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Abstract. In this paper we define conditions under which a tensor
product $A\otimes H$ , in a braided monoidal category, together with a
crossed product structure $A\#{}_{\sigma} H$ and a smash coproduct structure
$A\propto H$ is a Hopf algebra. When $\sigma=\epsilon_{H}\otimes\epsilon_{H}\otimes\eta_{A}$ , Radford’s
theorems characterizing the biproduct are obtained and when the
antipode of $H$ is a $\sigma$-antipode we find an analogous result with the
one due to Wang, Jiao and Zhao.

1. Introduction

For a bialgebra $H$, an H-comodule coalgebra $A$ with weak action and a
normal twisted cocycle $\sigma:H\otimes H\rightarrow A$ Wang, Jiao and Zhao, using the crossed
product and the smash coproduct, constructed in [11] the bialgebra $A_{\#}^{\times_{\sigma}}H$ in
a symmetric context. When $\sigma$ is trivial this construction recovers the classical
theorem, due to Radford [9], where we can find necessary and sufficient con-
ditions for the smash product algebra and the smash coproduct coalgebra to
form a bialgebra. Moreover, in [11], if $H$ is a bialgebra with $\sigma$-antipode (which
is necessarily an ordinary antipode), the authors have found an antipode for the
bialgebra $A_{\#}^{\times_{\sigma}}H$ but in the construction of this antipode the cocycle $\sigma$ disappears.

In this paper, we will explain how when in a braided monoidal category
$(\mathscr{C}, c)$ , an algebra coalgebra $A$ with a left weak action $\varphi_{A}$ : $H\otimes A\rightarrow A$ satisfy-
ing $\epsilon_{A}\circ\varphi_{A}=\epsilon_{H}\otimes\epsilon_{A}$ and a structure of left H-comodule coalgebra $r_{A}$ verifying
the condition $r_{A}\circ\eta_{A}=\eta_{H}\otimes\eta_{A}$ , if $\sigma$ is a normal twisted cocycle such that
$\epsilon_{A}\circ\sigma=\epsilon_{H}\otimes\epsilon_{H}$ it is possible to obtain a bialgebra denoted here by $A_{\sigma^{\mathbb{N}}}H$ .
Moreover, if $H$ is a Hopf algebra with invertible antipode $\lambda_{H}$ and $\lambda_{A}$ is the
inverse of $id_{A}$ in $Reg(A, A)$ then $A_{\sigma}txiH$ is a Hopf algebra with antipode
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$\lambda_{A_{\sigma}\kappa H}=(\mu_{A}\otimes H)\circ(\gamma\otimes\varphi_{A}\otimes H)\circ(\delta_{H}\otimes c_{H,A})\circ(\delta_{H}\otimes A)$

$\circ(\lambda_{H}\otimes\lambda_{A})\circ(\mu_{H}\otimes A)\circ(H\otimes c_{A,H})\circ(r_{A}\otimes H)$

being $\gamma=\sigma^{-1}\circ(H\otimes\lambda_{H}^{-1})\circ c_{H,H}^{-1}\circ\delta_{H}$ .
In our construction we don’t use the $\sigma$-antipode condition and we prove

that if we assume that the antipode of $H$ is a $\sigma$-antipode then the morphism
$\gamma=\epsilon_{H}\otimes\eta_{A}$ and therefore the Hopf algebras $A_{\sigma^{\mathbb{N}}}H$ and $A_{\#}^{\times_{\sigma}}H$ are equal.
Then, as a consequence, to obtain a Hopf algebra structure in $A_{\#}^{x_{\sigma}}H$ the
condition of $\sigma$ antipode is very strong.

Also, when $r_{A}$ is trivial, the Hopf algebra $A_{\sigma^{\mathbb{N}}}H$ is the Hopf algebra
$A_{\sigma}\rangle\triangleleft H$ studied in [1]. This Hopf algebra is a generalization of the ones defined
by S. Majid in [6], [7] and [8]. In [8] the Hopf algebra $A_{\sigma}>\triangleleft H$ is defined in
a symmetric context (modules over a commutative ring $K$ ) and in [7] the Hopf
algebra $A_{\sigma^{\lambda}}H$ is defined in a braided category but for trivial cocycle. Moreover,
in [1] the authors $have_{-}$ proved that recent constructions of crossed products of
Hopf algebras in a category of modules over a field, for example, the Hopf
algebra $A\star H$ considered by Wang and Li in [10], are particular cases of the
Majid Hopf algebra $A>\triangleleft H$ and, of course, of the braided Hopf algebra $A_{\sigma}>\triangleleft H$ .
Therefore, as a consequence, when $(A, H, \tau)$ is an invertible skew pair of Hopf
algebras and the antipode of $H$ is bijective, the bialgebra $A\mathbb{N}_{\tau}H$ , defined by Doi
and Takeuchi in [2], is an example of $A_{\sigma}>\triangleleft H$ , because in this conditions the
bialgebra $A\mathbb{N}_{\tau}H$ is an special instance of $A\star H$ (see [10]).

2. Preliminaries

In this paper as the base category we consider a braided monoidal category
$\mathscr{C}$ . These categories were introduced by Joyal and Street in [3], motivated by the
theory of braids and links in topology (see [4] for more details). Using Maclane’s
coherence theorem we may assume without loss of generality that $\mathscr{C}$ is a strict
monoidal category. A braiding of a monoidal category $(\mathscr{C}, \otimes, K)$ consists of a
natural isomorphism of functors $c_{A,B}$ : $A\otimes B\rightarrow B\otimes A$ such that

bl) $c_{A\otimes B,D}=(c_{A,D}\otimes B)\circ(A\otimes c_{B,D})$

$b2)c_{D,A\otimes B}=(A\otimes c_{D,B})\circ(c_{D,A}\otimes B)$

As a consequence, it is easy to obtain that $c_{A,K}=c_{K,A}=id_{A}$ . Moreover,
by the naturality of $c_{A\otimes B,D}$

$\otimes$–we obtain the identity (called the Yang-Baxter
identity):

