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Abstract. In this paper we define conditions under which a tensor
product A ® H, in a braided monoidal category, together with a
crossed product structure A, H and a smash coproduct structure
Aoc H is a Hopf algebra. When o =¢y ® ey ® 74, Radford’s
theorems characterizing the biproduct are obtained and when the
antipode of H is a g-antipode we find an analogous result with the
one due to Wang, Jiao and Zhao.

1. Introduction

For a bialgebra H, an H-comodule coalgebra 4 with weak action and a
normal twisted cocycle o0 : H ® H — A Wang, Jiao and Zhao, using the crossed
product and the smash coproduct, constructed in the bialgebra 4 H in
a symmetric context. When o is trivial this construction recovers the classical
theorem, due to Radford [9], where we can find necessary and sufficient con-
ditions for the smash product algebra and the smash coproduct coalgebra to
form a bialgebra. Moreover, in [I1], if H is a bialgebra with c-antipode (which
1s necessarily an ordinary antipode), the authors have found an antipode for the
bialgebra 4  H but in the construction of this antipode the cocycle o disappears.

In this paper, we will explain how when in a braided monoidal category
(€,c), an algebra coalgebra 4 with a left weak action ¢, : H ® A — A satisfy-
ing e4o0p, =ey ®eyq and a structure of left H-comodule coalgebra r4 verifying
the condition rqyon, =ny ®n,, if o is a normal twisted cocycle such that
eqo00 =¢ey ®ey it is possible to obtain a bialgebra denoted here by A,< H.
Moreover, if H is a Hopf algebra with invertible antipode Ay and A, is the
inverse of idy in Reg(A,A) then A,>< H is a Hopf algebra with antipode
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Mgt = (g @ H) o (y® 9, @ H) 0 (0 ® cH,4) © (O ® A)
O(AH®/1A)O(/1H®A)O(H@CA,H)O(I‘A ®H)

being y =0~ o (H® Aj') o ¢! yy 0 6n.

In our construction we don’t use the o-antipode condition and we prove
that if we assume that the antipode of H is a o-antipode then the morphism
y=¢éy ®n, and therefore the Hopf algebras 4,0« H and A; H are equal.
Then, as a consequence, to obtain a Hopf algebra structure in A4y H the
condition of o antipode is very strong.

Also, when ry is trivial, the Hopf algebra A4,>< H is the Hopf algebra
A s> H studied in [1]. This Hopf algebra is a generalization of the ones defined
by S. Majid in [6], and [8]. In the Hopf algebra 4,x H is defined in
a symmetric context (modules over a commutative ring K) and in the Hopf
algebra A4 ;> H is defined in a braided category but for trivial cocycle. Moreover,
in [I] the authors have proved that recent constructions of crossed products of
Hopf algebras in a category of modules over a field, for example, the Hopf
algebra 4« H considered by Wang and Li in [I0], are particular cases of the
Majid Hopf algebra 4 < H and, of course, of the braided Hopf algebra 4 ,>< H.
Therefore, as a consequence, when (A4, H,7) is an invertible skew pair of Hopf
algebras and the antipode of H is bijective, the bialgebra 4 o<, H, defined by Doi
and Takeuchi in [2], is an example of 4,x H, because in this conditions the
bialgebra 4 <, H is an special instance of 4 x H (see [10]).

2. Preliminaries

In this paper as the base category we consider a braided monoidal category
%. These categories were introduced by Joyal and Street in [3], motivated by the
theory of braids and links in topology (see [4] for more details). Using Maclane’s
coherence theorem we may assume without loss of generality that & is a strict
monoidal category. A braiding of a monoidal category (¥,®, K) consists of a
natural isomorphism of functors c¢4,5: 4 ® B — B® A such that

bl) cagpe,p = (c4,p ® B) o (A @ cp D)
b2) cp ae8 =(A®cp,s)o (cp,4 ® B)

As a consequence, it is easy to obtain that c4 x = cx 4 = id4. Moreover,

by the naturality of c,gp p ®—we obtain the identity (called the Yang-Baxter
identity):

(cBp®A)o(B®cup)o(cas®D)=(D®cu,p)o(cap®B)o(4A®csp)
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In what follows, (%, ¢) denotes the braided monoidal category with braiding ¢
and (€,c!) the braided monoidal category with the inverse braiding.

