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ON THE ESTIMATE OF THE ARITHMETIC GENUS
FOR NORMAL TWO-DIMENSIONAL SINGULARITIES
ON DOUBLE COVERINGS

By

Masakazu TAKAMURA

Abstract. In this paper, we deal with normal two-dimensional sin-
gularities with multiplicity two. We call such a singularity double
point. The purpose of this paper is to give an estimate of the
arithmetic genus for double points in terms of Horikawa’s canonical
resolution and a p,-formula for some class of double points. It is
known that, by using the data obtained from the canonical reso-
lution, the geometric genus for double points is formulated, and
rational double points and elliptic double points are characterized.
We give a characterization of double points with the arithmetic genus
two.

§1. Introduction

Let (S,p) be a germ of normal two-dimensional variety over C at a point
p. We call it a normal two-dimensional singularity. Let i : (S,4) — (S, p) be a
resolution with the exceptional set 4. In his famous paper, M. Artin
introduced an important divisor, which is called fundamental cycle: Z =
min{C | positive cycle on S,C - 4; <0 for any i}, where 4 = ( ] 4; is the decom-
position to irreducible components of the exceptional set 4, and showed that
p.(Z) =0 if and only if R'Y,0s = 0. Next, Wagreich introduced two nu-
merical invariants for two-dimensional singularity, which are called geometric
genus: p, = dim Ry, Os, and arithmetic genus: p, = max{p,(C)|C is positive
cycle on S}, where p,(C) is the virtual genus of C. He found a relation of the
three invariants: 0 < p,(Z) < p, < p;. We note that these invariants are inde-
pendent of resolution. He also studied the class of elliptic singularity, which is
defined by p, =1, the condition of which is equivalent to the condition that
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pa(Z) = 1. Since it is known that fundamental cycle is obtained by using the
computation sequence, we can easily compute p,(Z) from the weighted dual
graph of the exceptional set of a resolution. However, in the case of p, > 2, in
general, we have p,(Z) < p,, and since it is very difficult to compute arithmetic
genus, on the class of singularity with more large arithmetic genus, useful theory
is not developed yet.

In this paper, we discuss normal two-dimensional singularities with multi-
plicity two, which is called double points. We resolve a double point by Hori-
kawa’s method [4, 5, 6]. The resolution is called canonical resolution. E. Horikawa
(see [4], Lemma 6) proved that p, = (1/2) > 7:;(y; + 1), where the invariants
are easily obtained by applying Horikawa’s canonical resolution. From this, we
have the characterization of the rational double points as the class satisfying
i =0 for all i. In [9], M. Tomari showed certain lower estimate of p, in terms
of y;. He used this to characterize the class of p, =1 by y;,. However, in general,
pa is not a function of y;. In this paper, we can give an upper estimate of
the difference of the arithmetic genus and the virtual genus of a divisor which
is easily computed, by the multiplicity of the branch locus of double point
(Corollary C in Section 4). This estimate is the best as the linear bound. Further
we give a p,-formula for some class of double points (Theorem D in Section 4),
and a characterization of double points with p, =2 in terms of y; (Corollary E
in Section 4). We can find general studies on double points in [7, 9].

We explain the content of each section.

Section 2 is devoted to a review of Horikawa’s canonical resolution of double
points. We remark that a double point is written as ({z? = g(x, y)},0). First we
regard {z?> = g(x, y)} as a surface contained in a trivial line bundle over (x, y)-
plane, which is the double covering with branch locus {g(x, y) =0} in the base
space. We obtain a base space by blowing-up at an appropriate singularity of
the branch locus, and according to a rule, we define a line bundle over the base
space. We can define a normal surface, which is double covering over the base
space, in the line bundle, and define a birational proper mapping of the surface
onto the original surface. If there exists a singularity of the branch locus of the
double covering, we repeat this process. After finite processes, we obtain a non-
singular surface in a line bundle. Then the composition of these mappings gives
a resolution.

In Section 3, we give several representations of the arithmetic genus of double
points by using the canonical resolution. Roughly speaking, the arithmetic genus
is determined by the information of the branch locus. Let ¢ be the associated
covering transformation of the resolution space of order two. We show that the
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arithmetic genus equals the maximum of the virtual genus of o-invariant effective
cycles, and we represent p, — p,(Ys,) by the invariants I'°% computed from
y; and V™" combinatorially determined from cycles on the base space (Theorem
A). Here Y , is the cycle on the resolution space, which is determined from the
canonical divisor, and p,(Ys,) is computed from 7y,.

In Sections 4 and 5, using the representation obtained in Section 3, we will
give a detailed estimate of p, — p,(Ys,) (Theorem B). From Theorem B, we
obtain an estimate p, — p.(Ys,,) < (1/8)m;, where m; is the multiplicity of the
branch locus at p (Corollary C). Furthermore we give an example such that
the equality holds in the above inequality. In such a sense, we give the best
estimate. A lower estimate of the arithmetic genus due to M. Tomari is written
as p.(Ys,p) < pa in our terminology (see [9], Lemma 1). From our upper estimate
and Tomari’s lower estimate, under the assumption that m; <8, we give a
pe-formula: p, = p,(Ys,) (Theorem D). Since we can easily compute Pa(Ys,p)
from the relation: pa(¥s,p) = 5, even 72/4 + 3 00472 — 1)/4 + 1, it scems to be
useful. As a corollary of Theorem D, we obtain the characterization of double
points with p, =2 (Corollary E). Using this characterization, we can classify the
weighted dual graph of the minimal resolution of the double points with p, = 2 (8]
The essential part of the proof of Theorem B is given in Section 5.

I am very grateful to Professor M. Tomari for the inspired discussion.

§2. Horikawa’s Canonical Resolution

In this section, we shall review Horikawa’s canonical resolution (see ,
Section 2, [5], Section 3 and [6], §7.4). The resolution is applied for double points.
Let (S1,p1) be a double point. We may assume that (Sj, p;) is represented as
follows:

S1={(x,y,2) e Fi|z* = g(x,y)} and pi =(0,0,0)

(See [I]). Further we may assume that there exists no singularity on S} except
p1. Here Fy is a trivial line bundle over an open neighborhood Uj of the origin
p1 in C?((x, y)-plane), and g : U, — C is a reduced holomorphic function with
g(0,0) = 0, and z is the fiber coordinate of Fy. Let ¥, be the natural projection
of S; onto Uy and B; be the branch locus {g(x, y) = 0} of the double covering
S1. Then the singularities of the surface S; corresponds to those of the branch
locus B;.

From now on, we use the following notation. For a real number a, [d] =
max{n € Z|a > n}, and for an integral divisor D, we denote by [D] a line bundle
associated to the divisor D.
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We construct the first step of the canonical resolution. Let =; : Uy — U, be
the blowing-up of U, at p,. We define a line bundle F, with the base space U,
and a reduced divisor B, on U, as follows:

R =ri(5) - 3] E)

By = (By) - 2[5"2—‘}E

Here m, is the multiplicity of B; at p; and E the exceptional curve of m;. Then,
from the isomorphism 2F; ~ [B;], we obtain the isomorphism 2F, ~ [B;].

We represent the divisor B, by local equations gy, where g, is a holo-
morphic function on Uy and { Uy} is an open covering of U,. Moreover we may
assume that F, is isomorphic to a trivial line bundle F5; over U,;. Then we can
define the double covering S5 over Uy, as follows:

S = {(x2k, Y2k> 226) € Faic | 25, = gan(x2k, ) }-
Since 2F, ~ [B;], gluing Sy, we obtain a surface S, in F,, which is a double
covering over U,. Since B; has no multiple component, B, has no multiple
component. It follows that S, is a normal surface.

We denote by y, the projection of S, onto U,. Then we can define the
natural birational holomorphic mapping 7; of S, onto S; such that ¢, o7} =
7 oy,. In this way, we obtain the quadruplet (B», U, S,,F>) from the qua-
druplet (B, Uy, S1, F1).

If B, has a singularity, we choose one of the singularities of B, as the
center of the blowing-up for the second step. Since the singularity p, is a double
point, by the same way as above, the quadruplet (Bs, Us, S3, F3) is obtained from
(Bz, Uz, Sz, Fz).

After we applied the above operation of finite times (r times), the branch locus
B, becomes to non-singular and we obtain the following commutative diagram.

DiaGraMm 2.1.

F F Fr
U N U N N U
S i Sh i P r+1
J{d’l J{'I’Z J/'/’H—l
Uy ——— Uy = Uy
U U U
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We denote by 7 the composition mapping of the birational mappings #;, 1 <
i <r, and by p; the singularity of the branch locus B; which is the center of the
blowing-up of =;.

Since B,.; is a non-singular curve, S,,; is a non-singular surface. The bira-
tional morphism 7 : S,.; — Sy is a resolution of the singularity p;. We have an
ambiguity for the way of choosing the center of the blowing-up which induces
the each step in the process of the resolution. However the resolution space S,
is independent of the way of choosing the center. The resolution is called the
canonical resolution.

When we resolve a double point (S, p) in the above way, we say that we
desingularize (S, p) by using the canonical method.