$(c_{B,D}\otimes A)\circ(B\otimes c_{A,D})\circ(c_{A,B}\otimes D)=(D\otimes c_{A,B})\circ(c_{A,D}\otimes B)\circ(A\otimes c_{B,D})$
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In what follows, $(\mathscr{C}, c)$ denotes the braided monoidal category with braiding $c$

and $(\mathscr{C}, c^{-1})$ the braided monoidal category with the inverse braiding.
An algebra in $(\mathscr{C}, c)$ is a triple $A=(A, \eta_{A},\mu_{A})$ where $A$ is an object in $\mathscr{C}$ and

$\eta_{A}$ : $K\rightarrow A,$
$\mu_{A}$ : $A\otimes A\rightarrow A$ are morphisms in $\mathscr{C}$ such that $\mu_{A}\circ(A\otimes\eta_{A})=id_{A}=$

$\mu_{A}\circ(\eta_{A}\otimes A),$ $\mu_{A}\circ(A\otimes\mu_{A})=\mu_{A}\circ(\mu_{A}\otimes A)$ . Given two algebras $A=(A, \eta_{A},\mu_{A})$

and $B=(B, \eta_{B},\mu_{B}),$ $f$ : $A\rightarrow B$ is an algebra morphism if $\mu_{B}\circ(f\otimes f)=f\circ\mu_{A}$ ,
$f\circ\eta_{A}=\eta_{B}$ . Also, if $A,$ $B$ are algebras in $\mathscr{C}$ , the algebra product is

$AB=(A\otimes B, \eta_{A\otimes B}=\eta_{A}\otimes\eta_{B},\mu_{A\otimes B}=(\mu_{A}\otimes\mu_{B})\circ(A\otimes c_{B,A}\otimes B))$ .

A coalgebra in $(\mathscr{C}, c)$ is a triple $D=(D,\epsilon_{D},\delta_{D})$ where $D$ is an object in $\mathscr{C}$

and $\epsilon_{D}$ : $D\rightarrow K,$ $\delta_{D}$ : $D\rightarrow D\otimes D$ are morphisms in $\mathscr{C}$ such that $(\epsilon_{D}\otimes D)\circ\delta_{D}=$

$id_{D}=(D\otimes\epsilon_{D})\circ\delta_{D},$ $(\delta_{D}\otimes D)\circ\delta_{D}=(D\otimes\delta_{D})\circ\delta_{D}$ . If $D=(D,\epsilon_{D},\delta_{D})$ and $E=$

$(E, \epsilon_{E},\delta_{E})$ are coalgebras, $f$ : $D\rightarrow E$ is a coalgebra morphism if $(f\otimes f)\circ\delta_{D}=$

$\delta_{E}$ of, $\epsilon_{E}\circ f=\epsilon_{D}$ . When $D,$ $E$ are coalgebras in $\mathscr{C}$ , the coalgebra product is

$DE=(D\otimes E, \epsilon_{D\otimes E}=\epsilon_{D}\otimes\epsilon_{E},\delta_{D\otimes E}=(D\otimes c_{D,E}\otimes E)\circ(\delta_{D}\otimes\delta_{E}))$ .

Let $A$ be an algebra. $(M, \psi_{M})$ is a right A-module if $M$ is an object in $(\mathscr{C}, c)$

and $\psi_{M}$ : $M\otimes A\rightarrow M$ is a morphism in $\mathscr{C}$ satisfying $\psi_{M^{\circ}}(M\otimes\eta_{A})=id_{M}$ ,
$\psi_{M}\circ(\psi_{M}\otimes A)=\psi_{M^{O}}(M\otimes\mu_{A})$ . Given two right A-modules $(M, \psi_{M})$ and
$(N, \psi_{N}),$ $f$ : $M\rightarrow N$ is a morphism of right A-modules if $\psi_{N}\circ(f\otimes A)=f\circ\psi_{M}$ .
We denote the category of right A-modules by $\mathscr{C}_{A}$ . In an analogous way we define
the left A-modules and we denote this category by $A\mathscr{C}$ .

Let $D$ be a coalgebra. $(M,\rho_{M})$ is a right D-comodule if $M$ is an object
in $(\mathscr{C}, c)$ and $\rho_{M}$ : $M\rightarrow M\otimes D$ is a morphism in $\mathscr{C}$ satisfying $(M\otimes\epsilon_{D})\circ\rho_{M}=$

$id_{M},$ $(\rho_{M}\otimes D)\circ\rho_{M}=(M\otimes\delta_{D})\circ\rho_{M}$ . Given two right D-comodules $(M,\rho_{M})$

and $(N,\rho_{N}),$ $f:M\rightarrow N$ is a morphism of right D-comodules if $p_{N}\circ f=$

$(f\otimes D)\circ\rho_{M}$ . We denote the category of right D-comodules by $\mathscr{C}^{D}$ . Analo-
gously, $D\mathscr{C}$ denotes the category of left D-comodules.

DEFINITION 2.1. A bialgebra in $(\mathscr{C}, c)$ means an algebra and a coalgebra
$H=(H,\eta_{H},\mu_{H},\epsilon_{H},\delta_{H})$ such that $\epsilon_{H}$ and $\delta_{H}$ are algebra morphisms (equivalently
$\eta_{H}$ and $\mu_{H}$ are coalgebra morphisms). If there exists a morphism $\lambda_{H}$ : $H\rightarrow H$

verifying the condition

$\mu_{H}\circ(H\otimes\lambda_{H})\circ\delta_{H}=\epsilon_{H}\otimes\eta_{H}=\mu_{H}\circ(\lambda_{H}\otimes H)\circ\delta_{H}$

we say that $H=(H, \eta_{H},\mu_{H}, \epsilon_{H},\delta_{H}, \lambda_{H})$ is a Hopf algebra in $(\mathscr{C}, c)$ .
If $H=(H, \eta_{H},\mu_{H},\epsilon_{H},\delta_{H}, \lambda_{H})$ is a Hopf algebra in $(\mathscr{C}, c)$ we have that

(2.1.1) $\lambda_{H}\circ\mu_{H}=\mu_{H}\circ(\lambda_{H}\otimes\lambda_{H})\circ c_{H,H}$
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and

(2.1.2) $\delta_{H}\circ\lambda_{H}=c_{H,H}\circ(\lambda_{H}\otimes\lambda_{H})\circ\delta_{H}$

Let $H=(H, \eta_{H},\mu_{H}, \epsilon_{H},\delta_{H}, \lambda_{H})$ be a Hopf algebra in $(\mathscr{C}, c)$ with bijec-
tive antipode. Then $H^{op}=(H, \eta_{H},\mu_{H}\circ c_{H,H}^{-1}, \epsilon_{H},\delta_{H}, \lambda_{H}^{-1})$ and $H^{coop}=$

$(H, \eta_{H},\mu_{H}, \epsilon_{H}, c_{H,H}^{-1}\circ\delta_{H}, \lambda_{H}^{-1})$ are Hopf algebras in $(\mathscr{C}, c^{-1})$ ([5]).