An algebra in (%,c) is a triple 4 = (4,754, u,) Where A is an object in € and
ng:K— A4, u,: A8 A — A are morphisms in € such that u, 0 (4 ®n,) =idy =
tao (Mg @A), pryo(A® py) = py0 (g ®A). Given two algebras 4 = (4,74, 44)
and B = (B,ng,up), f: A — B is an algebra morphism if ugo (f ®f) =fouy,,
Sfony=ng. Also, if 4, B are algebras in €, the algebra product is

AB = (A® B, Nags = N4 D Nps hagp = (g ® pp) o (A® cp 4 ® B)).

A coalgebra in (%,c) is a triple D = (D,éep,dp) where D is an object in %
and ep: D — K, 6p : D — D ® D are morphisms in € such that (¢p ® D) odp =
idp =(D®eéep)odp, (5p®D)odp=(D®Jp)odp. If D= (D,ep,dp) and E =
(E,eg,0p) are coalgebras, f : D — E is a coalgebra morphism if (f ® f) odp =
orof, eeof =¢ep. When D, E are coalgebras in %, the coalgebra product is

DE = (D®E,epee = ¢p ® ¢,0pee = (D ® cp g ® E) o (dp ® JE)).

Let 4 be an algebra. (M, y,,) is a right 4-module if M is an object in (%, c)
and Y, : M®A — M is a morphism in € satisfying y,, 0 (M ® n,) = idy,
Ypr oWy ®A) =yp0(M®puy,). Given two right A-modules (M,y,,) and
(N,¥y), f: M — N is a morphism of right A-modules if ¥y o (f ® A) = f o y,.
We denote the category of right 4-modules by €4. In an analogous way we define
the left 4-modules and we denote this category by 4%.

Let D be a coalgebra. (M,p,,) is a right D-comodule if M is an object
in (%,c) and py, : M — M ® D is a morphism in € satisfying (M ® ep) o py; =
idy, (ppr ®D)opy =(M®p)opy. Given two right D-comodules (M,p,,)
and (N,py), f: M — N is a morphism of right D-comodules if pyof =
(f ® D) opy,. We denote the category of right D-comodules by 2. Analo-
gously, P% denotes the category of left D-comodules.

DErFINITION 2.1. A bialgebra in (%,c¢) means an algebra and a coalgebra
H = (H,ng, 1y, en,0n) such that ¢y and Jy are algebra morphisms (equivalently
ny and uy are coalgebra morphisms). If there exists a morphism Ay : H — H
verifying the condition .
/lHO(H@lH)O&H=8H®77H:ﬂH°(lH®H)°5H
we say that H = (H,ny, 4y, 4,00, 25) is a Hopf algebra in (%,c¢).
If H=(H,ny,py,en,0n, 1) is a Hopf algebra in (%,c) we have that

(2.1.1) Amopuyg =pgo(Au @ An)ocu m
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and
(212) 611 o iH =CH,H® (lH ® lH) 05}1

Let H=(H,ny,uy,€u,98,24) be a Hopf algebra in (%,c) with bijec-
tive antipode. Then H®” = (H,ny,py oy gy en,0u,Ay) and H©P =
(H, 'IH,ﬂH,SH,c;,}HoéH,A,}') are Hopf algebras in (%,c7!) ().

DEFINITION 2.2. Let H be a bialgebra in (%,c) and let M be an algebra.
We say that ¢,,: H® M — M is a left weak action if

a) gy oy ® M) = idy
b) ppo(H®ny) =en @ny
C) oo (H® pp) =ppro(0p ®0p) o (H® ey @ M) o (0n @ M @ M)

If moreover ¢,, 0o (H ® ¢);) = ¢pr © (uy ® M), we say that (M,p,,) is a left
H-module algebra. )
Analogously, if M is a coalgebra ryy : M — H ® M is a left weak coaction if:

a) (eg @ M)ory =idy
b) (H®epm)ory =ny Qeéem
) ( HR®m)ory=(uy OMOM)o(HRcuu@M)o(ry ®ryu)odum

If moreover (H ® rpy) ory = (0n ® M) orpy, we say that (M,rp) is a left
H-comodule coalgebra.