§3. Representation of the Arithmetic Genus of Double Points

In this section, we give several representations of the arithmetic genus for the
double points (Theorem A). Our results show that the arithmetic genus for double
points is determined by the divisors on the exceptional set of the base space of the
canonical resolution.

Let (S, p) be a double point. We desingularize (S, p) by using the canonical
method. We obtain Diagram 2. 1 We introduce several notations by using Dia-
gram 2.1. We define divisors E and Y() on U; as follows:

. ' (p;) (i=Jj+1)
E}’) = { the proper transformation of E; (7+1)
into U; through 7j . 0---0m_ i>j+1)

and
YO = (g0 om 1) (1)

for 1 < j<i<r+1. We denote by E() the exceptional set U1<J<l  E; ) of Ui,
and define a divisor Y; =y, +1( Y"*Y) for 1 < i < r. Then the divisor ¥; comades
with maximal ideal cycle for (S,, pi) in this resolution [9, 11]. We can easily see
that the relations

Yi-Y;=-25; and Y'V.¥"V=_5,; 1<ij<r (31

hold, where ¢, ; is Kronecker’s delta. We denote by m; the multiplicity at p; of
the branch locus B; for 1 <i <r. We define the invariants y; as follows:

y,.:[%]—l l<i<r. (3.2)
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In the following proposition, when D is a cycle on U,,|, we represent the
divisor ¥, (D) by using Y;, 1 <i<r.

PROPOSITION 3.1. Let D be a Q-divisor with support in the exceptional set of
U,.1. Then the relation

Y (D) = Z (D - Yi(r+l))Yi (3.3)

I<i<r

holds.

PrOOF. We can easily see the equality ) QF; (r+1) ZQY””. By the
relation (3.1), the equality D=~ Y, _,_(D- Y™ Y"*" holds. By taking y",,
of this relation, we obtain the equality (3.3). Q.E.D.

We shall represent the canonical divisor Ks,,, on S,4; by using ¥;, 1 <i<r.
By Hurwitz’s formula, Ks,,, = ¥, ,(Kv,,, + F,11) holds. The equality implies
the relation

Ks, ==Y (Kuy, +Fu) ¥y, (34)

I<j<r

Combing the relations Ky,,, = =} (Ky,) —i—EfiH) and Fiy = n}(F;) - [m;/2]E§i+l),
we have

KU‘ + ITH—I = ﬂf*(KU‘. + E) - })iEi(H—l) (35)

for 1 <i <r. Since the relation E''* Yj(m) = 0 holds for j < i, from [3.5), we
obtain

(Ku,y, + Fr1) - Y70 = —pEVHD .y UtD — (3.6)
From and [3.6), we obtain

Ks.,=—- Y 7Y (3.7)
I<j<r
In the following proposition, we compute the virtual genus of ", (D), where
D is the same divisor as in Proposition 3.1.
We define the virtual genus of a Q-divisor E as follows:

Po(E)y==z(E-E+E-Ks,,)+1.

NI'—'
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PROPOSITION 3.2.  Let D be a Q-divisor with support in the exceptional set of
Urs1. Then the equality

PWia(D) = =3 37 @D ¥V )P L2 4 (3.8)

1<¢<r

holds.

ProoF. By the definition of the virtual genus, we have

1 .
pa(¥y’ (D)) = 7 (W (D)? + ¥, (D) - Ks,,,) + 1
1 v (D)+1K z—le +1 (3.9)
- 2 r+1 2 Sri1 8 Sr+1 : .

By putting (3.3) and (3.7) into (3.9), we obtain

pa(ml(D))=%<— S - Yy -5 Z i ) ——KS L+ (3.10)

I<i<r 1<1<r

By (3.1) and (3.10), the assertion follows. Q.E.D.

We denote by Bf*® the union of the components of the branch locus B;
contained in the exceptional set of U; for 2 <i<r+ 1.

DEerINITION 3.3. We denote by B({l,...,r}) the power set of the set
{1,...,r}. We define FOdd B{1,...,r}) > {neZ|n=0} and Vs’fgn B, ..,
r}) > {neZ|n=>0} as follows.

IS5 (W) =#{je W|y is an odd number}

and
VSmI;n W)= mln{z(s r+1 +yj) | D € Div(U,1.1),|D| = BYYS, D > O}
jew
for W< {1,...,r}. Here, for me Z, 5(m) =0 if m is an even number, and

6(m) =1 if m is an odd number. We regard the support of the zero-divisor in
Div(U,11) as the empty set.

REMARK. The values T°%({1 < j<r}) and V™n({1 <j<r}) are inde-
pendent of the way of choosing the center of the blowing-up in each step of the
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process of the canonical resolution. For Wi, W, < {1,...,r} with W N W, = ¢,
we can easily see the relations

(1) T(W, U Wh) = T0(W)) + Tg5 (W), (3.11)

(2) VEn (Wi U Wa) = VEn(Wh) + VW), (3.12)

DEFINITION 3.4. We define an effective divisor Y5, on S, as follows:

Ys, = [—5-32-—'] =Y [YE} Y.. (3.13)

I<i<r

From the relations (3.1) and (3.7), we can easily check the equality

Pa(Ys,p) = Z +Zy’ (3.14)

b7, even y;:odd

For the sake of our inductive arguments, we shall use an equality
Pa(S, p) = max{p,(C)| C is effective cycle on S,;}

when p,(S,p) > 1. We remark that the equality does not hold for a rational
singularity, because p,(0) = 1.

Now we state the main theorem of this section.

THEOREM A. We assume that (S, p) is non-rational. Let o be the associated
covering transformation of the resolution space of order two. Let o : Div(U,;1) —
Div(U,41) be the mapping defined by a(D) =3, ;,[(D- Yj('H) +7,)/2] Yj(rﬂ).
Then we have the equalities

(1) pa(S, p) = max{p,(D)|a*(D) = D,D is a cycle on S,y1,D = 0},

() pulS, p) = max{pa(¥y’,, (4D + (D)) | supp(D) = BE, D = 0},

(3) PalS,p) — pa¥s,p) = AT°M({1 < j < r}) =L Vmin({1 < j < 1}).

Proor. First we will show the assertion (1). Let D be a positive cycle such
that p,(D) = pa(S, p). We can take D to be supp(D) = #~'(p). Then there exists
a decomposition D = Dy + D to effective two cycles such that ¢*(Dg) = Dy and
*(Dy) - D; > 0. In fact, we can take the maximal cycle of the set of all effective
o-invariant cycles < D as Dy. Then there exists no common irreducible com-
ponent of supp(D;) and supp(a*(D;)). Hence it follows that D; - ¢*(D;) > 0. To
show the assertion (1), it is enough to show p,(Dy + Dy + ¢*(D1)) = pa(S, p).
Since the inequality
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0 < pa(Do + D1) — pa(Do) = pa(D1) + D1 - Do — 1
holds, the inequality
Pa(D1) + Dy -Dy >0
follows. Hence we have
Pa(Do + D1+ 0" (D1)) = pa(Do + D1) + pa(a™(D1)) + (Do + D1) - 6*(D1) — 1
= pa(Do + Dy) + (pa(D1) + Do - D1) + Dy -6*(Dy) — 1
> pa(Do + D)
= pa(D).
By the definition of p,(S, p) and the choice of D, we have
Pa(Do + D1 + 6" (D1)) = pa(D) = pa(S, p)-

Next we will show the assertions (2) and (3). From the assertion (1), there
exists an effective divisor D on S,;; such that D = ¢*(D) and p,(D) = p.(S, p).
We can write as D = ,",,((1/2)Dy + D), where D; and D, are effective divisors
on U,.; with support in B and E(+1)\B®S respectively. By [3.8), we obtain

1
pa(D) = —~ Z (Dy- Y 42D, Y 4y)? —cKE 41 (315)
l<1<r 8
and
. /1
Pa (lP,H (”Z'Dl + OC(D])>>
1
— = Z Y 4 20(Dy) - YUY +y,-)2—§K§M +1. (3.16)
1<1<r
By the definition of «, the equality
Dy YV 4 2a(Dy) - ¥ 4y, = —3(Dy - YD 4 ) (3.17)
holds for 1 <i <r. By the definition of §, the inequality
(D1 Y 42D, ¥ 97 28Dy - Y 4 ) (3.18)

holds for 1 < i < r. Putting into (3.16), from the relations (3.15) and 3.18),
we obtain

Pa(D) < pa (t/f;;l GDI + oz(DQ)) : (3.19)
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Now, by the way of the choice of Dy, (1/2)D; + a(D) is an effective divisor, and
Y, 1 ((1/2)Dy + a(Dy)) is an integral divisor. Hence we have the inequality

pa(Ui1 (501 + (D)) ) < pa(S, p). (3.20)
(42 (3214000 )

From and ((3.20), the assertion (2) is obtained. From the assertion (2),
(3.16), [3.17) and the definition of V'™"(x), we obtain

1 min . 1
pa(S,p)z—ZV ({1 Ser})—gKng +1. (3.21)

We can easily see that

Pa(Ys,p) +%r°dd({1 <j<r})= —éKgm +1. (3.22)

By combing [3.21) and |(3.22), the assertion (3) is obtained. Q.E.D.