DEFINITION 2.2. Let $H$ be a bialgebra in $(\mathscr{C}, c)$ and let $M$ be an algebra.
We say that $\varphi_{M}$ : $H\otimes M\rightarrow M$ is a left weak action if

a) $\varphi_{M}\circ(\eta_{H}\otimes M)=id_{M}$

b) $\varphi_{M}\circ(H\otimes\eta_{M})=\epsilon_{H}\otimes\eta_{M}$

c) $\varphi_{M}\circ(H\otimes\mu_{M})=\mu_{M}\circ(\varphi_{M}\otimes\varphi_{M})\circ(H\otimes c_{H,M}\otimes M)\circ(\delta_{H}\otimes M\otimes M)$

If moreover $\varphi_{M}\circ(H\otimes\varphi_{M})=\varphi_{M}\circ(\mu_{H}\otimes M)$ , we say that $(M, \varphi_{M})$ is a left
H-module algebra.

Analogously, if $M$ is a coalgebra $r_{M}$ : $M\rightarrow H\otimes M$ is a left weak coaction if:

a) $(\epsilon_{H}\otimes M)\circ r_{M}=id_{M}$

b) $(H\otimes\epsilon_{M})\circ r_{M}=\eta_{H}\otimes\epsilon_{M}$

c) $(H\otimes\delta_{M})\circ r_{M}=(\mu_{H}\otimes M\otimes M)\circ(H\otimes c_{M,H}\otimes M)\circ(r_{M}\otimes r_{M})\circ\delta_{M}$

If moreover $(H\otimes r_{M})\circ r_{M}=(\delta_{H}\otimes M)\circ r_{M}$ , we say that $(M, r_{M})$ is a left
H-comodule coalgebra.

3. The Hopf Algebra $A_{\sigma^{\mathbb{N}}}H$

DEFINITION 3.1. Let $H$ be a bialgebra in $(\mathscr{C}, c)$ . If $A$ is an algebra, $\varphi_{A}$ a left
weak action and $\sigma:H\otimes H\rightarrow A$ a morphism, we will say that $\sigma$ is a normal
twisted cocycle if:

a) $\mu_{A}\circ(\varphi_{A}\otimes\sigma)\circ(H\otimes\sigma\otimes H\otimes\mu_{H})\circ\delta_{H\otimes H\otimes H}$

$=\mu_{A}\circ(\sigma\otimes\sigma)\circ(H\otimes H\otimes\mu_{H}\otimes H)\circ(\delta_{H\otimes H}\otimes H)$

b) $\mu_{A}o(\varphi_{A}\otimes A)\circ(H\otimes\varphi_{A}\otimes A)o(H\otimes H\otimes c_{A,A})\circ(H\otimes H\otimes\sigma\otimes A)\circ$

$(\delta_{H\otimes H}\otimes A)$

$=\mu_{A}\circ(A\otimes\varphi_{\Lambda})\circ(\sigma\otimes\mu_{H}\otimes A)\circ(\delta_{H\otimes H}\otimes A)$

c) $\sigma\circ(\eta_{H}\otimes H)=\sigma\circ(H\otimes\eta_{H})=\epsilon_{H}\otimes\eta_{A}$

In this definition a) is the condition of cocycle, b) is the twisted condition
and c) is the normal condition.
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REMARK 3.2. Let $H$ be a bialgebra in $(\mathscr{C}, c)$ . If $A$ is an algebra, $\varphi_{A}$ a left
weak action and $\sigma:H\otimes H\rightarrow A$ a morphism, we define

$\eta_{A\#{}_{\sigma} H}=\eta_{A}\otimes\eta_{H}$

$\mu_{A\#{}_{\sigma} H}=(\mu_{A}\otimes H)\circ(\mu_{A}\otimes\sigma\otimes\mu_{H})\circ(A\otimes\varphi_{A}\otimes\delta_{H\otimes H})$

$\circ(A\otimes H\otimes c_{H,A}\otimes H)\circ(A\otimes\delta_{H}\otimes A\otimes H)$

It is well know that $(A\otimes H, \eta_{A\#{}_{\sigma} H},\mu_{A\#{}_{\sigma} H})$ is an algebra in $(\mathscr{C}, c)$ , called the
crossed product, iff $\sigma$ is a normal twisted cocycle. When $\sigma=\epsilon_{H}\otimes\epsilon_{H}\otimes\eta_{A}$ the
crossed product is the smash product. In this case we denote $A\#{}_{\sigma} H$ by $A\# H$ and
then

$\mu_{A\# H}=(\mu_{A}\otimes H)\circ(A\otimes\varphi_{A}\otimes\mu_{H})\circ(A\otimes H\otimes c_{H,A}\otimes H)\circ(A\otimes\delta_{H}\otimes A\otimes H)$

On the other hand, if $(A, r_{A})$ is a left H-comodule coalgebra, we have that
$(A\otimes H, \epsilon_{A\propto H},\delta_{A\propto H})$ , where $\epsilon_{A\propto H}=\epsilon_{A}\otimes\epsilon_{H}$ and

$\delta_{A\propto H}=(A\otimes\mu_{H}\otimes A\otimes H)\circ(A\otimes H\otimes c_{A,H}\otimes H)$

$\circ(A\otimes r_{A}\otimes H\otimes H)\circ(\delta_{A}\otimes\delta_{H})$ ,

is a coalgebra, called the smash coproduct of $A$ and $H$ in $(\mathscr{C}, c)$ .