3. The Hopf Algebra A4 ,0< H

DErFINITION 3.1. Let H be a bialgebra in (%,c). If 4 is an algebra, ¢, a left
weak action and 6: H ® H — A a morphism, we will say that ¢ is a normal
twisted cocycle if:

a) ugo(ps®0)o(HR®0o®@HQ py) odneHoH
=p 0(0®0)o(H®HQ@uy @ H)o (Onen ® H)

b) uyo0(pA4A)o (HRp, @A) o ( HRIH® cy4)c(HRHQ@a® A)o
(OneH ® A)
=p 0 (A®p )0 (0@ uy®@A)o(Cnen @A)

) co(ny®H)=0c0(HQ®ny) =en®ny

In this definition a) is the condition of cocycle, b) is the twisted condition
and c) is the normal condition.
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REMARK 3.2. Let H be a bialgebra in (¥,c). If 4 is an algebra, ¢, a left
weak action and 0: H ® H — A a morphism, we define

Nap, H =14 @Ny
tag =g @ H)o (1 ®0® py)o(A® ¢, ®ueHn)
O(A@H@CH,A(@H)O(A@&H@A@H)
It is well know that (4 ® H,74y, p, M4y, 1) is an algebra in (€, c), called the
crossed product, iff o is a normal twisted cocycle. When o = ¢y ® ey ® 4 the

crossed product is the smash product. In this case we denote 4, H by A H and
then

Bayg = (U4 @H)o (AR @uy)o(AQHR®cy4sQH)o(ARy AR H)

On the other hand, if (4,r4) is a left H-comodule coalgebra, we have that
(A @ H,e40cH,0ach), Where g4 = e4 ® ey and

OuacH =(AQuyp @RAQH)0o (AQH®cyn®H)
0(A®ry® H® H) o (54 ® ),

is a coalgebra, called the smash coproduct of 4 and H in (%,c).

PROPOSITION 3.3. Let H be a bialgebra in (¢,c) and let A be an algebra
coalgebra such that n, ®n, =d40n, and eqou, =e4  e4. If ¢4 is a left weak
action verifying that e¢q4op, =¢ey ®eyq, (A,rq) is a left H-comodule coalgebra
satisfying the condition ryon, =ny @n, and o : HQ® H — A is a normal twisted
cocycle such that ¢400 =¢ey ® ey then

Agl><l'H = (A ®H,ﬂAﬁUH>ﬂAuGH73AocH,5AocH)

is a bialgebra iff we have the next conditions:

a) (ug ®0)odnen = (g ®A)o (H®can)o(ra® H)o (0 ® uy) oduen

b) dyoo=(0®0)odygegn

¢) 0= ®A)o(p,®0®9¢,)0(H®CH4®cun®A)
O(5H®A®H®FA)05H®A
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d) "A°/1A=/«‘H®A°("A®rA)

€) daopy=(us@A)o(AQu®@A)0 (AR 9, Q0@ py)
C(AQHQ®cH 1@ can @A) o (AR Dy u Pr4)
c(A®RrI®AR A)o (54 ®d4)

f) (AQuy®A)oc(AQH®cqyu)o(AQrs@H)o (64 @ H)
= (U ®H®A) o ((A® ((6®py)o0nen) ® A)) o (4 ® HQ cy,n)
0(AQry® H)o (64, ® H)

g) (uy ®¢y) o (H®cuu®A)o (0 ®ry)
=(up ®A)o (H®can)o((racpy) ® H)o (H® ch,4) © (On ® A).

ProoF. The proof is similar with the one developed in Theorem 2.5 of
(11} O

ReMARK 3.4. Note that the condition f) of 3.3 implies that

04t = (U4 QHRARH) 0o (AR (6 @ uy)odugn) ® A® H)
O(A®H®CA,H®H)O(A®I‘A ®H®H)O(§A®5H)

DerFINITION 3.5. Let D be a coalgebra and let 4 be an algebra. By
Reg(D, A) we denote the set of invertible morphisms f: D — 4 in € respect

to the convolution operation fxg=u, 0 (f ® g) odp. Reg(D,A) is a monoid
where the unit element is epon, = ep @ ny,.