§4. Estimate of the Arithmetic Genus of Double Points

The purpose of this section is to give estimates and a formula of the arith-
metic genus for double points. We give a detailed estimate of p,(S, p) — pa(¥s,p)
by the data obtained from the process of the canonical resolution of (S, p)
(Theorem B). As the corollary, we show that the difference is bounded by one-
eighth of the multiplicity m; of the branch locus of S at p (Corollary C).
Furthermore, we give a p,-formula in case that (S, p) is a non-rational double
point with m; < 8 (Theorem D).

To state Proposition 4.2, we need the following definition. We will introduce
a relation between two double points.

DErFINITION 4.1. Let (S, p) be a double point and II(S, p) be the set of all
canonical resolutions with the Diagram 2.1. Remark that the difference of each
member of II(S, p) is just the numbering of the blowing-ups in the canonical
resolutions. For each element of II(S, p), the number of the steps are same, we
simply denote it by r. Let n eII(S, p) with Diagram 2.1, and J = {1,...,r}.
We denote by B; the proper transformation of the branch locus B; = B,
through 7y 0---om_; for 2 <i <r. We put m; = mult, B; for 1 <i<r. Then
we attach the vector mult(n,J) = (m;,m;),.,, and the matrix EY(n,J)=
(EPHD - ¥y, ;. Here s =max J.

Let (S,p) and (S’,p’) be double points, and let 7= eTI(S,p) and n'e
I(S’, p'), and J = {1,...,r} and J' = {1,...,r'} be as above. Then we say that
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(S, p) with m and J and (S', p') with =’ and J' are numerically equivalent if there
exists a one to one correspondence of the ordered sets u:J — J' such that the
equalities x, (mult(z,J)) = mult(z’,J'), u, (EY(%,J)) = EY(n',J’) hold. Here p,
means the natural transformation of vectors induced from the map u for the
index. We will write by (S, p), ; ~ (S',p), ; in this situation.

We can construct a double point by using the process of the canonical
resolution of double point.

PROPOSITION 4.2. Let 7t : S,y — S be the canonical resolution of a double
point (S, p) with Diagram 2.1. Suppose Sing B, | ﬂBf,’ﬁfl =¢ for somel <r' <r,
where Sing B, is the singular locus of B, 1 in U,. Then there exists a double
point (S', p") such that the following conditions are satisfied.

(1) The number of the steps of the canonical resolution of (S',p') equals r'.

(2) There exists ' e IN(S', p') such that (SiP)ir<jer ~ (8PN 1<jar

(3) (E'C"+D) ‘Bl .), <1 for any qe U, .
Here we attach prime to the notations appeared in the process of the canonical
resolution of (S, p’).

PrOOF. There exists a curve C,,, on a sufficiently small neighbourhood of
E"*) < U, such that the following conditions hold.

(a) Co.p is a non-singular curve.

() Bys1 E" V= Coiy - ETY for 1< <

(c) (EU'+D. C~',/+1)q <1 for any g€ U, ;.
In fact, for any non-singular point p e E/'+1) there exists a non-singular curve
C on a sufficiently small neighbourhood of E'+!) passing through p with
C-E"+D = 1; we can construct C,, by taking a union of such curves. We set

a reduced curve C; on a sufficiently small neighbourhood of E®) as follows:

C,‘I (nio---onr«)*(é,/H) (41)

for 1 <i < r'. Then there exists a double covering S’ with C’l as its branch locus
over an open neighbourhood of p. We put p’ = p. We will show that (S, p’)
satisfies the conditions (1), (2) and (3) of the proposition. For 1 <i </, the
equality

mult,, B; = mult,, C; 4.2)

holds from the condition (b) and the relation

multy, ;= Ciyy - EXY = Copy - (migy 0 -+ 0 1) *(EVHY), (4.3)
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and the same relation for B. We set B/ = C;UE®™® for 1 <i <r'. Then, from
the equality [4.2), we have m; = mult,, B} for 1 <i <r'. From the assumption of
the proposition and the property of the curve C;, we can easily see that B, ., is
a non-singular curve. Hence we can desingularize (S’, p’) by partially using the
same resolution process as one of (S, p), which has B/ as the branch locus on the
base space U; at each step. We denote it by #’. Then the condition (1) is clearly
satisfied. We have the relation m; = m] and m; = m;, and we can easily see that
the condition (2) is satisfied. The condition (3) follows from the condition (c).

Q.E.D.

We divide the singularities of the branch locus into the four types according
to the situation of the exceptional set.

DEerFINITION 4.3. Let #:S,;1 — S be the canonical resolution of a double
point (S, p) with Diagram 2.1. Let g € U; be a singularity of the branch locus B;.

(1) If multy(B;) = multq(E,-), then we say that g is a singularity of type A.

(2) If mult,(B;) = mult,(B;) + 1 and #{k| E,((i) 5 g} = 1, then we say that g is
a singularity of type B.

(3) If mult,(B;) = mult,(B;) + 1 and #{k| E,((i) 3 q} = 2, then we say that g is
a singularity of type C.

(4) If mult,(B;) = multq(fii) + 2, then we say that q is a singularity of type D.

REMARK. The number of the elements of {j|p; is a singularity of type A
(resp. B, C, D)} is independent of the way of choosing the center of the blowing-
up in each step, we denote it by na(S, p) (resp. ng(S, p),nc(S, p),np(S, p)).

The following proposition shows that p,(S, p) — pa(Ys ) is represented by
the sum of the differences of the double points with good properties ((1), (2) and
(3) of Proposition 4.2).

PropoSITION 4.4. Let #:S,;1 — S be the canonical resolution of a double
point (S, p) with Diagram 2.1. We assume that r > 2. Suppose that there exists
a number 2 < n <r such that the following conditions hold.

(@) pn is the singularity of type A in sense of Definition 4.3.

(b) There exists no singularity of B, except py.

Let (S’,p’) be a double point which satisfies the conditions (1)—(3) with r' =n —1
of Proposition 4.2.
(1) If pn is a rational singularity of S,, then we have the equality

Pa(S, p) — Pa(Ysp) = pa(S", P') — pa(Ys' pr)- (4.4)
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(2) If pn is a non-rational singularity of S,, then we have the equality

Pa(S, ) = Pa(Ys,p) = pa(S', P") — Pa(Ys,p) + Pa(Sn, Pr) — Pa(¥s, p,)- (4.5)

REMARK. From the above assumption (a) and (b), we have Sing B, N B¢ =
¢. Hence we can construct (S’, p’).

ProoF. We set Ny ={j|l<j<n—1} and M, ={j|n<j<r}. We re-
mark that, by the assumption (b) of the proposition, p; is an infinitely near sin-
gularity of p, if and only if je N,. Let 7z’ e [1(S’, p’) be a canonical resolution
such that (S,p) with 7 and N; and (S’,p’) with #’ and N; are numerically
equivalent. We put sets NP and N4 as follows:

NP = {je Ny|m; is an odd number}
and
N3y¥ = {je Ny|m; is an odd number}.

We remark that je NP U NI if and only if Ej@ < B; for any i > j. Before
we prove the proposition, we are going to show several claims.

CrLamm 4.5. If (i, ) satisfies one of the cases
() ieNMM and n<j<r,
2) ieN¥ and 1 < j<n—1,

then the equality

E-(r+1) . Y(H—l) — O (46)

l J

holds.

PROOF. Obviously, the relation E{*" - ¥""") = 0 holds for j < i. Therefore,
in case of (2), the equality (4.6) holds. Next, we consider the case of (1). Because
of the assumption (a) of the proposition and E" < B,, we have p, ¢ E™. Since

E}j ) s collapsed on p, through 7, o - - - o m;, from the relation p, ¢ Ei("), we have

EVTUNE) = 4. (4.7)

Therefore, we obtain E,.('H) : Y}(’“) = El.(j“) -Ej(jH) -0

Next we show the following claim, which plays an essential role in the proof
of the proposition.
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CrLAaM 4.6.

V{UR(NL U Ny) = VI (Ny) + Vs (Na). (4.8)

Proor. First we will prove the inequality
VS’“;“(NI) > me (Ny). (4.9)

Let D be a divisor on U, with support in B,,,. We set divisors D’ on U, and
D’ on U, as follows: '

D' = (mn,0---om) (D) and D' = (m,0---om)" (D).

Then D’ is supported in B, By the relation p, ¢ B, the divisor D — D’ is
supported in | J,_ Ny (rH N B,,1. Therefore, from Claim 4.5, we have

(D-D")- Y™™ =0 forieN,. (4.10)
From the equality (4.10), we have
D-Y""W=p.y"V=p.¥Y" forieN.
Hence we obtain
ST Y 4y =30 ¥ +y)). (4.11)
ieN ieN

Since (S, p) with # and N; is numerically equivalent to (S’, p’) with 7’ and Ny,
we have

SToD ¥ +y) = VIS (W), (4.12)
IEN1
From (4.11) and (4.12), we obtain (4.9).
We set y —n+1={j|l<j<r—n+1}.
Next we will prove the inequality

VIR (Ny) = Vi (Ny — n+ 1). (4.13)

Let F be a divisor on U,,; with support in B®*{. We can decompose F into

r+1-
F = F| + F> such that F; and F, are supported in UieN. E,.('+1) and | J E('H)

respectively. From Claim 4.5, we have

lENz

F-Y"™ =0 forieN,.