PROPOSITION 3.3. Let $H$ be a bialgebra in $(\mathscr{C}, c)$ and let $A$ be an algebra
coalgebra such that $\eta_{A}\otimes\eta_{A}=\delta_{A}\circ\eta_{A}$ and $\epsilon_{A}\circ\mu_{A}=\epsilon_{A}\otimes\epsilon_{A}$ . If $\varphi_{A}$ is a left weak
action verlfying that $\epsilon_{A}\circ\varphi_{A}=\epsilon_{H}\otimes\epsilon_{A},$ $(A, r_{A})$ is a left H-comodule coalgebra
satisfying the condition $r_{A}\circ\eta_{A}=\eta_{H}\otimes\eta_{A}$ and $\sigma:H\otimes H\rightarrow A$ is a normal twisted
cocycle such that $\epsilon_{A}\circ\sigma=\epsilon_{H}\otimes\epsilon_{H}$ then

$A_{\sigma}\triangleright\triangleleft H=(A\otimes H, \eta_{A\#{}_{\sigma} H},\mu_{A\#{}_{\sigma} H},\epsilon_{A\propto H},\delta_{A\propto H})$

is a bialgebra iff we have the next conditions:

a) $(\mu_{H}\otimes\sigma)\circ\delta_{H\otimes H}=(\mu_{H}\otimes A)\circ(H\otimes c_{A,H})\circ(r_{A}\otimes H)\circ(\sigma\otimes\mu_{H})\circ\delta_{H\otimes H}$

b) $\delta_{A}\circ\sigma=(\sigma\otimes\sigma)\circ\delta_{H\otimes H}$

c) $\delta_{A}\circ\varphi_{A}=(\mu_{A}\otimes A)\circ(\varphi_{A}\otimes\sigma\otimes\varphi_{A})\circ(H\otimes c_{H,A}\otimes c_{H,H}\otimes A)$

$\circ(\delta_{H}\otimes A\otimes H\otimes r_{A})\circ\delta_{H\otimes A}$
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d) $r_{\Lambda}o\mu_{A}=\mu_{H\otimes A}\circ(r_{A}\otimes r_{A})$

e) $\delta_{A}\circ\mu_{A}=(\mu_{A}\otimes A)\circ(A\otimes\mu_{\Lambda}\otimes A)\circ(A\otimes\varphi_{A}\otimes\sigma\otimes\mu_{A})$

$\circ(A\otimes H\otimes c_{H,A}\otimes c_{A,H}\otimes A)\circ(A\otimes\delta_{H}\otimes c_{A,\Lambda}\otimes r_{A})$

$\circ(A\otimes r_{A}\otimes A\otimes A)\circ(\delta_{A}\otimes\delta_{A})$

f) $(A\otimes\mu_{H}\otimes A)o(A\otimes H\otimes c_{A,H})\circ(A\otimes r_{A}\otimes H)\circ(\delta_{A}\otimes H)$

$=(\mu_{A}\otimes H\otimes A)\circ((A\otimes((\sigma\otimes\mu_{H})\circ\delta_{H\otimes H})\otimes A))\circ(A\otimes H\otimes c_{A,H})$

$\circ(A\otimes r_{A}\otimes H)\circ(\delta_{A}\otimes H)$

g) $(\mu_{H}\otimes\varphi_{A})o(H\otimes c_{H,H}\otimes A)\circ(\delta_{H}\otimes r_{A})$

$=(\mu_{H}\otimes A)\circ(H\otimes c_{\Lambda,H})\circ((r_{A}\circ\varphi_{A})\otimes H)\circ(H\otimes C_{H,A})\circ(\delta_{H}\otimes A)$ .

PROOF. The proof is similar with the one developed in Theorem 2.5 of
[11]. $\square $

REMARK 3.4. Note that the condition f) of 3.3 implies that

$\delta_{A\propto H}=(\mu_{A}\otimes H\otimes A\otimes H)\circ(A\otimes((\sigma\otimes\mu_{H})\circ\delta_{H\otimes H})\otimes A\otimes H)$

$o(A\otimes H\otimes c_{A,H}\otimes H)\circ(A\otimes r_{A}\otimes H\otimes H)\circ(\delta_{A}\otimes\delta_{H})$ .

DEFINITION 3.5. Let $D$ be a coalgebra and let $A$ be an algebra. By
$Reg(D,A)$ we denote the set of invertible morphisms $f$ : $D\rightarrow A$ in V respect
to the convolution operation $f*g=\mu_{A}\circ(f\otimes g)\circ\delta_{D}$ . $Reg(D, A)$ is a monoid
where the unit element is $\epsilon_{D}\circ\eta_{A}=\epsilon_{D}\otimes\eta_{A}$ .

Next we state the main result of this paper.

PROPOSITION 3.6. Let $H$ be a Hopf algebra in $(\mathscr{C}, c)$ and let $A$ be an algebra
coalgebra in the conditions ofproposition 3.3. If the antipode $\lambda_{H}$ of $H$ is invertible
and $id_{A}$ has inverse $\lambda_{A}$ in $Reg(A, A)$ we have that $A_{\sigma}\triangleright\triangleleft H$ is a Hopf algebra in
$(\mathscr{C}, c)$ with antipode

$\lambda_{A_{\sigma}\triangleright\triangleleft H}=(\mu_{A}\otimes H)\circ(\gamma\otimes\varphi_{\Lambda}\otimes H)\circ(\delta_{H}\otimes c_{H,A})\circ(\delta_{H}\otimes A)$

$\circ(\lambda_{H}\otimes\lambda_{\Lambda})\circ(\mu_{H}\otimes A)\circ(H\otimes c_{A,H})\circ(r_{A}\otimes H)$

being $\gamma=\sigma^{-1}\circ(H\otimes\lambda_{H}^{-1})\circ c_{H,H}^{-1}\circ\delta_{H}$ where $\sigma^{-1}=\lambda_{A}\circ\sigma$ denotes the inverse of
$\sigma$ in $Reg(H\otimes H, A)$ .
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$PR\infty F$ . By 3.3 $A_{\sigma}\mathbb{N}H$ is a bialgebra in $(\mathscr{C}, c)$ . Now we show that $\lambda_{A_{\sigma^{M}}H}$

is the antipode.