Next we state the main result of this paper.

PROPOSITION 3.6. Let H be a Hopf algebra in (€,c) and let A be an algebra
coalgebra in the conditions of proposition 3.3. If the antipode Ay of H is invertible
and id4 has inverse A4 in Reg(A,A) we have that A ,>< H is a Hopf algebra in
(€,c) with antipode

At = (U4 @ H)o (Y@ 9y ® H) o (0y @ ch, 4) 0 (0n @ A)
o (A ® Ag) o (up @ A)o (H®cyqn)o (ra @ H)

being y=0"' o (H® Ay') o cglyy 0Oy where 6~! = 1400 denotes the inverse of
o in Reg(H® H,A).
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Proor. By 3.3 4,0< H is a bialgebra in (%,c). Now we show that A4,.<n
is the antipode.

My, ©° (A, @ AQ H) 00 0cH

= (s @ H) o (14, @@ py)o(ARARHQ cy,n ® H)
c(Y® 0, @y @) o (O R c,a @ H)o (0g Quy @ H)
Qg ®IUPARH) o (uy ®ARARH) o (HR®cyn® AR H)
c(ra®@uy ®ARH) o (AQH®cun ®H) o (4® 14 ® HQ H)
0 (04 ® )

= (U @®H)o(uy @@ uy)o(ARA® H®cyn ® H)
o(y® ¢, ®y ®y)o (0n D cy 4 @ H)
0O ® (g 0(la®A)0d) @H)o (A ®A® H) o (1 ® AR H)
0(A®cq n®H)o (rg ®dH)

= (g @ H)o(y® 0 ®puy) o (HQ®Suen) o ((0n 0 in) ® H) o (¢4 ® on)

= (U4 ®H)o(A®c@ puy)o(A®H® cy,n ® H)
0(0' IR @HRH) oAy @H® cyn ® HR H)
0 (0 ® 0y ®dp) o (cu,g @ H) o (0y @ H) o (¢4 ®Ix)

=((67' %) @ H) o (An ® H® ptyy) 0 (0 ® Au ® H)
o((ca,noon) ® H) o (¢4 ®n)

=4 Rep N,y ny.

The first and the second equalities follow from the condition of weak action
for ¢4, the structure of H-comodule coalgebra on 4 and the naturality of the
braiding. In the third one we use that i, is the convolution inverse of id4 and
the naturality of the braiding. The fourth one follows from the naturality of the
braiding and by [2.1.2). In the fifth one we apply the naturality of the braiding
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and finally, in the sixth one, we use the naturality of the braiding and the Hopf
algebra structure of H.
On the other hand

Pay, n°(A®H® Ad,at) ©OuccH

= (U ®H)o (1 @@ uy)o(A® ¢, ®ngn)°(AQH®cn 4 ® H)
0 (A®Hu®H)o(AQHRYR¢,®H)o(A® H® ® cn,4)
o (A® H ® (0 0 ) ® Aq) 0 (A ® (O 0 i) ® A)
c(AQH®cqn)o(AQRrs®H)o (4@ H)

= (14 ®ng)o(py®A4)0(A®9®0)0 (ARHRu®H® H)
c(ARH®YR9,®HR®H)o (AQH Ry ®cy,a®H)
c(ARH®cun®cr4)o (AR ® (Og o in) ® Ay)
o(A®©Prouy)®A) o (ARHRcyn)o(ARr4 @ H)o (04 @ H)

= (g ®np)o (g @A) o (A® (1q0 (94 ® 04)) ® 4)
C(ARQH®cHARARA)o (AR QYR ® A)
CARHR®HRH®cs4)0(A®H®y ®® A)
c(AQHR®cyn ®H® A) o (A® Iy ® (0o An) ® 14)
0 (A® Buouy) @A) o (ARH®can)o(ARrA®@ H)o (64 ® H)

= (U4 ®ny)o (L Quy)o (A9, ®c®p,)
c(ARH®YRH®H @y ® A) o (A® H® H ® Snpn ® A)
0 (A®nan®A)o (A® H® ix ® 1s) o (A® (Bn o uyy) ® A)
c(A®H®csn)o(A®ry®@H)o (64 ® H)