Hence we obtain the relation
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F-Y' =F .y for ieN,. (4.14)
From (4.14), we have
STOF- Y wy) =N ok v ). (4.15)
lEN2 IEN2

Since (S, p) with & and N, is numerically equivalent to (S,, p») With Z,0---07,
and N, —n+ 1, we have

STO(F - Y ) = vRin (Ny —n+ 1), (4.16)

ieN;

From (4.15) and (4.16), we obtain (4.13).

From (3.12), (4.9) and [4.13), the left hand side of (4.8) is not less than the
right hand side of (4.8). Next, we show the converse.

Let 4’ be an effective divisor on U, with support in Bi*°. Let 4, be an
E"YNB,.1. We set a divisor A’

effective divisor on U,;; with support in (J
on U, as follows:

iENz

A = (nyo0---om)*(4).
Then we have

Ay =4 Y for ieNy. (4.17)

]

Since A’ and A4, are supported in ) EMY and Uien, E"Y respectively,

from Claim 4.5, we have

ieN;

A Y'Y =0forieN, and 4, Y =0forieN,.  (4.18)

We put 4 = A’ + A,. Then A is an effective divisor and supported in B;Y{. From
(4.17) and (4.18), we have

Z 5(A Yz’(r+1)+yi): Z 5(A/ r+1)+A Y(r+l)+}’,)

ie N\UN, ie NJUN,
=364 Y +9)+ > 6(4, Y(r+1)+y,) (4.19)
ieN ieN

Since (S, p) with 7 and N, is numerically equivalent to (S’, p’) with 7’ and Ny,
and (S, p) with 7 and N, is numerically equivalent to (S, p,) wWith #,0---07,
and N, —n+ 1, from (4.19), the left hand side of (4.8) is not grater than the right
hand side of (4.8). Therefore we obtain the equality (4.8).



50 Masakazu TAKAMURA

Now we return to the proof of the proposition. If (S, p) is a rational sin-
gularity, then y, =0 for 1 <i <r and p,(Ys,) = 1. Therefore (S’, p’) is a ra-
tional singularity and p,(Ys ,) = 1. Obviously, so is (S,, p,). Hence holds.
From now on, in this proof, we assume that (S, p) is a non-rational singularity.
Then (S’,p’) is necessarily a non-rational singularity. In fact, if (S’,p’) is a
rational singularity, then we have m; = <2 for any 2<j<n—1 (see [4]
Lemma 5). This follows m; <2 for any je N, and that (S,p) is a rational
singularity. This contradicts the assumption.

Now, obviously, we have

I35 (W) = g5, (1) (4.20)
and
L35 (N2) = Tgdy (N2 —n+1). (4.21)
By combing (4.20), and (3.11), we obtain
TU(NLUN,) =T9M, (M) + T% (N2 —n+ 1), (4.22)

If (S,, pn) is a rational singularity, then we can easily see
Vs (Ny —n+1) =Tg% (N —n+1) =0.

Therefore and (4.5) follows from (3) of Theorem A, (4.8) and (4.22).
Q.E.D.

In general, when we desingularize a double point (S, p) by using the ca-
nonical method, it is possible that (EU+! . E,H)p =2 for some p e U,;,. In the
following proposition, we represent the difference of the arithmetic genus of the
double point (S, p) and the virtual genus of Ys, by the difference of that of
a certain double point (S’,p’) with the property (E'"*").B/,,) <1 for any
peU.,.

PROPOSITION 4.7. Let #:S,.1 — S be the canonical resolution of a double

point (S, p) with Diagram 2.1. Then we have the equality

Pa(S, p) — pa(Ysp) = pa(S', P') = Pa(Ys1 1), (4.23)

where (S', p') is a double point which satisfies the conditions (1)—(3) with r' =r of
Proposition 4.2.

Proor. Obviously we have
rY{1<j<) =T ({1<j<r})
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and
vrfl<j<r)=Van{l<j<r}).

Therefore, by (3) of Theorem A, we obtain (4.23). Q.E.D.

DEerFINITION 4.8. Let 7:S,.; — S be the canonical resolution of a double
point (S, p) with Diagram 2.1. We define an integer J; as follows:
Ji= Z (Ei(iH) 'Ei—{-l)p (4.24)
p¢Sing By

for 1 <i <r, where Sing B; is the singular locus of B; in U,.

ReMARK. If the canonical resolution of (S, p) satisfies the condition (3) with
r' = r of Proposition 4.2, then we have J; = Ei(r“) - B,,1.

We can construct canonical resolution with a priority as follows:

DEFINITION 4.9 (canonical resolution with priority). Let (S, p) be a double
point. We denote by r the number of the steps of the process of the canonical
resolution of (S, p). Let H" = ({1,2,3,4} x {me Z|0 <m}) be the set with
the lexicographic order, and let 7: {4,B,C,D} — {1,2,3,4} be the one to one
correspondence such that 7(4) = 1, ©(B) =2, 7(C) = 3 and (D) = 4. We define
a mapping @ : (S, p) —» H" by ®(n) = (z(type(Us, pi)), ki)iz1,....r»
r —np(S;, pi) if p; is of type B and p; =my; if not for 1 <i<r. Then, there
exists a element = € II(S, p) corresponding to the unique maximal element of
®(TI(S, p)). When we construct canonical resolution by 7, we say that we desin-

where u; =

gularize (S, p) by using the canonical method with priority D > C > B > A.

For example, for the singularity of Ds-type, the number of the elements of
the set ®(TI(S, p)) equals 2, and the maximal element is

((z(4),3), (z(B),0), (z(C),2),(z(B),0)) = (1,3,2,0,3,2,2,0),
and non-maximal element is
(1,3,2,0,2,0,3,2)

By the following lemma and the above proposition, it is sufficient to consider the
double point with na(S,p) = 1.
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LEMMA 4.10. Let q > 0. We assume that

m; — 1 J,‘ -1
pa(S) P) —Pa(YS,p) = [ 1 :I - Z ["—:| (425)
q I<i<r q
for any double point (S,p) with na(S, p) = 1. Then the above inequality holds for
any double point (S, p).

Proor. We are going to prove that, by the induction on /, the inequality
(4.25) holds for any double point (S, p) with na(S, p) <I. In case of na(S, p) =
1, the inequality (4.25) holds by assumption. We assume that it is true for / —1
(I > 2). Let (S, p) be a double point with na(S, p) = [. We desingularize (S, p) by
the canonical method with priority D > C > B > A. We obtain Diagram 2.1. We
put I,.(j) = (E,.(j) . Ej) for 1 <i< j<r+1. By Proposition 4.7, we may assume

Pj
without loss of generality that

(EC+D -B,+1)p <1 for any pe U,y;. (4.26)
We put
n=max{j|p; is a singularity of type A,1 < j <r}.

By na(S, p) = 2, we obtain 2 < n. Then, from the priority D > C > B > A of the
construction of the canonical resolution of (S, p), the assumptions (a) and (b) of
Proposition 4.4 are satisfied. Let (S’, p’) be as in Proposition 4.4. By the definition of
n, we have na(S’, p’) = [ — 1. Hence, by the assumption of the induction, we have

my — 1 J -1
Pa(S',PI) - pa(YS/Ypl) < [ :| - Z [ / . (427)
q 1<jen-1L 94
Jj’>0
Now we set
T={k|pncE” 1<k<n—1}.

Since p, is a singularity of type A, we have E,((") & B, for any k € T. By (4.26),
B, does not pass through the intersection point of the two distinct irreducible
exceptional curves of U,.;. Hence we have

J=1"+J, forkeT (4.28)
and

J/=J; forany i¢T,1<i<n-—1. (4.29)
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Then, for k€ T, we have

I P(”)_ _
s [ ] o

> m”q_ 1} + [J" q_ 1} by m, < I". (4.30)

By combing (4.27), and (4.30), we have
my — 1 Ji—11 [m,—1
pa(S',p’)-pa(Ys,yp,)g[ ‘ ]— > [’ }—[ . ] (4.31)

q 1<izn—1L 4
Ji>0

If (S,, px) is a rational singularity, then we have [(J; — 1)/q] = 0 or J; = 0 for
n <i<r. Hence, from and (4.31), we obtain [4.25).

If (Sy, pn) is a non-rational singularity, from the equality na(S,, px) = 1, we
obtain

Pa(Sn, Pn) — Pa(¥s,,p,) < [ ] - Z |:""——] . (4.32)
q n<i<r q
Ji>0

By combing (4.5), (4.31) and [(4.32), we obtain [(4.25). Q.E.D.

We give a detailed estimate of the arithmetic genus of double point.

THEOREM B. The inequality

Pa(S, p) = Pa(¥s5,p) < [’"‘8" l] -2 [""; l] (4.33)

1<j<r
7>0

holds for any double point (S, p), where my is the multiplicity at p of the branch
locus By of S and Ys ), is the cycle on S,.1 defined in Section 3.