$\mu_{A\#{}_{\sigma} H}\circ(\lambda_{A_{\sigma}\triangleright\triangleleft H}\otimes A\otimes H)\circ\delta_{A\propto H}$

$=(\mu_{A}\otimes H)\circ(\mu_{A}\otimes\sigma\otimes\mu_{H})\circ(A\otimes A\otimes H\otimes c_{H,H}\otimes H)$

$\circ(\gamma\otimes\varphi_{A}\otimes\delta_{H}\otimes\delta_{H})\circ(\delta_{H}\otimes c_{H,A}\otimes H)\circ(\delta_{H}\otimes\mu_{A}\otimes H)$

$\circ(\lambda_{H}\otimes\lambda_{A}\otimes A\otimes H)\circ(\mu_{H}\otimes A\otimes A\otimes H)\circ(H\otimes c_{A,H}\otimes A\otimes H)$

$\circ(r_{A}\otimes\mu_{H}\otimes A\otimes H)\circ(A\otimes H\otimes c_{A,H}\otimes H)\circ(A\otimes r_{A}\otimes H\otimes H)$

$\circ(\delta_{A}\otimes\delta_{H})$

$=(\mu_{A}\otimes H)\circ(\mu_{A}\otimes\sigma\otimes\mu_{H})\circ(A\otimes A\otimes H\otimes c_{H,H}\otimes H)$

$\circ(\gamma\otimes\varphi_{A}\otimes\delta_{H}\otimes\delta_{H})\circ(\delta_{H}\otimes c_{H,A}\otimes H)$

$o(\delta_{H}\otimes(\mu_{A}\circ(\lambda_{A}\otimes A)\circ\delta_{A})\otimes H)\circ(\lambda_{H}\otimes A\otimes H)\circ(\mu_{H}\otimes A\otimes H)$

$\circ(A\otimes c_{A,H}\otimes H)\circ(r_{A}\otimes\delta_{H})$

$=(\mu_{A}\otimes H)\circ(\gamma\otimes\sigma\otimes\mu_{H})\circ(H\otimes\delta_{H\otimes H})\circ((\delta_{H}\circ\lambda_{H})\otimes H)\circ(\epsilon_{A}\otimes\delta_{H})$

$=(\mu_{A}\otimes H)\circ(A\otimes\sigma\otimes\mu_{H})\circ(A\otimes H\otimes c_{H,H}\otimes H)$

$\circ(\sigma^{-1}\otimes\lambda_{H}\otimes\lambda_{H}\otimes H\otimes H)\circ(\lambda_{H}\otimes H\otimes c_{H,H}\otimes H\otimes H)$

$\circ(\delta_{H}\otimes\delta_{H}\otimes\delta_{H})\circ(c_{H,H}\otimes H)\circ(\delta_{H}\otimes H)\circ(\epsilon_{A}\otimes\delta_{H})$

$=((\sigma^{-1}*\sigma)\otimes H)\circ(\lambda_{H}\otimes H\otimes\mu_{H})\circ(\delta_{H}\otimes\lambda_{H}\otimes H)$

$\circ((c_{H,H}\circ\delta_{H})\otimes H)\circ(\epsilon_{A}\otimes\delta_{H})$

$=\epsilon_{A}\otimes\epsilon_{H}\otimes\eta_{\Lambda}\otimes\eta_{H}$ .

The first and the second equalities follow from the condition of weak action
for $\varphi_{\Lambda}$ , the stmcture of H-comodule coalgebra on $A$ and the naturality of the
braiding. In the third one we use that $\lambda_{A}$ is the convolution inverse of $id_{A}$ and
the naturality of the braiding. The fourth one follows from the naturality of the
braiding and by (2.1.2). In the fifth one we apply the naturality of the braiding
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and finally, in the sixth one, we use the naturality of the braiding and the Hopf
algebra structure of $H$.

On the other hand

$\mu_{A\#{}_{\sigma} H}\circ(A\otimes H\otimes\lambda_{A_{\sigma}\triangleright\triangleleft H})\circ\delta_{A\propto H}$

$=(\mu_{A}\otimes H)\circ(\mu_{A}\otimes\sigma\otimes\mu_{H})\circ(A\otimes\varphi_{A}\otimes\delta_{H\otimes H})\circ(A\otimes H\otimes c_{H,A}\otimes H)$

$\circ(A\otimes\delta_{H}\otimes\mu_{A}\otimes H)\circ(A\otimes H\otimes\gamma\otimes\varphi_{A}\otimes H)\circ(A\otimes H\otimes\delta_{H}\otimes c_{H,A})$

$\circ(A\otimes H\otimes(\delta_{H}\circ\lambda_{H})\otimes\lambda_{A})\circ(A\otimes(\delta_{H}\circ\mu_{H})\otimes A)$

$\circ(A\otimes H\otimes c_{A,H})\circ(A\otimes r_{A}\otimes H)\circ(\delta_{A}\otimes H)$

$=(\mu_{A}\otimes\eta_{H})\circ(\mu_{A}\otimes A)\circ(A\otimes\varphi_{A}\otimes\sigma)\circ(A\otimes H\otimes\mu_{A}\otimes H\otimes H)$

$\circ(A\otimes H\otimes\gamma\otimes\varphi_{A}\otimes H\otimes H)\circ(A\otimes H\otimes\delta_{H}\otimes c_{H,A}\otimes H)$

$\circ(A\otimes H\otimes c_{\grave{H},H}\otimes c_{H,A})\circ(A\otimes\delta_{H}\otimes(\delta_{H}\circ\lambda_{H})\otimes\lambda_{A})$

$\circ(A\otimes(\delta_{H}\circ\mu_{H})\otimes A)\circ(A\otimes H\otimes c_{A,H})\circ(A\otimes r_{A}\otimes H)\circ(\delta_{A}\otimes H)$

$=(\mu_{A}\otimes\eta_{H})\circ(\mu_{\Lambda}\otimes A)\circ(A\otimes(\mu_{A}\circ(\varphi_{A}\otimes\varphi_{A}))\otimes A)$