= (14 ®ny)o(pg®A)o (AQ[1ng0(p4®0) 0 (H®AQ ((H® An) o x))
o(H®cH,4) 00y ® (yoln))odn] @ A4) o (A @ puy @A)
c(AQH®can)o(A®@ra®@ H)o (64 @ H)

= (U ®ny)o(u®A) o (AR g0 (ps®A)o(H®cua)o(H®a®0™")
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c(HRHQ®Ag ® Ay ® H) o (H® Sy ®x) o (H® ) o0n] ® A4)
0 (AQug®A)c(A®H®cqn)o(AR®r4 ® H)o (4 @ H)

= (14 @)oo (py ®A) o (AR ®Ny®La) 0 (A® puy @ A)
c(ARH®can)o(A®r4®H)o (04 ® H)

=4 RQep PN ny.

The first equality follows from the H-comodule structure on A4, the bialgebra
condition on H and the naturality of the braiding, the second one by equality
2.1.2, the Hopf algebra condition on H and the naturality of the braiding, the
third one by the weak action condition for ¢, and the naturality of the braiding;
the fourth one by the cocycle condition of ¢ and the naturality of the braiding.
The fifth and the sixth one are a consequence of the equality 2.1.2, the Hopf
algebra condition on H and the naturality of the braiding, the seventh ones
follows from the equality

ps0(@,@A)o(HR®cp4)o(HRo®5 No(HRH® Ay ® Ay ® H)

o(H®y ®dy)o(H @) ody = e @1y4.

Finally, the eighth one follows by the H-comodule condition on A4 and the
invertibility of idy in Reg(A4,A). O

3.7. We point out that the dual results of 3.3 and 3.6 can be derived just by
working within the opposite category. For example, in this situation, we work
with a left H-module algebra (A4,¢,), a left weak coaction r4: 4 - H® A and
a morphism 7: 4 — H® H verifying:

a) Uneren ©(H®T® H®dy) o (ri®1)o0dy
= (Upey ® H) o (HRH®y ® H) o (T® 1) 0y

b) (Upep®@®A)o(HRHRTR® A)oc (HOIHR®cy4)0o (HRrs® A)o
(rA ®A)05A
= (Upeyp ® A) o (1@ Iy @ A)o (AR rq)0d4

) ehn®@H)ot=(HQ®en)ot=nyg ® &4

Thus, we obtain the next proposition:
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PrOPOSITION 3.8. Let H be a bialgebra in (¢,c) and let A be an algebra
coalgebra such that n,®n4=040n, and eqopu, =4 @ e4. If (A,0,) is a left
H-module algebra verifying that ¢4 0 9o, = ey @ €4, 14 Iis a left weak coaction satis-
fying the condition ryon, =ny @n, and v: A — H @ H is a morphism satisfying
the conditions of 3.7 and such that ton, =ny @ ny, then

Ao H=(AQ H,n4yy, ayH>Edoc. H,Odc H), bEINg Eqoc,.i = €4 @ en and
6Aot,H = (A ®,UH®A®H)°(A®H®CA,H®H)°(A®"A ®:“H®H)
0 (04 @ T®H) o (04 ® H)

is a bialgebra iff we have the next conditions:

a) Per © O ® 1) = tyen o (T®JdH) o (9, ® H)o (H @ cH,4) 0 (0n ® A)

b) touy =ppgu o (t®1)

C) raopy =pyes (U@ A@H®@ ¢ ) o (H®can ®chun® A)
o(ra®T®ry)o (04 ®A)

d) d409,= (¢, ®9,)°0Hc4

e) dqopy= (1 @puy)o(A®p, QAR A) o (A@ Uy B Cua®p,)
C(AQH®cun®cHaR@A)o(ARr @T®04)0 (04 RARA)
0(04 ® A)

f) (U ®H)o(ARPp, ®H)o (AQH®cH 4)0o (AR ® A)
=(u ®H)o (AR, @H)o (AQHQcH. 4)

0 (A® (Uygu o (T®H)) ®A)o (04 @ HR A)

g) (/‘H®¢A)O(H®CH,H®A)°(5H®"A)=(/lH@A)O(H@CA,H)

o((raop,) @ H)o (H® cy,4) o (0n ® A).

