,I*) belongs to C,(X|K,I*) provided h|K is y-close to
ho|K, where h = (po f) x g.

Let p be the metric on M x I* defined by p(t1, t2) = d(z1,22) + di(wy, wa),
where t; = (z;,w;), i =1,2. Denote by V the union of all elements of the
family y from the claim let o) : K — (0,00) be the continuous function
a1 (x) =27V sup{p(ho(x), V\W) : Wey}. If h=(pof)xg with ge C(X,I¥
and p(ho(x), h(x)) < o1(x) for every x € K, then A|K is y-close to ho|K. According
to the claim, the last relation yields that g € C,(X|K,I¥). We take a continuous
extension a: X — (0,00) of a; and observe that di(go(x),g(x)) = p(ho(x), h(x))
for every x € X. Therefore, B(go, o) = C,(X|K,I¥). O

LemMA 2.4. If C(X,I*) is equipped with the uniform convergence topology,
then the set-valued map W, :Y — 2°X1° defined by the formula Y (y) =
C(X,I"\Cy,(X | f~(»),I¥), has a closed graph.

Proor. See the proof of [20, Lemma 2.6]. O
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LemMmA 2.5. Let K be a compact space such that dim K < n. Then for every
y € cov(K) the set of all maps ge C(I" x K,I*) with each g|({z} x K), zeI"™,
being a y-map (as a map from K into I*) is dense in CI™ x K, I*) with respect to
the uniform convergence topology.

PrROOF. We fix yecov(K), a map go:I" x K —I* and ¢>0. If K is
metrizable, the Pasynkov version of Theorem 1.1(i) (for compact spaces)
yields a map g: I x K — I* which is e-close to go and 7 x g embeds I x K
into 1" x I*, where 7 : I x K — I" denotes the projection onto I™. Then, each
g|({z} xK), zeI™, is a y-map because it embeds {z} x K into I*.

If K is not metrizable we can represent K as the limit space of a g-complete
inverse system & = {Kj, Pj, B} such that each Kj is a metrizable compactum
with dim Ky < n. Applying standard inverse spectra arguments (see [3]), we can
find 6 € B, y, € cov(Ky) and gy € C(I" x Ky, I*) such that gy o (id x pg) = go and
py' (7)) refines y, where py: K — Ky denotes the 6th limit projection and id the
identity map on I". Then, by virtue of the previous case, there exists a map
g1 € C(I" x Ky, I¥) which is e-close to gy and the restrictions g, | ({z} x Kp) are
yi-maps. It follows from our construction that g = g o (id x py) is e-close to go
and each g|({z} x K) is a y-map. O

Recall that a closed subset F of the metrizable space M is said to be a Z-set
in M [14], if the set C(I*, M\F) is dense in C(I*, M) with respect to the
uniform convergence topology. If, in the above definition, I is replaced by I,
me NU{0}, we say that F is a Z,-set in M.

LeMMA 2.6. Let a: X — (0,00) be a positive continuous function and go €
C(X,I¥). Then W, (y)NB(go,a) is a Zyu-set in B(go,«) for every ye Y, where
B(go,®) is considered as a subspace of C(X,I*) with the uniform convergence

topology.

Proor. We follow the proof of [20, Lemma 2.8]. All function spaces in this
proof are equipped with the uniform convergence topology. By each
Y,(») is closed in C(X,I*). Hence, y,(») N B(go,a) is closed in B(go,®). We
need to show that, for fixed ye Y, § >0 and a map u:I"™ — B(go,a) there
exists @ map v:I" — B(go,®)\Y,(») which is d-close to u with respect to the
uniform metric Di. To this end, observe first that u generates h e C(I"™ x X, I¥),
h(z,x) = u(z)(x), such that di(h(z, x), go(x)) < «(x) for any (z,x) € I x X. Since
f7'(y) is compact, there exists Ae (0,1) such that Asup{a(x):xe 1)} <
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5/2. Define hy € CI™ x £~ (»),I*) by hi(z,x) = (1 — A)h(z,x) + Ago(x). Then,
for every (z,x) eI™ x f~!(y), we have

(1) di(h1(2,x), go(x)) < (1 — A)a(x) < a(x)
and
(2) di(h1(z,x),h(z,x)) < Aa(x) < /2.

Let ¢ < min{r,d/2}, where r is the positive number inf{a(x) — di(h(z, x), go(x)) :
(z,x) e I™ x f~1(»)}. Since dim f~!(y) <n, by (applied to the prod-
uct I™ x f~1(y)), there is a map hy € C(I™ x f~1(y),I*) such that di(hy(z,x),
hi(z,x)) < q and hy|({z} x f~()) is an w-map for each (z,x) e I™ x f~!(y).
Then, by (1) and (2), for all (z,x) e I" x f~!(») we have

(3) di(ha(z,x),h(z,x)) < and di(ha(z,x),go(x)) < a(x).