REMARK. The left and right hand sides of the inequality (4.33) are inde-
pendent of the way of choosing the center of the blowing-up which induces each

step of the process of the canonical resolution.

PrOOF. In the next section, we will prove the inequality

. — |
Yl <j<rh)—Vir({1<j<r}) 34[’"‘8 1] - > 4["18 ] (4.34)
I<j<r
J;i>0
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for any double point (S, p) with na(S, p) = 1. If (S, p) is a rational double point,
then, since J; =0 for any 1 < j <r, m; <3, p,(S,p) =0 and p,(Ys,) =1, the
inequality holds. If (S, p) is a non-rational double point, then, from (4.34),
(3) of Theorem A and Lemma 4.10, the inequality holds for any double
point (S, p). Q.E.D.

CoroLLARY C. In the above situation, we have p,(S,p)— p.(¥s,) <
(1/8)my.

ReMARK. From (3) of Theorem A, we have
1 .
Pa(S,P) = Pa(¥s,) < 7T55 ({1 < j < 1}) (4.35)

- for any double point (S, p). In general, we can not give estimate of the right hand
side of (4.35) in the first order on m;. We will see such an example.

ExaMpLE 4.11. Let (S®, p)= ({z2=x*— y*},0). Then mult, B" =4
holds for any n, where B(l) is the branch locus of S™, and the canonical
resolution of (S™, p) is obtained in the n-th step. We can easily see that

Tga ,({1<j<n})=n

We compute the arithmetic genus on several examples.

ExampLE 4.12. Let (S, p) = ({z? = x¥ — y¥},0) for n>2. We desin-
gularize (S™, p) by using the canonical method. Then the number r of the steps
of canonical method of (S, p) equals one and we have m; = J; =2n and y, =
n — 1. Hence, from Theorem B, we have

(=17, (n: odd)
Pa(S, p) = pu( Y5 ) = 41 - (4.36)
(-’1—_—4)—_+ 1 (n: even).

Next, we see an example that the equality holds in {4.33). From the example,
we know that Corollary C gives the best estimate of p,(S, p) — pa(Ys,,) on the
first order of my.

ExampLE 4.13. Let {gi},>; be a sequence, which consists of polynomials,
defined as follows:
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k
gi(x,9) = yJ{EY = ) = (v + 7)) = (y+ 265
i=1

Here, we have the relation

g, ) = 56072, (15 (64 = A = (34 0 = (3 20))

for k > 2. We put (S®), p) = ({2 = gi(x, y)},0) for k> 1. Then the equality
holds in [4.33) for every (S%), p). We will see that. There exists 7%) e ITI(S®), p)
such that

(M) = (4k — 1,1,1,4k — 3,4k — 5,1,1,4k —7,...,3,1,1,1).

We have m&k) = mult, ng) =8k + 1 and r(S%, p) = 4k, where ng) is the branch
locus of S®) and r(S, p) is the number of the steps of the canonical resolution
of (S,p). In the situation, the singularity ps satisfies the assumptions (a) and
(b) with n =5 of Proposition 4.4. Therefore, we will construct a double point as
in Proposition 4.2 for (S®), p). Let {fi};»,; be the sequence, which consists of
polynomials, defined as follows:

Ji(x, p) = (xSHUD — 3 8ED) (66 — (4 x) ) (3 = (v +2%)%).

We put (S'® p") = ({z? = fi(x,y)},0) for k>1. Then, there exists 7#'®) e
I(S'®, p') such that (y;*') = (4k — 1,1,1,4k — 3). We have mult, B{®) = 8k + 1
and r(S'®, p’) = 4 where B is the branch locus of S'®. In this situation, we
can easily see that

(S(k)vp)ﬁ("),lsjs4 ~ (S,(k)’p,)i’("),lstAt

and
k k-1 *
(S( )7P)fz(k),5sjs4k ~ (S( - ),p)ﬁ("*‘),lsjs4‘(k—1)'

Therefore, by using Proposition 4.4 successively, we have the equality

Pa(SW, p) = Pa(Ysw ;) = D (pa(S"),p") = pa(Ysun ). (4.37)

1<j<k

We can write the weighted dual graph of the exceptional set of the minimal
resolution of (S® p) and (S, p), which have 4k vertexs and 4 vertexs re-
spectively, as follows:
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O— - —Q—O
(1 (1] (1]

(1] (1] (1
(1]

[4k—3)]

(1

where we denote by @y, the curve with genus g and self-intersection number #,
and, by O the rational curve with self-intersection number —2.
Next, we will compute p,(S'Y), p') — pa(Ysup ,) for 1 < j<k. We have

It ,({1<l<4})=4 (4.38)

Let D=3} ;4 ajEf) be an effective divisor on Us with support in B$*¢, where
Us is the base space of the canonical resolution of (S'(),p’). Then we have

DY 4y =y —a,
D- Y2(5)+V2 =a1+7
D- Y3(5)+y3=a1 + 73,
D-YY +y=ar+74
and y; is an odd number for 1 <i < 4. Therefore we have

o ({1<1<4}) =0, (4.39)

From (4.38) and [4.39), using (3) of Theorem A, we have

pa(S’(j)’p,) - pa(YS’(f),p’) =1.
Therefore, from (4.37), we obtain

2a(S®, p) — pa(Ysw ,) = k.

Now we can easily see
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w 79
my —1 _ J ] —k
[ 8 } IS‘JL';MI: 8

(k)
Jj >0

Under the assumption that the multiplicity at p of the branch locus of double
point (S, p) is not greater than eight, we can give a p,-formula.

THEOREM D. We assume that (S, p) is a non-rational double point with the
branch locus By such that m; <8, where m; = mult, B;. Then we have

pa(S,p) = Pa(Ys,p), ' (4.40)

where Ys , is the cycle on S, defined in Section 3.

ProOF. Under our assumption, we have p,(Ys ,) < p.(S, p) (see [9], Lemma
1). The assertion now follows from Corollary C. Q.E.D.

The following corollary characterizes double point (S, p) with p,(S, p) = 2.

CoroLLARY E. Let (S,p) be a double point. We have the following char-
acterization. pa(S, p) =2 if and only if there exists a number i such that y; = 2 and

Proor. If the inequality 1 < p,(S, p) <2 holds, then it follows from (4.40)
and (3.14) that y;, < 2. Hence we have m; < 8. Therefore, from (3.14) and Theo-
rem D, it is easy to show the assertion of this corollary.

§5. Proof of the Inequality (4.34) for Double Points (S, p) with
na(S,p) =1

To begin with, we prove the following proposition.

ProposITION 5.1. Let m; = multpj Bj. We have the relation

my = Z rhj + E(r+1) . Er+1. (51)
pjitype C or D

Proor. We put I) = EO . B; for any 2<i<r+1. We will prove the
equality

10 _ {1(”1) (pi : type A or B) (5.2)
10D 4 7, (p; - type C or D) '
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for 2<i<r. In case that p; is a singularity of type A or B, then
#{j| E}') 5 pi} =1 holds. Then, by EW+D) = z*(E®), we have

JU+D — n;‘(E(i)) A
= E® .Bl.
=10, (5.3)

In case that p; is a singularity of type C or D, then #{;| E;i) 3pit=2 holds.
Then, by EGtD) = n*(EW) — EX*Y | we have

JU+) — (n;‘(E(i)) _ El(i+1)) .B,.H
—EV.Bi—my; by mi=E"" - B
=19 — s, (5:4)

From and [5.4), we obtain for 2 <i<r. By m =1?, from [5.2), we
can easily show ((5.1). Q.E.D.

In what follows, we assume that double point (S, p) satisfies na(S, p) = 1.
We desingularize (S, p) by using the canonical method with priority D > C >
B > A. We obtain Diagram 2.1. From Proposition 4.7, we may assume without
loss of generality that (E¢*) - B,,;), <1 for any p € U,y and (E© - B;), <1 for
any p € U;\Sing B,.

First we show the inequality (4.34) for the case that m; is an even number.
Suppose that m; is an even number. By the assumption, we have r=1 and
BS§* = ¢. It is easy to see that r°d{1}) = ymin({1}) = (y,) and m; = J;. Now,
we obtain (4.34).

From now on, we consider the case that m; is an odd number. Then, we have

r > 2. To prove the case, we introduce several notations.
We define Ny : {ne Z|n=>0} - {neZ|n=0} as follows:

0 if n=0
N“m:{n—srgq if n > 0. (5:5)

REMARK. We can easily see that Ng(x) has the following properties.
(1) Ng(ny + ny) < Ng(n1) + Ng(nz) for any ny,ny > 0.

(2) Ng(n) =1 for any n> 1.