$\circ(A\otimes H\otimes c_{H,A}\otimes A\otimes A)\circ(A\otimes\delta_{H}\otimes\gamma\otimes\varphi_{A}\otimes A)$

$\circ(A\otimes H\otimes H\otimes H\otimes c_{A,A})\circ(A\otimes H\otimes\delta_{H}\otimes\sigma\otimes A)$

$\circ(A\otimes H\otimes c_{H,H}\otimes H\otimes A)\circ(A\otimes\delta_{H}\otimes(\delta_{H}\circ\lambda_{H})\otimes\lambda_{A})$

$\circ(A\otimes(\delta_{H}\circ\mu_{H})\otimes A)\circ(A\otimes H\otimes c_{A,H})\circ(A\otimes r_{\Lambda}\otimes H)\circ(\delta_{A}\otimes H)$

$=(\mu_{A}\otimes\eta_{H})\circ(\mu_{A}\otimes\mu_{A})\circ(A\otimes\varphi_{A}\otimes\sigma\otimes\varphi_{A})$

$\circ(A\otimes H\otimes\gamma\otimes H\otimes H\otimes\mu_{H}\otimes A)\circ(A\otimes H\otimes H\otimes\delta_{H\otimes H}\otimes A)$

$o(A\otimes\delta_{H\otimes H}\otimes A)\circ(A\otimes H\otimes\lambda_{H}\otimes\lambda_{A})\circ(A\otimes(\delta_{H}\circ\mu_{H})\otimes A)$

$\circ(A\otimes H\otimes c_{A,H})\circ(A\otimes r_{A}\otimes H)\circ(\delta_{A}\otimes H)$

$=(\mu_{A}\otimes\eta_{H})\circ(\mu_{A}\otimes A)\circ(A\otimes[\mu_{A}\circ(\varphi_{A}\otimes\sigma)\circ(H\otimes A\otimes((H\otimes\lambda_{H})\circ\delta_{H}))$

$\circ(H\otimes c_{H,A})\circ(\delta_{H}\otimes(\gamma\circ\lambda_{H}))\circ\delta_{H}]\otimes\lambda_{A})\circ(A\otimes\mu_{H}\otimes A)$

$o(A\otimes H\otimes c_{A,H})\circ(A\otimes r_{A}\otimes H)\circ(\delta_{A}\otimes H)$

$=(\mu_{A}\otimes\eta_{H})\circ(\mu_{A}\otimes A)\circ(A\otimes[\mu_{\Lambda}\circ(\varphi_{A}\otimes A)\circ(H\otimes c_{A,A})\circ(H\otimes\sigma\otimes\sigma^{-1})$
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$\circ(H\otimes H\otimes\lambda_{H}\otimes\lambda_{H}\otimes H)\circ(H\otimes\delta_{H}\otimes\delta_{H})\circ(H\otimes\delta_{H})\circ\delta_{H}]\otimes\lambda_{A})$

$\circ(A\otimes\mu_{H}\otimes A)\circ(A\otimes H\otimes c_{\Lambda,H})\circ(A\otimes r_{A}\otimes H)\circ(\delta_{A}\otimes H)$

$=(\mu_{A}\otimes\eta_{H})\circ(\mu_{A}\otimes A)\circ(A\otimes\epsilon_{H}\otimes\eta_{A}\otimes\lambda_{A})\circ(A\otimes\mu_{H}\otimes A)$

$\circ(A\otimes H\otimes c_{A,H})\circ(A\otimes r_{A}\otimes H)\circ(\delta_{A}\otimes H)$

$=\epsilon_{A}\otimes\epsilon_{H}\otimes\eta_{A}\otimes\eta_{H}$ .

The first equality follows from the H-comodule stmcture on $A$ , the bialgebra
condition on $H$ and the naturality of the braiding, the second one by equality
2.1.2, the Hopf algebra condition on $H$ and the naturality of the braiding, the
third one by the weak action condition for $\varphi_{A}$ and the naturality of the braiding;
the fourth one by the cocycle condition of $\sigma$ and the naturality of the braiding.
The fifth and the sixth one are a consequence of the equality 2.1.2, the Hopf
algebra condition on $H$ and the naturality of the braiding, the seventh ones
follows from the equality

$\mu_{A}\circ(\varphi_{A}\otimes A)\circ(H\otimes c_{A,A})\circ(H\otimes\sigma\otimes\sigma^{-1})\circ(H\otimes H\otimes\lambda_{H}\otimes\lambda_{H}\otimes H)$

$\circ(H\otimes\delta_{H}\otimes\delta_{H})\circ(H\otimes\delta_{H})\circ\delta_{H}=\epsilon_{H}\otimes\eta_{A}$ .

Finally, the eighth one follows by the H-comodule condition on $A$ and the
invertibility of $id_{A}$ in $Reg(A, A)$ . $\square $

3.7. We point out that the dual results of 3.3 and 3.6 can be derived just by
working within the opposite category. For example, in this situation, we work
with a left H-module algebra $(A, \varphi_{A})$ , a left weak coaction $r_{A}$ : $A\rightarrow H\otimes A$ and
a morphism $\tau:A\rightarrow H\otimes H$ verifying:

a) $\mu_{H\otimes H\otimes H}\circ(H\otimes\tau\otimes H\otimes\delta_{H})\circ(r_{A}\otimes\tau)\circ\delta_{A}$

$=(\mu_{H\otimes H}\otimes H)\circ(H\otimes H\otimes\delta_{H}\otimes H)\circ(\tau\otimes\tau)\circ\delta_{A}$

b) $(\mu_{H\otimes H}\otimes A)\circ(H\otimes H\otimes\tau\otimes A)\circ(H\otimes H\otimes cA_{\iota}A)\circ(H\otimes r_{A}\otimes A)\circ$

$(r_{A}\otimes A)\circ\delta_{A}$

$=(\mu_{H\otimes H}\otimes A)\circ(\tau\otimes\delta_{H}\otimes A)\circ(A\otimes r_{A})\circ\delta_{A}$

c) $(\epsilon_{H}\otimes H)\circ\tau=(H\otimes\epsilon_{H})\circ\tau=\eta_{H}\otimes\epsilon_{A}$