Because both I™ and f~!(y) are compact, u;(z)(x) = hy(z,x) defines the map
uy : I™ — C(f~'(»),I*). The required map v will be obtained as a lifting of u;.
Let 7 : B(go,®) — C(f~'(»),I*) denote the restriction map n(g) = g|f~!(y). As

in the proof of [20, Lemma 2.8], we can see that u;(z) € n(B(go,«)) for every

ze I™ and 0(z) = n~1(up(2)) N Bs(u(z)) defines a convex-valued map from I"™ into
B(go, ) which is lower semi-continuous. By the Michael selection theorem [12,
Theorem 3.2”], 6 has a continuous selection v : I — C(X,I*). Then v maps I"
into B(go,®) and v is d-close to u. Moreover, for any z € I we have n(v(z)) =
uz(z) and uy(z), being the restriction h,|({z} x f~!(»)), is an w-map. Hence,
v(z) € Co(X | f1(»),I%), zeI™, ie. v:I™ — B(go,)\¥, (). O

LEMMA 2.7. The set Co(X,I¥) is dense in C(X,I¥).

Proor. It suffices to show that, for fixed go € C(X,I*) and a positive con-
tinuous function a : X — (0, ), there exists g € B(go,a) N Cyp(X ,Ik). The space
C(X,I*) with the uniform convergence topology is a closed convex subspace of
the Banach space E consisting of all bounded continuous maps from X into R*.
We define the set-valued map ¢ from Y into C(X,I¥), ¢(y) = B(go,a), ye Y.
According to B(go, ) Ny, (p) is a Zy-set in B(go,«) for every ye Y.
So, we have a lower semi-continuous closed and convex-valued map ¢ : Y — 2£
and another map ¢, : ¥ — 2% with a closed graph (see such that
Sy)NY,(y) is a Zy,-set in @(y) for each y e Y. Moreover, dim ¥ < m, so we
can apply [8, Theorem 1.2] to obtain a continuous map 4 : Y — C(X,I*) with
h(y) € ¢(¥)\¥,(») for every y € Y (we actually apply the following partial case of
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[8, Theorem 1.2]: If ® : Z — 2£ is a lower semi-continuous closed and convex-
valued map from a paracompact space Z with dim Z < m into a Banach space
E and ¢ : Z — 2F is a set-valued map with a closed graph such that ®(z) Ny(z)
is a Zy-set in ®(z) for all z € Z, then there exists a map q: Z — E with ¢(z) €
®(z)\Y(z) for each z € Z). Observe that & is a map from Y into B(gp,«) such
that h(y) ¢ ¥,,(») for every ye Y, ie. h(y) € B(go,2) N Co(X | f~1(3),1¥), ye Y.
Then g(x) = h(f(x))(x), x € X, defines a map g € B(go,®) such that g| f~!(y) =
h(y)| f~1(p) for all ye Y. Hence, ge Co(X|f(»),I¥), ye Y. Finally, by
virtue of Lemma 2.2, g € C,(X,I%). O

3. Proof of

We first prove [Theorem 1.1(i). Fix a map & : X — I® such that f x h embeds
X into Y x I, and let w; = h~'(y;), where {y;} is a sequence of open covers of
I with mesh(y;) < 27/ for every i. Then, by Theorem 2.1, each C,, (X, I***™)
is open and dense in C(X,I*""'*™), so Co = (N2, Cw,(X,I?"1*™) is dense and
Gs in C(X,I*™"1*™)_ According to the choice of w;, Cy = 3. On the other hand,
any g € # belongs to Cj. Therefore, Cy = # and we are done.

The proof of [Theorem 1.1(ii) follows the same scheme as that one of (i).

The only difference is that, instead of [Theorem 2.1, we use the following
proposition.

PROPOSITION 3.1. Let f:X — Y be a perfect surjection such that Y is a
paracompact C-space. Then, for every w € cov(X), the set of all ge C(X,I*) with
f x g being an w-map is open and dense in C(X,I).