Moreover, if H is a Hopf algebra with invertible antipode Ay and id4 has

inverse A4 in Reg(A,A), we have that Ao H is a Hopf algebra in (€,c) with
antipode

Aroott = (94 @ H) o (H® cy,4) 0 (00 ® A) 0 (A ® A4) 0 (uy ® A)
oy ®can)o(I@ra@H)o (64 H)

where | = py o cgly o (H® Ag')orl.

3.9. In the last part of this paper we study the relations between the Hopf
algebra 4 ,0< H and the Hopf algebra 4 ¢ H obtained by Wang, Jiao and Zhao
in using the condition of s-antipode.



The Hopf Algebra Structure of a Crossed Product 309

DerINITION 3.10. Let H be a bialgebra, 4 an algebra and 0: H® H — A,
g: H — H be a morphisms in ¥. The morphism g is called a ¢ antipode of H
if:

(c®py)odngno(g@ H)ody =en @, @ny
= (6@ uy)odygu o (H®g)ody

Observe that if g is a g-antipode then g is necessarily an ordinary antipode.

3.11. Obviously if H is a Hopf algebra with antipode Ay and 0 = ey ® ey @ 74
we can consider Ay as a o-antipode. In the next proposition we will find con-
ditions for the antipode Ay to be a g-antipode.

PROPOSITION 3.12. Let H be a Hopf algebra with antipode Ay, A an algebra
and 6 : H® H — A a morphism in €. Then, Ay is a c-antipode of H if and
only if

O'O()»H®H)O§H="8H®?7A=GO(H®);H)05H

Proor. Note that:

i) (6@uy)oduguo (g @ H)ody
=(A®'uH)O(CH,A®H)O(AH®(0‘0(AH®H)05H)®H)O(5H®H)05H
ll) (0'®/1H)°5H®H°(H®AH)°5H=(U°(H®AH)°6H)®’7H

Then if 6o (Ay @ H) o0y =eg ®ny =00 (H ® Ay) ooy we obtain that Ay
is a g-antipode. Conversely, if Ay is a g-antipode of H composing in i) with dy
and (ex ® 4) o (uy ® A)o (H® cy',) we obtain oo (Ay ® H) ooy = ey @ ny.
Trivially ii) implies that co (H ® Ag) ody = ey ® 4. O

3.13. Suppose that H is a Hopf algebra with invertible antipode Ay, 4 is an
algebra and 0: H ® H — A is a morphism in €. If we denote by ¢’ the mor-
phism ¢’ =g ocy'y we have that:
) (6®uu)o(cgy®ch'y)o(HRcyly ® H)o (0n ®du) o (Ay @ H)ody
= (0 ® py) oOneHn oy y o (A ® H)ody
= (0 ® uy) ©Suen o (Au ® H) 08y 0 Ay
and
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) (6®@pp)o(ch'y ®chly)o(H®chly ® H)o Oy ®dn) o (H® A7) odn
= (0@ uy) odnenocy yo (H® ig')ody
=(0@uy) odyen o (H® Ag)ody o /1;,1

Then, using these equalities it is easy to prove the next result:

PROPOSITION 3.14. Let H be a Hopf algebra with invertible antipode Ay, A an
algebra and 0 : H ® H — A be a morphism in €. The morphism Ay is a g-antipode
of H if and only if /I,T,l is a o’-antipode of HP.

As a consequence we obtain the next corollary:

COROLLARY 3.15. Let H be a Hopf algebra with invertible antipode Ay, A an
algebra and 0 : H ® H — A be a morphism in €. If Ay is a g-antipode of H the
morphism y defined in 3.6 is y =¢eyg @ n4.

Proor. From proposition 3.14 we know that i;' is a ¢’-antipode of H
and then by 3.12 we obtain that y = ey ® 4. O

REMARK 3.16. Therefore in the conditions of last corollary the Hopf
algebra 4 ,0< H and the Hopf algebra 4 ; H obtained by Wang, Jiao and Zhao
in are equal because }“Aux,” = Aa,0aH-
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