Thus, we obtain the next proposition:
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PROPOSITION 3.8. Let $H$ be a bialgebra in $(\mathscr{C}, c)$ and let $A$ be an algebra
coalgebra such that $\eta_{A}\otimes\eta_{A}=\delta_{A}\circ\eta_{A}$ and $\epsilon_{A}\circ\mu_{A}=\epsilon_{A}\otimes\epsilon_{A}$ . If $(A, \varphi_{A})$ is a lefl
H-module algebra verifying that $\epsilon_{A}\circ\varphi_{A}=\epsilon_{H}\otimes\epsilon_{A},$ $r_{A}$ is a left weak coaction satis-
fying the condition $r_{A}\circ\eta_{A}=\eta_{H}\otimes\eta_{A}$ and $\tau$ : $A\rightarrow H\otimes H$ is a morphism satisfying
the conditions of 3.7 and such that $\tau\circ\eta_{A}=\eta_{H}\otimes\eta_{H}$ , then

A $\infty H=(A\otimes H,\eta_{A\# H},\mu_{\Lambda\# H},\epsilon_{A\propto {}_{\tau}H},\delta_{A\propto {}_{t}H})$ , being $\epsilon_{A\propto {}_{\tau}H}=\epsilon_{A}\otimes\epsilon_{H}$ and

$\delta_{A\propto {}_{t}H}=(A\otimes\mu_{H}\otimes A\otimes H)\circ(A\otimes H\otimes c_{A,H}\otimes H)\circ(A\otimes r_{A}\otimes\mu_{H\otimes H})$

$\circ(\delta_{A}\otimes\tau\otimes\delta_{H})\circ(\delta_{\Lambda}\otimes H)$

is a bialgebra iff we have the next conditions:

a) $\mu_{H\otimes H}\circ(\delta_{H}\otimes\tau)=\mu_{H\otimes H}\circ(\tau\otimes\delta_{H})\circ(\varphi_{A}\otimes H)\circ(H\otimes c_{H,A})\circ(\delta_{H}\otimes A)$

b) $\tau\circ\mu_{A}=\mu_{H\otimes H}\circ(\tau\otimes\tau)$

c) $r_{A}\circ\mu_{A}=\mu_{H\otimes A}q(\mu_{H}\otimes A\otimes H\otimes\varphi_{A})\circ(H\otimes c_{A,H}\otimes c_{H,H}\otimes A)$

$\circ(r_{A}\otimes\tau\otimes r_{A})\circ(\delta_{A}\otimes A)$

d) $\delta_{A}\circ\varphi_{A}=(\varphi_{A}\otimes\varphi_{\Lambda})\circ\delta_{H\otimes A}$

e) $\delta_{A}\circ\mu_{A}=(\mu_{A}\otimes\mu_{A})\circ(A\otimes\varphi_{A}\otimes A\otimes A)\circ(A\otimes\mu_{H}\otimes c_{A,A}\otimes\varphi_{A})$

$o(A\otimes H\otimes c_{A,H}\otimes c_{H,A}\otimes A)\circ(A\otimes r_{A}\otimes\tau\otimes\delta_{A})\circ(\delta_{A}\otimes A\otimes A)$

$\circ(\delta_{A}\otimes A)$

f) $(\mu_{A}\otimes H)\circ(A\otimes\varphi_{A}\otimes H)\circ(A\otimes H\otimes c_{H,A})\circ(A\otimes\delta_{H}\otimes A)$

$=(\mu_{A}\otimes H)\circ(A\otimes\varphi_{A}\otimes H)\circ(A\otimes H\otimes c_{H,A})$

$\circ(A\otimes(\mu_{H\otimes H}\circ(\tau\otimes\delta_{H}))\otimes A)\circ(\delta_{A}\otimes H\otimes A)$

g) $(\mu_{H}\otimes\varphi_{A})\circ(H\otimes c_{H,H}\otimes A)\circ(\delta_{H}\otimes r_{A})=(\mu_{H}\otimes A)\circ(H\otimes c_{A,H})$

$\circ((r_{A}\circ\varphi_{A})\otimes H)\circ(H\otimes c_{H,\Lambda})\circ(\delta_{H}\otimes A)$ .

Moreover, if $H$ is a Hopf algebra with invertible antipode $\lambda_{H}$ and $id_{A}$ has
inverse $\lambda_{A}$ in $Reg(A,A)$ , we have that A $\infty H$ is a Hopf algebra in $(\mathscr{C}, c)$ with
antipode

$\lambda_{A^{\tau}\infty H}=(\varphi_{A}\otimes H)\circ(H\otimes c_{H,A})\circ(\delta_{H}\otimes A)\circ(\lambda_{H}\otimes\lambda_{A})\circ(\mu_{H}\otimes A)$

$\circ(\mu_{H}\otimes c_{A,H})\circ(l\otimes r_{A}\otimes H)\circ(\delta_{\Lambda}\otimes H)$

where $l=\mu_{H}\circ c_{H,H^{\circ}}^{-1}(H\otimes\lambda_{H}^{-1})\circ\tau^{-1}$ .

3.9. In the last part of this paper we study the relations between the Hopf
algebra $A_{\sigma}\triangleright\triangleleft H$ and the Hopf algebra $A_{\#}^{x_{\sigma}}H$ obtained by Wang, Jiao and Zhao
in [11] using the condition of $\sigma$-antipode.
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DEFINITION 3.10. Let $H$ be a bialgebra, $A$ an algebra and $\sigma:H\otimes H\rightarrow A$ ,
$g:H\rightarrow H$ be a morphisms in $\mathscr{C}$ . The morphism $g$ is called a $\sigma$ antipode of $H$

if:

$(\sigma\otimes\mu_{H})\circ\delta_{H\otimes H}\circ(g\otimes H)\circ\delta_{H}=\epsilon_{H}\otimes\eta_{A}\otimes\eta_{H}$

$=(\sigma\otimes\mu_{H})\circ\delta_{H\otimes H}\circ(H\otimes g)\circ\delta_{H}$

Observe that if $g$ is a $\sigma$-antipode then $g$ is necessarily an ordinary antipode.