To prove [Proposition 3.1, we fix an w € cov(X), an embedding of I® in I,
as a closed convex subset and let d,, denote the metric on I® generated by the
norm of 5. Following the proof of [Theorem 2.1, we show how to modify the
hypotheses and the proofs of Lemmas 2.2-2.7. One general modification is to
replace everywhere the metric d; by dy and both I™ and I* by I°. With this
general correction, the modified versions of Lemmas 2.2-2.4 remain valid. The
modification of should read as follows: Let K be a compact space.
Then, for every y e cov(K), the set of all maps g e C(I® x K,I®) with each
g|({z} xK), zeI®, being a y-map is dense in C(I* x K,I®). In the proof of
this new version of we need the following corrections (except the
general one): to produce the map g in the case when K is metrizable, choose g
to be an embedding of I* x K into I* which is e-close to go; when K is not
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metrizable, we omit the restriction Kz to be at most n-dimensional. In
2.6 (hypothesis and the proof) we need to replace Z,-set by Z-set. The new
version of [Lemma 2.7 is: The set C,(X,I®) is dense in C(X,I*). Here is a
sketch of the modified proof: For given «: X — (0,0) and gy € C(X,I®) we
define ¢: Y — 2£ to be the constant map ¢(y) = B(go, ), where E is now
the Banach space of all bounded maps from X into /;. Then, according to
the modified versions of Lemmas 2.4 and 2.6, y, has a closed graph and
#(y)NY,(y) is a Z-set in @(y) for every y e Y. Next, apply [7, Theorem 1.1] to
obtain a map h: Y — C(X,I®) with h(y) e ¢(y)\¥,(»), ye Y. Finally, the
required map g € C,(X,I®) is defined by g(x) = h(f(x))(x).

4. Some Applications

Let f: X — Y be a map and B < X. We say that the restriction f|B is o-
perfect if B is the union of closed subsets B; = X, i € N, such that all restrictions
f|Bi : B; — f(B;) are perfect maps and f(B;) = Y closed. Our first application
is the following generalization of [2, Theorem 4 and Theorem 5] (following the
notations of [Proposition 4.1 below, it was shown in [2] that the sets ./ and &7,
are non-empty in the more restrictive situation when both X and Y are separable
metric spaces and B is g-compact).

PROPOSITION 4.1. Let f: X — Y be a surjective map between paracompact
spaces and B — X. Suppose f|B is a g-perfect map of countable functional weight
such that dim(f|B) <n and dim f(B) < m. Then we have:

(i) The set s/ consisting of all g e C(X,I*"*'*™) with (f x g) | B being one-

to-one is dense and Gs in C(X,I*"+'+m),

(ii) The set oAy of all g = (g1,92,...,) € C(X,I®) with f X giy X -+ X Gy .11

being one-to-one on B for any 2n + 1 + m distinct integers iy, ..., imi14m IS
dense and G5 in C(X,I%).

PrROOF. Let B = Uzl B; such that, for each i, B; = X, f(B;) = Y are closed
sets and f; = f|B; is a perfect map. Then each f; is of countable functional weight
and, without loss of generality, we can suppose that B’s are increasing. Since
dim(f;) < n, dim f(B;) < m and both B; and f(B;) are paracompact, by Theorem
1.1(i), every set #; = {ge C(B;,I*"*'*™): f; x g is an embedding} is dense and
Gs in C(B;, I*"1™™). The restriction maps p; : C(X, I*"*'*™) — C(B;, I*"*1*™),
pi(g) = g|Bi, are open and continuous surjections. Hence, all sets p;!(s#;) are
dense and Gs in C(X,I**'*™), so is o = (2, pi' (o).
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To prove (ii), for any set I' of 2n+ 1 +m distinct integers i, ..., izni14m
we represent I® as the product I" x IM\'. It is easy to show that C(X,I%®) is
homeomorphic to C(X,I") x C(X,I"\'). Let nr denote the projection from
C(X,I®) onto C(X,I") and o ={ge C(X,I'):(f x g)|B is one-to-one}.
Then, by (i), each np!(ofr) is dense and Gs in C(X,I®). Since &, is the inter-
section of all nr!(s/r), we are done. O

LEMMA 42. Let H= Uzl H; be an n-dimensional subset of a paracompact
space X with each H; < X closed. Suppose E is a Banach space and Y < E a
closed convex subset. Then, for every 6Z,-set K in Y, the set of all ge C(X,7Y)
with g(H)NK = & is dense and Gs in C(X,Y).

PROOF. Since the restriction maps from C(X,Y) into C(H;, Y) are con-
tinuous and open, it suffices to show that, for any i, the set 4; of all g e C(H;, Y)
with g(H;)NK = ¥ is dense and Gs in C(H;,Y). Let K = U]il K;, where each
K; is a closed Z,-subset of Y, and %; consist of all ge C(H;, Y) with g(H;)N
K; = . Then 4; = ﬂjﬁl %,;. Therefore, our proof is further reduced to the proof
that %; is open and dense in C(H;, Y) for any i and j. Finally, observe that, for
fixed i, j € N, we can assume H; = X and K; = K. Under this assumption, we are
going now to show that the set U = {ge C(X,Y):g(X)NK = &} is open and
dense in C(X,7Y).