(3) If n <8, then we have the relation Ng(n) = n.
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From the definition of Ng(x), Proposition 5.1, and the remark of [Definition 4.8,
we have

1 ~ mj J' - 1
g § : m; + E Ng(J;) | = g E [—————j g J (5.6)
pj:type C or D 1<j<r 1<j<r
J;i>0

From (3) of Theorem A, 4 divides I'*%({1 < j <r}) — V™"({1 < j < r}). There-
fore, since m; is an odd number, to show the inequality (4.34), from 5.6), it is
sufficient to show

rdfl<j<rh)y-vr™{1<j<r})

s% Yoo+ Y M) |- (5.7)

pj:type C or D I<j<r

We will prove it by dividing the process of the canonical method into blocks. We
define u=ng(S,p). Let b:{l,...,u} — {j|p; is a singularity of type B} be
the one to one correspondence of the order sets. Let b, = co. We remark that,
since m; is an odd number, there exists a number 1 < j <r such that p; is a
singularity of type B. The singularities of the branch locus in U, are of type B,
and p;, by < j < by41 are of type C or D. We define sets 4, and 2, as follows:

%u(resp. Zy) = {j|p; is type C (resp. D), by < j < but1}

for any 1 < a < u. From the definition of priority D > C > B > A, then p; is
an infinitely near singularity of p,, for by < j < b,;1. We define several types for
singularities pp,, 1 < a < u of type B appeared in the process as follows:
(1) If 4, = ¢ and 2, = ¢, then we say that py, is a singularity of type B'.
(2) If €, # ¢ and 2, = ¢, then we say that p,, is a singularity of type B.
(3) If 2, # ¢ and py, 1 is type C, then we say that py, is a singularity of type B™.
(4) If 9, # ¢ and pp,. is type D, then we say that py, is a singularity of type
B,
We remark that one of the above cases occurs. Then, we have the relation

(12<j <1 = U coe, ({3 UG U D). (5.8)

We will prove [5.7). First, we consider the case that, for any 1 < o < u, ps,
is a singularity of type B! or BI.

If u=1 and ps, is a singularity of type B!, then, the relations r = b; = 2,
J1 =0, and J, = m; hold. Therefore, we obtain from the following propo-
sition.



60 Masakazu TAKAMURA

PROPOSITION 5.2. If u =1 and pp, is a singularity of type B', then we obtain
the equality

rrl<j<smh=rm™{l<j<r}). (5.9)

Otherwise, one of the following cases occurs.
(a) u=2.
(b) ps, is of type B

In any case, we can show that

resj<g)= Y r{n)ue,)

l<a<py
& Ns(J))
< - 7 _ _
< X + Zﬁ > 1 (5.10)
pj:type C or D 2<j<r

by using the following proposition.

PrOPOSITION 5.3. Let 1 <a < pu.
(1) If ps, is a singularity of type B!, then we have

O NS(Jba) 1 )
rodd({b,}) < — 5 (5.11)

(2) If ps, is a singularity of type B then we have

odd m; Ns(J))
rodp,1U%,) < Z + > — -1 (5.12)
]e(g:x ]G{ba}U(ga

REMARK. In case of (1) (resp. (2)), we have {j|by < j < byy1} = {ba} (resp.
{b.} U%,).

The proofs of the propositions are given in the latter. From the relation
°4({1}) =4(y,) <1 and inequality [5.10), we obtain [5.7).

From now on, we assume that there exists 1 < o < u such that p,_ is a sin-
gularity of type B! or BIY. We put

7 = max{«| ps, is a singularity of type B™ or BV 1 <a < u}.

From na(S, p) =1, ps, is a singularity of type B! or of type B! if and only if
np(Ss,, Pp,) = 0. Therefore, from the definition of priority D > C > B > A, we
can easily see that p, is a unique singularity. The following propositions are
proved in the latter.
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PROPOSITION 5.4.
(1) For 1 <a<u, if pp, is a singularity of type B then we have the
inequality

7y Ns(J;) 1
roY({b}ugua,) < > %+ >, Séjf)—i. (5.13)
je%,U9, je{b }U%,U2,

(2) If pe, is a singularity of type B! then we have the inequality

r“yjle<j<h < Y %Jrz-]f’@—l. (5.14)

b <j<r b, <j<r
pj:type C or D

PROPOSITION 5.5. For 1 <o <y, if pp, is a singularity of type B, then we
have the inequality
¥ ((p,} UG, UD,) — V™ ({b,} U%,U D,)

m Ns(J))
< > 5+ > — (5.15)
€402, je{bU%U2,

PROPOSITION 5.6. If u =1 and ps, is a singularity of type BYY or py=1+1
and py, is a singularity of type B and p, is of type B!, then we have the
inequality

rfYygjle.<j<srph< Y %—F > Nsé"f)—l. (5.16)

b‘rsjsr brSer
pj:type C or D

From the inequalities (5.11), [[5.12), (5.13) and [5.15), we have the inequality

Io%({by} U%,UZ,) — V™ ({b,} U%, U Z)

< j Ng(J)) _
- je%zuga 2 +je{b1%;m% 2 47

for any 1 <« < u. We continue the proof of the inequality [[5.7). We consider the
following cases.

(1) p=>1+2.

(2) p=1+1 and p,, is a singularity of type B

(3) p», is a singularity of type BII

(4) None of (1), (2) and (3) are satisfied.
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In case of (1) or (2), from (5.11), and T'°%({1}) =d(y,) < 1, we have

[odd ({1} U U ({b}U%U @a))

+Hl<a<pu

”y No()
c s (za 2™ 515
+l<a<u \jeb,UD, je{b JUEU2,

From and [(5.18), we obtain (5.7).

In case of (3), from (5.14) and the inequality J(y;) < 1, we obtain

rodquu{jle.<j<rh< > %+ZNS§JJ'). (5.19)

b, <j<r b.<j<r
pjitype C or D

Therefore, from [5.17) and (5.19), we obtain [(5.7).

In case of (4), the assumption of Proposition 5.6. From [5.16], we obtain
(5.19). Hence we obtain [5.7).

We finish the proof of the inequality (4.34).

We give the proof of the above propositions. We define I,.(j ) = (Efj ). Bj)pj for
l<i<j<r+1 and IVY) = (EV -Bj)pj for 2<j<r+1. If p; is an infinitely
near singularity of p;, we write as p; X p;.

PrROOF OF PROPOSITION 5.2. From the assumption of the proposition, we
have r = b = 2, and there exists no singularity of B, on E§2) except pp,. Hence,
m = EEZ) By = Il(b') holds. Since pj, is a singularity of type B, Il(b') = my, holds.
Therefore, we have the inequality 1, = m;. It follows the equality y, =y, +1
and the relation E§3) = B$*. Hence we have the equality

rfl<j<2}=1. (5.20)

Now let D be an effective divisor on Uz with support in B*. We can write
as D= a,E?), a;e Z. We have

D-Y¥=—g and D-Y =a.

It follows the inequality

S o ¥4y =1

1<i<2

Therefore we have
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ymnfl <j<2})=1. (5.21)

From [[5.20) and [5.21), we obtain [5.9). Q.E.D.

PROOF OF PROPOSITION 5.3. In case that py, is a singularity of type B! or of

type B, El(f;”l) & By, 1 and my, = myp, + 1 hold. Hence, m;, is an odd number.

CLamM 5.7.

=Y Jj (5.22)

J€{b.}U%,

ProoF. When p,, is a singularity of type B!, By i has no singularity on
E,(f:““) since there exists no singularity of type A on E,Sb“ﬂ). Therefore, from
the relation sy, = By, 11 -E,Ef““), we have the inequality J,, = . Hence, (5.22)

follows.

o

Next, we consider the case that py, is a singularity of type B! Then, ps, 41 =
E,(f:“ﬂ) N By, 1 is the singularity of type C and B, has no singularity on E,Sf““)
except pp,+1. Therefore, from the relation 1, = Bbﬁl -El(,f"“), we have the
inequality Jp, = 71y, — I,Ef“H). Let p = E,Ef““) N El(,fflz). From the way of choosing
of canonical resolution, we have (Bj 2 - El(,f”z))p = 0. Hence, the equality

~ byt .
Mp, 41 = 151 D necessarily holds. Therefore we have

mp, = Jp, + Mp,41.

If b, + 2 = byy1, then we have 7, 1 = Jp,+1 by the same way as the case of Bl
we obtain (5.22). Otherwise, repeating the same discussion as above, we obtain
(5.22).

Now we return to the proof of the proposition. If i, =8p+1 (pe Z),
then the relations d(y,)=0 and Ng(rip,) =1 hold. If my =8p+gq
(peZ,qe{3,5,7}), the inequality Ng(7,,) > 3 holds. In any case, we can easily
see that

N(fp,) 1

redd({b) < =S5,

(5.23)

Therefore, if p, is a singularity of type B!, then we obtain (5.11) by putting
(5.22) into [5.23). If p;, is a singularity of type B, then we have

-
redg) < S '"? _ = (5.24)
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by 6(y;) <m;/2—1/2 for any je %, From the relation (5.22), we have

Ne(ip,) < > Ng(J)). (5.25)
j€{bs}U%,

Hence, from (5.23), and (5.25), we obtain [(5.12). Q.E.D.

PrROOF OF ProposiTION 54. We set d, =min{j|p; is type D,
by < j < byy1}. Since pp,41 is a singularity of type C by the definition of type
B™ we have b, + 1 < d,. We can easily see that

my

o) < = (5.26)

for any k € 6, U 2,. Since p,, € E‘Sf“_)l holds, we have ng‘fl c B;i“’, and mgy,_; is
necessarily a positive even number. It follows the inequality

Mg,-1

0(y4,-1) < 1. (5.27)
From (5.26) and (5.27), we have
r“{bivsaua) < > 2. (5.28)
j€%,U2,
Now, since By,-; has no singularity on E{(if"__zl) except pa,-1.