3.11. 0bviously if $H$ is a Hopf algebra with antipode $\lambda_{H}$ and $\sigma=\epsilon_{H}\otimes\epsilon_{H}\otimes\eta_{A}$

we can consider $\lambda_{H}$ as a $\sigma$-antipode. In the next proposition we will find con-
ditions for the antipode $\lambda_{H}$ to be a $\sigma$-antipode.

PROPOSITION 3.12. Let $H$ be a Hopf algebm with antipode $\lambda_{H},$ $A$ an algebra
and $\sigma:H\otimes H\rightarrow A$ a morphism in $\mathscr{C}$ . Then, $\lambda_{H}$ is a $\sigma$-antipode of $H$ if and
only if

$\sigma\circ(\lambda_{H}\otimes H)\circ\delta_{H}=\epsilon_{H}\otimes\eta_{A}=\sigma\circ(H\otimes\lambda_{H})\circ\delta_{H}$

PROOF. Note that:

i) $(\sigma\otimes\mu_{H})\circ\delta_{H\otimes H}\circ(\lambda_{H}\otimes H)\circ\delta_{H}$

$=(A\otimes\mu_{H})\circ(c_{H,A}\otimes H)\circ(\lambda_{H}\otimes(\sigma\circ(\lambda_{H}\otimes H)\circ\delta_{H})\otimes H)\circ(\delta_{H}\otimes H)\circ\delta_{H}$

$ii)(\sigma\otimes\mu_{H})\circ\delta_{H\otimes H}\circ(H\otimes\lambda_{H})\circ\delta_{H}=(\sigma\circ(H\otimes\lambda_{H})\circ\delta_{H})\otimes\eta_{H}$

Then if $\sigma o(\lambda_{H}\otimes H)\circ\delta_{H}=\epsilon_{H}\otimes\eta_{A}=\sigma o(H\otimes\lambda_{H})\circ\delta_{H}$ we obtain that $\lambda_{H}$

is a $\sigma$-antipode. Conversely, if $\lambda_{H}$ is a $\sigma$-antipode of $H$ composing in i) with $\delta_{H}$

and $(\epsilon_{H}\otimes A)\circ(\mu_{H}\otimes A)\circ(H\otimes c_{H,A}^{-1})$ we obtain $\sigma\circ(\lambda_{H}\otimes H)\circ\delta_{H}=\epsilon_{H}\otimes\eta_{A}$ .
Trivially ii) implies that $\sigma\circ(H\otimes\lambda_{H})\circ\delta_{H}=\epsilon_{H}\otimes\eta_{A}$ . $\square $

3.13. Suppose that $H$ is a Hopf algebra with invertible antipode $\lambda_{H},$ $A$ is an
algebra and $\sigma:H\otimes H\rightarrow A$ is a morphism in $\mathscr{C}$ . If we denote by $\sigma^{\prime}$ the mor-
phism $\sigma^{\prime}=\sigma\circ c_{H,H}^{-1}$ we have that:

i) $(\sigma\otimes\mu_{H})\circ(c_{H,H}^{-1}\otimes c_{H,H}^{-1})\circ(H\otimes c_{H,H}^{-1}\otimes H)\circ(\delta_{H}\otimes\delta_{H})\circ(\lambda_{H}^{-1}\otimes H)\circ\delta_{H}$

$=(\sigma\otimes\mu_{H})\circ\delta_{H\otimes H}\circ c_{H,H}^{-1}\circ(\lambda_{H}^{-1}\otimes H)\circ\delta_{H}$

$=(\sigma\otimes\mu_{H})\circ\delta_{H\otimes H}\circ(\lambda_{H}\otimes H)\circ\delta_{H}\circ\lambda_{H}^{-1}$

and
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i) $(\sigma\otimes\mu_{H})\circ(c_{H,H}^{-1}\otimes c_{H,H}^{-1})\circ(H\otimes c_{H,H}^{-1}\otimes H)\circ(\delta_{H}\otimes\delta_{H})\circ(H\otimes\lambda_{H}^{-1})\circ\delta_{H}$

$=(\sigma\otimes\mu_{H})\circ\delta_{H\otimes H}\circ c_{H}^{-\iota_{H}}\circ(H\otimes\lambda_{H}^{-1})\circ\delta_{H}$

$=(\sigma\otimes\mu_{H})\circ\delta_{H\otimes H}\circ(H\otimes\lambda_{H})\circ\delta_{H}\circ\lambda_{H}^{-1}$

Then, using these equalities it is easy to prove the next result:

PROPOSITION 3.14. Let $H$ be a Hopf algebra with invertible antipode $\lambda_{H},$ $A$ an
algebra and $\sigma:H\otimes H\rightarrow A$ be a morphism in $\mathscr{C}$ . The morphism $\lambda_{H}$ is a $\sigma$-antipode
of $Hlf$ and only if $\lambda_{H}^{-1}$ is a $\sigma^{\prime}$ -antipode of $H^{op}$ .

As a consequence we obtain the next corollary:

COROLLARY 3.15. Let $H$ be a Hopf algebra with invertible antipode $\lambda_{H},$ $A$ an
algebra and $\sigma:H\otimes H\rightarrow A$ be a morphism in $\mathscr{C}$ . If $\lambda_{H}$ is a $\sigma$-antipode of $H$ the
morphism $\gamma$ defined in 3.6 is $\gamma=\epsilon_{H}\otimes\eta_{A}$ .

PROOF. From proposition 3.14 we know that $\lambda_{H}^{-1}$ is a a’-antipode of $H^{op}$

and then by 3.12 we obtain that $\gamma=\epsilon_{H}\otimes\eta_{A}$ . $\square $

REMARK 3.16. Therefore in the conditions of last corollary the Hopf
algebra $A_{\sigma^{\mathbb{N}}}H$ and the Hopf algebra $A_{\#\sigma}^{\times}H$ obtained by Wang, Jiao and Zhao
in [11] are equal because $\lambda_{A_{\#\sigma}^{x}H}=\lambda_{A_{\sigma^{N}}H}$ .
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