Suppose go € U and let a(x) = 27'd(go(x), K), where d is the metric on Y
generated by the norm of E. Then B(go,a) = U, so U is open in C(X,Y). To
show that U is dense, take arbitrary he C(X, Y) and « € C(X, (0, )) and con-
sider the set-valued map ¢: X — 27, ¢(x) = By (h(x)). Then ¢ is lower semi-
continuous with closed and convex values. Moreover, since K is a Z,-set in Y,
KN Byxy(h(x)) is a Z,-set in By (h(x)), x € X. This implies that ¢(x)NK is a
Z,-set in ¢(x) for every xe X (see, for example, [7, Lemma 2.3]). Therefore,
we can apply [8, Theorem 1.2] to obtain a map g: X — Y such that g(x) e
#(x)\K for all x. Hence, ge UNB(go,) which shows that U is dense in
CX,Y). O

Let N2t+1+m denote the set of all points from I"*'*"” having at most n +m

rational coordinates. It is well known that the complement of N2#H1+m jp J2r+i+m
is the union of countably many n-dimensional subspaces M; with each M;
being a Z,,m-set in I*"1*™ Moreover, if X is a paracompact space of dimen-
sion dim X' <n+m, according to Lemma 4.2, each of the sets .4 ={ge

C(X,I”"*'*™) : g(X) N M; = &} is open and dense in C(X, I*"*'*™)_ This implies
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the following generalization of the Nobeling-Pontryagin-Lefschetz theorem: In the
hypothesis of Theorem 1.1(i), the set 4" of all g € # such that g(X) < N2i+1+m
is dense and G; in C(X,I*"1*™) Indeed, by the generalized Hurewicz theorem
, dim X <n+m, so the sets .#; defined above are open and dense in
C(X,I**'*™). Then .4, being the intersection of all .#; and s, is dense and
Gs in C(X,I**1*™). But we can prove a stronger result, which is similar to a
theorem due to J. Roberts [4] as well. Below, by a (rational) k-plane in R? we
mean a subspace of the form {(xi,...,x,) eR? : x;, =r;,j=1,..., p—k}, where
{it,...,ip—x} is a subset of {1,...,p} and r;,j=1,..., p — k, are fixed (rational)
numbers. Obviously, every k-plane is a k-dimensional affine subspace of R”.

PROPOSITION 4.3.  Under the hypothesis of Theorem 1.1(i), # contains a dense
Gs-subset B of C(X,I*"*1*™) such that every g € B satisfies the following condition
(R)y: dim g(f~}(y))NTI < max{—1,k —n—1} for any ye Y and any rational k-
plane TI in R*'*™ with 0 < k < 2n.

ProOF. By [18], there exists a map h:X — I" such that f xh is O-
dimensional. Take a cover {D; :i=1,...,n+ 1} of I" consisting of 0-dimensional
Gs-sets and let 4; = (f x h)"!(Y x D;). Obviously, each 4; is G5 in X and X =
Ul":l] A;. Moreover, according to the choice of A, all restrictions f|A4; are 0-
dimensional. Now, for any n+ 1 < k < 2n consider the set By = X\(4,;U---U
Aj_n). Then By = Ag_pi1U---U A, which implies dim f~!(y) N By < 2n — k for
every y € Y (recall that each f|A4; is 0O-dimensional). On other hand, By is F, in
X, so is f(Bx) in Y. Consequently, dim f(Bx) < m. Applying the generalized
Hurewicz theorem to the o-perfect map f|By, we conclude that dim By < m+
2n—k. If 0 <k <n, we denote By = X. Then dim By <m+n<m+2n—k (by
the generalized Hurewicz theorem). Hence, for any Ak =0,1,...,2n we have
dim By <m+2n—k.