- d-1) &
my,_» = E(Sa_z ). By,

d-1) &
= Y (ES=3" - By, + Jap2
peSing By,

dy—
= Icga—zl) + Ja,-2-

Hence, by I*3" > riy,_y, the inequality g,_» > g1 + J4,-> holds. If iy, _» =
my,_1 + J4,—2, then the inequality Jgz,_» > 1 holds since m,,_, is an odd number.
Hence we obtain

Ng(Jg—2) 1

0< 72— (5.29)

From and (5.29), we obtain (5.13). If mg,_> > M4, + J4,—2, then the
inequality Igf‘_;l) > mg,—1 holds. Then, the point E‘Sf”‘_)l ﬂEfif“_)z is of type C.
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Hence, there exists a number d, — 1 < j < b, such that D= Ec(lj )41 ﬂEC(,f )_2. We
have
m; 1

o) <5 —5- (5.30)

From (5.26), and [5.30), we have
m

rodd({b,}U%,U2,) < ==

co 1
j€%,09, 2

5 (5.31)

Hence, we obtain (5.13).
Next we will discuss the case that p,_is a singularity of type B, In case of
T < u, for any © < B < u, psy, is a singularity of type B! or of type BII. We have

{i1b: < j} = U, <p<,({bs} UG U Zp). (5.32)

From (5.13), Proposition 5.3, we obtain (5.14). In case of 7=y, then, by
Zpdﬂjp,- Ji = 1, we have

> Ng(Jp) = 1. (5.33)

Pd: 13D
Hence, from [5.28), {5.29) and [5.33) or from [[5.31) and [5.33), we obtain (5.14).
Q.E.D.

LEMMA 5.8. Let | <i <r. We assume that p; is a singularity with m; < 8.
Then we have the equality

D= " i+ > Ng()). (5.34)
Pizpj Pi=pj
pj:type C or D

PrROOF. By the same way as the proof of Proposition 5.1, we can easily see
that

=N i+ > (5.35)

PiZpj Di=p;
pj:type C or D
Now, since m; < 8, we have J; <m; <m; <8 for any p; = p;. Hence we have
the equality Ng(J;) = J; for p; > p;. Therefore, from (5.35), we obtain (5.34).
Q.E.D.
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PrROOF OF PROPOSITION 5.5. We fix « such that p, is a singularity of type
B!V, One of the following cases occurs.
(1) by < 3k < by, 1 such that my > 4.
(2) 3k € €, such that my = 2.
(3) 3k € 2, such that my =2, and m; # 2 for any j € b,.
(4) #{j|m; is an odd number,b, < j < byy1} = 2.
(5) mp,41 is 1 or 3, and m; =0 for b, + 1 < j < byy.
(6) mp,+1 =0.
In fact, if none of (1), (2), (3) and (4) are satisfied, then we have m; = 0,1 or 3 for
any b, < j < by11 and #{j|m; is an odd number, b, < j < byy1} < 1. This is
equivalent that the condition (5) or (6) holds. ,
We will give an estimate of the left hand side of (5.15) in each case above.
We remark that the inequality

(%) < % (5.36)

holds for je €,U2,.
In case of (1), we can easily see

o) < -1 (5.37)
From the inequality 6(y, ) <1, (5.37) and (5.36), we have
rY(biveaua) < S 2. (5.38)

j€%,U2,

From the inequality Ng(J;) >0 and (5.38), we obtain (5.15).
In case of (2), we have J(y,) =0 =my/2 — 1. Therefore, since (5.36) also
holds in this case, the same inequality as (5.38) holds. Hence (5.15) follows.
In case of (3), y; =0 for any px < p;. Hence we have the equality

CoY{lpe 2 oY) =8(y) =1 =y — 1. (5.39)
Now, by #{j| E}k) 5 px} = 2, the inequality 2my < I%) follows. Hence, from
(5.39), we have

1
rY{lpe 2 o)) < 51(") —1. (5.40)
Because of Lemma 5.8 and (5.40), we have
dd( ; & Ns(J))
r{lp2ph < ), F+d —F-1 (5.41)
Pe=p; Pr=2pj

pj:type C or D
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By [5.36), we have the inequality

il 2 ppjeVa) < Y, 5 (5.42)
P2 pj

j e %U2,
Since p; > pi are singularities of type C and the process of the canonical method
has priority D > C > B, we have {j|px < p;} = 4,UZ,. Hence, using the addi-
tivity of I'°%(x), by combing I'*%({b,}) < 1, (5.41) and [5.42), we obtain [5.15).
In case of (4), we can choose distinct numbers b, < kj, k> < b,y such that
my, 1s an odd number for i = 1,2. We can easily check
my, 1

o(yx,) < > "3

for i =1,2. Hence, by 6(y, ) <1, we have

(b U Uz) < > 2211- (5.43)
j€%,UD,

Therefore (5.15) follows.
In case of (5), mp 41 is odd, and El()i’ﬂz) < BpS,. Let E,(cb“) be the com-
ponent of Bj* such that E,(cb“) >pp,- Let D=3, _; S,aiE,-('“), a; € Z. Suppose

|D| = BfY{. We have

D. YISrH) — Z ai(Ei(r+1) ) Yb(r+1))

3

(5.44)

Since pp,+1 is of type D, El()f“l) < B, holds and the point E,(cb“H)ﬂE,(,a“H)
is pp,+1. By the conditions /; =0 and b, + 1 < j < byy1, We can see that the
remaining singularities of type C or D on El(:ﬁz) are exactly two points

E,(cb’”) NE®*? and E,E[:“z) N El(,[:jjz). Both are rational singularities of 4, type, so

we may a:;:;ne that E,((bﬁz) ﬂEl(,l:ﬁz) = pp,+2 and El(,f“”) ﬂEl(,fﬂ3) = pp,+3. Since
|D| = B, we have g, 4> = 0. Hence, we obtain

D-Y{) = ax+ap1. (5.45)
By the same way as above, we have

D- Y = ay, +ap 1. (5.46)

Therefore, we have
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DY) =2a + a1 (5.47)
j=0,2,3

Now we have y, ., =y, .3 = 0. Hence, from (5.47), we have

r+1 r+1
5 a0 v 2o 5 0 )

J=0,2,3 j=0,2,3
= 0(1s,)-
Therefore we obtain
V(b by +2,by + 3}) = O(p,)- (5.48)
From [[5.48), we obtain the inequality
Vmin({b,} U%,U2,) = (). (5.49)

Now, by (5.36), we have the inequality

re.ue,) < > = (5.50)

From (5.49) and [5.50), we have

red({p,}U%,U2,) — V™in({b,} U, U2,)

= (0(yp,) = V™ ({ba} U6, U Z,)) + T4, U 2,)

ny

j€%UD,

Hence we obtain [5.15). Q.E.D.

In case of (6), we have m, 1 = 2. Let E,((b"‘) S pp,. Let D = Z,Sis,aiE('H)

i
with support in Bf{. Then, we have

D YIEIH) =ar—ap, and D- Y,fjii) =ay + ap,. (5.51)

X

Hence the equality

S by =24 (5.52)
=0, 1

follows. Therefore, by the same way as the case (5), we have the inequality
and (5.50), and we obtain {5.15). Q.E.D.
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PROOF OF PROPOSITION 5.6. We consider the following conditions.
(a) 3k € 2, such that my > 4.
(b) 3k € %, such that iy = 2.
(c) Ik € 2, such that my = 2.
(d) 3k € 2, such that gy = 3.
(e) 3k € 2, such that my = 1.
One of the following cases occurs.
(1) The condition (a) is satisfied.
(2) The condition (b) is satisfied, and (a) is not.
(3) The conditions (c) and (d) are satisfied, and neither (a) nor (b) are.
(4) The condition (c) is satisfied, and none of (a), (b) and (d) are.
(5) The conditions (d) and (e) are satisfied, and none of (a), (b) and (c) are.
(6) The condition (d) is satisfied, and none of (a), (b), (c) and (e) are.
(7) The condition (e) is satisfied, and none of (a), (b), (c) and (d) are.
(8) None of (a), (b), (c), (d) and (e) are satisfied.
We will give an estimate of the left hand side of (5.16) on each case above.

We will prove the following useful claim to prove the proposition.

CLAM 5.9. Let W be a subset of {j|b, < j}. We assume that one of the
Sollowing conditions is satisfied.

(1) u=r

Q) u=1+1 and W o {j|b, < j}.

B)u=t+1and W< ¥%.U9,.
Furthermore we assume that the inequality

rr“mw s Y Ty ZNS(JJ') 2 (5.53)
jeWw 2 jew 2
pjitype C or D

holds. Then we obtain the inequality [5.16).