Next, let TI(k) be the union of all rational k-planes in R*"*1*™  Since any
k-plane II is a Z, o, i-set in RZ1H™ 5o is TINT#1H™ jn I+ Hence,
(k) NI*1™ s a 6Z,,100-k-set in I*"*'+™ Then, by each of the
sets By = {ge C(X,I*""'*™) . g(By)NII(k) = &}, k=0,1,...,2n, is dense and
G; in C(X,I*"*"*™). Therefore, the intersection # of # and all %, 0 < k < 2n,
is dense and Gs in C(X,I*"!*™). It remains only to show that every g e &
satisfies the condition (R). This holds if 0 <k <n because ge %, so g(X)
doesn’t meet any rational k-plane. If n+ 1 < k < 2n, then g € 5# implies that
g embeds every fiber f~!(y), ye ¥, in I””*!*™ On the other hand, g(B;)N
I(k) = &, so g(f~'(y))NTI(k) is homeomorphic to a subset of f~!(y)\Bx.
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Since f~!(y)\Bx is contained in f~'(y)N(4;U---UAs_,) and the last set is
a separable metric space of dimension < k —n — 1 (recall that each f~!(y)N 4;
is 0-dimensional), we have dim g(f~!'(y))NTI(k) <k —n— 1. Consequently,
dim g(f~'(»))NII <k —n —1 for any rational k-plane II. O

We now consider the case when the map f from is closed but
not necessary perfect.

ProroSITION 4.4. Let f: X — Y be a closed n-dimensional surjection of
countable functional weight such that X is normal and Y a paracompact m-
dimensional space. Then all maps ge C(X,I*""'"*™) such that f x g is an
embedding and g satisfies condition (R) from Proposition 4.3 form a dense subset in
C(X, I*"™™) with respect to the uniform convergence topology.

PrOOF. We fix a map ¢q: X — I® such that f X g is an embedding (recall
that f is of countable functional weight) and a sequence {y;} of open covers of
I with mesh(y;) <27/, By [18, Theorem 9.2], there exist a paracompact space
Z containing X and maps #:Z — I" and f:Z — Y such that f extends f
and f xh:Z — Y x I" is a perfect O-dimensional map of countable functional
weight. As in the proof of [Proposition 4.3 (considering f and 4 instead of f
and h, respectively) we cover Z by Gs-sets Ay,..., A, with each f|4; being
O-dimensional. Let By = X\(4,U---UAdy_,) for n+1<k<2n and By =X
for 0 <k <n.

Next step is to show that dim By < m+ 2n — k for any kK =0,1,...,2n. By
the generalized Hurewicz theorem (applied to the map f and the spaces X and
Y), for any 0 <k <n we have dim By =dim X <n+m <m+ 2n— k. Con-
sider the case when n+ 1 < k <2n. Since all restrictions f|A4; are 0-dimensional,
dim f~1(»)N4,<0, ye Y, i=1,...,n+ 1. This implies that the small inductive
dimension ind of each of the sets f~!(y)NA4; is <0, so is the small inductive
dimension of the sets f~!(y) N A4;. Because any f~!(y)N 4; is a separable metric
space (f has countable functional weight) and dim and ind coincide for separable
metric spaces, we obtain that dim f~!(y)N 4, <0 for all ye Y and i=1,...,
n+ 1. Hence, dim f~!'(y)N By <2n—k, y e Y. Representing By as the union of
the sets By ;, j=1,2,..., where each By ; is closed in X, and applying again the

generalized Hurewicz theorem to the maps f|Bi ;, we conclude that dim By ; <
m+2n — k for any j.

Consider the Cech-Stone extension ff of f and the space H = (Bf )MI(Y).
Then H i1s paracompact (as a perfect preimage of Y) and, since X is normal,
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fT:H — Y is a perfect n-dimensional map, where f™ is the restriction of Sf to
H. Therefore, dim H <m +n. Now, let C, = Hfor0 <k <n. Ifn+1 <k < 2n,
then C; = UJ.O_C:I Ci,; with Cy ; being the closure of By ; in H. Since each Cy ; is of
dimension < m + 2n — k (as the closure of By ; in H), so are Ci, n+ 1 <k < 2n.
Therefore, for any Kk =0,1,...,2n, dim C, <m+ 2n — k.

Now, we are in a position to finish the proof. By Lemma 4.2 all sets
By = {ge C(H, I"Hm) . g(C)NTI(k) = &}, k=0,1,...,2n, are dense and
Gs in C(H,I*'*™). Next, consider the covers w; = g !(y;) € cov(H), where
G: H — I is the extension of ¢. By Theorem 2.1, C,,(H,I*"*'*™) are dense and
Gs-sets in C(H,I*"*'*™), so is the intersection # of all C,,(H,I*""'™™) and %;.
Then, the set 2 = {g|X : g € #} may not be dense and G; in C(X,I*"*'*"™) but it
is dense in C(X,I’""'™™) with respect to the uniform convergence topology

generated by the Euclidean metric on I?"*!*™ Moreover, it follows from the

choice of the coves w; that every f x g, g € 2, is an embedding. Finally, using
that dim f~'(y)NA4; <0 for every ye Y and i=1,...,n+1, as in
4.3, one can show that all g € 2 satisfy condition (R). O
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