PROOF. In case that the condition (1) or (2) of the assumption is satisfied, we
decompose {j|b, < j} into the direct sum as follows:

{jlo: < j}={b;UWuwm,
where Wi ={j|j¢ W,6.U2.}. We can easily see that

P
5(7j) < 71
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for j € ¥,U%,. By the additivity of T'°%(x), we have
To4({j|be < j}) = 8(pp,) + TUW) + T°¥ (W)
<1+ + Y 2 (5.54)
JjeW 2

By combing [(5.53) and (5.54), we obtain (5.16).
In case that the condition (3) is satisfied, we decompose {j|b, < j} into the

direct sum as follows:
{jlb. < j} ={b;}UWU W1U{j|b,4£j}.

Therefore, since pp, is a singularity of type B! or of type B', from the estimate of
Proposition 5.3 and [5.53), by the same way as above, we obtain [5.16).

We return to the proof of the proposition.

In case of (1), if Ay =4 or 5, then the equality y, =2 holds because pi is
a singularity of type D. Hence J(y;) = 0 follows. If my > 6, then the inequality
6(7x) <1 < my/2 -2 holds. In any case, when we put W = {k}, the assumption
of Claim 5.9 is satisfied. Therefore we obtain [5.16).

In case of (2), we define an integer b, < j; < b1 as follows:

Je=max{j|je €. UD, px X pj,m; = 2}.
We see that
m; <1 for p; < p;.

To show the above inequality, we assume that there exists a singularity p; with
m; = 2 such that p; < p;. By the definition of j;, p; is a singularity of type B. By
the assumption of Proposition 5.6, j = b, and p; is of type B!. This contradicts

If j. € %., then, since the inequality 4 = 27y, < I®) holds, we have
odd g ; 1%
el 2ph) =0< -2 (5.55)

When we put W = {j| p;, < p;}, from Lemma 5.8 and [5.55), the assumption of
Claim 5.9 is satisfied, and we obtain [5.16).
If j. € 2., then we have
760 ~
(| gy < p)=1< 51 (5.56)
and

o(v) < 5 — L. (5.57)
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Therefore, from [5.56) and ((5.57), when we put W = {j| p;, < p;} U{k}, the as-
sumption of Claim 5.9 is satisfied. Hence we obtain [5.16).
In case of (3), since the condition (a) is not satisfied and (d) is satisfied, ps +1

is a singularity of type D with m; 1 = 3. We put

Jr=max{j|je €. UD, pp+1 = pj,m; =3}

We can easily see that p; is a singularity of type D. Since the condition (c)
is satisfied, p; 1 is necessarily a singularity of type D. Furthermore, since the
condition (b) is not satisfied, we have m; <1 for any p; 1 < p;. Hence we have

()1 pj, = pj}) = 2. (3:38)

Now we have

I(Jr) — Z (E(jr+1) . Bjr-f-l)[) + mjr' (559)

. jr+1
pe(Sing B, 41 )f']E;t”+ )

From the relation p; . € Sing B;+; and m;, 1 = 2, we have

1) B
(EUD . B; )
p € (Sing Bjﬁ])ﬂE}TﬁH)

From (5.59) and (5.60), we obtain

p =S (5.60)

1V > 8. (5.61)

From Lemma 5.8, (5.58) and (5.61), the assumption of Claim 5.9 for W =
{jlp. = p;} is satisfied, we obtain [5.16).

In case of (4), since neither (a) nor (d) are satisfied and the condition (c) is
satisfied, pp 1 is necessarily a singularity of type D with m ;= 2. Since the
condition (b) is not satisfied, the inequality #; <1 holds for any p, 1 < p;.
Hence the equality

Lol por1 < pi}) =1 (5.62)
follows.
(be+1) _ : : ; (bet1)
In case of I, = 2, there does not exist a singularity of type B on E, .
’ (betD) ’

In fact, if there exists such a singularity on E; , necessarily u =7+ 1, and

)

since I,Sf’" is an even number from the equality
bA b, +1 D b.+1
I[E,l) — El(), +1) 'Bb,+1 _Il§, +1)

= iy, — 2, (5.63)
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P», is not of type BL. This contradicts the assumption of the proposition. Hence

there exists no singularity of B, . on E,(:'H)

6(yp,) = 0 and [5.62), we have
r{jlps, = p}) =T°°({jlpe1 Z pj}) = 1. (5.64)

Because 4 = 27, 41 < I®+D) and [5.64), we have

Jbe+D)

except pp.+1. From the equality

r°Y({j|ps. < pj}) <

~1. (5.65)

From [5.65) and Lemma 5.8, we obtain [5.16).

In case that I, (+1) s an even number and not two, by the same way as
above, there ex1sts no singularity of Bp ;) on Eb D except pp +1. From the
inequality /D) > 6 and Lemma 5.8, the assumption of Claim 5.9 for W =
{J | Ps.+1 =X pj} is satisfied. Hence we -obtain (5.16).

In case that I &+1) s an odd number, since m,, is an even number, there
exists a singularity of type B of By 1 on E( D) . Therefore, by the assumption of
the proposition, 4 =7+ 1 and ps, is a smgularlty of type B!. From ¢+ > 5
we have

odd . I(b’+1) 3
| po+1 2 pj}) < 55 (5.66)

From [[5.66), Lemma 5.8 and (1) of Proposition 5.3, the assumption of Claim 5.9
for W = {j|pp+1 =2 pj,b: < j <bey1}U{j|ps, X pj} is satisfied. Hence we ob-
tain (5.16).

In case of (5), since the condition of (a) is not satisfied and (d) is satisfied,
Pb.+1 1s a singularity of type D with my, o = 3. We put

Je=max{j|je4UD;, pp+1 X pj,m; =3}.

Since the condition (c) is not satisfied, there does not exist a singularity p of
type D with mult, B ;1 =2 on EjEj’H). Since the condition (e) is satisfied, p; 41
is a singularity of type D with m; ., = 1. Furthermore there does not exist a
singularity p of type B on E}rj’J’l) with mult, Bj&l = 2. In fact, if there exist such
a singularity p, then p is not of type B!. This contradicts the assumption of the

proposition. Therefore we have m7; <1 for any p;, < p;. It follows the equality

T4 ({j1p. 2 p}) =0(3) = L. (5.67)

From 6 = 2/, < IU?), (5.67) and Lemma 5.8, the assumption of Claim 5.9 for
W = {j|p; X p;} is satisfied. Therefore we obtain |5.16).
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In case of (6), since the condition of (a) is not satisfied and (d) is satisfied,
Pb.+1 1s a singularity of type D with 7, = 3. We put

Jo = max{j ‘ J € U@rapb,+l = pj,”hj = 3}

Since neither (c) nor (e) are satisfied, there does not exist a singularity p of

(Jet1)

type D on E with mult, Ej,+1 > 1. Therefore there exists a singularity of

type B on E}f’ﬂ). By the assumption of the proposition, x =17+ 1 and p;, is a
singularity of type B! with i, = 3.
In case of j, > b, + 3, we have

dy)=1< = ~3 (5.68)

for any b, +1 < j < b, + 3. From (1) of Proposition 5.3 and [5.68), the assump-
tion of Claim 59 on W ={j|b.+1<j<b,+3}U{j|b,<j} is satisfied.
Hence we obtain (5.16).

In case of j, =b,+ 2, we can easily see that Ilgf’
exists no singularity of B | on El()bTH) except pp.+1. Hence the equality
my,_ follows. By EISIZTH) < By 41, M, 1s necessarily an even number. Therefore we
have mp, = 6. It follows (y, ) = 0. Since 6(y;) <m;/2—1/2 for any b, +1<

J<b:+2, we have

1) = 3 or 6. Now there

140 =

T

F4({b}U%U2) =¥ Uuz) < > -1 (5.69)
je%.U2,

From (1) of Proposition 5.3 for « = u and [5.69), we have

LY lpe, 2 < ) %WLZNséJj)_%‘

b:<j be<j
pj:type C or D

Hence we obtain (5.16).

The case of j, = b, +1 does not occur. If j, = b, + 1, then we have iy, =
IISf”H) = 3. This contradicts that El(f’“) < Bp 41.

In case of (7), since none of (a), (c) and (d) are satisfied and the condition (e)
is satisfied, ps . is a singularity of type D with 71, .1 = 1. Hence we have

T%({(j| pss1 = p}) = 0. (5.70)

Now we have [(b-+1) >2mp.1 =2 and pp 1 X pp,. If I+ =2 then, since
there exists no singularity of B i on E,Ef’“) except pp,+1, we have m, =
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Ilgb’H): 1. This contradicts that E},”‘“) < By+1. Therefore 1+D) 2. If

T

1)) = 3, then we have m;_ < 2. Hence the equality d(y, ) = 0 holds. Therefore,
from (5.70), we have

T+ 3
odd . : — ) — J—
b <) =0=—5—-3.
If 7+ >4 then we have
I(br+1)
(b <) <1< o1

2

In any case, from Lemma 5.8, we obtain 5.16).

The case of (8) does not occur. To show that, we assume that the case does.
Since none of (a), (c), (d) and (e) are satisfied, py 4 is a singularity of type D
with my, 1 = 0. Hence there exists a singularity of type B. By the assumption
of the proposition, 4 =7+ 1 and p,, is a singularity of type B! on EI(:"). There-

be+1)

fore m;, = Ilff”‘) = my, is an odd number. This contradicts that Ez() < Bp 41.

Q.E.D.

T
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